Homotopy orbits of free loop spaces

Marcel Bokstedt & Iver Ottosen *
March 9, 1999

Abstract

Let X be a space with free loop space AX and mod two co-
homology R = H*X. We construct functors ©,(R) and ¢(R) to-
gether with algebra homomorphisms e : Q,(R) — H*(AX) and
P I(R) — H*(ES? xg1 AX). When X is 1-connected and R is
a symmetric algebra we show that these are isomorphisms.

1 Preface

The purpose of this paper is to present a new approach to the cohomology
of the S! homotopy orbits of the free loop space AX.

Let X be a space, and C,, the cyclic group considered as acting on X"
by permuting coordinates. The (Z/2-) cohomology of EC, *c, X" can
be computed from R = H*(X;Z/2) by a Serre spectral sequence. It is
a fundamental fact, derived from the equivariance of the Eilenberg-Zilber
map, that this spectral sequence collapses for all spaces X and all n. In
particular this conomology is a functor in R, and does not depend in any
other way on the topology of X. The second author has investigated this
situation closely in [Ottosen].

We begin the study of the cohomology of the orbits with some prelimi-
naries and generalities about spaces with an S* action in §3 and §&4.

We continue in 86 by using the S* transfer to construct maps connecting
the cohomology of X respectively EC,x ¢, X? with ESxg1 AX. These maps
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Groups. 1991 Mathematics Subject Classification: 55N91, 55P35, 55R12.

1



are not multiplicative, but they do satisfy a version of Frobenius reciprocity.
This forces the images of the maps to satisfy universal relations, some of
these involving multiplications.

In this way, taking sums of products of the cohomology classes and taking
the universal relations into account, we obtain a group /(R), which is again
a functor of R. This group maps by its definition to H*(ES?! xs:1 AX;Z/2),
and we think of the map as an approximation.

Via relations to the Steenrod diagonal, the approximation is shown to
be nontrivial in many cases in §7.

Surprisingly, in 88 it turns out that the approximating group has nice
algebraic properties. Investigating it by purely algebraic methods we find
that it is closely related to a version of de Rham cohomology of the ring
R. There is a map from L(R) (a slight variation on /(R)) to the de Rham
cycles. The de Rham differential factors over this map. Using this, we see
that in the (very) special case when R is a polynomial ring, ¢ is precisely
given by de Rham cycles and de Rham cohomology.

Finally, in 89, §10 we discover that in the polynomial case, the approxi-
mation is precise, that is /(R) — H*(ES! xg1 AX;Z/2) is an isomorphism.
This is the main result of the paper.

In the two appendices 811 and 812 we show that the approximation
functor has other good algebraic properties. In 811 we extend the functor
/(R) to the case where R non graded. In 812, we show that L(R) is easily
computable from R in terms of generators and relations.

The authors wonder if there is some variation on the functor /¢ that
computes the cohomology of the St-homotopy orbits of the free loop space
in greater generality.

They would also like to know about possible connections to the Lanne’s
functor, which in certain situations computes the cohomology of spaces of
homotopy fixed points.

2 Notation

Let us fix some notation and conventions. The coefficient ring in all co-
homology groups is the field F, = Z/2 when no other ring appears in the
notation. A denotes the mod two Steenrod algebra. We only consider spaces
X which are of finite F,-type i.e. H;(X;F,) is finite dimensional for each i.



The cohomology of the circle and its classifying space is denoted
H*(S%) = A(v)
H*(BS?) = F[u]
where v has degree one and u has degree two.

For the cohomology of the classifying space of a cyclic group of two power
order we use the notation

A(V) @ Fo[u]  whenm > 2

H*(BCym) =
(BCam) {Fz[t] when m =1

here t and v are one dimensional and u is two dimensional. The inclusion
j : Com C St satisfies (Bj)*(u) = u when m > 2 and (Bj)*(u) = t2
when m = 1 as seen by the Leray-Serre spectral sequence associated to the
fibration S* — BC,m — BS?. Also i*(v) =v when i : S! — BC,m denotes
the inclusion of the fiber.

For any unstable A-algebra we define the operation Az = Sq¥I='x. By
the Cartan formula this is a derivation over Frobenius i.e.

AXy) = X*\y + y? Az

3 Connected S!-spaces

Let Y be a connected S*-space with action map n: S*xY — Y. The map
n* IS injective since i o~ = id where ~ is the map defined by v(y) = (1,y).
We write Y, for the space Y with trivial S-action.

Definition 3.1. Define a degree -1 map d: H*(Y) — H*~1(Y) by
n'y)=1ley+vady

Proposition 3.2. The map d satisfies the following equations.

dod=0 (1)
d(x +y) = dx +dy @)
d(xy) = xdy + ydx (3)
Sq'(dx) = d(Sq'x) (4)
(dx)? = d(\z) (5)



Proof. (1) There is a commutative diagram

Slxsle ﬂ_> Sle

|

Slxy T,y

where g : St xS! — St is the multiplication map. In cohomology it satisfies
p*(v) =v®1l+1®v. The result follows by pulling a class y € H*Y back
along the two different ways in the diagram.

(2) Follows from n*(X +y) = n*(X) + n*(y).

(3) Follows from n*(xy) = n*(X)n*(y).
(4) Follows by the Cartan formula and the fact that »* is A-linear.
(5) Follows from (4). O

By our next result the differential d also appears in the Leray-Serre
spectral sequence.

Proposition 3.3. The fibration Y — ES! xq1 Y — BS! has the following
Leray-Serre spectral sequence

E;* =H*(BSH) @ H*(Y) = H*(ES %51 Y)
The differential in the E,-term is given by
dp : H*(Y) — uH"(Y) ; da(y) = ud(y)
where d is the differential from Definition 3.1

Proof. The action map n : S x Yo — Y is an St-equivariant map hence it
induces a map of fibrations.

S!xYy —— ES!xq (St xY,) —— BS!
| o o
Y — ES! xg1 Y —— BS!?

