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Notations for complex reflection groups

Let W < GL(V) be a complex reflection group, n = dim V
W=(R) R={se W;dimKer(s—1)=n—-1}

The collection of its reflecting hyperplanes is the hyperplane
arrangement J

A={Ker(s—1),s e R}

For He A, Wy = {w € W;wy = Idy} is cyclic, isomorphic to its
image under det : Wy — C*.

The generator of Wy mapped to exp(27i/|Wy|) is a reflection sy called
the distinguished reflection associated to H. The collection of all
distinguished reflections is denoted R*.

R*is in 1-1 correspondence with A,

s—Ker(s—1), H— sy
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Classification of irreducible CRG’s

The main series is made of the groups W = G(de, e, n) of
@ n x n monomial matrices

@ with nonzero entries inside u,, r = de
@ whose product belongs to 4.

Of course G(r,r,n) < G(de, e, n) < G(r,1,n).
@ W contains diagonal reflections, of the form
diag(1,...,1,¢,1,...)ifand only if d > 1.
@ its non-diagonal reflections belong to G(r, r,n) < W and have the

form .
0
Id, @ (C’é C% > ©Idp_2_y
In addition to these, there are 34 exceptional groups Gg, . .., Gs7, haﬂw
of them in rank 2. R 4
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Classification of irreducible CRG’s

The main series is made of the groups W = G(de, e, n) of
@ n x n monomial matrices

@ with nonzero entries inside p,, r = de
@ whose product belongs to ug4.

Of course G(r,r,n) < G(de, e,n) < G(r,1,n).
(0

Their braid groups are
@ the braid group B, for G(1,1, n)

@ the punctured braid group B}, for G(r,1,n) = G(d, 1, n) when
d>1

@ a finite index normal subgroup B} (e) of B;; whend > 1 and e > 1
@ a quotient B,(e) of Bj(e) for G(e, e, n) = G(r,r, n).
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Preliminaries ;: Garside monoids

@ A monoid is called cancellative if, for all a, b, c € M, ac = bc
implies a= b and ca= cbimpliesa=>b

@ An element a € M left-divides c € Mif 3be M ab = c. Then, cis
a right-multiple of a, and one writes a < c¢. Similarly, a right-divides
ce Mif3dbe M ba= cand cis then a left-multiple of a, and one
writes ¢ > a.

@ Two elements a, b admit a right lowest common multiple (Icm) if
they admit a right common multiple ¢ = lemg(a, b) such that,
Yme Ma<m,b=< m= c< m. They admit a left Icm if they
admit a left common multiple ¢ = lemy(a, b) such that
vmeMms=am=b= m:>c.

@ Two elements a, b admit a left greatest common divisor (gcd) if
they admit a left common divisor ¢ = gcd, (&, b) such that,

Yme Mm<a m=<b= m~< c. They admit a right gcd if they
admit a right common divisor ¢ = gedg(a, b) such that WMz
VYmeMas-mbs>=m= c>m. il
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Preliminaries ;: Garside monoids

If M* =1 and M is cancellable, these Icm’s and gcd’s are uniquely
defined.

An element a € M is called reducible if there exists b, c € M with

b, c & M* such that a = bc. It is called irreducible if it is not invertible
and not reducible.
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Preliminaries ;: Garside monoids

If M* =1 and M is cancellable, these Icm’s and gcd’s are uniquely
defined.

An element a € M is called reducible if there exists b, c € M with

b, c & M* such that a = bc. It is called irreducible if it is not invertible
and not reducible.

Definition

An homogeneous monoid is a monoid M together with a length
function, that is a monoid morphism ¢ : M — N, such that M is
generated by the elements of length > 0.
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Preliminaries ;: Garside monoids

If M* =1 and M is cancellable, these Icm’s and gcd’s are uniquely
defined.

An element a € M is called reducible if there exists b, c € M with

b, c & M* such that a = bc. It is called irreducible if it is not invertible
and not reducible.

Definition

An homogeneous monoid is a monoid M together with a length
function, that is a monoid morphism ¢ : M — N, such that M is
generated by the elements of length > 0.

Under these conditions, every element of M is a product of irreducible
elements. They are called the atoms of the monoid M.
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Preliminaries ;: Garside monoids

The group of fractions of M is by definition a group Frac(M) together
with a morphism of monoids M — Frac(M) such that every M — G for

G a group factors

M —— Frac(M)

v
G

9/38
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Preliminaries ;: Garside monoids

Definition
The group of fractions of M is by definition a group Frac(M) together
with a morphism of monoids M — Frac(M) such that every M — G for
G a group factors

M —— Frac(M)

v

G

v

In particular, when M is an homogeneous monoid, its length function is
a monoid homomorphism to the additive group 7, and therefore
induces a group homomorphism ¢ : Frac(M) — Z.
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Preliminaries ;: Garside monoids

Definition
The group of fractions of M is by definition a group Frac(M) together
with a morphism of monoids M — Frac(M) such that every M — G for
G a group factors

M —— Frac(M)

v

G

v

In particular, when M is an homogeneous monoid, its length function is
a monoid homomorphism to the additive group 7, and therefore
induces a group homomorphism ¢ : Frac(M) — Z.

For S a set of generators and R a collection of relations, if M is
presented as (S| R)™, then (S | R) is a presentation of Frac(M). WMz
~ k4
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Preliminaries ;: Garside monoids

Definition
An element of a monoid M is said to be balanced if the sets of its left
and right divisors are the same.

