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Introduction: Let K be a field and let A be a central simple algebra over
K. The quadratic forms 7Ty : 2 € A+ Trda(2?) and To 4 : 2 € A Ty p(x)
are called respectively the trace form and the second trace form of A. If K
has characteristic not two, the trace form has been studied by many authors
(see [B1], [B2], [L], [LM], [Se], [Ti] for example). In particular, its classical
invariants are well-known (see [L], [LM], [Se] and [Ti]). The second trace
form has also been studied in [U] when K has characteristic not two, but it
is shown that this form does not give much more information than the trace
form. When K has characteristic two, the trace form has rank zero. In this
article, we show that the second trace form of a central simple algebra A of
even degree over a field of characteristic two is non-degenerate and we com-
pute its classical invariants. In the first part, we compute the second trace
form of a split algebra. In the second one, we consider the case of cyclic
algebras. Finally, we compute the Arf invariant and the Clifford invariant
of the second trace form in the general case. The reader will also find in
Appendix the proof of an unpublished result of Saltman which is the main
ingredient of our work.

This work is supported by the TMR research network (ERB FMRX CT-
97-0107) on “K-theory and algebraic groups. ”

Preliminaries: Let A be a central simple algebra over a field K of ar-
bitrary characteristic. If a € A, the reduced characteristic polynomial of a,
denoted by Prda(a), is defined as follows: let L be a splitting field of A and
¢: A®L — M,(L) a K-isomorphism. Then Prda(a) := det(X1, —¢(a®1))
is an element of K[X] and is independent of the choice of L and ¢ (cf.[Sc],



chapter 8, §5 for example). If Prda(a) = X" — s; X" 1 + 5, X" 2+ ... then
Trda(a) := s and Ty 4(a) := sy are called respectively the reduced trace and

the reduced second trace of a. If xy,--- x, are the roots of Prd(a) in an
algebraic closure, we have Trd4(a) = 1 + -+ + 2, and Ty a(a) = Y xiz;.
i<j

This easily implies the following equality for the bilinear form b, 4 associated
to the second trace form when the ground field has characteristic two:

boa(z,y) = Toa(x +y) +Toa(x) + Toaly) = Trda(x)Trd(y) + Trda(zy)

Finally, if L is a maximal commutative subfield of A (if there is any), then
it is well-known that A can be endowed with a structure of right L-vector
space and that the map A ® L — End;(A),a ® A — (z +— az)) is an iso-
morphism. In particular, Prd4(a) is the characteristic polynomial of the left
multiplication by a in the right L-vector space A.

Assume that char K = 2. We denote by p(K) the set {2° + z,x € K}.
If « € K* and § € K, we denote by («a, (] the class of the correspond-
ing quaternion algebra in the Brauer group. This algebra has a K-basis
1,e, f,ef satisfying the relations € = «, f2+ f = 3 and ef + fe = f.
Moreover, the map (a, 3) € K*/K*? x K/p(K) — (a,3] € Br(K) is well
defined and bilinear. If a,b € K, we denote by PP, the quadratic form
(r,y) € K* — az® + xy + by®. The class of the Clifford algebra of P, in
Br(K) is denoted by ((a,b)). It is easy to see that ((a,b)) = 0 if a = 0
and ((a,b)) = (a,ab] if a # 0. A non-degenerate quadratic form over K
has even rank and is isomorphic to an orthogonal sum of some P,;. If
q~Py 4 Lo L P, s, then the Arfinvariant of q is the element of K/p(K)
defined by Arf(q) := a1b; +- - - +a,.b.. We also define the Clifford invariant of
q, denoted by ¢(q), to be the class of the Clifford algebra of ¢ in the Brauer
group. It is easy to see that c(q) := ((a1,b1)) + -+ + ((ar, b)) € Br(K) if
q~=Pyp Lo L Py, If L/K is any field extension, Resy x denotes the
homomorphism [A] € Br(K) — [A®L] € Br(L). Then ¢(qr) = Resy/k(c(q)).

1. Motivations
For any real number z, denote by [z] its integral part.

Let K be a field of any characteristic. There are two interesting structures
of K-algebras, namely étale algebras and central simple algebras. In order
to classify these algebras up to isomorphism, we need invariants. Since it
is relatively simple to deal with quadratic forms, one even search quadratic
invariants. Let us recall their definition.



Definition: Let K be a field. A quadratic invariant of étale algebras of
rank n over K (resp. of central simple algebras of degree n over K) is a
function E +— qg (resp. A +— q4), which maps every étale F-algebra of rank
n (resp. every central simple F-algebra of degree n) to a non-degenerate
quadratic form over F' for every field extension F'/K, and which commutes
with scalar extensions.