We get a map of the corresponding spectral sequences n* : E — E where E
is the spectral sequence associated to the upper fibration. Since the upper
fibration has total space homeomorphic to ES! x Y it looks like

Es* = H*(BSY) @ H*(SY) @ H*(Y) = H*(Y)
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In E, the differential on the fiber elements are given by
divez)=u(l®z), db(l®wz)=0 (6)

To see this, assume that Y is contractible. Then the E, term has a F;
placed at (0,0) and zero at all other places. It follows that d,(v) = u and
d>(1) = 0. Since the action on Y, was trivial this case imply (6). Let
y € H*Y be afiber class in E;. By n* it maps to 1@y +v®dy and applying
the E,- differential to this we get u(1l ® dy). We see that d,(y) = ux where
x € H*Y is a class with n*(X) = 1®dy. Since x = dy satisfies this equation
and n* is injective the result follows. O

4 Homotopy orbits of connected S!-spaces
Definition 4.1. Define the spaces EY forn=20,1,2,...,00 by

EnY = ES'xc,Y , n<oo
E.Y = ES'xqY

For nonnegative integers n and m with m > n define the maps
am i H'EmY — H'ERY
™ HE)Y — HERLY

by letting g7, be the map induced by the quotient map and 71" be the transfer
map. Also define

4% H'EsY — H'EnY
as the map induced by the quotient.

Theorem 4.2. Let m > 1 be an integer. Consider the following diagram

E.Y —= E_Y

Pfll Pfll (7)

BCom —2%, BS!
where Q denotes the quotient map. There is an isomorphism

6 : H*(BCyom) ®p-esty H (ExY) = H*(EmY)



defined by x ® y — pri(x)q2(y). The transfer map
t  HERY — H*EmaY

is zero on elements of the form (1 ®y) and the identity on elements of the

form (v ®y) (here v =1t when m = 1). We get an isomorphism
colimH*EpnY = VH*EL.Y = H*(Z(ELY)+)

Proof. Filling in the fibers of diagram (7) we get

* — Y —Id—> Y

l l l

S —— EnY —> E.Y

L oml
S —, BCm —2-, BS!

Since the fundamental group of BS? is zero, the Leray-Serre spectral se-
quence E of the lowest horizontal fibration has trivial coefficients, and since
Q is the pull back of this, the Leray-Serre spectral sequence E associated
to Q also has trivial coefficients. We get

E;* =H*"(ELY)®H*(SY) = H*(EnY)
E;* = H*(BSY) @ H*(S!) = H*(BCom)

and pr; gives a map of these two spectral sequences. We know that dy(v) = 0
in E. Since prj(v) =v we get that d,v =0 in E hence E; = E.. It is now
obvious that the map 6 is an isomorphism. Using the map pr; we get that
7m*+1(v) = v. By Frobenius reciprocity the description of the transfer map
follows. O

The above theorem is inspired by the following result of Tom Goodwillie,
which can be found in an errata to [BHM].

Theorem 4.3. (Goodwillie) For any based S!-space Z, there is a map
7: Q(UES} As: Z) — holimQ(ES? Ac,. Z)

which induces an isomorphism on homotopy groups with F, coefficients.
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We may now give our own definition of the S*-transfer
Definition 4.4. For any non negative integer n the Si-transfer
7% tH'EnY — H'ELY
is defined as the composite
H*E,Y —— colimH*EpnY —— H*E.Y
where the direct limit is over the transfer maps 7,". Note that the degree of
T 0s -1.

Definition 4.5. Let ¢, denote the St-equivariant map

0p:S*>xYy — ES'xY
(z,y) — (ze,2y)

and let 0, forn = 1,2,...,00 be the maps one obtains by passing to the
quotients

On:SYCoxn xY - EnY , m<oo

O i x XY — EY
Proposition 4.6. For non negative integers m and n with n < m the fol-
lowing squares commutes.

on on

H*E,Y —% H*(S!xY)  H*E,Y —% H*(S!xY)

anT q&@ﬂ Tﬁ“l ﬂ“@ll

O

H*EnY —m H*(S!xY)  H*EnY —=, H*(S!xY)
There are also commutative squares

HE,Y —2s H*(SxY)  H'E,Y —% H*(S!xY)

T

HELY —=-  H*Y HELY —=-  H*Y

where 0%, = q°% is the map induced by the inclusion of the fiber, and the
transfer on the right hand side is given by 1@y —0and vy —Yy.
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Proof. The first three diagrams are obvious. The last diagram follows by
Theorem 4.2 when passing to the direct limit over m in the diagram with
the finite transfers. O

Proposition 4.7. For any non negative integer n Frobenius reciprocity holds
i.e.
Tn (05 (X)Y) = z73°(Y)

Proof. When n > 1 this is an easy consequence of the description of the
transfer in Theorem 4.2. For n = 0 we use Frobenius reciprocity of 72 as
follows

762(0e (X)Y) = 73 0 75 (02(05 (X))Y) = 75°(4%. ()5 (¥))
and use the n = 2 case. O
Proposition 4.8.
6 005 =0 (®)
0o 0 76" = ©

Proof. (8) We can factor the composite as 75° 0 ¢ = 7° o ¢ 0§ o g1, and
73 0 q7 is multiplication by 2 thus the zero map.
(9) We can factor 6, as

Ax] 1xn

0:StxY, — SIxSlxy —, S'xY — ES'xY

and by this we find (1 ® y) = 1®y + v ®dy. The result follows from the
last diagram of Proposition 4.6. O

Definition 4.9. Define the map
fy:StxY — ES'xY?
(z,y) — (ze,2y,—zy)

We let C, act on the space to the left by (—1) - (z,y) = (—2z,y) and on the
space to the right by (—1) - (e,y,Y") = ((—1)e,y’,y). Then the above map
is C,-equivariant. Passing to the quotients we get a map

fy :SY/CyxY — ESY x¢, Y?