Definition
An homogeneous monoid M is said to have the Garside property, or to

be a Garside monoid, if it is cancellable, and if it has the following
properties

@ any two elements of M admit gcd’s and lcm’s on the right and on
the left

@ M admits a balanced element A whose set of divisors is finite and
generates M.

The chosen element A is called a Garside element for M. M2
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Preliminaries ;: Garside monoids

Preferred Garside element

When the Icm of the set of atoms is the same on the right and on the
left and is balanced, one can choose this for Garside element.

Ivan Marin, Université d’Amiens (UPJV) Complex Braid Groups 11/38
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left and is balanced, one can choose this for Garside element.We call
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Preliminaries ;: Garside monoids

Preferred Garside element

When the Icm of the set of atoms is the same on the right and on the
left and is balanced, one can choose this for Garside element.We call
it the preferred Garside element.

For me M, we set
Div,(m)={ae M| a< m} Divg(m)={aec M| m:> a}

and, if mis balanced Div(m) = Div;(m) = Divg(m).
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Complex braid groups and Garside groups

If M is a (homogeneous) Garside monoid and G = Frac(M), with have
M — Frac(M) and
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Complex braid groups and Garside groups

If M is a (homogeneous) Garside monoid and G = Frac(M), with have
M — Frac(M) and

@ G is torsion-free
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Complex braid groups and Garside groups

If M is a (homogeneous) Garside monoid and G = Frac(M), with have
M — Frac(M) and

@ Gistorsion-free
© There is a solution of the word problem for G
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Complex braid groups and Garside groups

If M is a (homogeneous) Garside monoid and G = Frac(M), with have
M — Frac(M) and

@ Gistorsion-free
© There is a solution of the word problem for G
© There is a solution of the conjugacy problem for G
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Complex braid groups and Garside groups

If M is a (homogeneous) Garside monoid and G = Frac(M), with have
M — Frac(M) and

@ Gistorsion-free
© There is a solution of the word problem for G
© There is a solution of the conjugacy problem for G

© There are algorithms for getting a finite set of generators for
Ca(x).
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Complex braid groups and Garside groups

If M is a (homogeneous) Garside monoid and G = Frac(M), with have
M — Frac(M) and

@ Gistorsion-free
© There is a solution of the word problem for G
© There is a solution of the conjugacy problem for G

© There are algorithms for getting a finite set of generators for
Ca(x).

B}, and Bn(e), e > 1 are Garside groups.
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Complex braid groups and Garside groups

If M is a (homogeneous) Garside monoid and G = Frac(M), with have
M — Frac(M) and

@ Gistorsion-free
© There is a solution of the word problem for G
© There is a solution of the conjugacy problem for G

© There are algorithms for getting a finite set of generators for
Ca(x).

B}, and Bn(e), e > 1 are Garside groups.

How to deal with B;(e) ?
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Finite index normal subgroups of Garside groups

Reminder
B} (e) is a finite index normal subgroup of 5;, (with cyclic quotient).
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Finite index normal subgroups of Garside groups

Reminder

B} (e) is a finite index normal subgroup of 5;, (with cyclic quotient).

Let G = Frac(M), & : G — F with F finite, H = Ker®. Then :
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Finite index normal subgroups of Garside groups

Reminder

B;(e) is a finite index normal subgroup of B;, (with cyclic quotient).

Let G = Frac(M), & : G — F with F finite, H = Ker®. Then :
Q@ H < Gistorsion-free v’
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Finite index normal subgroups of Garside groups

Reminder

B;(e) is a finite index normal subgroup of B;, (with cyclic quotient).

Let G = Frac(M), & : G — F with F finite, H = Ker®. Then :
Q@ H < Gistorsion-free v’

© There is a solution of the word problem for H < G. v/
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Finite index normal subgroups of Garside groups

Reminder

B;(e) is a finite index normal subgroup of B;, (with cyclic quotient).

Let G = Frac(M), & : G — F with F finite, H = Ker®. Then :
Q@ H < Gistorsion-free v’

© There is a solution of the word problem for H < G. v/
© Is there is a solution of the conjugacy problem for G?
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Finite index normal subgroups of Garside groups

Reminder
B;(e) is a finite index normal subgroup of B;, (with cyclic quotient).

Let G = Frac(M), ¢ : G — F with F finite, H = Ker®. Then :
@ H < Gistorsion-free v/

© There is a solution of the word problem for H < G. v/
© Is there is a solution of the conjugacy problem for G?

© Are there are algorithms for getting a finite set of generators for
CH(X) ?
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Finite index normal subgroups of Garside groups

Reminder
B;(e) is a finite index normal subgroup of B;, (with cyclic quotient).

Let G = Frac(M), ¢ : G — F with F finite, H = Ker®. Then :
@ H < Gistorsion-free v/

© There is a solution of the word problem for H < G. v/
© Is there is a solution of the conjugacy problem for G?

© Are there are algorithms for getting a finite set of generators for
CH(X) ?
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Finite index normal subgroups of Garside groups

Reminder
B} (e) is a finite index normal subgroup of 5;, (with cyclic quotient).

Let G = Frac(M), ¢ : G — F with F finite, H = Ker®. Then :
@ H < Gistorsion-free v/

© There is a solution of the word problem for H < G. v/
© Is there is a solution of the conjugacy problem for G?

© Are there are algorithms for getting a finite set of generators for
Cu(x)?