For example, £ — Tg, E — Top, A — T4 and A — 75 4 are quadratic
invariants as soon as these forms are non-degenerate.

If char K # 2, the trace form invariants have been studied extensively, and
the second trace form of central simple algebras has been studied by T. Unger
in [U]. The second trace form of étale algebras does not have been studied in
characteristic not two, but it is easy to show as in [U] that

7—2,E27—2,F <~ TEZTF

Moreover, we have the following result, proved by J.-P. Serre (unpublished):

Theorem 1: Let K be a field of characteristic not two and let £ — gg
be a quadratic invariant of étale algebras of rank n over K. Then

=0

where m = [g] and ); is a quadratic form over K.

In other words, the trace form is essentially the only quadratic invariant
of étale algebras in characteristic not two.

If char K = 2, 7o p and 74 have rank zero. In the case of étale algebras,
the second trace form is non-degenerate if and only if n is even (see [BM],
proposition 2.1 (ii)). Then Bergé and Martinet proved the following result
(see [BM], theorem 5.1):

Theorem 2: Let K be a field of characteristic 2, and let E be an étale
algebra of rank 2m over K. Then

Tor =~ P awe/k) L (m—1) x Py

where Arf(E/K) is the Arf invariant of the second trace form of E/K.



For two reasons, this theorem says that the second trace form is a very
bad substitute for the trace form in characteristic two.

The first reason is that this result implies in particular that ¢(73 ) = 0 for
any ¢étale algebra of even rank. This is no longer true if char K # 2. For
example, easy computation shows that ¢(73 g) is the class of the quaternion
algebra (a,b) if E is the biquadratic extension k(/a, v/b).

Moreover, we can associate to E its additive discriminant as follows, when
K has characteristic 2: let F' := F if n is even and E' := F x K if n is odd.
Then @' := 75 is non-degenerate. Define €, to be the unique element of

{0, 1} which represents the class of [%] mod 2, if n = 2m or 2m —1 (one can

show easily that this definition of €, coincides with the definition of [BM],
(2.1)). Then the element

df = Af(Q) + £, € K/p(K)

is called the additive discriminant of E.

So theorem 2 says that the trace form is uniquely determined by the additive
discriminant, which is not the case in characteristic not two. It seems that
we get nowhere, because the additive discriminant is defined using Arf(E£/K)
(when n is even), but it is not the case, since as for the classical discriminant,
one can compute dj, using conjugates of a suitable element. Indeed, dj; is
additive with respect to the direct product of étale algebras (see [BM], remark
2.4). Moreover, if E'/K is a field generated by a primitive element -, and if
Y1, ,Vn are the conjugates of v, then

Vi
dt = J
i ;(% +75)?

(see [BM], proof of theorem 2.6).
Now consider the quadratic invariants of central simple algebras.

Let A — g4 a quadratic invariant. If n is odd, we have g4 ~ qu, (k) for
any central simple algebra of degree n. Indeed, in this case A has a splitting

field L/K of odd degree, so we have

4a ® L ~ qagr ~ qu,(r) = qu, (k) @ L

and we conclude by Springer’s theorem (which also holds in characteristic
two, see [Re| for example).
Now assume that n is even. In [Ti], [LM], [U] and [Se], it is shown that

c(qa) = clau,(x)) + g[A]
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when g4 = 74 or 7 4 and char K # 2. In section 4, we show that this for-
mula holds for the second trace form in characteristic two. This is not very
surprising, as it will be explained later. This means that the second trace
form is an equivalent substitute to the trace form in characteristic two, in
opposition to the case of étale algebras. It can be explained by the fact that
the crucial point in the proof of the result of Bergé-Martinet is that an étale
algebra is commutative.

2. The split case

Since we are in the split case, the reduced characteristic polynomial of a
matrix M coincides with the usual characteristic polynomial, and will be
denoted by x(M).

Proposition 1: Let K be a field of characteristic two, n = 2m > 2 an

even integer and A = M, (K). Then 75 4 ~ [%} xPr; L (2m?*— [%] ) xPo.

