INVARIANTS OF QUASI-TRIVIAL TORI AND THE ROST INVARIANT

A.S. MERKURJEV, R. PARIMALA, AND J.-P. TIGNOL

ABSTRACT. For any absolutely simple, simply connected linear algebraic group G over a field
F', Rost has defined invariants for torsors under G with values in the Galois cohomology group
H3 (F, Q/Z(Q)) The aim of this paper is to give an explicit description of these invariants
for torsors induced from the center of G, when G is of type A,, or D,. As an application, we
show that the multipliers of unitary similitudes satisfy a relation involving the discriminant
algebra.

For an arbitrary field F', we let Fieldsr denote the category of all field extensions of F' and
we consider algebraic groups over F' as functors from Fields p to the category Groups of groups.
Similarly, if G is an algebraic group over F, the Galois cohomology set H'(L,G) is defined for
every field extension L/F, and this construction yields a functor H'(G) from Fieldsy to the
category Sets* of pointed sets. If G is commutative, the Galois cohomology set H!(L,G) is a
group, and we obtain a functor H!(G) from Fieldsy to Groups.

The cycle modules over F' defined in [10] also give rise to a sequence of functors Fieldsp —
Groups. (In the applications considered in this paper, all the cycle modules are given by
cohomology groups.) Let M be a cycle module over F' and J be a functor from Fieldsg to
Groups or to Sets*. As in [9], we define invariants of dimension d of J in M as natural
transformations of functors J — M. The group of these invariants is denoted by

Inv?(J, M) or Tnv(J, My).

In particular, if C' is a commutative algebraic group and M is a cycle module, one can consider
the groups Inv?(H'(C), M) and Inv?(H'(C), M), and the forgetful functor Groups — Sets*
yields an embeddding

Inv(H(C), M) — Inv*(H'(C), M).

In this paper, we shall be mostly interested in the group of invariants Inv®(H'(G), M),
where G is an absolutely simple, simply connected linear algebraic group over F' and M is the
cohomological cycle module H*[Q/Z(—1)] (see section 1.3). Let C be the center of G. The
natural transformation H'(C) — H'(G) induced by the inclusion i: C' < G yields a map

it Inv*(HY(G), M) — Tnv®(H'(C), M).

It turns out that the image of this map is actually in the subgroup Inv3(H L), M) of group-
invariants, see Corollary 1.8. Our goal is to determine this image in the case where G is of type
A, or D,,. (Groups of trialitarian type D, are not considered.) In these cases, we construct in
section 1.2 a quasi-trivial torus 7" and a natural transformation ¢: T — H'(C) such that the
induced map

©*: v (HY(C), M) — Tnv?(T, M)
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is injective (for all d). The group of invariants Inv?(T, M) has an easy explicit description,
given in section 1.1. The image ¢* (Inv3 (HY(G), M )) is determined in terms of this description
in section 1.4. As an application, we obtain in section 1.5 some conditions on the image of the
map G(F) — H(F,C), where G = G/C is the adjoint group corresponding to G.

1. STATEMENT OF RESULTS

Throughout this section, F' denotes an arbitrary field. Restrictions on the characteristic of
F will be explicitly mentioned when needed.

1.1. Invariants of quasi-trivial tori. Let A be an étale F-algebra and let Ry /p(Gm) =
GL;(A) be the torus of invertible elements in A. Let also M be a cycle module over F. Every
element u € My_1(A) defines an invariant o (u) € Invd(RA/F(Gm),M) as follows: for any
field extension L/F and t € Ry/p(Gm)(L) = (A®F L)%,

aA(u): t— Nagr/r(t-uagr) € Ma(L),
where N is the norm map, and the product is taken for the module structure on M over the
Milnor K-ring.
Theorem 1.1. The map a”: My 1(A) — Ian(RA/F(Gm), M) is an isomorphism.

The proof is given in section 2 below. We shall actually construct an inverse of a. (When
A is split, this theorem is already proven in [9, Proposition 2.5].)

1.2. Roots of unity. For any integer n which is not divisible by the characteristic of F', we
let p, denote the algebraic group of roots of unity, i.e., the kernel of the n-th power map
Gn — Gu. If K/F is a separable quadratic field extension, Ry /p(pn) is the corestriction of
M, and i,k is the kernel of the norm map

Ni/p: Ri/p(pin) — fin.

The centers of absolutely simple, simply connected linear algebraic groups (except for trialitar-
ian groups Dy) are all of type pi,, p2 X pi2, Ri/p(itn) OF pin[k) (see section 1.4 below).

In order to describe the invariants of H'(C'), for C of the type above, it is useful to construct
a quasi-trivial torus T¢ and a natural transformation p: Te — H'(C) such that ¢r: To(L) —
HY(L,C) is surjective for every field extension L/F. We thus get an explicit description of the
cohomology group H!(L,C) and an injective map

©*: Inv(HY(C), M) — Inv* (T, M)

for every cycle module M over F'.

1.2.1. Suppose first C = p,. The cohomology sequence associated with the Kummer exact
sequence

1_):un_)(;'mﬁ)c'}r‘rl_)1
yields for every field extension L/F a map
or: L — H'(L, pin).

This map is surjective since H'(L,G,,) = 1 by Hilbert’s Theorem 90. Therefore, we may
take Tc = Gy, for C = pu,, and the collection of maps ¢ for L € Fieldsp yields a natural
transformation

(1) ¢: G — H' ().
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Since the kernel of ¢y is LX™, we obtain the (well-known) description of H'(L, u,,) by the
isomorphism
(2) L*/L*™ = HY(L, ).
The image of 2z € L* under ¢y, is denoted by ().

Corollary 1.2. Let M be a cycle module over F. For every invariant 1: H'(u,) — My, there
is a uniquely determined element uw € My_1(F) satisfying nu = 0 such that for every field
extension L/F and x € L™,

LL((x)n) =z urp.

The proof is given in section 3.1 below.
The identification H'(L, pt,, X pt) = HY(L,ppn) x HY(L,p,) for L € Fieldsp induces a
canonical isomorphism

v (H (gt % i), M) = v (H* (), M) > Tnv (H* (1), M).

Corollary 1.3. Let M be a cycle module over F. For every invariant v: H(p, X pin) — Mg,
there are uniquely determined elements uy, ug € My_1(F) satisfying nu; = nus = 0 such that
for every field extension L/F and x1, x9 € L™,

v ((@1)n, (@2)n) = 21 (W) + @2 - (u2)r.

1.2.2. Suppose C' = Ry /p(itn). The transfer of the Kummer sequence yields the following exact
sequence:

(3) 1 — Ry/p(pin) = Ri/p(Gm) = Ri/p(Gm) — 1.
Since H* (L, Ryc/r(Gr)) = 1 for every L € Fieldsp, we may set Tc = Ry r(Gr) and let
(4) ¢: Rgyp(Gm) — H' (Ri/r(pn))

be the natural transformation given by the connecting map in the cohomology sequence asso-
ciated to (3).

For every field extension L/F, we obtain a map ¢r: (K ®p L)* — H*(L, Ry/r(pin)) which
induces an isomorphism

~

(K®p L) /(K ®p L)*™ = H'(L, R/ (1))

X

The image of an element x € (K ®p L)* under ¢y, is again denoted by (z),.

Corollary 1.4. Let M be a cycle module over F. For every invariant .: H' (RK/F(un)) — My
there is a uniquely determined element u € Mg_1(K) satisfying nu = 0 such that for every field
extension L/F and every x € (K @ L)*,

v2((#)n) = Nggr/o(2 - uker)-
The proof is given in section 3.2 below.

1.2.3. Suppose finally C = pi,g). Let f: G XRg/p(Gm) — G be defined as follows: for
any F-algebra L/F,

flx,y) =a"Nggr(y) ™"
forx € L* and y € (K ® L)*. Let P be the kernel of f. We then have two exact sequences

1= P — G xRy p(Gr) 5 Gy — 1
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(5) L — fin[x] HRK/F(Gm)ﬂPHl

where g = (Ng/r,n) is the cartesian product of the norm map and the n-th power map. Since
HY(L,Rk/p(Gm)) =1 for every field extension L/F, (5) yields an exact sequence

(K ©p L)* 25 P(L) 5 H' (L, pojic)) = 1,
hence an isomorphism

P(L) _ @y e X x (K@ L)* |2" = Ni/r(y)} ~ H(L )
a(KerD)¥)  {(Nkern().27) ]z € (K © L)} HHintd
(see [5, (30.13)]). We let (z,y), denote the image of (z,y) € P(L) under this isomorphism.
For our purposes, it will be convenient to use slightly different descriptions, depending on
the parity of n.
If nis odd, n =2m+1, let g1: Rg/p(Gm) — Rg/r(Gm) be the map defined as follows: for
L € Fieldsp and t € (K ®p L)*,

(91)0(t) =t"Nger/(t)™™

Ift" = Nggr,o(t)™, then taking the norm of each side and dividing by Nxgr /1 (t)®™ we obtain
Nker/r(t) = 1. Therefore, the kernel of gy is (k) and we have an exact sequence

(6) 1— /J'n[K} - RK/F(GIH) i) RK/F(Gm) — L
Since H! (L,RK/F(Gm)) = 1 for every L € Fieldsp, we may set Tc = Ry /p(Gm) and let

