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Abstract. We will show the Gauss decomposition with prescribed torus
elements for a Kac-Moody group over a field in general case.

1. Introduction

Kac-Moody groups are equipped with canonical decompositions of different
kinds. Let us note, for instance, the decompositions of Bruhat, Birkhoff and
Gauss. As in finite dimensional case, they play an important part in calcula-
tions with these groups. However, for Kac-Moody situation all of them have
their own peculiarities (look, for example, [19] where J.Tits gives a comparison
of the Bruhat and the Birkhoff decompositions and some of their applications).

The aim of this paper is to establish the so-called prescribed Gauss decom-
position for Kac-Moody groups.

The prescribed Gauss decomposition appeared in [17], [9] for the general
linear group and then it was proved in full generality in [3],[4], [5] for Chevalley
and twisted Chevalley groups. It happens to be the main tool for proving the
substantial Ore and Thompson conjectures.

Namely, Ore [13] conjectured that every element of a finite simple group is
a single commutator.
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The proof of this statement for all simple groups of Lie type is given in [6].
There are similar facts for infinite simple groups as well. Let us mention the
paper of Ree [15], who proved that every element of a connected semisimple
algebraic group over an algebraically closed field is a commutator. The survey
of the results on Ore problem (before the results of Ellers-Gordeev and A.Lev)
can be found in [21].

This paper is the continuation of the paper [12], in which the prescribed
Gauss decomposition was established for Kac-Moody groups of the rank 2.
The general result became possible due to the recent paper [2] where the
elegant idea of V.Chernousov gives rise to a uniform proof of prescribed Gauss
decomposition for all groups of Lie type. Moreover, we mostly follow the
method of this paper, adjusting it to Kac-Moody case.

We do not consider in this paper Ore and Thompson type conjectures for
Kac-Moody groups. These groups are perfect but not, generally speaking,
simple, and their commutator structure can be very delicate.

2. Kac-Moody groups

Let A = (ajj) be an n x n generalized Cartan matrix. Let g be the Kac-
Moody Lie algebra over a field C defined by A with the so-called Cartan
subalgebra h (cf. [7], [10]). Let A C h* be the root system of g with respect
to h with the fundamental system II = { a1, -+ ,an }. Let A4 (resp. A_) be
the set of positive (resp. negative) roots defined by I1, and A" the set of real
roots. Put A'f = A, NA'. Then we obtain

g=ho® |_| Ja (root space decomposition)
aEA

and
g=g-dhag+ (triangular decomposition),
where g+ = ®.eca.0o. Let M be an integrable g-module, which means that
M = @Heh* MH’

where My = {ve M | hv =ph)v (vh € h) }, and that x is locally
nilpotent on M for all x € g, with a € A". For the set of real roots, A"¢, we
can choose and fix a Chevalley basis { e, | a € A™ } (cf. [11]). We now
suppose that M has a basis { v, | 7 € I' } whose Z-span, Mz, is invariant
under the action of e'/m! for all m > 0. Such a basis exists, for example, for
the cases of adjoint representations, highest weight integrable representations,
lowest weight integrable representations, and some others (see [7], [19] and
references therein). Then, for any field K, we put M(K) = K ® Mz and
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define x,(t) € GL(M(K)) by
X, (DEOV) = 3 tMs @ oy,
m=0 m!