Note that this map is natural in Y with respect to C,-equivariant maps.
Recall that there is a natural isomorphism.

H*(ES* x¢, Y?) = H*(Cg; H*(Y)*?)

For a homogeneous element y € H*Y the C, invariant y ® y defines an
element 1 ® y®? in the zeroth cohomology group of C,. If x € H*Y is
another homogeneous element with x # y then the invariant X @ y +y ® X
also defines an element 1 ® (1 + T)x®Yy in the zeroth cohomology group of
C,. Using this notation we have the following results.

Lemma 4.10.
fr 1oy =10y’ +vely

Proof. We have a factorization

ix1 1xA

fyo . 81/C2 %Yo — ESl/CZ XYy —— ES! e Y02

This together with Steenrod’s definition of the squares gives the result. [

Lemma 4.11.
LA +T)XRy) =V d(Xxy)

Proof. There is a commutative diagram

H*(S/C, X Y) «2— H*(ES! x¢, Y2)

T&@lT TolT

/%

H*(S'xY) «— H*(ES!xY2)

The lower horizontal map is given by f/* (L@ x®y) = 1® Xy + v ® d(xy) as
seen by the factorization

f,SlxyY —2 (Stxy)? PES gl (SlxY)?
ﬂ(l) ESl x Y2 &2} ESl x Y2
Since the norm class is hit by the transfer 7 (1@xQy) =10 (1+T)x®QYy
the result follows. O

Theorem 4.12.

f;(1oy??) =10y*+ve (ydy + \y)



Proof. Because of the degrees there is a constant k € F, such that
fL(leve) =kvav

The two projection maps pry : St x Yy — St and pry : St x Yy — Y, are
Sl-equivariant. Thus we can use naturality together with Lemma 4.10 and
the above equation respectively to find the first two equations of the three
equations below

G, (10 1Y) =110y +vele My
sy, (1@ (VD)) =kvavel
Sixvo (1@ (v @ dy)*) = kv @ v @ (dy)*

The third equation follows from the other two.

The action map n : S x Yy — Y is also an S!-equivariant map, hence
by naturality we have a commutative diagram

fs1

S1/C, x (S x Yg) ——% ES? xc, (S! x Yo)?

1><77J( 1><772J(

SY/C, x Y &, ES!xg,Y?2

We compute the pull back of the class 1 ® y®2 to the cohomology of the
upper left corner. First we find

Ix)y(ley?)=1o(ley+vedy)®=
1eLoy)P+1(Vedy)®+1g(1+T)1y)® (vady)

By Lemma 4.11 we can compute fg, ., applied to the last term

sixy, 1@ (1L +T)L®y)® (vedy)) =V & dsixy,(V® ydy)
=V ® (ds1(v) ® ydy + v @ dy,(ydy))
=v®1xydy

Altogether we have
Qo) o fFLey®?) =fhy, o 1x 7)) 1o y™)
=1eley*+vele (ydy + \y) +kv@ve (dy)?
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We now apply 1®~* on both sides (for the map -, see the beginning of §3).

1oy =1ey)o(lan)of;(1lay™)
=107 (1eley*+vele (ydy + \y) +kveve (dy)?)
=1Qy?+ v (ydy + \y)

5 The approximation functors
Let A be a graded ring over F,. Let A : A — A be a linear map with |\x| =

2|x| — 1 which is a derivation over Frobenius i.e. A(ah) = A(a)bh? + a2\ (b).
We consider a version of the de Rham complex, relative to the derivation \.

Definition 5.1. The algebra €2,(A) is generated by
a,da forae A

where d(a) is given the degree |a] — 1. The relations are

d(a+h) = da+db (10)
d(ab) = (da)b+ a(db) (11)
(da)*> = d(\(a)) (12)

Of course there is also a differential on 2,(A), defined as a derivation
over A by the formula d(a) = da. This is compatible with the relations,
since d((da)?) = 0 = d(d(\a)). Note that this differential depends on \.
When X is the trivial derivation A(a) = 0 we get the ordinary de Rham
complex.

Clearly 2, is an functor from the category of graded rings with deriva-
tions over Frobenius to the category of differential graded algebras.

Definition 5.2. We define /(A) to be the graded algebra over F, generated
by u of degree two and the following symbols, defined for each homogeneous
element a € A"

¢(@),  deg(¢(a)) = 2n
o(a), deg(0(@) = n-—1
q(@),  deg(u(@) = 2n-—1
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Satisfying the following relations:

pa+bh) = o)+ o(b) (13)
oa+b) = @)+ (b (14)
qg@+b) = q(a +q(b) +a(ab) (15)
0 = 4d(xy)i(z) +d(yz)o(x) + 6(zx)i(y) (16)
p(ab) = ¢(a)o(b) +uq(a)q(h) (17)
q(ab) = qg(@)a(b) + ¢(a)q(b) (18)
5(@)* = d(\@)) (19)
9(@)° = ¢(\(@)) +6(a*A(a)) (20)
s@)p() = d(ab’) (21)
o(@)q(b) = d(aA(b)) + o(ab)i(h) (22)
ué(@) = 0 (23)

We note some immediate consequences of these relations:
By (13), (14) and (15), ¢(0) = §(0) = q(0) = 0.
By (18), q(1) = q(1)¢(1) + ¢(1)a(1) = 0.
Using this and (15), we see that §(1) = 0.
Using (17), (18) and (21) we now see that ¢(1) acts as a one element.
So we can put 1 = ¢(1), to make /(A) into a unital algebra. Finally,

q(a®) = a(a)s(a) + ¢(a)q(a) = 0, and also 5(a*) = d(1)¢(a) = 0.
Definition 5.3. Define L(A) to be the quotient algebra /(A)/(u).

Note that the map ¢ : A — L(A) is a unital ring homomorphism, and
doubles the degree. ¢ and L are functors from graded rings with derivation
over Frobenius to graded rings.