P RK/F(GIH) - Hl(,un[K])

be the natural transformation given by the connecting map in the cohomology sequence as-
sociated to (6). Note that the exact sequences (5) and (6) can be combined in the following
commutative diagram:

1 —— pug] — Riyp(Gm) —2— Rgp(Gun) —— 1

| | [

I —— ppx) — Ri/r(Gm) — P — 1

where the map h; is defined by

(h1)L(t) = (Nkor/L(t),tNker/L(t)™)

for L € Fieldsp and t € (K ®p L)*. This map is in fact an isomorphism, with inverse defined
by

m

(hi") (@, y) = ya~
for L € Fieldsp and € L™, y € (K ®p L)* such that Nggr/r(y) = ™. Thus, for t €
(K @r L)%,

(7) oL(t) = (Nkor/p(t), tNkeL/L(t)™)n € H' (L, pinx))-

Let ~ denote the nontrivial automorphism of K/F. Abusing notation, we also denote by ~
the induced automorphism on M (K) for any cycle module M over F.
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Corollary 1.5. Suppose n = 2m + 1. Let M be a cycle module over F. For every invariant
L Hl(un[m) — My, there is a uniquely determined element u € My_1(K) satisfying nu = 0
and u+u = 0 such that for every field extension L/F and every x € L™, y € (K ®p L)* with
Nkeor/p(y) =2,

vr((2,9)n) = Nor/o(y - uker) —mz - Ng/p(u)L.

The proof is given in section 3.3 below.
Suppose next n is even, n = 2m. Define a map g2: Gm xRg/p(Gm) — G XRg/p(Gm)
as follows: for L € Fieldsp and x € L*, y € (K ®p L)*,

92(z,y) = (Nkor/L(y), vy™).

It is easily verified that the following sequence is exact (see [1, Lemma 2.9]):
(8) 1 — finx] = Gm %Ry /p(Gm) 2 G xRy /p(Grn) — 1,

where the map originating in p, (k) is the product of the m-th power map to Gy, and the
inclusion in Ry /p(Gu). Since H! (L, G XRK/F(Gm)) =1 for every L € Fieldsr, we may set
Te = G xRk /p(Gm) and let

p: Gp XRK/F(Gm) - HI(M"[K]>

be the natural transformation given by the connecting map in the cohomology sequence as-
sociated to (8). Note that the exact sequences (5) and (8) can be combined in the following
commutative diagram:

1 — ,LLn[K] — Gm ><Z:EK/F(G'm) L) Gm ><RK/F(G}m) — 1

\ I 8

1 —— ppg] ——  Rg/r(Gum) — P 1

where 75 is the projection on the second factor and hs is defined by
(h'Q)L(xv Z) = (33, xmzz—l)
for L € Fieldsp and © € L™, z € (K @ L)*. Therefore, for x € L* and z € (K @ L)*,
QOL('T7 Z) = (I, mmzzil)n € Hl(La ,U'n[K])
Corollary 1.6. Suppose n = 2m. Let M be a cycle module over F. For every invariant
v: H'(pni)) — My, there are uniquely determined elements u € My_1(F), v € My_1(K)
satisfying uxg +mv = 0 and Nk, p(v) = 0, such that for every field extension L/F and every
relL*, ye (K®pL)* with Nggr/p(y) = 2",
ve((,y)n) =2 ur + Nrgr/o(2 - vkeL),
where z € (K ®p L)* is such that y = ™2z 1.
The proof is given in section 3.4 below.
1.3. The cycle module H*[Q/Z(—1)]. Let Fgp be a separable closure of F' and let I' =

Gal(Feep/F) be the absolute Galois group. For every integer n prime to the characteristic of
F, let

rp: I — Aut gy, (Feep)
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be the action of I' on iy, (Fiep). Let sp: I' — Aut p, (Fiep) be the homomorphism such that
$n(y) = rp(y)~t for all v € T, and let u®~!(Fyp) be the corresponding Galois module. For
every integer ¢ > 0, we let

Q/Z(i—1) = liL)n/lS?(i_l)(Fsep)»

where the limit runs over the integers n prime to the characteristic of F. The cohomological
cycle module H*[Q/Z(—1)] is defined by

HYQ/Z(-1](L) = H(L,Q/Z(d — 1))
for any field extension L/F (see [10, Remark 1.11]). (This cycle module is denoted by H*[u®~1]
in [9].)
As part of the cycle module structure, @, H%[Q/Z(—1)](L) is a module over the Milnor
ring K, L. For later use, we give an explicit description of the multiplication

L* x H*(L,Q/Z(d — 1)) — H*'(L,Q/Z(d)).

We have already observed the isomorphism L*/L*™ = HY(L,u,), see (2) above. If m is a
multiple of n, there is a canonical (inclusion) map j: p, — Wm, and the induced maps in
cohomology make the following diagram commute for all d > 0 and = € L*:

HYL, pu§ 7Dy 2 g, p ")

(m)nU‘l l(z)muo

HO (L) —2— HOL (L, i)
where the vertical maps are the cup-products with (z), and with (x),, respectively. (In
checking the commutativity of this diagram, one has to keep in mind that for a € p,,(L
and b € pi (L), a ® j(b) = j(a™™ @b).) Therefore, if ¢ € HY(L,Q/Z(d — 1)) =
HLQHd(L,u%(d_l)) is represented by an element &, € Hd(L,,u%(d_l)) for some n, we may

define z - ¢ € H4™'(L,Q/Z(d)) as the element represented by (z), U&, € H* (L, u&?); the
result does not depend on the choice of n.

1.4. Rost invariants. Let G be an absolutely simple, simply connected group over F. The
group
v’ (H'(G), H*[Q/Z(-1))) = Inv(H'(G), H*(Q/Z(2)))
has been investigated by Rost, who showed that it is cyclic with a distinguished generator,
see Proposition (31.40) in [5]. (Note that this group is denoted Inv®(G,Q/Z(2)) in [5].) The
distinguished generator is called the Rost invariant of H'(G). It has been explicitly determined
in a few cases only. In particular, its explicit description is not known for groups of outer type
A,—1 with n even, nor for groups of type D,,. It is known however that the Rost invariant
of a torsor X € H'(F,G) generates the kernel of the scalar extension map H*(F,Q/Z(2)) —
H3(F(X),Q/Z(2)), by [2, Theorem B.11]. This property is sufficient to determine the group
Inv(H'(G), H*(Q/Z(2))) in certain cases."
Let C be the center of G. The inclusion i: C' — G yields a canonical map

i v (HNG), H[Q/Z(-1))) — Inv®(H(C), H'[Q/Z(~1))).

LA case in point is G = SL(D), where D is a central division algebra. The invariant described in [5, p. 437]
generates the group of invariants, but it is not known whether it is the Rost invariant.
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Our goal is to describe the image I(G) of the map i* above, i.e.,
1(G) = i*(Inv(H'(G), H*(Q/Z(2)))) C Inv(H'(C), H*(Q/Z(2))).
The first step is to prove that I(G) is in the subgroup of group-invariants
Inv(H'(C), H*(Q/Z(2))) c Inv(H'(C), H*(Q/Z(2))).

As a preparation, we show how the Rost invariant behaves under twisting. Let w be a 1-
cocycle of the absolute Galois group I' in G(Fsep), and let G, be the group obtained by twisting
G by w (or, more precisely, by the cocycle of inner automorphisms Int(w)). Multiplication on
the right by w defines a canonical bijection

0,: H'(F,G,) — H'(F,G)

which carries the distinguished element of H(F,G,,) to the class [w] of w, see [5, (23.8)]. Let
p, p be the Rost invariants of H'(G) and H'(G,,) respectively.

Proposition 1.7. For L € Fieldsp, let t, : H*(L,Q/Z(2)) — H*(L,Q/Z(2)) be the trans-
lation by pr([we]),

to.r(C) =C+prlwe])  for ¢ € H*(L,Q/Z(2)).

The following diagram commutes:

HY(L,G,) 2.  HYL,G)

H3(L,Q/Z(2)) —=*~ H3(L,Q/Z(2)).

Proof. This is proved by Gille in [4, Lemme 7, p. 76]. We give a different proof, which relies
only on the following “additivity” property:
(9) Inv(H'(G x G),H*(Q/Z(2))) = Inv(H"(G), H*(Q/Z(2))) x Inv(H"(G), H*(Q/Z(2)))

(see [5, (31.38)]). We start with the following easy observation: if w, w’ are cohomologous
1-cocycles, then every f € G(Fiep) such that wfy = fw,Yf71 for every v € T' defines an
isomorphism a: G, — G,s. The induced natural transformation H'(G,) — H'(G,) makes
the following diagram commute for every L € Fieldsp:

HY(L,G,) 2= HY(L,G)

| H

HY(L,Go) —25 HY(L,G).