We have Cy(x) = Cg(x) N H = Ker(®cx) : Ca(x) — F).
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Finite index normal subgroups of Garside groups

Reminder
B} (e) is a finite index normal subgroup of 5;, (with cyclic quotient).

Let G = Frac(M), ¢ : G — F with F finite, H = Ker®. Then :
@ H < Gistorsion-free v/

© There is a solution of the word problem for H < G. v/
© Is there is a solution of the conjugacy problem for G?

© Are there are algorithms for getting a finite set of generators for
Cu(x)?

We have Cy(x) = Cg(x) N H = Ker(®cx) : Ca(x) — F).
Since F is finite, from a finite set of generators of Cg(x) one gets a
finite set of generators of Ker(®¢,(x)) by Schreier's Lemma.
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Finite index normal subgroups of Garside groups

Reminder
B} (e) is a finite index normal subgroup of 5;, (with cyclic quotient).

Let G = Frac(M), ¢ : G — F with F finite, H = Ker®. Then :
@ H < Gis torsion-free v/

© There is a solution of the word problem for H < G. v/
© Is there is a solution of the conjugacy problem for G?

©Q There are algorithms for getting a finite set of generators for
CG(X). v

Ivan Marin, Université d’Amiens (UPJV) Complex Braid Groups



Finite index normal subgroups of Garside groups

Reminder
B} (e) is a finite index normal subgroup of 5;, (with cyclic quotient).

Let G = Frac(M), ¢ : G — F with F finite, H = Ker®. Then :
@ H < Gis torsion-free v/

© There is a solution of the word problem for H < G. v/
© Is there is a solution of the conjugacy problem for G?

©Q There are algorithms for getting a finite set of generators for
Cg(X). v

Let x,y € H.
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Finite index normal subgroups of Garside groups

Reminder
B} (e) is a finite index normal subgroup of 5;, (with cyclic quotient).

Let G = Frac(M), ¢ : G — F with F finite, H = Ker®. Then :
@ H < Gis torsion-free v/

© There is a solution of the word problem for H < G. v/
© Is there is a solution of the conjugacy problem for G?

©Q There are algorithms for getting a finite set of generators for
Cg(X). v

Let x, y € H.If x, y are not conjugates in G we are done.
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Finite index normal subgroups of Garside groups

Reminder
B} (e) is a finite index normal subgroup of 5;, (with cyclic quotient).

Let G = Frac(M), ¢ : G — F with F finite, H = Ker®. Then :
@ H < Gis torsion-free v/

© There is a solution of the word problem for H < G. v/
© Is there is a solution of the conjugacy problem for G?

©Q There are algorithms for getting a finite set of generators for
Cg(X). v

Let x, y € H.If x, y are not conjugates in G we are done.
Otherwise, let ¢ € G with y = x°.
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Finite index normal subgroups of Garside groups

Reminder
B} (e) is a finite index normal subgroup of 5;, (with cyclic quotient).

Let G = Frac(M), ¢ : G — F with F finite, H = Ker®. Then :
@ H < Gis torsion-free v/

© There is a solution of the word problem for H < G. v/
© Is there is a solution of the conjugacy problem for G?

©Q There are algorithms for getting a finite set of generators for
Cg(X). v

Let x, y € H.If x, y are not conjugates in G we are done.
Otherwise, let ¢ € Gwith y = x.Theny = x> b€ H < bc™' € Cg(x).
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Finite index normal subgroups of Garside groups

Reminder
B} (e) is a finite index normal subgroup of 5;, (with cyclic quotient).

Let G = Frac(M), ¢ : G — F with F finite, H = Ker®. Then :
@ H < Gis torsion-free v/

© There is a solution of the word problem for H < G. v/
© Is there is a solution of the conjugacy problem for G?

©Q There are algorithms for getting a finite set of generators for
Cg(X). v

Let x, y € H.If x, y are not conjugates in G we are done.
Otherwise, let ¢ € Gwith y = x.Theny = x> b€ H < bc™' € Cg(x).
So : is there b € H with bc™! € Cg(x) = (g1,-.-,9r) ?
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Finite index normal subgroups of Garside groups

Reminder
B} (e) is a finite index normal subgroup of 5;, (with cyclic quotient).

Let G = Frac(M), ¢ : G — F with F finite, H = Ker®. Then :
@ H < Gis torsion-free v/

© There is a solution of the word problem for H < G. v/
© Is there is a solution of the conjugacy problem for G?

©Q There are algorithms for getting a finite set of generators for
Cg(X). v

Let x, y € H.If x, y are not conjugates in G we are done.

Otherwise, let ¢ € Gwith y = x°.Then y = x,b € H < bc™' € Cg(x).
So :is there b € H with bc™" € Cg(x) = (91, ..., gr) ? Actually
equivalent to checking whether ®(c) € (®(g1),...,9(gr)) < F.
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Preliminaries : Garside interval monoids

Let W be a group generated by aset S, and (s : S — N = Z>¢ the
length with respect to S.
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Preliminaries : Garside interval monoids

Let W be a group generated by aset S, and (s : S — N = Z>¢ the

length with respect to S. In order to avoid confusions, for a,b € W we
denote a- b the product inside W.
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Preliminaries : Garside interval monoids

Let W be a group generated by aset S, and (s : S — N = Z>¢ the
length with respect to S. In order to avoid confusions, for a,b € W we
denote a- b the product inside W.Then,

@ a~< bmeans (g(b) = {s(a) + Ls(a" - b),
@ b~ ameans (g(b) = lg(b-a ') + Ls(a).
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Preliminaries : Garside interval monoids