6 The free loop space.

Let X be a connected space and let AX denote its free loop space. We also
assume that AX is connected (Otherwise we may apply the following theory
on each component of AX). Then we may take Y = AX in 83 and §4.
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Definition 6.1. Define the evaluation maps

evg : AX — X
evy : AX — X2
evy : ES? x¢, AX — ES? x¢, X2
by evo(w) = w(l), evi(w) = (w(1),w(—1)) and ev; =1 x ev].
Definition 6.2. Define an algebra homomorphism
e: A\ (H"X) — H*(AX)
by e(x) = ev§(x) and e(dx) = devg(x).
Note that e is well defined by Proposition 3.2.

Definition 6.3. For any homogeneous class x € H*X define the classes
0(X), o(x), q(x) in H*EAX of degrees |x| — 1, 2|x|, 2|x| — 1 respectively
by
(X)) = 75° o evy(X)
¢(x) = 7% o ev (t @ X7%)
q(x) = 77 o evi(1 © x“%)
Any constant loop is a S*-fixpoint in the free loop space, which defines

a section to the fibration pr; : E.,AX — BS'. Thus pr; is injective and we
define u in H*E,AX by u = pr;(u).

Lemma 6.4. There is a commutative diagram

x
evy

H*(ES! x¢, X2) —2, H*(ES! x¢, AX) —s H*(ES! xg1 AX)

1 1
TrOT TOT

%
evy

H'(X?) 2, HY(AX)
«| H
H*(X) L HY(AX)

and by this we have §(xy) = oevi(1® (L + T)x®Yy) and §(x?) = 0.
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Proof. The upper square is obviously commutative. The lower square is
induced by a homotopy commutative diagram. The homotopy

HilxAX —» X2 : (5,0) — (w(l), w(e™))

has the evaluation map ev; in one end and A o evy in the other end. The
last statement follows since Tri(x®@y) =12 (1L +T)x®Yy. 0

Proposition 6.5.
evi (1 ® X*%) = ¢(x) + ta(x)
Proof. Follows directly from Theorem 4.2. O

Theorem 6.6. The map ¢°, : H*E.,AX — H*AX maps the above classes
as follows.

q(x) — e(xdx + Az) , o(X) —e(x?) , 4(X) — e(dx)

Proof. It follows directly from Proposition 4.8 that §(x) is mapped as stated.
For the other two classes we use Proposition 4.6

02, o7 oev; =7 0 0 oevi = 7° o (evy o ;)"

Let f = f,x be the map from Definition 4.9. We see that ev; o 0; equals
the composite

2
1xevg

S1/C, x AX — ES! xc, (AX)?2 —=0, EST x, X2
2 2

Thus we have the following equality.
0%, o oevi = o f* o (1 xev))”

Applying this and Theorem 4.12 we get

0o (Q(@)) = 77° 0 F*(1 @ ev5(a)*?) = e(ada + a)
05 (6(2)) = 7 o F*(t @ evp(a)™?) = e(a?)
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Proposition 6.7. The sub algebra of H*E, AX generated by the classes
0(X), o(x), q(x) for x € H*X and u is closed under the A-action. The
action is explicitly given by the formulas

Sq'5(x) = 6(Sq'x) (24)

sq'o0 = Y- (LT Docse + i) @9)
j=0

sq'a09 = 3= (P17 w1 (1500 + -+ Dacseh) + 6@
2
J (26)

By convention a binomial coefficient is zero when its lower parameter is
negative. The Q' operation in the last formula is defined by

[3]
Q') =S¢ (x)Sq""(x)

r=0

Proof. The first formula (24) is obvious. For the other two we use the
formulas for the A-action on H*(ES?! x¢, X?) which can be found in eg.
[Milgram].

Sqi(tk ® X®2) — Z (k + |X| _J)tk+i_2j ® (qux)®2

= i—2j
['34 _
+80 Y 1@ (1+T)Sq"x® S "x
r=0

Here ¢;; is the Kronecker delta. The second formula (25) follows directly
and the last formula (26) follows when applying Lemma 6.4. O

Theorem 6.8. Let X be a connected space with connected free loop space
AX. Then there are natural algebra homomorphisms

e: O\ (H"X) — H*(AX)

¥ (H*X) — H*(ES! xg1 AX)
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The first is defined by e(x) = ev{(x) and e(dx) = dev{(x). The second is
defined by ¢(u) = u and

P(O(X) = 715 ceve(X)
V(P(X)) 7% 0 evi(t ® X*?)
¥(a(x)) 7% o evi(l @ x*?)

Proof. We have already defined the map e. To establish the map ¢ we
must show that the classes d(x), ¢(x), q(x) from Definition 6.3 satisfy the
relations (13)-(23) from the definition of the /-functor.

(13) We have the expansion

1o@+b)?=10a2+1b®?+1(1+T)a®b

if we multiply this equation with t the norm element goes to zero and the
relation follows.

(14) is obvious.

(15) We apply 77°oev; to the expansion and identify the last term by Lemma
6.4.

(16) By Frobenius reciprocity we get the first equality in the equation below,
and by Proposition 4.8 we get the second equality.

767 0 eVg(Xy)75° 0 Vg(2) = 757 (4, © 757 © evg(Xy)evy(2))
= 710 (d(evg(xy))evq(2))
From this we see that the right hand side of (16) equals 75° o e applied to
d(xy)z +d(yz)x + d(zx)y

Since this element is zero the relation follows.
(17) & (18) The map ev; is a ring homomorphism. Thus we have

evi (1 ® (ah)*?) = evi (1 ® a®?)ev; (1 ® h®?)

This and Proposition 6.5 gives the result (like € = cosé + isin6).
(19) & (20) These are special cases of Proposition 6.7.
(21) We first use Frobenius reciprocity and then Theorem 6.6.

¢(0)d(a) = 75° (A (6(0))ev5 (@) = 757 (evg(b*a)) = d(ab?)
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(22) Again we first use Frobenius reciprocity and then Theorem 6.6.

q(a)d(b) = 75° (a5, (a(b))evs (@) = 75" (evg(ab)devg (b) + evg(ar(h)))

The second term gives §(a\b) and if we use 4.8 to replace the d by g2, o 75°
in the first term we see by Frobenius reciprocity that it gives d(ab)d(b).

