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Non-local diffusion.

The function J. Let J : RN — R, nonnegative, smooth with

/RN J(r)dr =1.

Assume that is compactly supported and radially symmetric.

Non-local diffusion equation

U(x,t) =J xu —u(x,t) = 4N J(x —y)u(y,t)dy —u(x,t).




Non-local diffusion.

In this model, u(x,t) is the density of individuals in x at time t
and J(x —y) is the probability distribution of jumping fromy to

X. Then

@)t = [ 36c=yuty. vy
is the rate at which the individuals are arriving to x from other
places

—u(x,t) = —/RN J(y —x)u(x,t)dy

is the rate at which they are leaving from x to other places.



Non-local diffusion.

The non-local equation shares some properties with the
classical heat equation

us = Au.

Properties

- Existence, uniqueness and continuous dependence on the
initial data.

- Maximum and comparison principles.

- Perturbations propagate with infinite speed. If u is a
nonnegative and nontrivial solution, then u(x,t) > O for every
x € RN and every t > 0.




Non-local diffusion.

The non-local equation shares some properties with the
classical heat equation

us = Au.

Properties

- Existence, uniqueness and continuous dependence on the
initial data.

- Maximum and comparison principles.

- Perturbations propagate with infinite speed. If u is a
nonnegative and nontrivial solution, then u(x,t) > O for every
x € RN and every t > 0.

There is no regularizing effect for the non-local model.




Newmann boundary conditions.

One of the boundary conditions that has been imposed to the
heat equation is the Neumann boundary condition,
ou/on(x,t) =0, x € 99.

Non-local Neumann model

ut(x,t):/ﬂa(x—y)(u(y,t)—u(m»dy

for x € Q.

Since we are integrating in 2, we are imposing that diffusion
takes place only in €.



Existence, uniqueness and a comparison principle

Theorem (Cortazar - Elgueta - R. - Wolanski)

For every up € L1(Q) there exists a unique solution u such that
u € C([0,00); L1(R2)) and u(x, 0) = ug(x).

Moreover the solutions satisfy the following comparison
property:

if up(x) < vo(x) in Q, then u(x,t) < v(x,t) in Q x [0, o).

In addition the total mass in € is preserved

[ utv-0dy = [ uoay.




Approximations

Now, our goal is to show that the Neumann problem for the
heat equation, can be approximated by suitable nonlocal
Neumann problems.

More precisely, for given J we consider the rescaled kernels

3(6) = i g9 <5) ,

g

with
1

Cllz/ J(2)2z3 dz,
2 JB(o.d)

which is a normalizing constant in order to obtain the Laplacian
in the limit instead of a multiple of it.



Approximations

Then, we consider the solution u.(x,t) to

Theorem (Cortazar - Elgueta - R. - Wolanski)

Let u € C?t*1+2/2(Q x [0, T]) be the solution to the heat
equation with Neumann boundary conditions and u. be the
solution to the nonlocal model. Then,

lim sup [luc(-,t) —u(-,t)|lLee(q) = O.
5_>Ot€[0,T]




Approximations

Idea of why the involved scaling is correct

Let us give an heuristic idea in one space dimension, with
Q = (0,1), of why the scaling involved is the right one.

We have




Approximations

If x € (0,1) a Taylor expansion gives that for any fixed smooth u
and e small enough, the right hand side A.u becomes

&

Au(x) = 513/013 (X — y) (u(y) — u(x))dy




Approximations

If x € (0,1) a Taylor expansion gives that for any fixed smooth u
and e small enough, the right hand side A.u becomes
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Au(x) = 513/013 (X — y) (u(y) — u(x))dy
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Approximations

_ ”X(X)/J(w)wdw+ UXXZ(X)/J(W)WZdWJrO(s)
R R

As J is even
/J (w)wdw =0
R

and hence,



Approximations

_ UX(X)/J(W)WdW+uXX2(X)/J(W)Wzdw+0(s) |
R R

As J is even
/J (w)wdw =0
R

and hence,

and we recover the Laplacian for x € (0, 1).




Approximations

If x =0 and e small,

Au©) - 5 | K () o - uon ey ’
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Approximations

then



Approximations

then



Approximations

then

and we recover the boundary condition




The p—Laplacian

The problem,

is the analogous to the p-Laplacian

Uy = Apu in (0,T) x Q,
|[VulP2Vu-n=0 on(0,T) x dQ,
u(x,0) = up(x) in Q.



Approximations

For given p > 1 and J we consider the rescaled kernels

3

Theorem (Andreu - Mazon - R. - Toledo)

Let Q be a smooth bounded domain in RN and p > 1. Assume
J(x) > J(y)if x| <|y|. Let T >0, up € LP(Q2). Then,

. CJ,IO X 11 p
Jpe(X) i= id (f) c;L .ZZ/RNJ(Z)|ZN| dz.

lim sup [us(t,.) — u(t,.)|le(@) = O.
5_’Ote[O,T]




Convective terms

{ U(t,x) = (I *u —u)(t,x) + (G« (f(u)) — f(u)) (t,x), |

u(0,x) =ug(x)  (nowx € RN ).