Let W be a group generated by aset S, and (s : S — N = Z>¢ the
length with respect to S. In order to avoid confusions, for a,b € W we
denote a- b the product inside W.Then,

@ a~< bmeans (g(b) = {s(a) + {s(a”" - b),
@ b~ ameans (g(b) = lg(b-a ') + Ls(a).
Force W,
Div (c)={ac W]|a=<c}, Divg(c)={ae W |c> a}

and c is balanced if Div, (¢) = Divg(c).
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Preliminaries : Garside interval monoids

Let W be a group generated by aset S, and (s : S — N = Z>¢ the
length with respect to S. In order to avoid confusions, for a,b € W we
denote a- b the product inside W.Then,

@ a~< bmeans (g(b) = {s(a) + {s(a”" - b),
@ b~ ameans (g(b) = lg(b-a ') + Ls(a).
Force W,

Div,(c)={ae W |a=<c}, Divg(c)={ac W |c> a}

and c is balanced if Div, (¢) = Divg(c).
By definition, the interval monoid attached to (W, S, ¢) with ¢ balanced
is defined by generators and relations

M(c) = (Div(c) | z=xy if z=x-y and l5(2) = ls(x) + ls(y))"
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Preliminaries : Garside interval monoids

If (Div(c), <) and (Div(c), ) are lattices, then M(c) is Garside with
Garside element c.

Moreover, the poset structures on Div(c) are the same inside W and
inside M(c).
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Preliminaries : Garside interval monoids

If (Div(c), <) and (Div(c), ) are lattices, then M(c) is Garside with
Garside element c.

Moreover, the poset structures on Div(c) are the same inside W and
inside M(c).
The set of atoms of M(c) is equal to A = SN Div(c).
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Preliminaries : Garside interval monoids

If (Div(c), <) and (Div(c), ) are lattices, then M(c) is Garside with
Garside element c.

Moreover, the poset structures on Div(c) are the same inside W and
inside M(c).
The set of atoms of M(c) is equal to A = SN Div(c).

Q@ Bn(e)', e > 1is an interval monoid with respect to G(e, e, n).
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Preliminaries : Garside interval monoids

If (Div(c), <) and (Div(c), ) are lattices, then M(c) is Garside with
Garside element c.

Moreover, the poset structures on Div(c) are the same inside W and
inside M(c).
The set of atoms of M(c) is equal to A = SN Div(c).

Q@ Bn(e)', e > 1is an interval monoid with respect to G(e, e, n).
©Q (B})™" is an interval monoid with respect to every G(d,1,n),d > 2.
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Preliminaries : Garside interval monoids

If (Div(c), <) and (Div(c), ) are lattices, then M(c) is Garside with
Garside element c.

Moreover, the poset structures on Div(c) are the same inside W and
inside M(c).
The set of atoms of M(c) is equal to A = SN Div(c).

Q@ Bn(e)', e > 1is an interval monoid with respect to G(e, e, n).
©Q (B})™" is an interval monoid with respect to every G(d,1,n),d > 2.
and both of them are Garside, with a preferred Garside element.

Ivan Marin, Université d’Amiens (UPJV) Complex Braid Groups



9 Standard monoid for G(e, e, n)

Ivan Marin, Université d’Amiens (UPJV) Complex Braid Groups 17/38



Standard monoid for G(e, e, n)
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Standard monoid for G(e, e, n)

The presentation for B+ :

+
Ti0i410] = 0j110i0j11
o1k K ELJET | 01k0201k = 0201 k02
02y On—1 01k0j = 0j01 k] > 3
01 k01 k+1 = 01 k101 k12, K € 7/ €
~ v
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Standard monoid for G(e, e, n)

The presentation for B+ :

Oi0j410j = 0410041
o1k, K EZL/€L | 010201k = 0201 k02
02, ...,00_1 01 k0 = 0jo1 k] > 3
01 k01 k+1 = 01 k+101 k+2, K € Z/€Z
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Standard monoid for G(e, e, n)

The presentation for B+ :

0i0j4+10j = 0j+10i0j41
o1k, K EZL/€L | 010201k = 0201 k02
02, ...,00_1 01 k0 = 0jo1 k] > 3
01 kO k1 = 01 k4101 k42, K € 7/ €

Special
M2

~ v

case: e =1, By(e) = By.
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Standard monoid for G(e, e, n)

The presentation for B+ :

Oi0j410j = 0410041
o1k, K EZL/€L | 010201k = 0201 k02
02, ...,00_1 01 k0 = 0jo1 k] > 3
01 k01 k+1 = 01 k+101 k+2, K € Z/€Z

Special
M2

~ v

case : e = 1, Bp(e) = By. By convention we set 01 = o1 0.
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Standard monoid for G(e, e, n)

Let S={six,kcZ/eZ}uU{s;,1 <i<n—-1,
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Standard monoid for G(e, e, n)

Let S={six,kcZ/eZ}U{s;,1 <i<n—1,with
0 ¢k .
S1k = k @ Id,_o S = (I, I+ 1) S GLn((D)
G O
and (e = exp(27i/e) (so that 51 = s1 ).
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Standard monoid for G(e, e, n)

Let S={six,kcZ/eZ}U{s;,1 <i<n—1,with

0
and (e = exp(27i/e) (so that 51 = s1 ).