(23) We use Lemma 6.4. When we multiply a norm element by t?> we get
zero. O

The functors Q,(H*X) and /(H*x) are viewed as approximations to
H*(AX) and H*(ES? xs1 AX) respectively via these maps.

We can motivate the definition of the functor L from Definition 5.3 as
follows. Since the composite gg° o ¢ vanish on the ideal (u) C ¢/(H*X), it
induces a map

L(H*X) — Im(q5° : H*(ES* xg1 AX) — H*(AX))

Hence L(H*X) may be viewed as an approximation to the image of q3° via
this map.

7 Relations with the Steenrod diagonal

Assume that X is a connected space with connected free loop space. Let
I : X — AX denote the map which sends a point x in X to the constant
loop with value x. This is an S*-equivariant map when X is given the trivial
St-action. Thus 1 x i define maps

in:EnAXHBCanX y nZO
i  ELAX — BS! x X

Proposition 7.1. For each integer m > 1 there is a commutative diagram

H*(E. AX) —= H*BSY) ® H*(X)

T%OT T%°®1T

H*(EmAX) —2, H*(BCym) ® H*(X)
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Proof. There is a commutative square

BC,m x X =L Bslx X

prll prll

BCm —2%. BS!
If we take Y = AX in Theorem 4.2, it maps into the square (7) by the maps
im and i, which sits over the respective identity maps. The resulting cube
is commutative. From the cube we get a commutative diagram

H*EnAX Im H*(BCym % X)

d I

1%,

H*(BCyom) ®p+gsty H (B AX) —=5 H*(BCym) ®@p+esty H*(BS! x X)

Here 6 is an isomorphism and it is easy to see that the vertical map to the
right is also an isomorphism. The result follows by passing to the direct
limit over transfer maps. O

Note that ev; o iy is the diagonal map. Hence we have the following
equation

i oevi(t @ x%) =) "t @ g ix (27)
Jj=>0

according to the definition of the Steenrod squares.

Proposition 7.2. Let X be a connected space with connected free loop space.
Then the composite map

I(H*X) —20 HH(ES! xg1 AX) —= F,[u] ® H*X
is given by §(x) — 0 and

d(X) — Z U ®SgX2x | gq(x) — Z ul @ SqI—2i-x

i>0 i>0
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Proof. The classes ¢(x) and gq(x) are mapped as stated by (27) and Propo-
sition 7.1. By Lemma 6.4 we find

i, (000) = i%, o oevi(1® (L+T)x @ 1)
=" @Doijoevi(1®@(1L+T)x®1)

This is zero since the Steenrod diagonal maps norm elements to zero (see
[St-Ep)). O

As a consequence the approximation is nontrivial in many cases. The
additive map ¢ : H*X — H*(ES! xq1 AX) is eg. always injective when
restricted to the subalgebra of H*X consisting all even dimensional classes.

8 de Rham cohomology

In this section we relate the L-functor to the de Rham cycles. This will be
used later in the proof of our main result, Theorem 10.1.

There is a filtration on Q,(A) induced by giving each element in A
itself the filtration 0, and the symbol ag(da,) ... (da,) the filtration n. The
multiplication decreases filtration, even if it does not necessarily preserve it.

The corresponding graded algebra can be identified with the de Rham
complex corresponding to the trivial derivation \, A(a) = 0.

The differential increases the filtration above by 1, but it does not pre-
serve the corresponding grading.

As usual, the composite of the de Rham differential with itself is zero, so
we can consider the cohomology groups. Sometimes these can be computed
explicitly. _

We consider another version of the de Rham complex. Let €2,(A) be the
algebra generated by the same generators as A, satisfying (10) and (11) but
instead of (12) the relation

(da)® = A\(a) (28)

Note that this is not a homogeneous relation!
Let us now define a Frobenius map. It is a multiplicative map, defined
on generators by
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®: 0 (A) — H*(Q(A)
d(a) = a?
d(da) = ada+ \(a)

Proposition 8.1. This formula defines a ring map. In case A is a polyno-
mial algebra (no matter what A is), ® : Q,(A) — H*(2,(A)) is an isomor-
phism of rings. This also holds when the polynomial algebra has infinitely
many generators.

Proof. The map & is a linear map, compatible with the relations in 2,
modulo boundaries, since

o(d@+b)) = (a+b)d(a+b)+A@+b)
d(ab) + ada + bdb + A(a) + A(b)
d(ab) + ®(da) + ®(db)
abd(ab) + \(ab) = a’bdb + h?ada + a?\(b) + b?\(a)
®(a)d(db) + ®(da)d(b)
d(d(@)?) = (ada+ A(a))? = a’d\(a) + \(a)?

= d@\(@)) + ®(\(a))

d(d(ab))

The map goes into the homology, since d is a derivation, d®(a) = 0 and
dd(da) = d(ada+ A\(a)) = (da)®>+d\(a) = 0. Let A be a polynomial algebra
on generators ay, ..., an. Assume first that A = 0. Then Q3(A) and Q3 (A)
are both isomorphic to the tensor product of the differential graded algebras
F,[ai, da;j]/(da;)? = 0. By the Kiinneth formula it suffices to check the n =1
case which is easily done by inspection.

Let A = F;,[ay,...,an], and X an arbitrary derivation over Frobenius. In
this general case, we compare the chain complex €2, with the corresponding
graded complex.

