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Throughout, we will be working over a field k of characteristic p > 0. Let (g, [p]) be a restricted
Lie algebra over k. Recall that for any element x ∈ g, the left multiplication by x is denoted

ad x : g −→ g ; y 7→ [x, y].

The p-map g −→ g ; x 7→ x[p] satisfies the formal properties of an associative p-power operator. In
particular, we have

• (ad x)p = ad x[p] ∀ x ∈ g,

• (αx)[p] = αpx[p] ∀ α ∈ k, x ∈ g,

• (x + y)[p] = x[p] + y[p] for x, y ∈ g with [x, y] = 0.

Thus, if g is an abelian Lie algebra, then the p-map is p-semilinear. If the ground field k is perfect,
this implies that [p] is surjective if and only if [p] is injective.

Let U(g) be the enveloping algebra of the ordinary Lie algebra g. The factor algebra

U0(g) := U(g)/({xp − x[p] ; x ∈ g})

is called the restricted enveloping algebra of g. Up to isomorphism it is uniquely determined by the
following universal property: Given any associative k-algebra Λ and any linear map f : g −→ Λ
with

(a) f([x, y]) = f(x)f(y) − f(y)f(x) and

(b) f(x[p]) = f(x)p for all x, y ∈ g

there exists exactly one homomorphism f̂ : U0(g) −→ Λ with f̂ ◦ ι = f . Here, ι : g −→ U0(g)
is the composite of the canonical map g −→ U(g) with the projection U(g) −→ U0(g). We take
Jacobson’s analog [5] of the Theorem of Poincaré-Birkhoff-Witt for granted:

Theorem 1. Let x1, . . . , xn be a basis of g. Then the monomials

ι(x1)
a1 · · · ι(xn)an ; 0 ≤ ai ≤ p − 1

form a basis of U0(g) over k. 2

Remarks. (a) In view of Theorem 1 the canonical map ι is injective and it will henceforth be
suppressed.

(b) If h ⊂ g is a p-subalgebra of g, then U0(h) is a subalgebra of U0(g) and U0(g) is a free left
and right U0(h)-module. Consequently, the canonical restriction functor

mod U0(g) −→ modU0(h) ; M 7→ M |U0(h)

sends projectives to projectives.

(c) Given x ∈ g with x[p] = 0, we have U0(kx) ∼=

{

k[X]/(Xp) for x 6= 0
k otherwise.
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(d) Using the universal property, one endows U0(g) with the structure of a Hopf algebra by
defining

∆(x) = x ⊗ 1 + 1 ⊗ x , η(x) = −x , ε(x) = 0 ∀ x ∈ g.

The following criterion for the semi-simplicity of U0(g) was first established by Hochschild in [4]. His
proof was based on his theory of restricted cohomology groups [3]. Subsequently, Hochschild’s work
was superseded by Nagata’s result (cf. [1, IV,§3,3.6]), which provides a criterion for a cocommutative
Hopf algebra to be semi-simple. We shall give an elementary proof by exploiting the separability
of semi-simple enveloping algebras.

Theorem (Hochschild). Let (g, [p]) be a finite dimensional restricted Lie algebra. Then the follow-

ing statements are equivalent:

(1) The algebra U0(g) is semi-simple.

(2) The Lie algebra g is abelian and 〈g[p]〉 = g.

Proof. (1) ⇒ (2). We proceed in several steps, assuming first k to be algebraically closed.

(i) If x ∈ g is an element with x[p] = 0, then x = 0.

Consider the p-subalgebra h := kx. By assumption, the trivial U0(h)-module k = k|U0(h) is projec-
tive, so that Remark (c) implies U0(h) = k and x = 0. ⋄

(ii) g is abelian and [p] is bijective.

Given x ∈ g, we consider the abelian p-subalgebra h :=
∑

i≥0 kx[p]i. In view of (i), the p-map is

injective on h and hence bijective. Consequently, there exist α1, . . . , αn ∈ k with x =
∑n

i=1 αix
[p]i .

It follows ad x satisfies the polynomial
∑n

i=1 αiX
pi

− X, so that ad x is diagonalizable.
Now let α be an eigenvalue of ad x. Then there exists y ∈ g with [x, y] = αy. Since the linear

map ad y is diagonalizable, its restriction to the (ad y)-invariant subspace V := kx + ky enjoys the
same property. As (ad y)2|V = 0, we obtain (ad y)|V = 0, whence α = 0. It follows that ad x = 0
for every x ∈ g, so that g is abelian. Thus, [p] is p-semilinear and (i) yields the bijectivity of [p]. ⋄

(iii) If k is an arbitrary field, then g is abelian and g = 〈g[p]〉.

We let K be an algebraic closure of k and consider the restricted Lie algebra gK := g⊗k K, whose
Lie bracket and p-map are defined via

[x ⊗ α, y ⊗ β] := [x, y] ⊗ αβ ; (x ⊗ α)[p] := x[p] ⊗ αp ∀ x, y ∈ g, α, β ∈ K.

The universal property provides an isomorphism

U0(gK) ∼= U0(g) ⊗k K

of Hopf algebras. Thanks to [2, Corollary 3] the algebra U0(gK) is semi-simple, and (ii) ensures
that gK is abelian with surjective p-map. Hence g is abelian and there are elements x1, . . . , xn of g,

such that {x
[p]
1 ⊗1, . . . , x

[p]
n ⊗1} is K-basis of gK . Accordingly, the set {x

[p]
1 , . . . , x

[p]
n } ⊂ g is linearly

independent, so that g =
∑n

i=1 kx
[p]
i = 〈g[p]〉. ⋄

(2) ⇒ (1). Setting n := dimk g, we pick elements x1, . . . , xn in g such that {x
[p]
1 , . . . , x

[p]
n } is a

basis of g. Since g is abelian, {x1, . . . , xn} is also a basis of g over k. Let u ∈ U0(g) be an element
with up = 0. Using Theorem 1 we write

u =
∑

αa1,...,an
xa1

1 · · · xan

n .

Since U0(g) is abelian, we obtain

0 = up =
∑

αp
a1,...,an

(xp
1)

a1 · · · (xp
n)an =

∑

αp
a1,...,an

(x
[p]
1 )a1 · · · (x[p]

n )an .
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Another application of Theorem 1 gives αp
a1,...,an

= 0, so that u = 0. Consequently, the radical of
U0(g) is trivial, and the algebra U0(g) is semi-simple. �

By combining Hochschild’s result with the theory of finite group schemes one can show the following
result.

Theorem 2 (Nagata). Let H be a finite dimensional cocommutative Hopf algebra. Then H is semi-

simple if and only if H ∼= Λ[G] is a skew group algebra, where G is a finite group with p ∤ ord(G),
and Λ ∼= K1 × · · · × Kn is a product of finite extension fields of k. 2
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