Moreover, since « is an isomorphism, the integer n,, attached to this map as on [5, p. 436] is 1,
hence the following diagram commutes:

HY(L,G,) 2% H3(L,Q/Z(2))
HY(L,G) 25 H3(L,Q/7(2)).
It follows from this observation that

-1 -1
Pw,L © 0w,L = Puw’,L © ew/,L’
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hence this map depends only on the cohomology class of w. We may then define an invariant
U of HY(G x G) = HY(G) x H'(G) as follows: for L € Fieldsy and &, n € H'(L,G), we choose
a cocycle w representing & and set

U(E,m) = pu,L o b, (n)

Clearly, this is an invariant of H!(G x G). By the additivity property (9), we have
V(& n) = W( 1)+ ¥(L,n),

hence
(10) pur 00, (1) = pur o0, (1) + pr(n).
If £ =, we have 9;71L(n) =1, hence (10) yields

pu,L 0051 (1) = —pr(€).
Substituting in (10), we obtain

Pz 00, () =pr(n) — pr(§) =t o pr(m),
proving the proposition. O
Corollary 1.8. I(G) C Inv(H'(C), H*(Q/Z(2))).
1

Proof. We have to show that for every ¢ € Inv®(H'(G), H*[Q/Z(—1)]) and every field extension
L/F, the composition
HY(L,C) “ HY(L,G) “5 H?(L,Q/Z(2))
is a group homomorphism (even though H*(L, Q) is not a group). Clearly, it suffices to prove
this for ¢ = p, the Rost invariant. If w is a 1-cocycle of the absolute Galois group of L in
C(Lsep), then (GL);,(w) = G, and Proposition 1.7 shows that
pL°0; ()L = ti.(w),L °PL-

For [w'] € H'(L,C), we have 6; (. 1, (i([«'])) = i.([w])i+([w']), hence the last equation yields

pr 0 iu([W]w]) = pr 0 i (w]) + pr 0 i ([w]).
O

The description of I(G) will be obtained by a case-by-case analysis, using the explicit deter-
mination of dimension 3 invariants of H'(C) in Corollaries 1.2, 1.3, 1.4, 1.5 and 1.6.

1.4.1. Inner type A,,_1. Suppose the characteristic of F' does not divide n, and let G = SL(A),
where A is a central simple F-algebra of degree n. Then C = yu,, and the invariants of H*(C)
are described in Corollary 1.2. For every field extension L/F, we denote by Ay the central
simple L-algebra A ® p L, and we let [Ay] be the Brauer class of Ay, viewed as an element in

1 (1.Q/2(0)).

Theorem 1.9. The group I(SL(A)) is generated by the invariant v: H*(u,) — H3(Q/Z(2))
such that for every field extension L/F and for every x € L™,

v ((@)n) =2 [AL].

This follows from the description of a generating invariant for Inv (ﬁl (SL(A)), o3 (Q/Z(Q)))
in [5, p. 437]; see also [12].
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1.4.2. OQuter type A,_1. Suppose the characteristic of F' does not divide n, and let G =
SU(B,7), where (B, 1) is a central simple algebra of degree n over a separable quadratic
extension K/F and 7 is an involution of B whose restriction to K is the nontrivial automor-
phism ~ of K/F. The center of G is C' = ju, k], and the invariants of H(C) are described in
Corollary 1.5 if n is odd, in Corollary 1.6 if n is even.
Theorem 1.10. Ifn is odd, the group I(SU(B, T)) is generated by the invariant v: Hl(,un[K]) —
H3(Q/Z(2)) such that for every field extension L/F and every x € L*, y € (K @p L)* with
Nker/o(y) = 2",
v ((#,9)n) = Nkor/L(y - [Brer])-

This follows from the description of a generator of Inv(H'(SU(B, 7)), H*(Q/Z(2))) in [5,

(31.45)].

If n is even, a discriminant algebra D(B, ) is defined in [5, §10]. It is a central simple
F-algebra, hence it defines a Brauer class [D(B,1)] € H*(F,Q/Z(1)).

Theorem 1.11. If n is even, 1(SU(B,T)) is generated by the invariant v: H"(p,x)) —
H3(Q/Z(2)) such that for every field extension L/F and every x € L*, y € (K ®@p L)*
with Nxgr/o(y) = 2",
te((z.9)n) = [D(B,7)L] + Nror/L(z - [Breotl),
where z € (K @p L)* is such that yx="/? = 2271,
The proof is given in section 4.1.

1.4.3. Type B,,. Suppose the characteristic of F' is not 2, and let G = Spin(q), where ¢ is a
(2n + 1)-dimensional quadratic form over F' (with n > 2). The center C of G is pa.

Theorem 1.12. I(Spin(g)) = 0.
Indeed, it is shown in [5, p. 437] that the Rost invariant of a class in H! (F, Spin(q)) only
depends on its image in H' (F, O+(q)).

1.4.4. Type C,,. Suppose the characteristic of F' is not 2, and let G = Sp(4, o), where A is a
central simple F-algebra of degree 2n (with n > 2) and o is a symplectic involution on A. The
center C' of G is pa.

Theorem 1.13. If n is even, I(Sp(A,U)) = 0. Ifn is odd, I(Sp(A, U)) is generated by the
invariant v: H'(pg) — H?*(Q/Z(2)) defined as follows: for every field extension L/F and
re L™,

LL((LU)Q) =X- [AL]
This follows from the explicit description of the Rost invariant given in [5, p. 440].

1.4.5. Inner type D,,. Suppose the characteristic of F' is not 2, and let G = Spin(A4, o), where
A is a central simple F-algebra of degree 2n (with n > 3) and o is an orthogonal involution on
A. Assume the discriminant of o is trivial, hence the center of the Clifford algebra C'(A4, o) is
the split étale algebra F' x F. Therefore, C'(A, o) decomposes as

(11) C(A,0) ~CT (A 0) x C~(4,0)

for some central simple F-algebras CT(A, o), C~(A, o). These algebras satisfy
2[CT(A,0)] =2[C~(A,0)] = [A] and [CT(A4,0)] +[C~(A,0)] = 0 if n is odd,
2[CT(A,0)] =2[C(A,0)] =0 and [CT(A,0)] + [C™(A,0)] = [4] if n is even.
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Let C be the center of G. This group embeds in the center of C(A4,c), and we have

O~ m if n is odd,
| e X po  if n is even.

For the following statement, we fix such an isomorphism. If n is even, this amounts to fixing an
isomorphism (11); we then have H(C) = H'(u2) x H'(uz). For every field extension L/F, the
elements in H'(L,C) may then be represented as pairs (( 1), (z7)2), where 2T, = € L*.

Theorem 1.14. Ifn is odd, the group I (Spin(A, o)) is generated by the invariant v: H'(p4) —
H3(Q/Z(2)) such that for every field extension L/F and every x € L*,

LL((LC)4) =X [C+(A,O')L].

If n is even, the group I(Spin(A,o)) is generated by the invariant v: H'(ug) x H'(p2) —
H3(Q/Z(2)) such that for every field extension L/F and every x™, x~ € L*,

v [CT (A, o)) +a~ - [C7(A,0)1] if n=2mod 4,

() = {x+ (O~ (A o))+ 2 [CH(A,0)] ifn=0mod 4.

The proof is given in section 4.2.

1.4.6. Outer type D,,. Suppose the characteristic of F' is not 2, and let G = Spin(A4, o) where
A is a central simple F-algebra of degree 2n (with n > 3) and ¢ is an orthogonal involution on
A. Assume the discriminant of ¢ is not trivial, hence the center of the Clifford algebra C'(A, o)
is a quadratic field extension Z of F. The center C' of Spin(4,0) embeds in Rz, p(Gy,) and
we have

o Ha[z) if n is odd,
N Rz p(p2) if n is even.

Theorem 1.15. If n is odd, I(Spin(A,a)) is gemerated by the invariant t: Hl(u4[z]) —
H3(Q/Z(2)) such that for every field extension L/F and every x € L*, y € (Z @p L)* with
Nzor/(y) = o,

v ((x,y)a) =@ [AL]+ Nzgrn(z - [C(A,0)zeL])

where z € (Z @p L)* is such that yz~2 = zz~ 1.
If n is even, the group I(Spin(A,U)) is generated by the invariant . H' (Rz/F(/,LQ)) —
H3(Q/Z(2)) such that for every field extension L/F and every x € (Z ®p L)*,

3 ((a:) ) - Nzerp(x-[C(A,0)]) ifn=2mod4,
L) = Nporyn e [C0)) i n=0mod 4.

The proof is given in section 4.3.

Remark. In all the cases discussed above, it turns out that the Brauer classes which appear in
the formulas for the invariants are Tits algebras associated with representations of the group
(see [5, §27]). In fact, these formulas can be rewritten in a more compact form by making use
of the Tits class of the group, see section 5.
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1.5. Applications. Let G = G/C be the adjoint group corresponding to the simply connected
absolutely simple group G over F'. The cohomology sequence associated to

1-C—-G—G—1
yields an exact sequence
G(F) % HY(F,C) = HY(F,G).
Proposition 1.16. For every invariant v € I(G), the map vp vanishes on 0(G(F)).
Proof. This is clear, since ¢t o d factors through i, 0 9 = 0. O

For groups of type A,, C,, (with n odd) or D,,, we thus get some restrictions on the image
of 0, which may be regarded as a kind of generalized multiplier map, see [5, §31]. In the rest of
this section, we make this result explicit for the various types of groups.