L —— Fi/FL L, piRyE

This graded complex is the complex of the case A = 0. We can define a
corresponding filtration on 2, and the map & is filtration preserving. By
the above argument, ® induces an isomorphism between graded rings.
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It follows that if z; € Fi(€2,) is a cycle, we can find an a € Fi(2, and an
x € F'71Q), so that zj_; = z; — ®(a) + dx is contained in F'~1(2,. Besides,
zi—1 has to be a cycle. So by induction, we conclude that any cycle in F'Q,
is homologous to an element in the image of . A similar argument proves

injectivity.
Since both functors in A commute with direct limits, the statement also
holds in the case of infinitely many polynomial generators. O

Theorem 8.2. There is a well-defined map ¥ : 2,(A) — LA defined by
U(apda; ...da,) = d(ag)d(ay) ... d(an)

There is a ring map R : LA — €, (A) given on generators by

R(#(@) = @
R(q(a)) = ada+ \a
R(0(a)) = da

Note that doc R = 0.

Proof. We only have to check relations. For the map WV is suffices to check
that

U(apda; . ..daj—1d(ajaj+1)dajs+; . . .dan) =
U(apaiday . ..daj—10daj+q . .. da, + apaj+1da; . . . dajdaj.; . . . da,)

But this is a consequence of relation 16:
0(ap)d(aiai+1) + 0(apai)o(ai+1) + d(apai+1)do(ai)) =0

For the R map, there are more relations to check. Again, (13), (14), (17),
(21) and (23) are obvious from linearity. The rest needs small computations.

R(q(a+h) +q(a) +q(b) + d(ab))
= (a+b)d(a+b) + A(a+b) +ada+ \(@) + bdb + \(b) + d(ab)
= adb + hda + d(ab) =0

R(4(ab)o(c) + o(bc)d(a) + d(ca)d(b))
= d(ab)dc + d(bc)da + d(ca)db = 0
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R(q(ab) +q(a)é(b) + o(a)q(h))
= abd(ab) + A(ab) + (ada + \(a))b? + a%(bdb + (b))
= a’bdb + b%ada + b>\(a) + a®\(b) + ab®da + b?>\(a) + a’bdb + a®A(b) = 0

R(3(2)? + 6(\(@))) = (dx)? + d(\z) = 0

R(4(a)* + ¢(A\(@)) + 6(a°A(a)))
= (ada + A\(a))? + (\(a))? + d(a®\(a))
= a’(da)® + \(@)*> + M(a)* + a’d\(a) =0

R(5(a)o(b) + 6(ab?)) = (da)b? + d(ab?) = 0

R(5(2)q(b) + §(a\(b)) + 5(ab)s(b))
= d(a)(bdb + A(b)) + d(ar(b)) + d(ab)d(b)
= bdadb + da(b) + da\(b) + ad(A\(b)) + a(db)? + bdadb = 0
O

The composition of these maps is not so hard to compute. Let z =
aodal . dan.

RoW¥(z) = RoW(apda;...dan)
= R(0(ap)---d(an))
= dap...da,
= dz

Moreover

Theorem 8.3. Let ® be as above. Then the image of ¥ is an ideal in L(A),
and the quotient ring is isomorphic to 2,(A). The isomorphism is realized
by a surjective ring map P : L(A) — Q,(A) satisfying

P(5(a) = O
P(¢(@) = a
P(()) = da
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In particular, the map R : L(A) — Q,(A) discussed above factors after
projection to 2,(A)/dQ2,(A) as Po P

Proof. The image of W clearly consists of all sums of all products of elements
of the form 4(a). By using relations (21) and (22), we see that these classes
do indeed form an ideal, and the quotient L(A)/Im(V) is generated by
the classes ¢(a) and q(a). The relations these symbols satisfy are given by
setting 6(a) equal to O in the list of relations above. We obtain:

p@a+bh) = o)+ o)
q@+b) = a(a)+a(b)
p(ab) = ¢(a)o(b)
q(@) = ¢(a)a(b) +a(@a)e(b)
9@ = o(\@))
It is immediately clear that the formulas above for P define a ring homo-
morphism and that ImW¥ C ker P._On the other hand, it is as easy to define
an inverse homomorphism P 1 : Q,(A) — L(A)/Im(¥) by P 1(a) = ¢(a),
P ~1(da) = q(a). The claimed factorization of R can be checked on genera-
tors:

® o P (p(a)) = ®(a) = a* = R(4(a))
doP(s(a)) = P(0) =0=da+da=R((a)) +da
® o P(q(a)) = ¢(da) = ada + \(a) = R(q(a))

O

Theorem 8.4. The composite ¥ od : Q,(A) — L(A) is trivial, so we
can define ¥ as a map on ©,(A)/Im(d). This allows us to consider the
composite ¥ o ¢ : 2, (A) — L(A). This composite is zero.

Proof. The first claim is easy, since the image of d are the classes of the
form da,da, ...da,. And by definition, ¥ vanishes on those classes.

To show the second claim, we claim the following rules: Let b € A, and
Zz = apda; ...da, € Q)

U(B(b)2) = ¢(b) ¥ (2)
(0(db)z) = g(b)¥(2)
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The first follows from relation (21), the second is a calculation, using relation
(22) at an essential point.

U(d(db)agda; ...da,) = W((bdb+ A(b))agda; ...dan))

U ((bag)dbda; .. .dan + A(b)agda; . ..dan)
(6(bag)d(b) + d(A(b)ao))o(as) . .. d(an)
d(a)q(b)d(as) - .. o(an)

= q(b)e(2)

Now the theorem follows from these two formulas and the observation that
U(l)=0 I

We can collect the information we have gathered so far in a diagram:

0L(A)

‘

U (A) — U (AAQ(A) L~ L(A) —— 0, (A)

e |

OA(A) —= D (A)/AON(A)

The results above say that the right hand square commutes, the composite
W o® vanishes, ker P = Im¥ and finally that the composite map from €2,(A)
to itself is the de Rham differential.

Theorem 8.5. Assume that the map @ : O, (A) — H*(Q2,(A)) is an iso-
morphism. Then

R:L(A) — ker {d: 0\(A) — UW(A)}
is an isomorphism.