Fore >1 and W = G(e, e, n), B" is an interval Garside monoid for the
group B, with respect to the set S = {s;,i > 2} U {sy x, k € Z/€Z},
identified with its set of atoms.

0 ¢k -
S1,k = ck @ Idp 2 si = (I,i+1) € GLy(C)
e
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Standard monoid for G(e, e, n)

Let S={six,kcZ/eZ}U{s;,1 <i<n—1,with

’ 0
and (e = exp(27i/e) (so that 51 = s1 ).

Fore >1 and W = G(e, e, n), B" is an interval Garside monoid for the
group B, with respect to the set S = {s;,i > 2} U {sy x, k € Z/€Z},
identified with its set of atoms. In case e > 1, we have a preferred
Garside element

0 ¢k -
S1,k = ck @ Idp 2 si = (I,i+1) € GLy(C)
e

A = (01001,1)(0201,001102) ...(0n—1 ...0201,001102...0p_1)
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Standard monoid for G(e, e, n)

Let S={six,kcZ/eZ}U{s;,1 <i<n—1,with

’ 0
and (e = exp(27i/e) (so that 51 = s1 ).

0 ¢k -
S1,k = ck @ Idp 2 si = (I,i+1) € GLy(C)
e

Theorem

Fore >1 and W = G(e, e, n), B" is an interval Garside monoid for the
group B, with respect to the set S = {s;,i > 2} U {sy x, k € Z/€Z},
identified with its set of atoms. In case e > 1, we have a preferred
Garside element

A = (01001,1)(0201,001102) ...(0n—1 ...0201,001102...0p_1)

while for e = 1 we have for preferred Garside element

A = o01(0201)(030201) ... (0p—10n_2...0201).
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Standard monoid for G(e, e, n)

Understanding and proving this theorem essentially amounts to
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Standard monoid for G(e, e, n)

Understanding and proving this theorem essentially amounts to
@ understanding the length function with respect to S.
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Standard monoid for G(e, e, n)

Understanding and proving this theorem essentially amounts to
@ understanding the length function with respect to S.
@ understanding the divisors of a suitable c.
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Standard monoid for G(e, e, n)

Understanding and proving this theorem essentially amounts to

@ understanding the length function with respect to S.

@ understanding the divisors of a suitable c.
For this we need to introduce the following remarkable elements, for
1<i<j

4 [/I] = (j,j—1,...,i) =S8j-1...541S5j

@ [i-fl=["=0i+1,....))=SiSit1...S1
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Standard monoid for G(e, e, n)

Understanding and proving this theorem essentially amounts to

@ understanding the length function with respect to S.

@ understanding the divisors of a suitable c.
For this we need to introduce the following remarkable elements, for
1<i<j

4 [/I] = (j,j—1,...,i) =S8j-1...541S5j

@ [i-fl=["=0i+1,....))=SiSit1...S1

and we set o
[]I] = O'j,1...0,'+10','€./\/l

[I]] = 0j0j41---0jA eM

where M is the free monoid on the atoms of B+.
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Neaime’s algorithm for G(e, e, n)

The content of some row or column of a monomial matrix is its only
nonzero entry.
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Neaime’s algorithm for G(e, e, n)

The content of some row or column of a monomial matrix is its only
nonzero entry.

@ Start by such a matrix w € W, and consider its last row. Its
content has the form ¢X for k € 7/eZ, and belongs to some
column of index j < n.
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Neaime’s algorithm for G(e, e, n)

The content of some row or column of a monomial matrix is its only
nonzero entry.

@ Start by such a matrix w € W, and consider its last row. Its

content has the form ¢X for k € 7/eZ, and belongs to some
column of index j < n.

e If k =0, then consider w' = w[j - - - n] ; otherwise, consider
w =wlj---1]s14[2---n].
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Neaime’s algorithm for G(e, e, n)

The content of some row or column of a monomial matrix is its only
nonzero entry.

@ Start by such a matrix w € W, and consider its last row. Its

content has the form ¢X for k € 7/eZ, and belongs to some
column of index j < n.

e If k =0, then consider w' = w[j - - - n] ; otherwise, consider
w =wlj---1]s14[2---n].

@ Then w' € G(e, e,n— 1) and we apply the same algorithm
recursively to it, getting some R(w’).
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Neaime’s algorithm for G(e, e, n)

The content of some row or column of a monomial matrix is its only
nonzero entry.

@ Start by such a matrix w € W, and consider its last row. Its

content has the form ¢X for k € 7/eZ, and belongs to some
column of index j < n.

e If k =0, then consider w' = w[j - - - n] ; otherwise, consider
w =wlj---1]s14[2---n].

@ Then w' € G(e, e,n— 1) and we apply the same algorithm
recursively to it, getting some R(w’).

@ Then return R(w) = R(w/)[n---]] in the first case (k = 0), and
R(w) = R(W)n--- 2oy ,[1--]]

in the second one (k # 0).
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Neaime’s algorithm for G(e, e, n)

The content of some row or column of a monomial matrix is its only
nonzero entry.

@ Start by such a matrix w € W, and consider its last row. Its

content has the form ¢X for k € 7/eZ, and belongs to some
column of index j < n.

e If k =0, then consider w' = w[j - - - n] ; otherwise, consider
w =wlj---1]s14[2---n].

@ Then w' € G(e, e,n— 1) and we apply the same algorithm
recursively to it, getting some R(w’).

@ Then return R(w) = R(w/)[n---]] in the first case (k = 0), and
R(w) = R(W)n--- 2oy ,[1--]]

in the second one (k # 0).