Proof: Let (E;;) be the standard basis of A. We will write E; instead
of E;;. For 1 <k <m, let

Fopy:=Ey+ -+ Eop_o+ Egp_q and Fy, := Ey + -+ -+ Eop_o + Loy,

Using the fact that the bilinear form by 4 associated to the second trace
form satisfies by 4(z,y) = Trda(z)Trda(y) + Trda(zy), it is easy to see that
(Eij, Eji),1 < j, (Fog—1, For), 1 <k < m is a symplectic basis for 7, 4.
Moreover, we have x(E;;) = X", so Ty s(E;j) = 0. We also get

X(For) = X(For_1) = (X + 1)#71X7=2+1 50 we have

Toa(Fop-1) = Toa(Fo) = C5f 7 = C5y = 2k = 1)(k - 1) =k — L.
This finishes the proof.

Corollary: Let K be a field of characteristic two, n > 2 an even integer
and A a central simple algebra of degree n. Then 75 4 is a non-degenerate
quadratic form over K.

Proof: Let L be any splitting field of A.
We have 75 4 ® L ~ Ty apr, ~ Tom,(1)- By Proposition 1, the latter form is
non-degenerate, so is 7 4.



3. The cyclic case

We recall first the definition of a cyclic algebra. Let E/K be a cyclic ex-
tension of degree n, o a generator of the Galois group and a € K*. The

K-vector space (a, E/K,0) := @Ee with the multiplication law " = a and

eA = N, \ € E is a central smlple algebra of degree n over K, called a cyclic
algebra, which contains F as a maximal commutative subﬁeld. The cyclic
algebra (1, F/K, o) is split (see [Sc|, chapter 8, §12 for example).

Proposition 2: Let K be a field of characteristic two, n = 2m > 2 and
A= (a,E/K, o) a cyclic algebra of degree n. Then we have

m m
7—27/_1 ~ [§i| X P%,a 1 Pl,Arf(E/K) 1 P%,aArf(E/K) 1 <2m2 -2 — [§i|> X IED070

where Arf(E/K) is the Arf invariant of the second trace form of the field
extension F/K.

Proof:

n—1
o If = > Ne', then Trda(z) = Trg/k(Xo). Indeed, we have seen that

i=0
Trd4(z) is the trace of left mutiplication by z in A, considered as a right
E-vector space. Since we have xel = \ge? + -+ =eIN\J" ~ + -+, we get
n—1
Trda(z) = Y N = Trpr(Mo).
j=0

It follows easily that we have the following orthogonal decomposition of the
K-vector space A with respect to o 4: A=E ® Ee™ & M,
where M = (\e* X\ € E, k # 0,m), using the formula

by a(2,y) = Trda(z)Trda(y) + Trda(zy).

e Now we study the restriction of the second trace form to the three pre-
vious spaces. For this, we first compute the matrix S = (s;;)o<ij<n—1
of left multiplication by \e*,0 < k < m,\ € E. If k = 0, then we
have S = diag(\, A"~ \7). Thus we get To4(\) = Tap()), ie.
Toalp ~ Top. Assume now that 1 < k < m. We have \eFel = eFtire"
thus

Sk =N i0<j<n—k-1,
Skrjonj =aX ifn—k<j<n-1,
si; =0 otherwise.



For any matrix C' = (¢;;)o<ij<n—1, We know that

det C' = Z 5(7_)60,7-(0)---Cnfl,-r(nfl)

TESY

where (7) denotes the signature of 7. Since we want to compute the coef-
ficient corresponding to X™~? in the expansion of det(X 1, — S), we have to
sum over the elements of S, which have exactly n — 2 fixed points, namely
the transpositions. So we get

1

T27A()\6k) = Zsi,jsj,i =

Sk+4.555,5+k-
i>j j=0

n—k
If i < j, we have s;,; # 0 if and only if i = k£ + j — n. In particular,
sjj+r # 0 if and only if j = 2k 4+ j —n, i.e. k = m. Thus Ty 4(Xe") = 0
for 1 < k < m — 1. Since we have by a(\e’,pue’) = 0 for \,u € E and
1 <1,7 <m—1, we finally get that the restriction of the second trace form to
the subspace H := (Ae*, \ € B,k =1,--- ,m—1) is zero. So M is metabolic

because H is a subspace of M satisfying dimx H = 3 dimyg M. In particular,

m—1 ) .
T, is hyperbolic. Moreover we have Ty 4(Ae™) =a > A7 'A% "7,

=0
Finally we have obtained
Toa~Top Lag Lh
m—1 ) .
where ¢ is the quadratic form A € E — Y. A7 'A\° """ and h is hyperbolic.
j=0

o If @ = 1, the algebra A is split, so we get Top L q ~ [%] x P11 by

Proposition 1 and the previous point, where ~ denotes the Witt-equivalence
of quadratic forms. By Theorem 2, we have 75 g ~ Py ar(g/K), SO

m
q ~ Py aie/r) L [5] x Py 1. Using the fact that aP,, ~ Pu 4, if a € K* and

u,v, € K, we get the result.