Let G be the subgroup of GL(M(K)) generated by Xx,(t) for all « € A" and
t € K. We call G a (standard or elementary) Kac-Moody group (cf. [14], [16],
[20]). Sometimes G is called of type A. Let G = G(A, K) be the family of all
Kac-Moody groups over a field K of type A. Then, there is a unique, up to
isomorphism, element of G which dominates all other elements. We fix it, and
also we call it G. Let

Wa(t) = Xa(t)x—a(_t_l)xa(t)v
h,(t) = w,(t)w,(—1)

for t € K*. Then, we put
U=(X.,(a) | a€ A%, acK),

T=(hy(t) | a€ A™ te K*),

V=(xa) | a€A™ acK),

Define the maps ¢; by
1l a
¢i : ( 0 1 ) = Xai(a)1

_ t 0
o (6 0o ) na

o (; E)Hx-m(a),

These maps are not necessarily injective. The subgroups U; and V;" are defined
as follows

U/ = (X, ()X5(D%a, (—9) | st K, fe A\ {a} ),
Vil = ( X—a; ()Xa()X-a;(=5) | s,teK, 8 € AP\ {~ai} ).
Then (G, U, T,V,{¢1, -, ®n}) is a triangular system. Hence,
G =UVTU
= Ugeu U(VTU)UE,
and every Kac-Moody group G over a field has a Gauss decomposition (cf.

[12]).

Put
N =(wa(t) | a €A™ teK"),
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then T <N, and N/T is isomorphic to the Weyl group W (cf. [7], [10]). We
sometimes identify W with N/T. For each w € W, we can write

wUw™ ! =wuw™
ifwe N and w=w mod T. Then
() wuw =1
wewWw
and
N ww't=1
weWw

(cf. [8], [14]). ~
Therefore, if 1 Zu € U (resp. 1 #v € V), then there exists w € N such
that
wuw =uul, ui#1
(resp. wvw ! =Viv;, v #1),
for some i = 1,2,---,n, where u; € Ui, u; € U (resp. v; € Vi, vi € V})).
This property is important for us, and later we will use it. And, we need one
more thing about substructures of Kac-Moody groups. For a subset X of II,
we denote by Ax the sub-root system of A generated by X, and we define the
following subgroups:

Gx = (Xsa) | a€eX, teK),

Tx = (hy®) | aeX, te K*),

TL = (ho(t) | ae\X, te K<),

Ux = (X (t) | ae ARNAx, teK),

U = (yxp()y™ | Be ARNAx, teK, yeGx ),
Vx = <Xa(t) | O[EAr_emAx, t€K>,

Vi = (yxs(hy™t | BE A\ Ax, teK, y e Gx ).

Then, using the commutator formula (cf. [11]), we see U = UxU{ > U and
V = VxVy >Vyx. Also clearly we obtain T = TxTx. At the end of this section,
we will deal with the center Z(G) of G. Actually, Z(G) C T and we can
explicitly describe as folows:

Z(G) ={ H hoi (6) | H /") =1 forall e}

3. Theorems

Here first, we review the result on the prescribed version of Gauss decom-
positions for the rank two Kac-Moody groups. For this result and for the
definition of Gauss decompositions with prescribed torus elements associated
with triangular systems, see [12].



GAUSS DECOMPOSITION 5

Theorem ([12]). Let A = _i _g
with ab > 4. Put m = max { a,b }. Let K be a field with | K | > m + 3.
Then every Kac-Moody group, G € G(A, K), over K of type A has a Gauss
decomposition with prescribed elements in T. This means that given arbitrary

be a generalized Cartan matrix

semisimple element element h*,

G=2Z(G)uU |Jg(vhu)g™,
geG
where Z(G) is the center of G.
The similar result holds for 0 < ab < 3 in rank two case, in which case there
IS no restriction to the cardinality of K. Moreover, in the case of Chevalley
groups, there is a general result about Gauss decomposition with prescribed
semisimple elements.

Theorem ([2]). Let A be a Cartan matrix, and let K be a field. Then every
Chevalley group, G € G(A, K), over K of type A has a Gauss decomposition
with prescribed elementsin T.

In the remaining of this paper, we will present the following result on Kac-
Moody groups G for all generalized Cartan matrices. For a generalized Cartan
matrix A = (ajj), we put

m=max { |a;| L<i#j<n)}

Theorem 1. Suppose | K | > m+ 3. Then, every Kac-Moody group G
over K has the Gauss decomposition with prescribed elements in T.