Proof. We first prove that R is surjective. By assumption, every cycle in
Q,(A) is the sum of a boundary and an element in the image of . But
since P is surjective, this says that every element in the kernel of d is the
sum of a boundary and an element of the image of R. On the other hand,
d factors over R, so R is surjective by itself.
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Now we prove injectivity. Assume that z € L(A), and that R(z) = 0.
Since @ is injective, P(z) = 0, and z = W(y) for some y € Q,(A). But
then dy = 0, so that y is a cycle. Using again that & is surjective onto
the de Rham cohomology, we can write y as a sum of a boundary and an
element ®(x), where x € 2,. But both summands map to zero in L(A), so
z=0. ]

9 Cohomology of free loop spaces

The Eilenberg-Moore spectral sequence can sometimes be used to compute
the cohomology of free loop spaces. According to [Smith81] there is a fiber
square F(X) of the following form

AX &, X

e | al

X —&, X xX

with common fiber 2X. Assume that X is a 1-connected space and let

* = H*X. The Eilenberg-Moore spectral sequence associated to F(X)
is a second quadrant spectral sequence of cohomology type. It has the
following form

E, ™ = Tory “F(R*,R*)! = H*(AX)
where the action of R* ® R* on R* is via the multiplication map
H:R*"® R" — R*

Since R* is a commutative ring the E,-term can be expressed by Hochschild
homology.
E, "% = HHy(R*)"

If we assume that R* is a smooth F,-algebra we get the following isomor-
phism by the Hochschild-Konstant-Rosenberg theorem ([Loday] p. 102)

HH.(R) = ("(R")
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Here 2*(R*) is the graded exterior differential module of the F, algebra R*
see [Loday] p. 26. Since all algebra generators sits in Eg'* or Ez_l’* the
spectral sequence collapses i.e. E; = E..

Since X is 1-connected we have zeros below the line ¢ = —2p in the
E,-term. Thus the decreasing filtration F'H* of H* := H*(AX) is bounded

H"=F"H" D F™H"D>...DF°H" D0
E_PN*P = F~PHN/F ~P+IH"

Note also that FOH" = R".

10 Spaces with polynomial cohomology

Theorem 10.1. Let X be a 1-connected space. Assume that H*X = S(V)
is a symmetric algebra on the graded vector space V, where V' is finite
dimensional for each i. Then the two ring homomorphisms

e: Qu(H*X) — H*(AX)

P I(H*X) — H*(ES?! %51 AX)

are isomorphisms of unstable A-algebras, where the A-action on €2,(H*X)
is given by Sq'(dx) = d(Sq'x) and the A-action on /(H*X) is given by the
formulas of Proposition 6.7.

Proof. We first show that e is an isomorphism. Since any polynomial algebra
is smooth we have an isomorphism of graded F, vector spaces

H*(AX) = EX* = 0*(R")

Let x € V. We first observe that e(x) represents x in E%*. This is a
consequence of the construction of the Eilenberg Moore spectral sequence.
The composite

R* ®regr- R* = Tor} °R(R*, R*) = EJ* — E2* C H*(AX)

is given by a ® b — evj(a)evg(b) since we consider the spectral sequence
associated to the fiber square F (X). From this we see that evj(x) represents
X in E2*.
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Next we show that e(dx) represents dx in E_**. Put n = |x| and choose a
map T : X — K(F;, n) such that ¥*(¢n) = x. Clearly evoo AT = foevy where
AT is the map between corresponding free loop spaces. By Proposition 4.8
we see that d commutes with the cohomology of such maps thus we have:

doevg(X) =doevyof (i) =do (AF) oevi(in) = (AF)" odoevy(in)

By naturality of the Eilenberg Moore spectral sequence it is enough to show
that devg(tn) represents du, in EZX". But H"}(AK(F;, n)) which addi-
tively equals (Q2*H*(K(F,,n)))"~1 is one dimensional. Thus it is enough to
show that dev(:n) #Z 0. This is done in the Lemma below.

Note that Q5 (R*) is generated by

{dx;...dX(|xs € S, x; # x; for i #j,r > 0}

as an R* module. This follows since each time we replace a square (dx)>?
in @ monomial by d(Ax) the number of d’s in any of the monomials in the
resulting sum is lowered by one. Thus the replacement process terminates.
Define F~P C Q5 (R*) as the subspace generated by

{dx;...dx/[xs € S,x; Z xj fori # j,r < p}

as an R* module. Then we have a decreasing filtration F', i < 0 of Q;(R*)
satisfying e(F') C F'H*. The map induced by e between the corresponding
graded objects is clearly an isomorphism hence e is an isomorphism. The
statement about the A-action follows directly by Proposition 3.2.

We now prove that ¢ is an isomorphism. By Proposition 3.3 we can write
the Es-term of the Leray-Serre spectral sequence of the fibration AX —
E.X — BS! as

E;* = ker(d) @ uH(d) @ w2H(d) & . ..

By Proposition 8.1 and Theorem 8.5 the map R is an isomorphism. This
together with Theorem 6.6 makes the spectral sequence collapse i.e. E;, =
E.. It is then easy to check that v is an isomorphism. The statement
about the A-action is immediate by Proposition 6.7. O

Lemma 10.2. Let n > 2 and put K = K(F;, n) with fundamental coho-
mology class . Then the class devj(cn) is non zero in H*(AK).
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Proof. By Lemma 3 of [Smith84] we have K, x K,,—; ~ K, x OK,, ~ AK,.
We can write d(¢,) = kin—1 Where k € F, and we must show k = 1. Consider
the composite

g:S'x AK —5 AK =2 K
which is simply given by evaluation g(z,w) = w(z). The pull back of the
fundamental class is g*(tn) = 1 ® tn + KV ® 1n—1. Assume that k = 0. Since
K classifies mod two cohomology in degree n we see that g is homotopic to

eVvo

Slx AK 22, AK 0, K

But then the adjoined of g, which is id,k, is homotopic to the adjoined of
evpoprz which is the map from AK to itself sending a loop w to the constant
loop w(1). Since this is not the case we have k = 1. O

