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Abstract

We prove that if X is a smooth projective complex surface with the invariants p; = 0
and ¢ = 1 then the middle Murre projector w2 (see [Mu90] or [Sch94] for the definition of
m2) can be generated by two natural divisors on X whose cohomology classes form a basis for
the second cohomology group H> (X,Q). As a consequence, this provides a second, in fact,
Chow-motivic, proof of the triviality of the Albanese kernel for surfaces with p, =0 and ¢ =1
(the first proof was made in [BKLT76]).

1 Introduction

All varieties will be smooth projective and defined over the field of complex numbers C. If Y is
a variety then let A*(Y) be the Chow-group of codimension ¢ cycles on Y with coefficients in the
field of rational numbers Q and let A(Y) = &;A*(Y) be the Chow-ring of Y.

For any smooth projective surface X by A3(X) denote the Q-subspace in A%(X) consisting of
zero-cycles of degree zero on X. Also let A(X) be the Albanese variety for the surface X. By
definition, the Albanese kernel T'(X) is the kernel of the surjective homomorphism

AJ(X) — AX)@Q

induced by the Albanese mapping X — A(X). The Bloch conjecture predicts that if p, = 0, then
T(X) = 0. Here p, = dimI'(X, Q%) is the dimension of the space of global holomorphic 2-forms
on X.

In [BKL76] Bloch, Kas and Lieberman proved that if p, = 0 and ¢ = 1, where ¢ is the
irregularity of X, then T(X) = 0. The purpose of this paper is to prove that the middle Murre
projector my for a such surface X (see [Mu90] or [Sch94] for the definition of m2) is rationally
equivalent to a sum of external products of two natural divisors on X whose cohomology classes
form a basis for the cohomology group H?(X, Q). As a consequence this provides a second, in fact,
Chow-motovic, proof of the triviality of T'(X) for surfaces with p, =0 and ¢ = 1.

Recall the definition of the category M of Chow motives over C with coefficients in Q. Objects
in M are pairs (X, p) where X is variety and p is a projector of X, that is a class in A(X x X),
such that p o p = p in the sense of compositions of correspondences. It M = (X, p) and N = (Y, q)
are two motives then a morphism f: M — N is a class f € A(X xY), such that go f = fop.
If Ax is a diagonal of a variety X then Ax is a projector of X. The motive h(X) = (X,Ax) is



called the motive of the variety X. At the same time Ax can be viewed as an identity morphism
1y : M — M for any motive M = (X, p).

Let X be a smooth projective surface over C. According to the Murre’s results (see [Mu90] and
[Mu93]), we have that there exist the projectors 7o, 71, w2, 73 and 74 of the surface X, such that

Ax =mp+m + 72+ 73+ M4

in A%(X x X) and the cohomology class of the correspondence 7; coincides with the (4 — 7, )
Kiinneth component of the cohomology class of the diagonal A x in the group H*(X x X, Q). The
projectors 7; are pairwise orthogonal, whence

h(X)=h"(X)®h' (X)®h*(X)® h*(X)®h'(X)

in the additive category M, where h/(X) = (X, ;).

This decomposition of Ax allows us to study zero cycles on X following the first Bloch’s
lecture in [Bloch80]. Indeed, correspondences act on Chow-groups: for any two varieties X and Y,
if v € AYX xY), where d = dim(X), and if £ € AP(X), then one can define

v(€) = py.(v-px(§)) -

Here py and px are projections, py, and p% are direct and inverse images respectively. In partic-

ular we have the homomorphisms
T A%(X) — A%(X)

on zero cycles induced by the projectors 7;. Murre proved (see [Mu90], [Mu93] or [J94]) that ¢ and
71 operate as zero on the whole Chow-group A2(X), the kernel ker(r4) coincides with the group
A%(X) and ker(ms | Az(x)) coincides with the Albanese kernel 7'(X). Consequently the action of
the middle Murre projector o on T(X) is the same as the identical action of the diagonal A x on
T(X). Therefore, if w5 acts as zero on T'(X), then T'(X) = 0.

Now let X be a smooth projective surface with p; = 0 and ¢ = 1. Since ¢ = 1, it follows that
the Albanese variety A(X) is an elliptic curve A over C. Let F' be a general fiber of the Albanese
mapping

a: X — A.