Corollary. Every element of a Kac-Moody group G can be expressed as a
product of two unipotent elements in G.

4. Some inductive method

Here we will show the following proposition. We put I ={1,2,--- ,n }.

Proposition 1. Let I' be the group generated by an abstract symbol o
and our Kac-Moody group G satisfying that ¢ acts on G by conjugation as an
diagonal automorphism. Let Z(T") be the center of I'. Suppose | K | > m+3.
Then, for every element og € I' with g € G and og ¢ Z(I'), and for every
element h* =[[{L; h,,(t},) € T, there exists an element z € G such that

2(c9)z™t = o(vh*u)
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forsomev eV and u e U.

The proof of this proposition can be given exactly in the same way as in
[2]. We proceed by induction on n. We have already known that Proposition
1 holds for n = 1,2 (cf. [2], [12]). We suppose n > 3.

We take og € I with g € G in general. Since cU = Ug and G = UVTU,
we see 0G = UoV TU. Hence, for our purpose, we can assume that og is just
of the form cg = ovhu with v €V, h € T, u € U. Then, using the conjugate
action of W = N/T, we fall into one of the following three cases.

(Case 1) There exists w € W satisfying

7 =w(og)w™
with vi € V{, v € Vj, W €T, u; € U;, u; € U and vju; # 1 for some i € I.
(Case 2) The element og is of the form

b= g(vivih'u;u})

v=o0g=oh
withh' € T and v ¢ Z(T').
(Case 3) The element og is of the form
v=o0g=och
with h" € T and v € Z(T).

In (Case 2), we can find an element X,; (t) with t # 0 for some j € I such
that

Xa; (D) (01)Xq; (=1) = o (N'u;)
with u; #Z 1. Therefore, we can reach (Case 1) in this case. Since we need

not consider the situation of (Case 3) by our assumption, we can assume that
(Case 1) holds. And now we fix such i € I described in (Case 1).

Put X ={ aj,az, - ,an—1 yand Y ={ az, a3, -+ ,an }. We write

h = hg, (t1) - ha, (th),
hx = hg (t1) - he, s (th-1),
hy = hg,(t2) - hg,(tn)

with tg, -+, t, € K™,

If i > 1, then we put oy = oh,,(t1) and T'y = ( oy, Gy ). Then,
v = V; (UY Vy hy Uy )U;

for some vi, € Vy, vw € Vy, uy € Uy, u, € Uy with vwuy # 1. Then, we
choose t, € K™ such that ch*h,,(t;) is noncentral in I'x = ( ox, Gx ), where
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ox = ohy,(t} ). This is actually possible since we have enough elements in
K. Applying our induction to

w =oy(whyuy) €Ty,

we can find an element zy € Gy such that zyyy zy* = oy Vi h{ u{ with v/ ¢
Vy, uy € Uy and oh*h,,(t,) = oy h{. Then, we have

v =zyyzyt = ov'nu”
with v’ € V, u” € U and h” = h*h,,(t,). Next, we write
v = Vx (ox Vxhx Ux Ul
with v{ € Vy, vx € Vx, ux € Ux, Ul € Uy and
hx = ha, (t)ha, (8, t)ha, (t5,) - - e, (8, ).
Then, we apply our induction to
1x = ox(Vxhxux) € I'x.

Since yx is noncentral in I'x, we can find an element zx € Gx such that
ZxYxZx" = oxVxh%ul with v € Vx, ul € Ux and oh* = oxhl. Therefore,
we have

,_)/// — ZX'Y/Z)_(l — UV///h*u///
with v7 € V, u” € U. This is what we wanted.

If i = 1, then we can take X first and then Y next. Then the same process
as above works. We should choose an, an—1 and a; instead of a;, a, and
an respectively. Hence we have completed the proof of Proposition 1. Then,
Proposition 1 implies Theorem 1.
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