4. The general case

Theorem 3: Let K be a field of characteristic two, n > 2 an even inte-
ger and A a central simple algebra of degree n over K. Then we have:

(1) Ari(T;,0) = [5]

2) e(Tn) = 514

Before proving the theorem, we want to recall further results. Let K be
a field and A a central simple algebra of degree n over K. Fix a K-basis
e1, - ,ep2 of Aandlet na(Xy, -+, X,2) := Nrda(Xie1+- - -+ X, 2€,2). This
polynomial is absolutely irreducible, so Ry := K[X1, -, X,2]/(n4) is a do-
main.

Proposition 3: The quotient field K(A) of R4 has the following prop-
erties:

(a) K(A) splits A,
(b) K is integrally closed in K(A),
(c) KerResgayx = ([A]).

The proof of (a) can be found in [S1], and (b) is proved in [L], p.369. More-
over, it is shown in [S1] that K (A) is a rational extension of the field K (v4)
of rational functions of the Severi-Brauer variety of A, so Resg(4)/k(v,) is an
injection (see [J], theorem 3.8.6 for example).

Since Resk(,)/x = ([A]) (see [Am], Theorem 9.3 and Theorem 12.1) and
Resk(a)/xk = Resk(a)/kwa) © Resk(w,) Kk, We get the assertion (c).

The following theorem is due to Saltman, and will be proved in Appendix:

Theorem 4: (Saltman, unpublished) Let K be a field, A a central sim-
ple algebra of degree n over K and G a finite group of order n. Then there
exists a field extension L/K such that:

(1) A® L is isomorphic to a G-crossed product,

(2) Resp/k is an injection.



Proof of Theorem 3:

e Let us prove assertion (1). If L/ K is a field extension, the inclusion K C L
induces a map ¢/ : K/p(K) — L/p(L). Then we have

Arf(qr) = vk (Arf(q)) for any quadratic form over K. Moreover tx(a)/x is
an injection. Indeed, if x € K(A) satisfies x = A + A? for some \ € K(A),
then \ is an element of K (A) which is algebraic over K, so A € K by Propo-
sition 3 (b), that is x € p(K).

Since we have

tr(ayk(ATf(To4)) = Arf(Tpn ® K ( ) = Arf(72, 40K (a))
= Arf(75,m,(k(a))) (by Proposition 3 (a))
= Arf(To m, (00K () = Arf(Z200,(50) @ K(A))
= K /K<Arf(7—2,Mn )))7

we get the result using Proposition 1 and the injectivity of tx(a)/x.

e Now we prove (2) for cyclic algebras. Using Proposition 2, we get
(TBa) = (LAHE/K) + 7] 1)+ (@7 Ari(E/K)]

= (a,[§]+ Art(E/K)].

n
Since n is even, we have [Z} = ¢, + 2[, for a suitable integer [, so

c(Taa) = (a,df+2l]
(a,df] + 2(a,l]
- (CL, d;],

since a quaternion algebra has order at most 2 in Br(K). By [J], corollary
2.13.20, we have g[A] = (a,F/K,o|r), where F is the unique quadratic sub-
field of E.

We now recall how to associate a separable field extension of degree at most
2 to an étale algebra over a field K of any characteristic: if F is an étale
algebra over K of rank n , let H be the set of the n K-homomorphisms from
E to K,. Then Gal(K,/K) acts on H by left multiplication. Now define E
to be the subfield of K fixed by the elements s € Gal(K,/K) inducing an
even permutation on H. Then E /K is a separable field extension of degree
at most 2. If char K = 2, it is shown in [BM], theorem 2.6., that this exten-
sion is defined by dj, i.e. E is generated by an element z € K, satisfying
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2?4+ x4+ df = 0 (if char K # 2, one can show that £ = K(y/dg), where
dp := det7g is the classical discriminant).

We now prove that in our case, we have E = F. Let s € Gal(K,/K). Here
E/K is a Galois field extension, so every element of H is a K-automorphism
of E and t := s|g permutes the elements of G := Gal(E/K). It is easy to

n
see that this permutation is a product of Y disjoint o(t)-cycles (they are
0

obtained by restriction of the permutation to each class of G/(t)). So the sig-

nature of this permutation is (—1)"~® , which is equal to 1 if and only if od)
0

is even (because n is even). Since G is cyclic, we have (t) = (020) C (52).