According to the classification of surfaces (see [Sh65], chapter IV) we have that, since p, = 0 and
g =1, it follows that X = (E x F')/G where E is a curve and G is a finite abelian group acting on
E and on F. The action of G on E x F' is diagonal free. Let

n:ExF— X

be the corresponding quotient map. The quotient curve E/G coincides with the elliptic curve A
and the regular map X — F/G = A induced by the projection pg : E x F' — E coincides with
the Albanese mapping «.

There are two different cases: either genus of the curve F' is greater than one or F is a curve
of genus one. In the first case F is an elliptic curve, i.e. a curve of genus one with fixed zero-point
e € E. The group G is a finite subgroup in E acting on E by translations. Therefore the quotient
map ng : E — A is unramified finite covering. We take o = ng(e) as a zero point on A. Then
ng is in fact an isogeny of elliptic curves. We fix any point f € F and take 2o = n(e X f) as a
fixed point on X. If genus of the general fiber F' is one then the quotient morphism ng can be



ramified. In this case we choose a zero-point o € A in such a way that any point e € ngl(o) is
unramified over o. Let e be a fixed point on E lying in 77}51(0) and let f be a fixed point on F.
Then let 20 = n(e, f) be a fixed point on the surface X. So in both cases e is unramified point of
the quotient map ng. Also note that p, = 0 and ¢ = 1 imply that genus of the curve F/G is zero
(see [Sh65], ch. TV, § 8), so that F/G = P!,

Since p, = 0 and ¢ = 1, it can be shown that the second Betti number of X is 2. Let n be the
order of the group G. Consider the divisors

1
Dy =nyle x F| and Dy = — ni[E X f]
n

on X. Its cohomology classes form a basis for the Q-vector space H ?(X,Q). The Poincaré dual
basis is formed by the cohomology classes of divisors Dy and D; (the same divisors but in inverse

order).

Theorem 1.1 Let X be a smooth projective surface with p, =0 and ¢ = 1. Let Dy and D2 be the
above divisors on X. Then the middle Murre projector m of the surface X is rationally equivalent
(with coefficients in Q) to the correspondence Dy X Dy + Do X Dy.

Now one can imitate the proof of Proposition 1.11 in [Bloch80] and deduce the triviality of
T(X) in the Chow-motivic way. Namely, we know that the middle projector o acts on T(X)
identically. At the same time, one can move the divisors D; and Dy from points on X and obtain
that 7o acts as zero on T'(X). Hence T(X) = 0.

For any cycle Z on X of codimension ¢ its class in A*(X) will be denoted by [Z]. Let f: Y — X
be a morphism of varieties and d = dim(X). Then the graph I's is either a closed subvariety
{(f(y),y) € X x Y|y € Y} orits class in A%(X x Y) (depending from a context). The diagonal
Ax of a variety X can be viewed as a graph of the identical map 1x : X — X. All computations
with algebraic cycles are based on the book [F84].
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2 Linear section

Let Y be a variety and let G be a finite group of order n actingon Y. Let Y =Y /G be the quotient
variety of Y by G and let 7 : Y — Y be the corresponding finite covering. It is well known that
the composition 7,7* : AY(Y) — A(Y') coincides with the multiplication-by-n homomorphism for
any codimesion ¢t. By

N?/G : At(f/) — At(f/)

wHZg(w).

geqG

denote the norm-homomorphism

Lemma 2.1 The composition 77, : AY(Y) — AYY) coincides with the norm homomorphism
Ny g+ AN(Y) — AYY).

Proof. This lemma is a well known fact and it can be easily deduced, for example, from the
considerations in [B62]. Recall the proof for the convenience of the reader. Let V' be a prime
cycle on Y and W = 7(V). Then 7.(V) = dW where d = [C(V)) : C(W)] is the degree of V over



W. Let Vi,..., Vs be the distinct irreducible components of 7=1(W). If [ is a number of elements
in the inertia group {g € G| g(y) = y forall y € V}, then 77(W) = 37, V;. Consequently,
7 (V) =dl )2, V;. But sdl = n, where n is the order of G, and dl = % is the order of the splitting
group {g € G| g(V)) = V'} (loc. cit.). Thus we obtain that 7*7.(V) = £ 32, V; = Ny (V). O

Let X be a surface with p; =0 and ¢ = 1 and let X = (E x F')/G be the presentation of X
described in Introduction. Since a point on an algebraic curve is an ample divisor, it follows that
for any g € G the divisor

lg(e) x F]+[E x g(f)]

is ample on E x F. Then

nne([e x F] +[E % f]) = Ngxryja(le x FI+[E x f]) = > (lg(e) x F] +[E x g(f)])
geG

is an ample divisor on E x F. Since 7 is a finite surjective morphism of varieties, it follows that
the divisor
nx(le X F] +[E x f])

is ample on X (see [H70], p. 25). Hence there exists a positive integer m such that
mi.([e x F]+ [E x f])

is very ample.