The output R(w) of the algorithm is then a word of the form wMp
Ro>(w)Rs(w) . .. Ro(w) where R;(w) is computed inside G(e, e, i). .~ 7
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Neaime’s algorithm for G(e, e, n) : example.

00 0 f
0 ¢ 00

w=1g 407 & 0| € CT.7.4) = Ry(w) = [4--1] = 75020
10 00
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Neaime’s algorithm for G(e, e, n) : example.

0O 0 0 1
0 & 00
w=1g 407 & 0| € CT.7.4) = Ry(w) = [4--1] = 75020
1 0 0 O
and
0O 0 1 0
3
W= w[1-- 4] = ws; 5,53 = ¢ (31 0 0 € G(7.7.3) < G7.7.4)
0 ¢4 00
0O 0 0 1
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Neaime’s algorithm for G(e, e, n) : example.

0O 0 0 1
o & 0o
=10 0 ¢ o

1 0 0 O

and
0O 0 1 0
G 0 00
W/:W1"'4:WSSS:7
[ ] 19293 0 C?. o 0
0O 0 0 1

~ RS(W) = [3'--2]0174[1 . 2] = 0201,401.
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Neaime’s algorithm for G(e, e, n) : example.

0O 0 0 1
0 & 00
w=1g 407 & 0| € CT.7.4) = Ry(w) = [4--1] = 75020
1 0 0 O
and
0O 0 1 0
3
W= w[1-- 4] = ws; 5,53 = ¢ (31 0 0 € G(7.7.3) < G7.7.4)
0 ¢4 00
0O 0 0 1

~ Rg(w) = [3---2]o14[1---2] = 5201 4074.
Then the matrix obtained inside G(7,7,2) is equal to sy hence
Ro(w) = o1 and R(w) = Ro(w)Rs(W)R4(w) = 010201 401030201. 1%
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Length for G(e, e, n)

Proposition
For every w € G(e, e, n), we have (g(w) = ((R(w)).

~ k4

Ivan Marin, Université d’Amiens (UPJV) Complex Braid Groups 23/38



Length for G(e, e, n)

Proposition
For every w € G(e, e, n), we have (g(w) = ((R(w)).

Proposition

@ The element ¢ = diag(¢2~1,¢5", ..., ¢ ") is balanced.
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Length for G(e, e, n)

Proposition
For every w € G(e, e, n), we have (g(w) = ((R(w)).

Proposition

@ The element ¢ = diag(¢2~1,¢5", ..., ¢ ") is balanced.
@ The antidiagonal permutation matrics J is balanced.
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Length for G(e, e, n)

Proposition
For every w € G(e, e, n), we have (g(w) = ((R(w)).

Proposition

@ The element ¢ = diag(¢2~1,¢5", ..., ¢ ") is balanced.
@ The antidiagonal permutation matrics J is balanced.
and their posets of left and right divisors are lattices.
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Length for G(e, e, n)

Proposition
For every w € G(e, e, n), we have (g(w) = ((R(w)).

Proposition

@ The element ¢ = diag(¢2~1,¢5", ..., ¢ ") is balanced.
@ The antidiagonal permutation matrics J is balanced.
and their posets of left and right divisors are lattices.

We have Div(J) = &, < G(e, e, n).
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Behavior of the length

Let w € G(e,e,n), 2 <r <n-—1,and w the 2-rows monomial matrix
made of the rows r,r + 1 of w.
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Behavior of the length

Let w € G(e,e,n), 2 <r <n-—1,and w the 2-rows monomial matrix
made of the rows r,r + 1 of w.

@ Ifw is diagonal, then ((s,w) = ¢(w) — 1 if and only if its bottom
content is not 1 ;

o If w is antidiagonal, then ¢(s,w) = ¢(w) — 1 if and only if its top
content is 1.
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Behavior of the length

Let w € G(e,e,n), 2 <r <n-—1,and w the 2-rows monomial matrix
made of the rows r,r + 1 of w.

Lemma

@ Ifw is diagonal, then ((s,w) = ¢(w) — 1 if and only if its bottom
content is not 1 ;

@ If w is antidiagonal, then ((s,w) = {(w) — 1 if and only if its top
content is 1.

Lemma (r = 1)

o If w is diagonal, then (s yw) = ¢(w) — 1 if and only if the bottom
content of W is not 1 ;

@ If w is antidiagonal, then {(s; yw) = ¢(w) — 1 if and only if the top
content of W is (5.
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e Standard monoid for G(d, 1, n)
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Standard monoid for B},

We consider the monoid B+ with presentation

0i0i410i = 0i410i0j+1
ojoj = ojoi, |l —j| = 2

Ty01yeenyOn_1q o =100 > 1 (1)
9y
01TO1T = TO{T04
«— ® @ ® ®
g

Ivan Marin, Université d’Amiens (UPJV) Complex Braid Groups 26/38



Standard monoid for B},

We consider the monoid B+ with presentation

0i0i4+10j = 0j+10i0 41

<7'3017---,0'n1 O-I'O-j:O-jO-h‘I_”ZZ > (1)

oiT =710, > 1
O1TOT = TO{TOq

K —) @ @ @ @

For W = G(d,1,n)andd >2,n>1,
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Standard monoid for B},