1.5.1. Inner type A,_1. With the notation of section 1.4.1, we have G = SL(A) and G =
PGL(A). Let PGL(A) = PGL(A)(F') denote the group of rational points. The map

9: PGL(A) — F*/F*"

carries g - F* to (Nrda(g)),, for g € A% (see [5, p. 424]), and Proposition 1.16 takes the
following form:

Corollary 1.17. For all g € GL(A) = A%,
Nrda(g)-[A] =0  in H*(F,Q/Z(2)).
This property is known, see [6].
1.5.2. Outer type A,_1. With the notation of section 1.4.2, we have G = SU(B, 1) and G =

PGU(B, 7). For every similitude ¢ € GU(B, 1) (= GU(B, 7)(F)), let u(g) = 7(g)g € F* be
the multiplier of g. The map

0: PGU(BvT) - HI(F7 ,u'n[K])
carries g - K* to (u(g),Nrdp(g)), for g € GU(B, 1), see [5, p. 424].
If n is odd, Proposition 1.16 applied to the invariant of Theorem 1.10 yields
Nk r(Nrdp(g) - [B]) =0 for all g € GU(B, 7).

This also follows from Corollary 1.17.
Suppose n is even, n = 2m. Taking the reduced norm of each side of the equation u(g) =
7(g)g, we see that

1(9)*™ = Ng,r(Nrdp(g)),

hence there exists z € K such that 227! = u(g)~™ Nrdg(g). Applying Proposition 1.16 to
the invariant of Theorem 1.11, we obtain:

Corollary 1.18. For g € GU(B, 1),
wu(g) - [D(B,7)] + Ngyp(z- [B)) =0 in H*(F,Q/Z(2)).

Example 1.19. Let (4, o) be a central simple algebra with orthogonal involution of degree n =
2m. Let disco = dF*? and consider B = A®p F(1/t), where t is an indeterminate over F. Let
7 be the unitary involution on B which restricts to o on A and such that 7(v/t) = —v/t. By [5,
(10.33)], we have

[D(B,7)] = m[A] +[(t,d) .
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Let ¢ € GOT(4,0) C GU(B,7). We have Nrdg(g) = Nrda(g) = u(9)™, hence we may take
z =1 in Corollary 1.18 to get

u(g) - (m[A] +[(t,d)r]) =0 in H®(F(t),Q/Z(2)).
If m is even, then m[A] = 0; if m is odd, then m[A] = [A] and since u(g)™ = Nrd4(g) it follows
that mpu(g) - [A] = 0. Thus in each case we have
1(g) - [(t,d)p] = 0

and since ¢ is an indeterminate over F' it follows that (u(g),d)r is split.
Suppose next g € GO™(A,0) C GU(B,7). Then Nrdg(g) = —u(g)™, hence we may take
=/t in Corollary 1.18. We thus obtain

(12) p(g) - (m[A] + [(t,d)F]) + (=) - [A] = 0.
If m is even we have m[A] = 0, and the equation —p(g)™ = Nrd 4(g) shows that (—1)-[A] = 0.
Since ¢ is an indeterminate, (12) yields [A] = [(u(g),d) r] by comparing residues at ¢.

If m is odd, the equation —u(g)™ = Nrda(g) yields u(g) - m[A] = (=1) - [4], and (12) again
yields [A] = [(u(g), d) ]-

In conclusion, we have proved:
0 ifgeGOT(4,0),
[A] if g € GO™(4,0).
This generalizes a theorem of Dieudonné on the multipliers of similitudes of quadratic forms.
This generalization was first observed in [7, Theorem A] (see also [5, §13C]).

1.5.3. Type D,,. Let A be a central simple algebra of degree 2n over a field F' of characteristic
different from 2, and let o be an orthogonal involution on A. Let Z be the center of the Clifford
algebra C'(A,o) and o be the canonical involution on C'(A, o). (We allow the possibility that
Z ~ F x F.) For G = Spin(4,0), we have G = PGO™(4,0). We denote by PGO™ (A4, o)
the group of rational points of PGO™ (A, ). An extended Clifford group Q(4,¢) and a map
X': A, 0) — PGOT(A,0) which is an analogue of the vector representation Spin(4,c) —
O™ (A, o) are defined in [5, §13B].

Suppose n is even. The map

9: PGOY(A,0) = H'(F,Rz/r(p2)) ~ 2%/ 2**

is described in [5, (13.32)] (where it is denoted by S). For g € GO"(4,0), d(g) = p(w) - Z*2
where w € (A, o) is such that x'(w) = g, and p(w) = o(w)w € Z*. Proposition 1.16 takes the
following form, with the invariant of Theorem 1.14 or 1.15:

Corollary 1.20. For g € GO'(4,0),
Nz (0(9) - [C(A,0))) =0 ifn=2mod 4,
Nz/p(0(9) - [C(A,0)]) =0 if n=0mod 4.
In particular, if g € O (A4, a)(F) then 9(g) is the spinor norm Sn(g), see [5, (13.33)]. Since
Nz/r(IC(A,0)]) = Nz/r([C(A,0))) = [A]
we obtain
Sn(g) - [A] =0 for g € 07 (A, 0).

This also follows from the fact that spinor norms are reduced norms up to squares, see [8, §6].
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Suppose n is odd. The map
d: PGO™(A,0) — H'(F, pajz)
is described in [5, (13.35)]. For g € GOT (4, 0),
9(g) = (u(w), p(w)*2z™")a

where w € Q(A, ) is such that x'(w) = g and z € Z* is such that z7'w? is an element of the
Clifford group mapped onto u(g)~'g? by the vector representation. Proposition 1.16, applied
with the invariant of Theorem 1.14 or 1.15, thus takes the form

Corollary 1.21. For g € GO"(4,0),
w(w) - [A]+ Nzyp(z - [C(A,0)]) = 0.
If g € OT(A,0), then we may choose w in the Clifford group, hence we may choose z = 1.

Moreover, [5, (13.36)] shows that p(w) is then the spinor norm Sn(g). Thus, as in the preceding
case,

Su(g) - [4] =0 for g € OT (4, 0).

2. INVARIANTS OF QUASI-TRIVIAL TORI

In this section, we give a proof of Theorem 1.1. Recall that A is an étale algebra over an
arbitrary field F'. For brevity, we denote by

T4 = GL(A) = Ra/r(Gm)
the torus of invertible elements in A. Clearly, for any two étale F-algebras A, B,
T4*B =74 % T8,

Moreover, the group homomorphism a? defined in section 1.1 satisfies a**B = a? @ .

2.1. Cycle modules and Chow groups. Let M be a cycle module over F';, X a scheme over
F (separated, of finite type). In [10, Sec. 5] the group of classes of cycles AP(X, My) with
coefficients in M is defined as the homology group of a complex

P Mipi(F(2)) = P Map(F2)) = P Mapa1(F(x)).
zeXpP—1 reXP reXp+l
For an open subscheme U C X there is a localization exact sequence associated with the
pair (U, X):
0 — A%X, My) — AU, Mg) 2 A%(Z, My_1) — AY(X, Mg) — ...

where Z = X \ U is of codimension 1.

The Chow groups are contravariant with respect to morphisms of smooth schemes (the
corresponding homomorphisms of the Chow groups are called the inverse images).

Let X be a smooth scheme over F. The structure morphism 4 : X — Spec(F') induces

i* : My(F) = A°(Spec(F), M) — A°(X, My).
Any point p : Spec(F) — X gives

p*: A%(X, My) — A%(Spec(F), Ma) = Ma(F).
Clearly, p* o i* = Id. Thus we have a decomposition

AY(X, My) = My(F) @ A (X, My),
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where o
A (X, My) = ker(p*).
If X is an algebraic group we will consider such a decomposition with respect to the unit p of
the group.
The homotopy invariance theorem [10, Prop. 2.2] states that the canonical homomorphism

My(F) — A°(A', My)

is an isomorphism and
AY(AY, My) = 0.
Example 2.1. The localization exact sequence for the pair (G, Al),
0— A°%AL My) — A%(Gy, My) 2 A%(Spec F, My_y) — A(AY, M,)

and the homotopy invariance property show that the boundary homomorphism 0 induces an
isomorphism

—0

A (Gm, Md) >~ Md_l(F).
In fact, this isomorphism is the inverse to a. Indeed, by the multiplicative property, it is

sufficient to check the property in the case d = 1 and M = K the Milnor’s K-theory. But in
this case the property is evident.

The boundary homomorphisms 0 have a nice functorial property.

Proposition 2.2. ([10, Prop. 4.4]) Let h: Y — Y’ be a flat morphism of schemes of constant
relative dimension, Z' C'Y' a closed subscheme, U' =Y'\ Z'. Set Z = h=1(Z"), U = h=1(U").
Then the following diagram is commutative

AU M) —2 s A2 M)

! !

AU, M) —2— A%(Z, My_y)
(here the vertical homomorphisms are the inverse images and the horizontal ones are the bound-
ary maps associated to the pairs (U',Y") and (U,Y)).

2.2. The scheme S“. We consider the torus T as an open subscheme in the affine space
A(A) of the algebra A. Let Z4 be the complementary closed subscheme in A(A). The purpose
of this section is to define an open subscheme S4 C Z4.