Fix an embedding X < PV induced by this very ample divisor. Using Bertini theorem one
can choose a hyperplane section C' of X, such that the following properties hold: (i) C' is a smooth
projective curve; (ii) zo € C; (iii) the curve C has a positive genus. Let i : C — X be the
corresponding closed embedding of the curve C' into X.

For any variety Y denote by P(Y) and A(Y) the Picard and Albanese varieties of Y respectively.
In fact we have the functors P and A on the category of connected varieties with fixed points. To
be precise let €V, be the category whose objects are pairs (Y, yo) where Y is a connected variety
and yp € Y is a fixed point on Y. Morphisms in €V, are morphisms of varieties preserving fixed
points. For short let Home(Y,Z) = Homev, (Y, y0),(Z,20)). If Y is an abelian variety, then,
automatically, yo is a zero point on Y. Now A is a functor from €V, into the category of abelian
varieties and P is a functor from the opposite category CV PP into the category of abelian varieties.
In particular, for the closed embedding i : C — X there exist the morphisms P(i) : P(X) — P(C)
and A(7) : A(C) — A(X).

The Picard variety is an object presenting the Picard functor. Hence P(X) is defined up to an
isomorphism. Since A is an elliptic curve, it follows that it isomorphic to its dual. Therefore we
can take P(X) = A = A(X). Identifying P(C) with A(C), J = P(C) = A(C), we get an isogeny

P@) A(4)

A=PX) L 7=P0)=A0C) 2 AX) =4

(see [Sch94]).

Lemma 2.2 Let n be the order of the group G and let m be the above natural number. Then the

isogeny A(i) o P(i) coincides with the multiplication-by-mn homomorphism of the abelian variety
A.

Proof. Let a be a point on A and let F;, be a set-theoretic fiber of the morphism « over the point
a. Then for any point ¢ € np'(a) we have that F, = n(t x F). Suppose that ng : E — A is



unramified at a € A. Then the restriction of the morphism 7 on the subvariety ¢t x F' — E x F'is
a closed embedding. Hence F, = n(t x F) = F for any t € 5" (a). Moreover,

* 1 w1 S O 1 Kk —
a*[a] ~ na [a] = U [a] = - NPENElal =
1 1 1
= > [txF] = > m[th]=g > [F]=
teny'(a) teny'(a) teny ' (a)

= S alF) = (R = nlex ).

So we see that the fiber Fy, is not multiply and a*[a] = n.[t X F].
By a construction,
[Cl=mn.([Ex f+exF]).
Then
(C] - [Fa] = [C - [t x F] = (mna[E x f]+mn.fe x Fl) - [t x F] =
=mn[E X fl-nft X F]+mn.fe x F] [t x F]=mn.[E X f] -t x F]+0=

=mn(n* n[E X f] - [t X F]) = mn.(Nexr/clE x f]- [t x F]) =

=mn. | Y_[Exg(f)]-[txF] | =mn.

geG

For any connected variety Y by PicO(Y) denote the group of Weil divisors on Y algebraically

equivalent to zero. Consider the commutative diagram

-

3

Pic’(X) Pic’( : X

C) C
P(i) / A /

A J

IR

PicO(A)

IR | =

Here s is an isomorphism defined by the formula s~!(a) = [a — o] for any point a € A, C — J is

the Albanese mapping for the curve C. The vertical isomorphisms are isomorphisms of functors
presentations.