11 Appendix: The ¢ functor for non homo-
geneous classes

Actually, the ¢ functor is not really limited to homogeneous elements. Let a
be a not necessarily homogeneous element. Write it as sum of homogeneous
elements a; € A;. We define the following elements in /(A).

oQ_a) = ) oa)
0Q_a) = ) o)
90 _a) = > a@)+ ) i(aa)

i<j
Theorem 11.1. These classes satisfy all the relations (13)-(23).
Proof. The relations (13), (14), (16), (17), (19), (21), (23) only involve the
additive operations \, ¢, ug(—) and ¢, and follow immediately from linearity.
The relations (15), (18), (20) and (22) involve the quadratic operation ¢, so

they each require a computation.
(15) We compute:

Q(Zai+zbi) = q(Z(ai"'bi))
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= Zq(a.+b)+25 (a + bi)(a; +b;))

I<J

= Z(q(a.) +q(bi) + 5(aibi))

+'Z(5(aia,-) + 5(bib;) + d(aiby) + 5(bia;))

I<J

= q(a) +q(b) + Zé(a bi) + ) (S(aiby) + 5(bia;))

I<J

= q@+aq)+o (Za)(Zb)
= q(a)+q(b)+6(ab)

(18) This is the most complicated computation. We do it in two steps,
first assuming that b is a homogeneous element, but a = > . a;. Under this
assumption:

q(ab)

4> a)
= Zq(a b) + > é(aibasb)

I<J

= Z ((ai)a(b) +q(@)o() + > pb)d(aiay)

i<j
= qu(a) q(b) + o (b) Zq(a )+ b(aiay))
i<j
<Z>(a)(1(b) +q(a)o(b)

In the general case, we do a very similar calculation, and taking into
account that in addition to the special case above, we have also proved
relation (15) in the general case.

q(ab) = q(Z ab;)

= Zq(ab )+ > s(abiab;)
I<J
= Z(q(a)qb(b )+ o(@)ab)) + 3 6@)5(biby)
i<j
= 4@o0) + o(@30)
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The first step in proving relation (20) is to notice that

s@A@) = (O a)® > May) =60 aiA@d))
i i i,j

The rest is calculation:

a@° = (Da@)+ Y daa))’

i<j

= Z q(ai)’* + ) 5(aig;)’

i<j

= ) (s(M@) + 5@ @) + > i(M(ai))

i i<j

= oO@)+0(Y_air@) + Y @M@) + @)

i<j

= s(M@) +3( D al\(a))
ij
= ¢(\(@)) + 5(a*A\(a))

To prove (22), we first note that the relation is additive in a, so we can
as well assume that a is homogeneous.

d@a®) = a@)(Y_ati)+ 3 i)

i<j

= Z 0(a)q(b;) + Z 5(a)5(bibj)

i<j

= ) o(ar(bi)) + > d(ab)ahi) + Y 5(a)d(biby)

i<j

Now we use relation (16) on the last term! We get

s(@)q() = Z S(ar(®;)) + Z o(abi)o(by) + D ((bi)d(ab;) + 3(b;)o(ahi))

i i i<j
= 5(aA(b)) + > 5(bi)s(ab;)
= §(ar(b)) + 5(ab)s(b)
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Given a not necessarily graded algebra A, we can define a new functor
¢'(A) to be the ring generated by the symbols 6(a), ¢(a), q(a), where we now
allow any a € A, and satisfying relations (13)-(23).

If A is indeed graded there is a forgetful map

F :U(A) — ('(A)

The previous computations can be interpreted as saying that there is a ring
map G : //(A) — ((A), mapping q(a) etc, to the sums defined above. It is
easy to check that both F o G and G o F are the identity on generators, so
F and G identify the two constructions.

So we see that in this way we can extend ¢ to a functor on all F,-algebras
with derivation over Frobenius.

12 Appendix: Generators and relations for
the algebra L(A)

Suppose that we have somehow computed L(A) for aring A. Let B = A/I.
The purpose of this section is to give an description of L(B). In conjunction
with the computation in the last paragraph of L(A) for a polynomial ring
A this gives a method of computing L(B) in general.

Let B = A/l where | is an ideal, p : A — B the natural map sending
an element to its equivalence class. Let {X;} be a set of generators for I.
Let {yi} be a set of generators of I as a module over A with the Frobenius
action, that is, so that any element m € I can be written as a sum

m= Z b7yi
If A is a Noetherian ring, we can always choose the sets {x;} and {yi}
to be finite.

Theorem 12.1. L(B) = L(A)/J where J is the ideal generated by the
classes o(xi), q(xi) and 4(y;).

Proof. From the definition it follows that L(A) — L(B) is surjective. More
specifically, L(B) = L(A)/J’ where J’ is the ideal generated by ¢(a) — ¢(b),
0(a) —d(b), q(a) —q(a) for any pair of classes a, b which satisfy that p(a) =
p(b). It is clear that J C J'.
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The idea of the proof is to show that the ideal J’ is also generated by
the classes listed in the theorem, so that J = J’. That, is we have to show
that any of the generators for J’ that we just listed are also elements of J

First we note that ¢(x) € J and d(x) € J for all x € 1. This follows
from the formulas

s(O_ax) = > d@)eta) . O by =Y é(i)dyi)

Assume that a—b € |. By linearity and the above remark we see that
o(@) — ¢(b) and 6(a) — d(b) lies in J. Hence we only need to verify that
g(a) —q(b) € 3. We have

q(a) —q(b) = a(a—"b) +4(ab)
We check that each of the two terms lies in J. Write a—b = )" a;jx;. Then
ga—h) => q(axi) + Y _ d(aiajxix;)
i i<j

Since q(aiXi) = ¢(ai)q(Xi) +q(ai)o(x;) the first sum is in J. Since a;ajXiXj €
I the last sum also lies in J by the remark above. Finally we can use that
5(a?) = 0 to get 5(ab) = —é(a(a—b)). This liesin J since a(a—h) e 1. O
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