Consider first the split case A = F™. Then T4 = G," is an open subscheme in A(A) = A"
and the closed subscheme Z# C A" is given by the equation X;X5...X,, = 0. Denote by S4
the open subscheme in Z4 consisting of n-tuples (21,2, ...,,) such that exactly one of the
x; is zero. In other words, S4 is obtained from Z# by removing all pairwise intersections of
the hyperplanes in A™ given by X; = 0. Equivalently, S is the smooth locus of Z4. Clearly,
S4 is the disjoint union of n copies of the torus G," . We will consider S# as a torus over
Spec(A).

Let us give an algebraic description of S# in the split case. We have Z4 = Spec C' where

C=F[X,Xo,.... X,/ (X1 X5 Xp).
Let s be the class in C' of the following polynomial:

ZHXl"')?j"'X”'

i=1 j#i
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We set
SA = Spec Cy
(C, is the localization of C by s). Thus S4 is a principal open subscheme in Z4. Let C? be
the Laurent polynomial ring
FIX{F X X,

Denote g; the ring homomorphism
Cy—C f(X1,..., Xiy ., Xp) — f(X1,...,0,...,X,).

Then the collection (g;) defines an isomorphism

C, ~ f[lC'i,

i.e. S4 is indeed a disjoint union of n copies of an (n — 1)-dimensional split torus, so that S4
is a scheme over A = F. The unit elements of all tori Spec C* give rise to the unit element of
S4, a morphism Spec A — S4.

In general, when the étale algebra A of dimension n is not necessarily split, we have an action
of the absolute Galois group I' on the set of indeterminates X; above by permutations. (Etale
F-algebras correspond to finite I'-sets and we identify the set corresponding to A with the set
of indeterminates.) We have

T4 = Spec(Fsep[Xli,X;,...,Xf])r,
A(A) = Spec(FaeplX1, Xa, ..., X,])"

r r
Z4 = Spec(Fuep[ X1, Xo, ..., Xn) /(X1 X2... X,))" = Spec(Csep) -
The element s is I'-invariant. We define

54 = Spec(Ciep)L.

?

Also,
SA = Spec(H(C )sep)
i=1
where I' acts naturally by permutations on the factors of the product in such a way that
(FMF = A.

Thus, A is a subalgebra in (Cscp)g and hence the scheme S4 is equipped with a structure
morphism

SA4 = Spec A
of a scheme over A. As above, there is the unit point

Spec A — S4.

Hence we have a canonical presentation

(13) AY(SA M) = My(A) & A°(SA, M,).
If A and B are two étale F-algebras, then
S4B — g4 » T8 4 74 x §B

(here + stands for the disjoint union).
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2.3. Definition of 34. We define in this section a homomorphism
A v (T4, M) — My_1(A)

and prove later that 5 is the inverse of a*. The homomorphism 4 is a composition of three
homomorphisms. The first is the embedding

BA: Ty (T4, M) — A (T4, My)
[9, Theorem 2.3, Lemma 1.9] given by evaluation of invariants at the generic point of T4.
The second homomorphism is the restriction of the connecting homomorphism associated to
the pair (T4, A(A)),
pats AT, My) L A%(Z4, Mya).
Lemma 2.3. 33 is injective.

Proof. Consider the localization exact sequence for the pair (TA7 A(A)):

A°(A(A), My) — AT, My) 2 A%(ZA, My_y).

By homotopy invariance, the first term is canonically isomorphic to My(F') and hence the first
homomorphism in the sequence is the canonical embedding of My(F) into A°(T#, M), whence
the result. O

The third homomorphism is the restriction (inverse image) to the open subscheme S4 C Z4,
B AY(ZA My_q) — A°(SA, My_y).

The exactness of the localization sequence for the pair (S4, Z 4 implies that B4} is also injective.
We then set

B =B o pfo B v (T4, M) — A°(SA, My_1),

and we proceed to prove that the image of this map is in My_1(A). The map 34 may then be
defined as BA viewed as a map Invd(TA7 M) — Mg_1(A).

— —A
We make some preliminary observations on the map . First, it is clear that 8~ commutes
with base field change and norms under finite field extensions. Next, suppose A and B are étale
F-algebras. Since S4B = §4 x T8 4 T4 x SB, we have

(14) AY(SAXB My 1) = A%(SA x TB My 1) @ A°(T4 x S, My_,).

The inverse images with respect to the projections S4 x T8 — §4 and T4 x SB — S8 define
the right vertical map in the diagram

d/A d(mB 3*ep” 0/ QA 0/¢B

Inv® (T4, M) @ Inv*(T°, M) ———— A°(S4, My_1) ® A°(S®, My_1)

o | 1

SZAXB

Inv(TAXE | M) AN AO(SAXB My ).

Lemma 2.4. Diagram (15) is commutative.
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Proof. The proof is quite technical. Since the roles of A and B are symmetric, it suffices to
prove commutativity of the diagram

—A
v (T4, M) s A9(S4, My_s)

! !

ZAXB
v (TAXB M) L A0(S4%B My y)

where the vertical homomorphisms are induced by the projection A x B — A.

—A
The homomorphism (° is defined as the composition of three homomorphisms, so we need
to prove commutativity of a few diagrams. The first diagram is

A
(T4, M) 2L ANTA, My)
,BfXB

Inv(TA*B M) —— AY(TA*B M,).

The horizontal homomorphisms 31 are given by the values at the generic points. The right ver-
tical homomorphism, the inverse image homomorphism, is induced by the inclusion of function
fields at the generic points [10, Lemma 12.8]. The commutativity readily follows.

The next diagram is

A A
63 o5
R

AYN(TA, My) A%(SA My_y)

| l

0/AxB By X Pop P o cAxB
AO(TAXB M) AO(SA%B My ).

Here the right vertical homomorphism is induced by the projection S4 x T® — S4 and the
decomposition (14).

First, we represent the composition (33 o B35 as the boundary map for a certain pair. Denote
A(A)" the open subset

A\ (Z4\ 87

in A(A). Then T4 is an open subscheme in A(A)" and A(A)'\ T4 = S4. By Proposition 2.2,
applied to the inclusion h : A(A)" — A(A) and closed subscheme Z4 C A(A) we get that the
composition 34 o 83" coincides with the boundary map 94 associated to the pair (S4, A(A)").
Similarly, the composition ﬁ?XB o {‘XB coincides with the boundary map 94*% associated to
the pair (S4*B A(A x B)").

Applying again Proposition 2.2 to the projection h : A(A)’ x TB® — A(A)’ and the closed
subscheme S4 C A(A)" we get the commutative diagram

ATA, M) —2 0S4, M)

AO(TAXB,Md) L} AO(SA X TB,Md—l)

where 04 (resp. 0) is the boundary map with respect to the pair (S4, A(A)’) (resp. (S4 x
TB A(A) x TB)).
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Again, by Proposition 2.2 applied to the open embedding h : A(A) x T? — A(A x B)" and
the closed subscheme S4*P C A(A x B)' we get the commutative diagram:

6A><B

AO(TAXBaMd) AO(SAXB7Md—1)

l

AV TAXB My —2 5 A0(SA x TB, My_y).

The combination of the last two diagrams gives the commutativity we need. O

Let A= Ly x--- x L be the decomposition of an étale F-algebra A into a product of fields.
The height of A is the maximum of the degrees [L; : F]. Thus, the height of A is 1 if and only if
A splits. The following proposition gives the final step in the definition of 34. It will be proved
by induction on the height of A.

Proposition 2.5. For any étale F-algebra A,
5 (v (T4, M)) € My (A).

Proof. Consider the composition

A v (T4, M) 2 A9(SA, My_y) — A°(SA, My_1),

where the second homomorphism is the natural projection. To prove the proposition, it suffices
to show that v4 = 0. Arguing by induction on the height of A and using Lemma 2.4, we may
assume A = L is a field. If L = F, then S4 = Spec F', My 1(A) = A°(S4, M,_;), and the
claim is clear.

If L # F, we extend scalars to L and use the fact that AQr L = A x A’ for some algebra A’,
so the height of A ®p L is less than the height of A. By induction, the bottom homomorphism
in the commutative diagram

A

v (T4, M)~ A(S4, My1)

| l

v (T4),, M) 2% 20 (54, Mys)

is trivial. It remains to notice that the right vertical homomorphism is injective: this is because
(S4) is a union of two varieties, one of which splits off a copy of S since AQpL = Ax A’. O

2.4. Proof of 34 = (a?)~!. Since $4 is injective, as it is the composition of three injective
maps, it suffices to prove that 34 o a? = Id. We prove this by induction on the height of A. By
Lemma 2.4, we may assume that A = L is a field. If L = F then by the multiplicative property
it is sufficient to consider the case where d = 1 and M = K is Milnor’s K-theory. In that case
the statement is obvious.

Since the height of the étale algebra A® g L over L is less than the height of A, the composition
in question for the algebra A ® p L is the identity by induction. The homomorphisms « and
commute with the norms for the field extension L/F, and the norm homomorphism

Md_l(A KRp L) — Md_l(A)

is surjective, since A @ L = A x A’ splits off a copy of A. The statement follows.
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3. INVARIANTS OF TORSORS UNDER ROOTS OF UNITY

In this section, we prove Corollaries 1.2, 1.4, 1.5 and 1.6. The basic tool is the following easy
lemma, whose proof is left to the reader:

Lemma 3.1. Let P 5 Q 75 R be natural transformations of functors from Fieldsr to Groups,
and let M be a cycle module over F. If for every field extension L/F the sequence

P(L) % Q(L) 2% R(L) — 1
is exact, then the following sequence is exact for every d > 0:
0 — Inv(R, M) 25 v (Q, M) = Tnv(P, M).