Convective terms

{ U(t,x) = (I *u —u)(t,x) + (G« (f(u)) — f(u)) (t,x),

u(0,x) =ug(x)  (nowx € RN ).

Theorem (Ignat - R.)

There exists a unique global solution
u € C([0, o0); LY(RN)) N L*([0, >0); RN).
Moreover, the following contraction property

lu(t) = v(©)llagy) < lluo — Vollirn)

holds for any t > 0. In addition, [[u(t)||Lsmn) < [[Uoll s (mn)-



\ Convective terms

Let us consider the rescaled problems

€

(Ue(t, X) = €N1+2/R 5 <X - y) (Ue(t,y) — Ua(t, X)) dy

Fo [, 6 (“2F) ) - ) gy,

Us(x,0) = up(x).




\ Convective terms

Let us consider the rescaled problems

(Ue(t, X) = €N1+2/R 5 <X - y) (Ue(t,y) — Ua(t, X)) dy

€

1 _
Fo [, 6 (“2F) ) - ) gy,

Us(x,0) = up(x).

Note that the scaling of the diffusion, 1/eN+2, is different from
the scaling of the convective term, 1/eN+1,




Convective terms

Theorem (Ignat - R.)

We have

lim sup fu. — V|| 2@y =0,
£=0te[o0,T]

where v(t, x) is the unique solution to the local
convection-diffusion problem

ve(t,X) = Av(t,x) + b - VI(v)(t,x),

with initial condition v(x,0) = up(x) and b = (by, ..., bg) given
by

b :/ X G(x) dx, i=1,...d.
RN



Convective terms

Theorem (Ignat - R.)

Let f(s) = s9 with g > 1 and up € LY(RN) N L>(RN). Then, for
every p € [1, o0) the solution u verifies

N1
Hu(t)HLP(RN)SC(||U0|||_1(RN),“UOHLOO(RN)) <t> 2 (1 p)'




Convective terms

Theorem (Ignat - R.)

Let f(s) =s% with g > (N + 1)/N and let the initial condition ug
belongs to LY(RN, 1 + [x|) nL*(RN). For any p € [2, ) the
following holds

HE D) ~ MHO g < CE,6.p, ) ),

where M = [ Ug(x) dx, H(t) = ="+, and

(t)~2 if q>(N+2)/N,
aq(t) =

)y =5 if (N-+1)/N<q<(N-+2)/N.




Convective terms

The main idea for the proofs is to write the solution as

t
u(t) = S(t) x ug ~|—/0 S(t—5s)* (G« (f(u)) —f(u))(s)ds,
with S(t) the linear semigroup associated to

{ Wi(t,x) = (3w —w)(t,x),  t>0 xRN,

w(0,x) = ug(x), x € RN,



Decay for the heat equation

For the heat equation we have an explicit representation
formula for the solution in Fourier variables. In fact, from the
eqguation

vi(X,t) = Av(x,t)

we obtain

W(et) = g (e ),
and hence the solution is given by,

0(6,1) = e~ i ¢).
From where it can be deduced that

HV(~, t)HLq(Rd) <C t_d/z(l_l/CI)_



The convolution model

The asymptotic behavior as t — oo for the nonlocal model

Ut(X,t) = (G xu —u)(x,t) = /Rd G(x —y)u(y,t)dy —u(x,t),

is given by

Theorem The solutions verify

Hu(’a t)HLoo(Rd) < thd/Z.



The convolution model

The proof of this fact is based on a explicit representation
formula for the solution in Fourier variables. In fact, from the
equation

ui(x,t) = (G xu — u)(x,t),

we obtain A
Ot(gvt) = (G(f) - 1)0(£7t)7

and hence the solution is given by,

G(é.t) = eCO-Dgy(g).



From this explicit formula it can be obtained the decay in
L>°(RY) of the solutions. Just observe that

0(&,1) = elCODMp(€) ~ e~ €),
for £ large and
(&, 1) = eCO-Gy (¢) ~ e~y ),
for ¢ =~ 0. Hence, one can obtain

Hu('v t)HLoo(Rd) < Ct_d/z.



This decay, together with the conservation of mass, gives the
decay of the L9(RY)-norms by interpolation. It holds,

JuC-,t)llLagasy < C t—d/2(1-1/q)

Note that the asymptotic behavior is the same as the one for
solutions of the heat equation and, as happens for the heat
eqguation, the asymptotic profile is a gaussian.



Non-local problems without a convolution

To begin our analysis, we first deal with a linear nonlocal
diffusion operator of the form

() = [ 300yl =~ ulx D) dy.
Also consider

() = [ 36y)luly.t) — UG )Pty 0 - ux, ) dy.

Note that use of the Fourier transform is useless.



Energy estimates for the heat equation

Let us begin with the simpler case of the estimate for solutions
to the heat equation in L2(R%)-norm. Let

us = Au.