We consider the monoid B+ with presentation

0i0i4+10j = 0j+10i0 41

<7'3017---,0'n1 O-I'O-j:O-jO-h‘I_”ZZ > (1)

oiT =710, > 1
O1TOT = TO{TOq

K —) @ @ @ @

For W = G(d,1,n) andd > 2, n> 1, B* is a Garside interval monoid
with respect to the set S = {t,s1, S, ..., Sn_1} with c = ¢;'1d,
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Standard monoid for B},

We consider the monoid B+ with presentation

oiT =710, > 1
O1TOT = TO{TOq

*«— ® @ ® @

0i0i410i = 0i410i0j+1
ojoj = ojoj,|i —j| > 2
<7—70-17"',0-n1 / /0

For W = G(d,1,n) andd > 2, n> 1, B* is a Garside interval monoid
with respect to the set S = {t,s1,S2,...,Sp_1} withc = g‘jld,and
preferred Garside element

A = 7(o1701)(0201T0102)...(0n_10pn—2...01T01 ...0n_20n_1)
— n
= (101...0n-1)
v
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Standard monoid for B},

Theorem

For W = G(d,1,n) andd > 2, n > 1, B* is a Garside interval monoid
with respect to the set S = {t,$1,S2,...,8,_1} withc = C(fld, and
preferred Garside element

A = 71(o1701)(020170102)...(0n_10pn—2...01TO1 ...0p_20n_1)

(toy...on_1)"
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Standard monoid for B},

Theorem

For W = G(d,1,n) andd > 2, n > 1, B* is a Garside interval monoid
with respect to the set S = {t,$1,S2,...,8,_1} withc = C(fld, and
preferred Garside element

A = 71(o1701)(020170102)...(0n_10pn—2...01TO1 ...0p_20n_1)
= (101...0n-1)"

We denote
t = diag(¢;"1,...,1)
si = (Lhi+1)eS< W

the images of = and o in W.
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Neaime’s algorithm for ;,

Again : M is the free monoid on the generators, [i---/] ,Ji---j] as
before.
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Neaime’s algorithm for ;,

Again : M is the free monoid on the generators, [i---/] ,Ji---j] as
before.
o Startby w e W.If n=1, w = (;* for some k with 0 < k < d;
then output 7% € M.
e Otherwise, consider the last row. Its content is ¢, with 0 < k < d,
and belongs to some column of index j < n.
@ If k = 0, then consider w’ = wJj - - - n] ; otherwise, consider
w = w[j--- 1]t K[1---n].
@ Then w' € G(d,1,n— 1) and we apply the same algorithm
recursively to it, getting some R(w’) € M.
@ Finally, return R(w) = R(w’)[n---j] in the first case (k = 0), and
R(w) = R(w')[n---1]7X[1---j] in the second one.
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Neaime’s algorithm for 5},

Again : M is the free monoid on the generators, [i---/] ,Ji---j] as
before.
o Startby w e W.If n=1, w = (;* for some k with 0 < k < d;
then output 7% € M.

e Otherwise, consider the last row. Its content is ¢, with 0 < k < d,
and belongs to some column of index j < n.

@ If k = 0, then consider w’ = wJj - - - n] ; otherwise, consider
w = wlj--- 1]t K[1---n].

@ Then w' € G(d,1,n— 1) and we apply the same algorithm
recursively to it, getting some R(w’) € M.

@ Finally, return R(w) = R(w’)[n---j] in the first case (k = 0), and
R(w) = R(w')[n---1]7X[1---j] in the second one.

The output R(w) of the algorithm is then a word of the form

R1(W)R2(W)R3(W) . Rn(W)

where R;(w) is computed inside G(d,1,1).
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Neaime’s algorithm for 5},

For
0 0 G*?
w=|[¢' 0 0 |€G(7.1,3)
0 ¢ o
one gets
RQ(W) = TO0{
Ri(w) =
hence
R(W) = R1(W)R2(W)R3(W) = 7'2.7'01.0'17'50'10'2
VWV
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Neaime’s algorithm for 5},

d>1

Proposition

For every w € G(d,1,n), we have lg(w) = {(R(w)).
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Neaime’s algorithm for 5},

d>1

Proposition

For every w € G(d,1,n), we have lg(w) = {(R(w)).

Proposition

@ The element ¢ = ¢;'1d is balanced.
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Neaime’s algorithm for 5},

d>1

Proposition

For every w € G(d,1,n), we have lg(w) = {(R(w)).

Proposition

@ The element ¢ = ¢;'1d is balanced.
@ The antidiagonal permutation matrics J is balanced.
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Neaime’s algorithm for 5},

d>1

Proposition

For every w € G(d, 1, n), we have (g(w) = ¢(R(w)).

Proposition

@ The element ¢ = ¢;'1d is balanced.
@ The antidiagonal permutation matrics J is balanced.

their posets of left and right divisors are lattices, and they are the join
of their divisors.
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Neaime’s algorithm for 5},

d>1

Proposition

For every w € G(d, 1, n), we have (g(w) = ¢(R(w)).

Proposition

@ The element ¢ = ¢;'1d is balanced.
@ The antidiagonal permutation matrics J is balanced.

their posets of left and right divisors are lattices, and they are the join
of their divisors.

We have Div(J) = &, < G(e, e, n).
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Neaime’s algorithm for 5},

d>1

Proposition

For every w € G(d, 1, n), we have (g(w) = ¢(R(w)).

Proposition

@ The element ¢ = ¢;'1d is balanced.
@ The antidiagonal permutation matrics J is balanced.

their posets of left and right divisors are lattices, and they are the join
of their divisors.