3.1. Proof of Corollary 1.2. The natural transformation ¢ of (1) fits in the following se-
quence

G = Gn — Hl(ﬂn)v

to which Lemma 3.1 may be applied. We thus obtain the exact sequence at the top of the
following diagram:

*

0 —>Invd(H1(,un),M) — s (G, M) ., Inv? (G, M)

O‘FT TQF
My (F) —"— Mg (F).

It is easily verified that the diagram commutes. Since the vertical maps are isomorphisms
by Theorem 1.1, Corollary 1.2 follows.

3.2. Proof of Corollary 1.4. The proof is completely similar to the preceding one. We apply
Lemma 3.1 to the sequence of natural transformations

Ri/p(Gm) = Ry/r(Gm) < H! (Ric/r(1tn)),

and obtain the exact sequence at the top of the following commutative diagram, whose vertical
maps are isomorphisms:

0 — v (HY (R p(pn)), M) —F— Tnv? (Ric/p(Gon)y M) ——s Tnv(Ric)p(Gon), M)
o] T
My (K) - My (K).

3.3. Proof of Corollary 1.5. From the exact sequence (6), we derive the sequence of natural
transformations

Ri/p(Gm) > Ri/p(Gm) = H' (fnix))

to which Lemma 3.1 may be applied. It remains to identify the map ¢ which makes the following
diagram commute:

0 — v (H (pogic)). M) —5— Tov (Rye/p(Gin), M) —2— Inv?(Rig/p(Gum), M)

| Jo

My_1(K) _f, My_1(K).
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Let L € Fieldsp. For t € (K ®p L)*, we have
(91)r(t) =t"Nggr/o(t)™™
Therefore, for u € My_1(K),
gi (@ (w): t = nNer/(t-uker) — mNker/L(Nrer/o(t) - tukeL).
By the projection formula, we have (writing simply N for Nxgr/1.)
N(N(t)-uker) = N(t)- N(uggr) = N(t- N(uxker)kerL)-

Moreover, N(uxer)keor = UksL + Uker. Therefore, the image of ¢ under gi (a(u)) can be
written as

N(t- (nuker — m(uker +Uker))) = N(t- ((m+ Dukgr — miker))-
It follows that the map £ is given by
L(u) = (m+ 1)u— mau.
To finish the proof, observe that if u € ker ¢, then
(m+ 1u=mu
hence, taking the image of each side under ~,
(m+ 1)u = mu.

These two equations are equivalent to nu = u+u = 0. Thus, for every invariant c: H* (Hn[K)) —
My, there is a uniquely determined element u € My_1(K) satisfying nu = u + @ = 0 such that
for every field extension L/F and every t € L™,

¢ ()L(t) = Nrgr/L(t - uker)-
Now, by definition we have
©* ()L (t) = (pL(t)).

If (z,y) € P(L), ie., ifx € L* and y € (K ® L)* are such that Nggr/r(y) = 2™, then
(2,y)n = pr(yz™™) (see equation (7)), hence

LL((fan)n) = W*(L)L(yxfm) = NK@L/L(y : UK@L) —mx- NK/F(U)L~

The proof of Corollary 1.5 is thus complete.

3.4. Proof of Corollary 1.6. When n is even, n = 2m, we apply Lemma 3.1 to the following
sequence of natural transformations derived from the exact sequence (8):

G XRi/r(Gm) 25 G xR p(Gm) = H (jn(])-
We thus obtain the exact sequence
(16)
0 — Inv (B (n(s)), M) 25 Tnv(Gom X B/ (Gin), M) 25 T (G X R/ p(Gom), M),
Let ¢ be the endomorphism of My_1(F x K) = My_1(F) x My_1(K) defined by
l(u,v) = (Ng/p(v), ux +mv).
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Computation shows that the following diagram commutes:

My_1(F x K) Lt My 1 (F x K)

anKl J{O‘FXK

v (G X R/ (Gin)s M) —2— Tnv (G X R/ (Gn), M).

Therefore, the exact sequence (16) shows that for every invariant v: H'(p,(x]) — Mg there
exist u € Mgq_1(F), v € Mg_1(K) satisfying Ng/p(v) = 0 and ug + mv = 0 such that for
L € Fieldsp and z € L*, z € (K® L)*,

LL((x,xsz%)n) =z-ur+ NK®L/L(Z “UKQL)-

This completes the proof of Corollary 1.6.

4. ROST INVARIANTS

In this section, we prove Theorems 1.11, 1.14 and 1.15. In each case, the idea is to reduce the
situation by scalar extension to a case where the Rost invariant has been computed. Indeed, its
functorial property implies that the Rost invariant is preserved under scalar extension, hence
I(G) is mapped by scalar extension onto I(G1,), for every absolutely simple, simply connected
linear algebraic group over F' and every field extension L/F.

4.1. Proof of Theorem 1.11. We use the notation of section 1.4.2. Let ¢ be a generator
of I(SU(B,7)). Corollary 1.6 shows that there exist Brauer classes X € Br(F) and Y €
Br(K) such that for every field extension L/F and every € L*, y € (K ®F L)* such that
Ngor/o(y) = 2",

vr((,9)n) =2 - X+ Nkor/o(z - YrsL),
where z € (K ®p L)* is such that yz~™"/2 = 2z~1. We have to show that X = [D(B, )] and
Y = [B] for a suitable choice of .

Assume first that B is split, B = Endg V for some n-dimensional K-vector space V, and 7
is the adjoint involution with respect to some hermitian form h on V. Let q: V — F be the
trace form of h, defined by g(v) = h(v,v). The description of the Rost invariant in [5, (31.44)]
shows that

LL(($7y)7l) = 63(<x>QL - QL) € H3(La ‘U2)7
where eg is the Arason invariant of quadratic forms. We have
es((z,~1) -qr) = (¥)2 Uea(qr)  in H(L, p2)
where ey is the Witt—Clifford invariant. On the other hand, by [11, p. 350%], ea(q) is the
Brauer class of the quaternion algebra (K, (—1)"/?det h), which is also the Brauer class of the
discriminant algebra D(B, 7), by [5, (10.35)]. Theorem 1.11 is thus proved in the case where B
is split.

To reduce the general situation to this case, we extend scalars to the function field E of the
transfer of the Severi—Brauer variety of B from K to F. Since the Rost invariant is preserved
under scalar extension, and since Theorem 1.11 is proved in the case where B is split, we must
have

XE:[D(B,T)E} (and YK@EZO)
Now, the map Br(F) — Br(E) is injective, by [7, Corollary 2.12], hence X = [D(B, 7).

2The formula for the Witt—Clifford invariant of ¢ in [11, p. 350] misses the (—1)™/2 factor.
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To determine Y, we extend scalars to K. For every field extension L/ K, we have L®p K =
L x L, and the restriction of the functor H 1(,un[ k]) to Fieldsy is naturally equivalent to the
restriction of H'(u,,), under the natural transformation which maps (z,y)n to (y1)n, for x € L,
y = (y1,42) € (K ®p L)* = L™ x L™ such that 2™ = y;y2. On the other hand, we have
B®p L = B x B (where By, = B®x L) and SU(B ®r L, 7 ® Id) ~ SL(Byz), and we may
use the description of I(SL(BL)) in Theorem 1.9. For a suitable choice of the generator ¢, we
may thus assume that for every L € Fieldsk, x, y1, y2 € L™ such that ™ = y,yo,

2 [D(B, 7))+ Npxryr(z1- Yo x 22- Y1) =1 - [BL]

where (z1,22) € L™ x L™ is such that (ylx_”/Q,ygx_”/2) = (z1z§17222f1). Given z; € L™, we

may set zo =x =1and y; = 21, y2 = 21 1 and the equality above yields

Z1 'YL = Z1 " [BL]
So, the invariants o (Y), o®([B]): Gn — H?*(Q/Z(2)) coincide, and by Theorem 1.1 it
follows that Y = [B].

4.2. Proof of Theorem 1.14. We use the same notation as in section 1.4.5.

4.2.1. Suppose n is odd. The center of Spin(A4, o) is then p4, and, by Corollary 1.2, for any
generator ¢ of I(Spin(A,)), there exists X € Br(F) such that for L € Fieldsp and = € L*,

LL((CC)4) =z -Xg.

We have to show that X = [CT(A4,0)] for a suitable choice of ¢.

Consider first the case where A is split, A = Endg V for some 2n-dimensional F-vector space
V and o is the adjoint involution of some quadratic form ¢ on V of trivial discriminant. From
the description of the Rost invariant of Spin(V, q) in [5, (31.42)], it follows that for L € Fields p
and z € L™,

1 ((2)1) = es((x)qr — qr) = (2)2 Uea(q)r

where, as in the preceding section, es denotes the Arason invariant and ey the Witt—Clifford
invariant. Since ¢ has trivial discriminant, the Clifford algebra of ¢ is Brauer-equivalent to any
of the two factors of its even Clifford algebra, so

e2(g) = [CT (Endp V,0)]

and the theorem is proved in this particular case.