If we multiply by u and integrate in RY, we obtain

d 1 )2
dt/RdZ /|Vuxt dx.

2d
d—2)’

2/2*
/ IVuR(x,t)dx > C (/ |u|2*(x,t)dx>
Rd Rd

to obtain

d , 2/2"
/ u?(x,t)dx < —C ( u|? (x,t)dx> .
dt Rd Rd

Now we use Sobolev’s inequality, with 2* = @2



Energy estimates for the heat equation

If we use interpolation and conservation of mass, that implies
Ju(t)|lL2(ray < C for any t > 0, we have

Uty < U s gy IO ) < CIUEOIE

with o determined by

1_ +1_a that is _ -2
2 - YT T T T D

Hence we get

1
:t/ u?(x,t)dx < —C (/ uz(x,t)dx>l )
Rd Rd
from where the decay estimate
[u®)llz(rey < Ct_%(l_%), t>0,

follows.



Energy estimates for the non-local equation

We want to mimic the steps for the nonlocal evolution problem
n(et) = [ 300yl =~ ulx D) dy.

Hence, we multiply by u and integrate in RY to obtain,

:t /Rd 2“2(’(t dx_/Rd/Rd (x,y)(u(y,t)—u(x,t)) dy u(x, t) dx.



Energy estimates for the non-local equation

Now, we need to “integrate by parts”. We have

lemma

If J is symmetric, J(x,y) = J(y, x) then it holds

/Rd /Rd J(x,¥)(e(y) — @(x))(x)dydx

=5 [ [ 366~ ) ~ vx)ava




Energy estimates for the non-local equation

If we use this lemma we get

gt/Rd 2 0 dx = —/ / (6 Y)(u(y, t)—u(x,1))* dy dx.

Now we run into troubles since there is no analogous to
Sobolev inequality. In fact, an inequality of the form

/Rd /RdJ(x,y)(u(y,t)—u(x,t))zdy dx > C (/Rd Uq(x,t)dx>2/q

can not hold for any q > 2.



Energy estimates for the non-local equation

Now the idea is to split the function u as the sum of two
functions
u=v-+w,

where on the function v (the “smooth”part of the solution) the
nonlocal operator acts as a gradient and on the function w (the
“rough”part) it does not increase its norm significatively.
Therefore, we need to obtain estimates for the LP(RY)-norm of
the nonlocal operators.



Energy estimates for the non-local equation

Theorem Letp € [1,00) and J(-,-) : RY x RY +—~ R be a
symmetric nonnegative function satisfying
HJ1) There exists a positive constant C < oo such that

sup J(x,y)dx <C.
yeRd JRRI

HJ2) There exist positive constants cq, ¢, and a function
a € C1(RY,RY) satisfying

sup |Va(x)| < oo
x€RI

such that the set By = {y € RY : |y — a(x)| < c,} verifies
By C {y e RY: J(x,y) >cy}.



Energy estimates for the non-local equation

Theorem Then, for any function u € LP(RY) there exist two
functions v and w such thatu = v +w and

IV oy W1y < €00) [ [ 30 y)lut-u(y)P axaly.

Moreover, if u € L9(RY) with g € [1, oo] then the functions v and
w satisfy

[V lLaray < C(J3, a)|ul[Lo(re)
and
Wl arey < C(J, a)[|ul[La(ra)-



Energy estimates for the non-local equation

We note that using the classical Sobolev’s inequality
IVILox (rey < IVVI|Lp(ga)

we get

Vs oy HIW By < ©Qp) [ [ 30 y)luG0-u(y)P dedy.



Energy estimates for the non-local equation

To simplify the notation let us denote by (Ayu, u) the following
quantity,

o) = [ [ 36y)luto - u)P dxay.

Corollary
1l zey < CallulPgn ™ (Apu, u)*®) + Co(Apu, ),
where «(p) is given by
pr_ _d(p-1)

)= 5D T dp 1)+ p



Energy estimates for the non-local equation

Remark In the case of the local operator
Bpu = —div(|Vu|P~2Vu), using Sobolev’s inequality and
interpolation inequalities we have the following estimate

< CyfJulPE- 2P B, u, uya®),

HuHLp Rd) |_1 ]Rd

In the nonlocal case an extra term involving (Apu, u) occurs.



Decay estimates for the non-local equation

Let us consider
(8 = [ 306y)uly.1) ~ u(x.0)dy +F(u)(x.)
Theorem Let f be a locally Lipshitz function with f(s)s < 0.

_dn_1
u(t)llogeay < C(a,d)uolls eyt 24 ¢

for all g € [1, 00) and for all t sufficiently large.



Decay estimates for the non-local equation

Using these ideas we can also deal with the following nonlocal
analogous to the p—Ilaplacian evolution,

Ur(x,t) = /Rd I, y)lufy,t) —u(x,t)[P~2(u(y,t) — u(x,t)) dy.

Theorem Let2 < p < d. Forany 1 < g < co the solution
verifies
d 1
||u('>t)|||_q(Rd) < Cti(m) (175)

for all t sufficiently large.