We have Div(J) = &, < G(e, e, n).

The set Div(c) is made of the monomial matrices whose nonzero
entries are either 1 or ¢
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Connection with the ’real’ theory

The groups G(de, e, n) which are real’ are the following ones.
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Connection with the ’real’ theory

The groups G(de, e, n) which are real’ are the following ones.

| CRG | Coxeter type | standard monoid |

G(2,1,n) B,/Cn classic
G(2,2,n) Dy classic
G(1,1,n) An_1 classic
G(e, e, n) h(e) dual
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Q A word on exceptional groups
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Elementary monoids

Definition

The monoid M(r, s) is presented by generators uy, s, . .., U, and
relations

UilolUs ... = UolU3lUy ... =--- = Ui lUo ...
s s s

where ujuous . .. represents the unique subword of length s starting
——

S
with uy of the infinite word (ujuz ... ur) (U o . .. Uy) . . ..

~N k4
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Elementary monoids

Definition
The monoid M(r, s) is presented by generators uy, s, . .., U, and
relations

UilolUs ... = UolU3lUy ... =--- = Ui lUo ...
s s s

where ujuous . .. represents the unique subword of length s starting
——

S
with uy of the infinite word (ujuz ... ur) (U o . .. Uy) . . ..

M(r, s) is always a Garside monoid, with preferred

A=Ulols... = Uslgly... =+ = Ulils...
~~ ——
S S S

~N k4
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Elementary monoids

The monoid M(r, s) is presented by generators uy, s, . .., U, and
relations

UilolUs ... = UolU3lUy ... =--- = Ui lUo ...
s s s

where ujuous . .. represents the unique subword of length s starting
——

S
with uy of the infinite word (ujuz ... ur) (U o . .. Uy) . . ..

M(r, s) is always a Garside monoid, with preferred

A=Ulols... = Uslgly... =+ = Ulils...
~~ ——
S S S

In the cases we are interested in, we shall check that these are
actually Garside interval monoids. il ¢
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Elementary monoids

e W= G(e, e 2)with S ={s,t},

_ (0 ¢
S_(1’2)t_<<;‘ 0>

andc=sts---=tst....
Then M(2, e) is an interval monoid for B.
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Elementary monoids

e W= G(e, e 2)with S ={s,t},

_ (0 ¢
S_(1’2)t_<<;‘ 0>

andc=sts---=tst....
Then M(2, e) is an interval monoid for B.

o W= G7, G11, G19 and G(4,2,2) . M(3,3)
() W:G122M(3,4)
o W= Ggg . M(3,5)
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Use of the ‘real theory’
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Use of the 'real theory’

@ Obviously, some of the exceptional groups are real’, so one can
use Coxeter’s theory and get an interval monoid for them
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Use of the 'real theory’

@ Obviously, some of the exceptional groups are real’, so one can
use Coxeter’s theory and get an interval monoid for them

@ Some of them are not, but share the same space X/W as a real
group Wy
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Use of the 'real theory’

@ Obviously, some of the exceptional groups are real’, so one can
use Coxeter’s theory and get an interval monoid for them
@ Some of them are not, but share the same space X/W as a real
group Wy
Let then BT the corresponding Artin monoid with set of atoms S. It is
an interval monoid w.r.t. Wy, with preferred Garside element Ay.

@ We have B = Frac(B™), the atoms of Bt being mapped to braided
reflections.

@ Setting |Z(W)| = m, we have Bt = Mg(c) where ¢ = ¢;;'1d.
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Use of the 'real theory’

W |ZW| Div(c)] ¢ Wo |ZWp|

Gy 2 19 A(Z) h(3) 1

Gs 4 19 A(z) h(3) 1

Gig 10 19 A(Q) h(3) 1

Gs 6 8 Ny h(4) 2

Gip 12 8 Ay h(4) 2

Gigs 30 8 Ny h(4) 2

Goo 6 51 AS h(5) 1

Gs 4 12 Ay h(6) 2

Gy 8 12 Ay h(6) 2

Gi7 20 12 Ay h(6) 2

Go1 12 20 Ay k(10) 2

Gos 3 211 A% Az 1

Gos 6 48 Ag Bs 2 .
Gso 6 3651 AO Ay 1 N
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Bessis monoids

For the groups Go4, Go7, Gog, Gz and Gz, none of this works, but
Bessis constructed suitable monoids using the fact that they are
'well-generated’ .

The element c is a Springer regular element, the length is computed
from all the reflections, but not all of them are atoms.

It is then a nontrivial task to get from this a 'short’ presentation with
geometric meaning.

For the last group Gs4, one needs a Garside category to deal with a
corresponding braid groupoid, and no Garside monoid is known for this
case.

1. applied to the 'real’ case, this yields the 'dual braid monoid’
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Bessis monoids : example of Gaq4

For W = Gaq4, one gets that M(c) is presented by generators b;,

i=1,...,14 such that b; = s; for i < 3, and circular relations depicted
as follows

by —— b bs by —— by b7 bg — bg bia bi1 — b2 bg —— b14

T//l L o0

by ~—bs bio bs ~——— bg bg bg ~—— b2 bis bs <—— byq

bg — bi3 by —— by by —— b3 by —— bg by —— bg by —bs

NN T A A S A AN R A B

by <—— byo by <——by2 bg <——— b7 byz =—big by <—— by big =—— biz
representing the relations

b1 b bobs b4 by

bgbiz = bizbio = bioby = bibs
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