The general case is reduced to the case where A is split by scalar extension to the fuction
field E of the Severi-Brauer variety of A. Thus, Xg = [C"(A,0)g|. Since the only nontrivial
element in the kernel of the scalar extension map Br(F) — Br(F) is [4], it follows that

X =[C"(A,0)] or X=[CT(A ) +][A].
However, we have [A] = 2[C(4,0)], so
[CT(A,0)] +[A] =3[CT(A,0)]  (=[C(4,0)]).

Therefore, substituting 3t = — for ¢ if necessary, we may always assume X = [CT (A, 0)].
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4.2.2. Suppose n is even. The center of Spin(A, o) is then ps X pg. By Corollary 1.3, for any
generator ¢ of I(Spin(A,J)) there exist X+, X~ € Br(F) satisfying 2X+ = 2X~ = 0 such
that for L € Fieldsp and (x*,27) € L* x L*,

() (7)) =0 X e X
We have to show that X* = [C*(A,0)] if n = 2mod 4 and X* = [CT(A,0)] if n = 0 mod 4,
for a suitable choice of ¢.

If A is split, A = Endg V for some 2n-dimensional F-vector space V and o is the adjoint
involution of some quadratic form ¢ on V' with trivial discriminant, then we may use the explicit
description of the Rost invariant of Spin(g) in [5, (31.42)]. We thus obtain

LL(($+)27 (ff_)z) =e3({z7a7)qr —qr) = (727 )2 Uea(q)r-
As in the preceding section, we have

e2(q) = [CT(A,0)] = [C™(4,0)],

so the proof is complete in the case where A is split.
For the rest of this section, we assume A is not split. The next lemma yields a first relation
between X* and X .

Lemma 4.1. X* 4+ X~ = [4].
Proof. Consider the exact sequence
1 — py — Spin(4,0) 5 01 (4,0) — 1.

The kernel po of the vector representation x is diagonally embedded in the center po X g of
Spin(4,0), and the Rost invariant on the image of H'(F, u2) is known from [5, p. 441]: it is
the cup-product with [A], see the appendix. Therefore, for L € Fieldsp and x € L*,

v ((x)2, (2)2) = 2 - [AL],
hence

z-(X§+X;)=x-[AL).
Thus, the invariants of' (X + X7) and o ([4]): G, — H?*(Q/Z(2)) coincide, and Theo-
rem 1.1 shows that X+ + X~ = [A]. O

The rest of the proof proceeds by reduction to the case where (A, o) is hyperbolic. In this
case, one of the Clifford factors C'y (4, o) is split, by [5, (8.31)]. The factors are not both split,
since their tensor product is Brauer-equivalent to A by [5, (9.14)].

Lemma 4.2. Suppose (A,o) is hyperbolic of degree 2n = 4m and CT(A, o) is split. The
image of the connecting map PGOT (A, o) — H(F, po) x H'(F, p2) in the cohomology sequence
associated with

1 — pp X pz — Spin(4,0) — PGO1(A,0) — 1
contains ((A™)2, (A™*1)2) for all X € F*.
Proof. Since (A, o) is hyperbolic, there is an idempotent e € A such that o(e) = 1 —e. As
in [5, §8.E], let p(e) = c(ede)™ C C(A,o), where ¢c: A — C(A,0) is the canonical map.
The set p(e) is a 1-dimensional F-vector space, and the left multiplication map C(A,c) —

Endr(C(A,o)p(e)) is onto with nontrivial kernel. This map therefore factors through an iso-
morphism

(17) C*(A,0) = Endp(C(A,0)p(e))
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(since CT (A, o) is split and C~ (A4, ) is not).

Now, fix A € F* and let ¢ = e\ 4+ (1 — e). Computation shows that o(g)g = A, hence
g € GO(A,0). We claim that the induced automorphism C(g) of C(A,o) restricts to the
identity on the center of C'(A4,c) and to multiplication by A™ on p(e). It suffices to prove the
claim after scalar extension to a splitting field of A. We may thus assume that A = Endp V'
for some F-vector space V, that ¢ is adjoint to a hyperbolic quadratic form g on V', and that
e is the projection onto a totally isotropic subspace U C V, parallel to some totally isotropic
complement W C V. Let uy, ..., u, be a basis of U and ws, ..., w, be the basis of W such
that g(u; + w;) = 6;5. Then p(e) = u; ... u, F and the center of C(A, o) is spanned by 1 and
(u1 +wi)(ug —wy) -+ (up — wy). The automorphism C(g) of C(A,0) = Co(V,q) maps vy - va
to A1g(v1) - g(v2), and g restricts to multiplication by A on U and to the identity on W. The
claim then follows from a straightforward computation.

It follows from the claim that g is a direct similitude, and that C(g) restricts to an F-linear
map g.: C(A,0)ple) — C(A,0)p(e). Let wt € CT(A, o) be the preimage of g, under the
isomorphism (17), i.e., an element such that (w™,0) € CT(A4,0) x C~(A,0) = C(A, o) satisfies
(wr,0) - & = g. (&) for all £ € C(A,0)p(e). Since C(g) is an automorphism, we have

(@ru(w®),0) € = (Clo)(w),0) € for ue O (4,0), & € C(A,0)p(e),

hence C(g) = Int(w",w™) for some w~ € C~(A,0). By definition, the image of gF* €
PGO™ (A4, o) under the connecting map to H'(F, p2) x H*(F, p2) is ((c(w)w™)a, (c(w™)w™)2),

where ¢ is the canonical involution on C(A, o). The restriction of ¢ to CT(A, o) corresponds
under (17) to the adjoint involution with respect to the bilinear form

b: C(A,0)p(e) x C(A, 0)p(e) — ple)

defined by b(&,n) = a(£)n, see [3, p. 334]. Since g. is the restriction of an automorphism
of C(A,0) and since it restricts to multiplication by A™ on p(e), it is a similitude of b with
multiplier ™, hence o(w™)wt = A™. On the other hand, Proposition (13.33) of [5] yields

agwhwt g(w )w™ =o(g)g mod F*?,

= (ALY, O

w

hence (g(w*)w’)2

Corollary 4.3. If (A, o) is hyperbolic of degree 2n = 4m and CV(A, o) is split, then X+ =0
if m is odd and X~ =0 if m is even.

Proof. For every L € Fieldsy, the map vy, vanishes on the image of PGO™ (AL, o), since this
image becomes trivial in H*! (L, Spin(A4, 0)). From Lemma 4.2, it follows that for all A € L*,

N XF AT XD =N (mX S+ (m+ 1) X)) =0.

Therefore, the invariant o (mX ™+ (m+1)X"): Gy — H?(Q/Z(2)) is trivial, and it follows
from Theorem 1.1 that mX ™+ + (m + 1)X~ = 0. Since 2X* = 2X~ = 0, this equation implies
that X = 0 if m is odd and X~ = 0 if m is even. O

We may now conclude the proof of Theorem 1.14. The scheme of isotropic ideals of reduced
dimension n in (A, o) has two irreducible components V™, V=, and the Brauer kernel of the
scalar extension map to F((V *) is generated by [C* (A4, 0)], see [7, Corollary 2.11]. The preceding
corollary therefore yields

Xt =0or XT =[C"(A,0)) if m is odd
X" =0o0r X~ =[CT(A,0)) if m is even.
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Similarly, interchanging 4+ and —, we have
X" =0o0or X~ =[C(4,0)] if m is odd
XT=0o0or XT=[C"(A,0)) if m is even.
Taking into account the relation between X+ and X~ in Lemma 4.1, the only solution for X,

X s XT=[CT(A,0)], X~ =[C(A,0)]ifmisodd and X = [C™(A,0)], X~ = [CT(A,0)]
if m is even. The proof is thus complete.

4.3. Proof of Theorem 1.15. We use the notation of section 1.4.6.

4.3.1. Suppose n is odd. Let ¢ be a generator of I(Spin(A, 0)). Corollary 1.6 shows that there
exist Brauer classes X € Br(F) and Y € Br(Z) such that for L € Fieldsp and = € L*,
y € (Z®p L)* such that Nzgp/1(y) = 2*,

v ((@,y)s) =2 XL+ Nygr (2 - YzeL),

where z € (Z ®p L)* is such that yz=2 = 2z~!. We have to show that X = [A] and Y =
[C(A,0)] for a suitable choice of ¢.

The inclusion py < pujz7] induces a map H'(L, o) — H'(L, jr4;7]) which carries ()2 to
(z,2%)4 for x € L* (see [5, p. 444]). Since the Rost invariant on the image of H(L, us) is
multiplication by [A] (see the appendix), we get

i ((z,2?)g) =2 - X =2 [AL]

for x € L™, hence X = [A4].
To determine Y, we extend scalars to Z to reduce to the inner case, and argue as in section 4.1.
Observe that

C(Az,02)=C(A,0)®r Z=C(A,0) x C(4,0),
so CT(Az,07) = C(A,0). If ¢ is mapped by scalar extension on the generator described in
Theorem 1.14, then for L € Fieldsy, =, y1, y» € Z* such that z* = y,y», we have

x-[AL]+ Npwpyr(z1- Yo x 22 - Y1) = y1 - [C(A, 0) 1]
where (z1,20) € Z* x Z* is such that (y;272,y2272) = (zlzgl,zngl). Given z1 € Z*, we
may set zo =x =1and y; = 21, y2 = 21 ! and the equality above yields
z1 YL = Z1 - [C(A,U)L]
Therefore, Y = [C(A4, 0)].
4.3.2. Suppose n is even. Let ¢ be a generator of I(Spin (A, U)). By Corollary 1.4, there exists
a Brauer class X € Br(Z) such that for L € Fieldsp and z € (Z ®p L)%,
vp((2)2) = Nzgrjo(z- XzgL).