Now if u € F' C E, we have s(u) = t(u) = u, because F' = E<02>.~ So we have

obtained ' C E. Since [F: K] =2 < [E: K] <2, we get F' = E.

We finally obtain g[A] = (a, E/K,0|z). It is immediate to check that this

algebra is (a,d}].

Now let A be any central simple algebra of degree n over K. Using The-
orem 2 with G cyclic, we get a field extension L/K such that A ® L is a
cyclic algebra and Resy,/k is an injection.

Since we have

Rest/i((Tza) = o(Ta ® L) = (T a01) = 5[A ® L] = Resy i <g[A]> ,

we get the result.

Remark: As in [U], [LM], [Ti] and [Se], we obtain

c(To,4) = (Do, (k) + g[A] for any central simple algebra of even degree
n. This is not very surprising, and can be explained as follows: Let A — ¢a
be a quadratic invariant of central simple K-algebras, where K is a field of
any characteristic . We easily get that c(qa) — c(qum,(x)) € KerResg(a)/k,
so ¢(qa) = c(qunry) + 7(A)[A]. Applying this equality to the generic di-
vision algebra of degree n, one can show that r(A) only depends on n, so
c(qa) = c(qum,(x)) +ru[A]. It is also easy to show that det g4 = det gar, ) (or
Arf(qa) = Arf(qa, (k) if char K = 2). This method has been first applied
by Saltman to compute the Clifford invariant of the trace form of a central
simple algebra when char K # 2 (unpublished).
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Appendix: Proof of Theorem 4

In this appendix, we want to give a proof of Theorem 4, since Saltman never
published his result, which is nevertheless of independent interest.

We first recall the notion of generic G-crossed product, defined by Saltman
in [S2], section 12.

Let K be any field and G a finite group of order n. Consider the follow-
ing short exact sequence

0— M — @ Z[Gld, L Z[G)]
geG
where f is Z|G]-linear and maps d, to g — 1. Then M is a finitely generated
Z|G]-module, which is free as a Z-module. We will write it multiplicatively.
Now let ¢(g,h) := (gdp)dy(dgn)™t € M for g,h € G. Let K(M) be the
quotient field of the group algebra K[M]. Then M C K(M)* and ¢ is a
2-cocycle of G with values in K(M)*. If K’ := K(M)%, the crossed product
E:=(K(M)/K',G,c) is called the generic G-crossed product over K. It fol-
lows immediately from [S2], Theorem 12.4, that [E] has order n in Br(K").

Now we can prove Theorem 4. Let L = K'((A®k K') @ E°P). By Proposi-
tion 3 (a), we have AQy L ~ E®g: L. By [J], Theorem 2.13.16 for example,
we know that F ® L is Brauer-equivalent to a G’-crossed product over L,
where G' = Gal(LK(M)/L). Since K’ is algebraically closed in L, we have
L K(M) = K’, since an element of L which belongs to this intersection is
algebraic over K’. Since K(M)/K' is a Galois extension, this implies that L
and K (M) are linearly disjoint over K’. In particular, [LK (M) : L] = n and
Gal(LK(M)/L) ~ G. Finally, A ®k L is Brauer-equivalent to a G-crossed
product. Since the degrees are equal, we get the desired isomorphism.

We know prove that Resy/k is an injection. We have

RGSK(M)/K = ReSK(M)/K/ e} ReSK’/K-

Notice that K(M)/K is rational. Indeed, since M ~ Z' as a Z-module, we
have K[M] ~ K[Xy, X; 1+, Xp, XY, s0 K(M) ~ K(X3,--+,X;). Conse-
quently Resg /i is an injection, so Resgs/k is an injection.

Since Resy/x = Resr ko Resgr /i, we get

KerResL/K = BI‘(K) N <[<A XK KI) XK EOPD

11



by Proposition 3 (c¢). Let [B] = r[A ®x K') @k E°] be an element of this
kernel. Let K = K'K = K (M)%, where K is an algebraic closure of K. Since
[B] € Br(K) and K contains K, we have [B ®x K] = 0. On the other hand,
we have [B®x K] = r[E? @ K| = —r[E @ K], since K splits A € Br(K).
So we have 7[E ® K| = 0. Since E @ K is the generic G-crossed product
over K, which has order n in Br(K), we get n|r. Now A®x K’ and E have
degree n over K’ so [B] = 0.

Acknowledgments: The first author would thank David Saltman for fruit-
ful conversations.
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