Let a be a point on A such that ng is unramified at a. The fibre F, is a prime cycle on X and
[F,] - [Fa] = 0. Hence, by Nakai-Moishezon criterion, we have that C is not a fiber of a because
[C]-[C] = 2nm? > 0. Tt follows that the restriction o c: C' — A is a surjective map. Let t € ny'(a).
Note that e and t are unramified over o and a respectively. Therefore the multiplicity of fibers F,

and F, are equal to 1. Then

*(a”(s7H(a))) = i"a" (la — o]) = i"(a"[a]) —i* (a"[0]) =

The first summand is

[C][Fa] = [C -t x F)] =dyvy + ... +dyv,



where v1,...,v, are the points of intersection of C' with F, = n(t x F) and d; is the multiplicity

of this intersection at the point v;. The second summand is
[C]-[Fo] =[C - nu(e x F)] =tqwr + ...+ thwy

where w1, ..., wy are the points of intersection of C' with F, = n(e x F) and #; is its multiplicity

at the point w;. Then we have

z h

(AG) o P(i))(a) = Y dj(aoi)(v;) + > tilaoi)(w).

j=1 =1

Since any point i(w;) lies in the fiber Fy,, the point a(i(w;)) is equal to zero. Therefore,
(A() o P(i))(a) = i dj(aoi)(vj) -
j=1
Since i(v;) € Fy, it follows that a(i(v;)) = a for any j. Then
(AQ) 0 PE)@) = Y dya.
j=1

But the number > 7_, d; coincides with the intersection number [C]- [F,] = mn. Consequently we
obtain that
(A(?) o P(4))(a) = mna .

3 The Picard and Albanese projectors

Recall (see [Mu90]) that for any smooth projective surface Y the projector m; is closely connected
with the Picard variety P(Y") and so it is called the Picard projector of the surface Y. By definition,
73 is a transpose of m1. The projector 73 is connected with the Albanese variety A(Y') and it is
called the Albanese projector of Y. In this section we compute 77 and w3 for our surface X in
terms of quotient structure on X.

Lemma 2.2 shows that the identical morphism 14 : A — A can be viewed as an inverse isogeny
for the isogeny A P& J A8 A. Then, according to the general method of constructing of w1 (see
[Mu90], [Sch94], [G99]), we can get the Picard projector in the form

1
m=—[CxX] e,
mn

where ¢ is a divisor on X x X that corresponds to the identical isogeny 14 : A — A. Observe that
since [C] = mn.([E x f + e x F]), we have that

[0 X X] =~ (O] % [X] =+ (B x f] + e x F]) x [X].
Hence one can write

w1 = - ([ x f] % [X] +mufe x F] x [X]) € &

So to compute 71 in terms of quotient structure on the surface X we have to compute ¢.



For any variety Y with fixed point yo € Y let Py be the Poincaré divisor on Y x P(Y). Also
let ay : Y — A(Y) be the Albanese map for Y sending yo into the zero point on A(Y'). Then
Py = (Ozy X lp(y))*Pé(Y) s
where P;(Y) is a transpose of Pp(y) (see [G99], Section 4.2, p. 20). In particular,
Py = (ax14)*PY .
Hence, the transpose P% of Py is
Pl =(1axa)Py.

At the same time € = (a x 1x)*(P%). To show this we need some more notation. For any
connected variety Y € Ob(€V,) one can consider two following functors, both from CV¥? into the
category of Q-vector spaces. The first one is a functor Z — Hom¢(Z, P(Y))®Q. The second functor
sends any object Z = (Z,z9) € Ob(CV,) into the Q-space {c € AY(Z xY)| cozg, =0 =yl oc}.
Here zo, = [20 X 2] and y§ = [yo X yo] are correspondences induced by the fixed points and

compositions are compositions of correspondences. There exists an isomorphism of functors
wy : Home(Z,P(Y)) ©Q — {c € AYZ x Y)| cozp, =0 =1yt oc}
(see [Sch94] or [G99], Section 3.2). For any Z € Ob(CV,), if az : Z — A(Z) is the Albanese
mapping for Z, then let Q) be the composition w} o (Home(az,P(X)) ® Q). In fact
QY : Home(A(Z),P(Y)) @ Q — {c € AY(Z X Y)| co 20, =0 =y oc}

is an usual one-to-one correspondence between isogenies and divisors normalised by fixed points.

Now applying the general method of a construction of the divisor € in our case we have that
g = Qi(((lA)

(loc. cit.). Then the commutative diagram

X

Q
Home(A,A) ® Q —————={c€ AYX x X)| coxg, =0=x}0c}

UJX
Home(a,A)@Q X (ax1x)”
Home(X,A) ®Q {ce AH(AXx X)| co0,=0=a}oc}
LUX
Home(a,A)@Q 4

Home(A,A)®Q

| E——

1
g

F——0<—H

—_
b



shows that
e=(ax1x)"(Pk).