We have to show that X = [C(A,0)] if n =2mod 4 and X = [C(4,0)] if n = 0 mod 4, for a
suitable choice of «.

As in the preceding case, we extend scalars to Z to reduce to the inner case, and we observe
that

C(Az,02)=C(A,0)®r Z=C(A,0) x C(A,0).

For L € Fieldsy;, we have Z®p L = L x L under a map which carries z®¢ to (z¢,z¢). Therefore,
the formula above for ¢y, yields for 1, x5 € L™ (for a suitable choice of ¢)

LL((xl)g,(xg)Q) = NLXL/L(J:I 'XL X To YL) =X -XL —l—.]?g ~YL.
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Comparing with Theorem 1.14, we obtain

o1 Xyt e Xp = x1 - [C(A,0)L] + 22 [C(A,0),] %fn = 2 mod 4,
x1-[C(A,0) ] +22-[C(A,0)r] if n=0mod 4.
Therefore, the invariant o (X) coincides with o ([C(4, 0)]) if n = 2 mod 4, with o ([C(4, 0)])
if n = 0 mod 4, and Theorem 1.1 completes the proof.

5. TITS CLASSES

Let G be an absolutely simple, simply connected linear algebraic group over an arbitrary
field F whose characteristic is not a special prime of GG, so that the center C' of G is a smooth
algebraic group scheme. The Tits class t¢ is defined in [5, p. 426] as follows: consider the exact
sequence

1-C—-G—G—1,
where G = G/C is the adjoint group corresponding to G, and the connecting map
§: HY(F,G) — H*(F,C)

in the corresponding exact sequence. The set H'(F,G) classifies the inner forms of G; it contains
an element vg corresponding to the unique quasi-split inner form of G. We let

te = —(vg) € H*(F,C).

The Tits class tg is explicitly determined for various groups G in [5, pp. 427-428]. Consider
for instance G = Spin(A4, o) where o is an orthogonal involution on a central simple F-algebra
A of degree 2n with n even, and let Z be the center of the Clifford algebra C(A, o). Then
C = pa X pg if disco = 1 and C = Ry p(u2) if disco # 1, and the Tits class is related to the
Clifford algebra as follows:

b = ([OJF(A?O')L[Ci(A#j)]) € HQ(FMU'Q X .[142) if disco = 17

“T\IC(A,0)] € H2(F, Ry p(p2)) = H*(Z,p5) if disco # 1.

Fix an isomorphism Z @p Fiep = Fiep X Fiep, 50 that C(Fiep) = pio(Fsep) X p2(Fsep) (with

a nontrivial Galois action if disco # 1), and define a pairing C(Fyep) X C(Fyep) — Q/Z(2) as
follows:

(e1,22) (o)) o § 100+ 0202 (0= 2mod
A T1ye + xoy; if n = 0 mod 4.

The following proposition is clear:

Proposition 5.1. The generator of I(Spin(A,U)) in Theorems 1.14 and 1.15 can be written
in the form

() =€ Utc
for € € HY(L,C), where the cup-product is calculated for the pairing above.

In the rest of this section, we show that analogous results hold when n is odd, and also for
G of type A, 1 with n even. In each case, the center has the form py,,[x) for some quadratic
field extension K/F and some integer m. We may consider the restriction map

res: HQ(FaMQm[K]>_)H2(KaM2m)
and the map A, induced by the m-th power map A(z) = 2™,
A*: HQ(F7/J’2m[K])_>H2(F7/’L2)
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The following proposition was pointed out to us by M. Rost (see also [1, Proposition 2.10]):

Proposition 5.2. The map (A, res): H?(F, pomx)) — H?(F, p2) X H*(K, pom) is injective.
Its image consists of the pairs (&, 1) such that res(§) = A.(n) and cor(n) = 0.

Proof. Since H* (F, G, XRK/F(Gm)) = 1, the cohomology sequence associated to (8) yields
the exact sequence

(As,res)
-5

1= H2(F, o) Br(F) x Br(K) “22 Br(F) x Br(K).

The proposition follows. O

Corollary 5.3. For every invariant ¢: Hl(u2m[K]) — H3 (Q/Z(Q , there exists a unique ele-
ment 6 € H*(F, pom(k]) such that for every L € Fieldsg, ¢ € Hl(L7u2m[K]),

() =@ UbL.
Proof. Corollary 1.6 shows that for every invariant ¢: H'(tomx]) — H?(Q/Z(2)) there exist
uniquely determined elements v € H? (F, Q/Z(l)), veE H? (K, Q/Z(l)) satisfying ugx +mv =0
and Nk /p(v) = 0 such that for L € Fieldsp and x € L™,y € (K®pL)* with Nggr,1(y) = x2m,
LL((%Z/)zm) =x-uL+ NK®L/L(Z “VKQL),

where z € (K ®p L)* is such that y = 2™zz~!. Taking the norm of ux + mv = 0, we
get 2u = 0 since Ng/p(v) = 0, hence 2mv = 0. Therefore, we may represent u by an element
€ € H%(F, us) and v by an element 7 € H? (K, ji2,, ) such that cor(n) = 0 and res(£) +A.(n) = 0,
where \.: H?(K, pio;m) — H?(K, uz) is induced by the m-th power map. Proposition 5.2 yields
a unique element 0 € H?(F, tam(k]) such that res(f) = n and A\.(0) = &, and computation
shows that for x, y, z as above, x - up, + NK®L/L(Z - Vkgr) is represented by the cup-product
(2,y)2m U0 for the canonical pairing

Hom[K] (Fsep) X H2m(K) (Fsep) — Hem[K] (Fsep)®2 = ,UQm(Fsep)®2 — Q/Z(2).
(Observe that (z,y)2m = (z,2™)am(1, 222y and
(x7xm)2m = j*(-f)% (1; 22—1)27” = COI'/(Z)Qm,

where j, is induced by the inclusion jip <= fio,, k] and cor’: HY(K, jign) — H(F, piopmk)) is
the corestriction map.) O

Corollary 5.4. With the same notation as in Theorem 1.11,
tr(p) = ¢ Utsu(s,r)

for every L € Fieldsp and ¢ € H (L, jun(x1)-

Proof. In view of Theorem 1.11 and the proof of Corollary 5.3, it suffices to see that

res(tsu(p,r)) = [B]  and  A(tsus.n) = [D(B,7)].

This is shown in [5, (31.8)]. O

Corollary 5.5. Use the same notation as in Theorem 1.15, and assume n is odd. Then
tr(®) = @ Utspin(A0)

for L € Fieldsp and ¢ € H*(L, pa(z)).

Proof. It suffices to see that res(tspin(a,0)) = [C(A,0)] and . (tspin(a,0)) = [A]. This is proved
in [5, (31.11)]. O
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APPENDIX: THE ROST INVARIANT ON THE KERNEL OF THE VECTOR REPRESENTATION

Let A be a central simple algebra of even degree over a field F' of characteristic different
from 2, and let ¢ be an orthogonal involution on A. Consider the exact sequence

1=y 5 Spin(A4,0) 5 0T (4,0) — 1

where x is the vector representation, and let p: H'(Spin(A, o)) — H?*(Q/Z(2)) be the Rost
invariant.

The following proposition, stated without proof in [5, p. 441], is used in the proofs of Theo-
rems 1.14 and 1.15:

Proposition. For L € Fieldsp and x € L™,
p(is(z)2) =2 [AL].

Proof. The composition poi,: H'(uz) — H*(Q/Z(2)) is an invariant of H'(uz). By Corol-
lary 1.2, there is a Brauer class X satisfying 2X = 0 such that for L € Fieldsp and z € L™,
p(is(z)2) =2 Xp.
We have to show that X = [A].
If A is split, then the Rost invariant of a torsor in H* (Spin(A7 U)) only depends on its image
in H' (0" (4,0)), by [5, p. 437]. Therefore, poi, =0, and X = 0 in this case.
For the rest of the proof, we may thus assume A is not split. Let o be the canonical involution

on the Clifford algebra C(A, o), and let I'(A,0) C C(A4,0)* be the Clifford group. Let ¢ be an
indeterminate over F'. The closed subscheme V; C I'(Ap(;), o) defined by the equation

cwv=t

is a torsor under Spin(Ap (), o) which represents i, (t)2 € ! (F(L‘)7 Spin(A4, a)). Therefore, by
[2, Theorem B.11], p(i+(t)2) =t - Xp() generates the kernel of the scalar extension map

res: H°(F(t),Q/Z(2)) — H*(F(t)(Vi), Q/Z(2)).
Since ¢ is a spinor norm over F(t)(V;), and since spinor norms are reduced norms up to squares

(see [8, §6]), we have t - [Ap(;)] € kerres. On the other hand, t - [Ap ;)] # 0 since A is not split,
hence

t-[Apg] =t Xp@)-
Taking residues at ¢, we obtain [A] = X. O
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