Therefore, we can write
e=(ax1x)"(1a xa)* (Pa) = (ax a)"(Pa) .
But it is very well known that the Poincaré divisor for the curve A is
Pi=Aj—0oxA—-Axo.

Hence,
e=(axa)"(Pa) =(axa)"(As) —nfo x F] x [X] — [X] x n«[o x F] .

Now we will calculate the divisor (a X a))*(Pg4). Let

|l ExXEXFxF—-ExFxExF

(e1,e2, f1, f2) = (e1, f1, €2, f2)

be the isomorphism transposing points in the second and third factors. Also for any g € G let I,
be the graph of the morphism E — E, ¢ — g(q). Consider the commutative square

nxn
EXFXxEXF———7—7—7—7—=XxX

5 -

ExExFxF Ax A

lpExE
Ne XNE

ExFE E/Gx E/G

Since
(n x 1m)«(n x n)* (e x @) (Ax) = n*(a x a)*(A4),

one can write

(@ xa)"(Aa) = % (X m)«(n xn)"(ax ) (Aa) = % (0% (1) Pwp(ie X np)* (Aa) =

1
=— xn):("" ) Pexe ZF :n nxn)lZ[ngFxF].
geG geG

But for any g € G we have that
(M xn)lu[['g X F x F] = (n xn)l«[Ap x F x F].

Therefore,

(a x a) (Ay) = % (n % n)els Y [Ty x F x F] = % (n X )+l [AE x F x F].
geG

So we have that

g:%(nxn)*l*[AExeF]—m[exF]x[X]—[X]xn*[exF}.



Now one can substitute this formula for € into the formula (1) and obtain that the projector

w1 is the intersection of the correspondences

1

— ([E < f] > [X] +1ufe > F] < [X])

and
L () x ).l (g X [F x F]) = n.le x F] x [X] - [X] x n.[e x FJ.

Intersecting sumzlands we have:
mo= L uEX XX E () x0).[Ap x F x F]
L (B % f] % [X]) - (a[e x F] x [X])
~L (] x f] % [X]) - (1X] % n.le x F))
2 (e x F) x [X)) - X (n x n).lu[Ap x F x F]
1 (e x F] x [X]) - (n.[e x F] x [X])

—= (e x F] x [X]) - ([X] x nufe x F]) =

= L xnlEx fxExF)- 1 (nxn).LAg x F x F]

—L xExfxExF])-2(mxn)lexFxExF)])
— L (pxEXfXxExF))-Lnxn).ExFxex F])
oz (X 0)ele x Fx B x F]) - 5 (% 0)du[Ap x F x F]
— L (pxnlex Fx ExF))-% (nxn).lex FxExF])

—L xn)lex FXExF)-2(nxn.ExFxexF]) =

= & (X N)«( Nexrxpxr)/Gaxa)E X f X Ex F]-1,[Ap x F X F]
— NExFxExF)/(GxG)E X fx ExF]-[ex FxE X F|
— NExFxExF)/(GxG)[E X fx ExF]-[ExF xexF|
+ NExrxExr)/Gxa)le X F X Ex F]- [ [Ap x F X F]
— NExFxExF)/(Gxa)e X F X EXF]-lex F x E x F]

— NExrxExF)/(Gxa)e X FXEXF]-[ExFxexF]) =

:%(nxn)* (nZ[Exg(f)xExF]-l*[AExeF]nZ[Exg(f)xExF]-[exeExF]
geG geG

—nY [Exg(f)yx ExF]-[ExFxexFl+n» [gle) x F x Ex F]-1L[Ag x F x F]—
geG geG



—nZ[g(e)><F><E><F]~[e><F><E><F]—nZ[g(e)><F><E><F]~[E><F><e><F} =
9eG g€eG

:%(nxn)*l* SIEXExg(f)x F]-[Apx FxF] =Y [ExExg(f)x F]-[ex Ex F x F]—
9eG geG

—Z[ExExg(f)xF]-[ExexeF]—i—Z[g(e)><E><F><F]-[AE><F><F]—
9ea e

—Z[g(e)xExeF]-[exExeF]—Z[g(e)><E><F><F]~[E><e><F><F]
geG geG

Now one can simplify every summand in the obtained expression for the correspondence 7. For
any g € G we have that

(X )uls[Ex Ex g(f) x F] = (nxn)[Ex Ex fxF],

whence

(nxn)ls Z[ExExg(f) XFl - [AgxFxF]| =nnxn)L([EXEX fxF|]- [Agx FxF]) .
geG

The other summands can be simplified similarly. Therefore we proceed the computation of the

correspondence 71 :

mz%(nxn)*l*([ExExfo]-[AE><F><F]—[E><E><fo]-[exExeF]—

—[EXEXfXF|]-[ExexFXF]+[exEXFxF]-[AgXF xF]-

—[exXEXFxF|-[exEXFxF|l—[exEXFxF]-[ExexFxF])=
:%(nxn)*l*([AExfo]—[exExfo]—[ExexfoH
texex FXF|—0—lexex FxF|) =
:%(nxn)*l*([AExfxF]—[exExfo]—[Exexfo]).
So we have that the Picard projector of the surface X can be expressed as

7712%(nxn)*l*([AExfo]—[exExfo]—[ExeXfXF])- (2)
Then 1
3 =71 = — (X N)lu([Ap X F x f]= [Ex e x Fx f]=[ex Ex F x f]) 3)

is the Albanese projector of X. Also let
mo = [xo X X] and ma = [X X x0] .

As had shown in [Sch94], in the general situation the relations m; o w; = d;; - m; hold for any
i,7 € {0,1, 3,4} except for, maybe, the relation 71 om3 = 0. This is the reason for the replacement

m by m — %ﬂ'l o s in loc. cit. But in our case the last relation holds as well:

Lemma 3.1 myomg =0

10



Proof. Let Y be a variety, let G be a finite abelian group acting on ¥ and let 7: Y — Y = Y/G
be the quotient map. If S is a set then by S* denote the product S* =S x ... x S with ¢ factors.

Let p and v be correspondences on Y xY. It is easy to show that
(TX7) () o (T x7)e(v) = (T X 7)uq13,(Nys jgs @o3(1) 412 (V) = (T X 7)wqu3,(g33(1) - Nys g5 412(V))

where ¢12, g3 and ¢13 are the projections

In particular, we can write
1
moms=—MXN)l[Ap X fXF—exEXfxF—-—ExexfxF|o
n
1
o—MxN)l[Ap X FX f—ExexFxf—exEXFxf]=
n

1
:—2(77><n)*Q13*(N(EXp)3/Gsq§3l*[AExfo—exExfo—Exexfo]~
Gl [AEX FX f—ExexFxf—exExFxf])=

:%(ﬁxn)*QB* n[E x F] x L ZF XZ ) X F) fnz e) x Exg(f)x F)—

geG geG geG

—Z(Exg(e))xZ(g(f)xF) WA X FXx f—ExexFxf—exEXFXf]x[ExF]|=
geq geG

Z%(nxn)*fhs* n[E x F] ZF XZ xF—nZ e) x Exg(f) x F)—

geG geG geG
—Exz Z HXFE| LApgXFxf—ExexFxf—exExXFXxf]x[ExF]|=
geG geG
(0% M)eqiz. Y Y (n[E x F] x L[Tg x g(f) x F —g(e) x E x g(f) x F—

g€G geG
—Exgle)xg(f) xF]-k[ApxFX f—ExexFxf—exEXFXxf]x|[EXxF]).

Now observe that we can move the divisor [f] € A}(F) from the finite number of points {g(f)| g €
G}. In other words, there exist points {f1,..., fs} on the curve F', such that

S

[f]= Zijj )

Jj=1

where r; are multiplicities, and f; & {g(f)| g € G} for any j. Then the intersection of any

summand in

[E x F] x L.[Cy x g(f) x F] = [E x F] x [g(e) x g(f) x E X F| = [Ex F| X [E x g(f) x g(e) x F]
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with any summand in
LIAEXFXfIX[EXF]—[ExFxex fIX[EXF|—[exFxEXxf]x[ExF]

is zero. Hence 7 o g = 0. O

So we see that 7y, 71, m3 and 74 are pairwise orthogonal idempotences in the ring of correspon-
dences A?(X x X).

4  The middle projector
By definition,
9 = Ax — g — T — T3 — T4

(see [Mu90]). Hence, tautologically, we have the decomposition A x = 7o + 71 + 72 + 73 + 74. For
any variety Y let
(1l : AUY) — H2(Y,Q)

be the cycle map for codimension t cycles. As it was mentioned in Introduction,

A xx(m) = A4 —4,5)

is the (4 — 7, j) Kiinneth component of the cohomology class of the diagonal A x. Since the classes
cl ([D1]), cl% ([ D2]) form a basis for H?(X, Q) and cl% ([Ds]), cl} ([D1]) form a Poincaré dual basis
(see Introduction), it follows that

A(2,2) = cl%  x([D1 x Da] + [Dg x D1]) .

Therefore the correspondences w9 and [D1 X Ds] + [D2 X D1] are the same modulo cohomological
equivalence. Theorem 1.1 asserts, that, in fact, these correspondences are the same modulo rational

equivalence. Hence to prove Theorem 1.1 we have to prove that the difference of correspondences
== [Dl XD2]+[D2 XDl]—ﬂ'g

is equal to zero in A%(X x X).
Let us compute the cycle =. Observe that

m = o % X] = [ao] % [X] =mule x f] x - [ x F]

1(77><77)*[e><f><E><F}:1

n n

(nxn)lilex Ex fx F].

Respectively,

1(77><77)*Z*[E><e><F><f}.

Ty = —
n

Then it is easy to compute:
E=[D1 X Da]+[Dax D1 +mo+7m1 +73+m4—Ax =

:%(nxn)*l*([e><E><F><f]+[E><e><f><F]+[e><E><f><F]—|—[AE><f><F]—

—[exExfxF]|—[Exex fxF|+[AgxFx f]-[ExexF x f]—-
—[exExFxfl+[Exex Fxf]—[Ag xAp]) =

12



L (% m)ele([Bp % [ % F]+ [Ap x F x f] — [Ag] % [AF])

)
So we obtain that

(1]

L (X m)ub([Ap x [ % F]+ [Ap x F x f] - [Ag] % [Ap])

n

Now, again, let Y = Y /G be the quotient variety of a variety Y by a finite abelian group G. Let
7:Y — Y be the corresponding quotient map. Let 6 € At(f/) be any cycle of codimension ¢ on Y.
Then 7.(0) is zero if and only if Ny ;(0) is zero. Indeed, if 7.(6) = 0 then Ny ;(0) = 777.(0) = 0.
Conversely, if Ny ,;(0) = 0 then 7, Ny () = 7.7°7(0) = n7.(0) = 0 where n is order of the
group G. Dividing by n we obtain that 7.(0) = 0.

In particular = = 0 if and only if the cycle

T = Nexrxpxr)/@xa) «([Ap X f x Fl+[Ap x F' x f] = [Ag] x [AF]))

is zero. We omit % here because we can multiply and divide by n. For any g € G let ©4 be the
graph of the regular map F' — F, g — g(q). Then we compute:

T:l*NExExeF/GXG[AEXfXF+AEXFXf_AEXAF]:

=L Z Fglg;1xg1(f)XF+ Z F919271XFX92(']C)7 Z Fglgz’lX@glggl -

91,92€G 91,92€G 91,92€G
=LY Tyx > g(f)x F+ Y TyxFxY g(fy=n> TyxO,| =
geG geG geG geG geG

= ls Z[Fg] X Z[g(f) x F'+ F xg(f)] _nZ[Fg x O]
geG geG geaq
Let

A= ne,ne,mrMF) : EXEXxFxF — Ax AxP!xP!

where np : F — P! is a quotient map. Then we have that

NMEY = Nexpxrxr)y/axaxaxa) ' =

= N(ExExFxF)/(GxGxGxG) Z[Fg] X Z[g(f) x F+Fxg(f)]—n Z[Fg X Qg | =

geG geG geG
= > DM x Y DN XF+Fxgf)l=n Y D> [[yx0,]=
91,92€G geG 93,94€G g€G 91,92,93,94€G g€G
=n”Y [Tgl xn* Y [g(f) x F+F x g(f)] = n® Y [Ty x O] =
e geG geG
=n*l*T.

Hence, if the cycle A 0*Y is trivial, then the cycle [*Y is trivial too. We have that
MDY =0t ([Aa] x [pt x P+ P x pt] — [A4] x [Ap]) =
=n?[Aa] x [pt x P! + P! x pt — Ap1] =
=ntAs] x0=0.
So we obtain that
AT =0= AT =0=1"Y=0="=0=E=0.

Theorem 1.1 is proved.
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