QUARTIC EXERCISES

MAX-ALBERT KNUS AND JEAN-PIERRE TIGNOL

ABSTRACT. A correspondence between quartic étale algebras over a field and
quadratic étale extensions of cubic étale algebras is set up and investigated.
The basic constructions are laid out in general for sets with a profinite group
action and for torsors, and translated in terms of étale algebras and Galois
algebras. In the final section, a parametrization of cyclic quartic algebras is
given.

It is known since the XVIth century that the solution of quartic equations can be
obtained by means of auxiliary equations of degree 3, called cubic resolvents. The
situation is easily understood in terms of Galois theory. For any integer n > 1, let
&, denote the symmetric group on {1,...,n}. The symmetric group &4 contains
a normal subgroup of order 4, Klein’s Vierergruppe

T ={1,(1,2)(3,4),(1,3)(2,4), (1,4)(2,3)},

which is the kernel of the action of G4 on its three Sylow 2-subgroups. Numbering
from 1 to 3 these Sylow subgroups, we get an exact sequence of groups

(1) 1-0—-6456;—1.

Let F be an arbitrary field and P € F[X] be a separable polynomial of degree 4.
Let also F be a separable closure of F' and Q C F be the subfield generated by
the roots of P. The Galois group Gal(Q/F) can be viewed as a subgroup of &4
through its action on the roots of P. The subfield L of @ fixed under Gal(Q/F)NY
is generated by the roots of a cubic resolvent, as was shown by Lagrange. For a
given quartic polynomial P, there are actually many polynomials of degree 3 which
qualify as cubic resolvents; only the extension L/F is an invariant of P (or of Q).

Galois cohomology provides another viewpoint on this construction. Since G, is
the automorphism group of the étale F-algebra F* = F x --- x F it is well-known
that the Galois cohomology set H!(F, &,,) is in canonical one-to-one correspondence
with the isomorphism classes of étale F-algebras of degree n, see [3, (29.9)]. The
map p in (1) induces a map

pt: H'(F, &) — H'(F, &)

which associates to every quartic étale F-algebra ) a cubic étale F-algebra R(Q)
uniquely determined up to isomorphism. If P € F[X] is a separable polynomial of
degree 4 with cubic resolvent R, and if ) is the factor algebra Q = F[X]/P, then
R(Q) ~ F[X]/R, see §4.3.

Our first aim is to make explicit the construction of R(Q) from Q. But this
construction can be further extended. Each of the three Sylow 2-subgroups of &4
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contains two transpositions, and each transposition is in one and only one Sylow
subgroup, hence the set of transpositions can be viewed as a double covering of
the set of Sylow 2-subgroups. Therefore, the conjugation action of G4 on its six
transpositions defines a map

A 64 — 65163,

where the wreath product G5 &3 is viewed as the group of automorphisms of a
double covering of a set of three elements (see §3.1). The map A extends to an
isomorphism of groups

5\1 S, ><64:>62263,
see §4.2. The set H'(F, S5 G3) classifies the quadratic étale extensions of cubic
étale F-algebras (see §3.2), and the induced bijection

M HY(F,65) x HY(F,64) 5 HY(F, 651 65)

associates to every pair consisting of a quartic étale F-algebra Q and a quadratic
étale F-algebra a quadratic étale extension of the cubic resolvent R(Q). In §4.3, we
give an explicit construction of this quadratic extension, and we describe in §4.4 the
inverse of 5\1, attaching a quartic étale F-algebra and a quadratic étale F-algebra
to any quadratic étale extension of a cubic étale F-algebra.

In the final sections, we classify quartic étale algebras and their associated qua-
dratic extensions of cubic algebras according to their decomposition into direct
products of fields (see §5.3) and we parametrize cyclic quartic extensions.
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La recherche des extensions d’un corps k dont le groupe de Ga-
lois sur k est &4 ou %4 n’est pas autre chose, du point de vue
des algébristes du XIX® siecle, que la théorie de ’équation du 4°

degré. C’est un probleme pour lequel ces algébristes n’avaient que
du mépris. (A. Weil)

1. T'-SETS AND COVERINGS

1.1. Basic constructions on I'-sets. Let I be a profinite group, which will be
fixed throughout this section. Finite sets with a continuous action of I' are called
I'-sets. We let |X| denote the number of elements in a I'-set X. If X is a I'-set
with n elements, and k is a positive integer, k < n, we let X;(X) denote the set of
k-tuples of pairwise distinct elements of X and A (X) the set of k-element subsets
of X; thus
Se(X) = {(&,... &) € XF | & # & fori # 5},

The action of T" on X induces actions on Y (X) and Ag(X), hence Xx(X) and
Ak(X) are I'-sets, and we have

Bl =#(}) Imeoli= ;).

The symmetric group &y acts on X (X) by permutation of the entries, and we may
consider A, (X) as the set of orbits of ¥;(X) under this action, i.e. as the quotient
I'-set
Ap(X) = Ep(X) /6.
For k£ = n, we may also consider the action of the alternating group 2, on
¥, (X). The quotient is called the discriminant of X and denoted by A(X),

A(X) = Zn(X)/le

see [3, p. 291]. This is a I'-set with |A(X)| =2 if n > 2.
If n is even, n = 2m, let

vx: A (X) — A (X)

be the map which associates to every m-element subset of X its complementary
subset. Since 7% = Id, this map defines an action of &5 on A,,(X). The map vx
is T-equivariant (i.e. compatible with the action of T'), hence the quotient

R(X) = A(X) /65
is a [-set. It is the set of partitions of X into m-element subsets.
Example 1.1. If X ={1,2,3,4}, then

Ay(X) = {{1,2}, {3,4},{1,3},{2,4},{1,4}, {2,3}}

and

R(X) = {{{1,2},{3,4}}, {{1,3}, {2,4}}, {{1,4},{2,3}}}.
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If | X| = 2, the map
interchanges the two elements of X. For X, X’ two I'-sets with | X| = |X'| = 2,
the map
yx Xyx: X x X' = X x X'
defines an action of G5 compatible with the I'-action. Let
XX = (X x X')/6s,
a I-set with | X « X'| = 2. Thus, if X = {1,292} and X' = {2/, z}}, then
X+ X' = {{(le,l‘/l), (x27x/2)}a {(xhxé)? (l‘g,ﬂ?/l)}}

The following observations are clear:

Proposition 1.2. Let X, X', be I'-sets of two elements.

(a) The T-action on X * X is trivial.

(b) If the T-action on X' is trivial, then X x X' ~ X. (Note that the isomor-
phism is not canonical.)

(¢) The operation * defines a group structure on the set of isomorphism classes
of I'-sets of two elements.

See §3.2 for a cohomological interpretation of the group structure induced by .

1.2. Coverings. A morphism Y <= Z of I'-sets (i.e. a ['-equivariant map) is called
a covering if the number of elements in each fiber 7=1(n) C Z does not depend on
n € Y. This number is called the degree of the covering. Coverings of degree 2 are
called double coverings. A morphism of coverings

(Y7 &8 7)) — (Yo &2 Zy)
is a pair (o: Y7 — Ya,7: Z1 — Z5) of morphisms such that o o 7y = 79 o 7. Given
two coverings Y <= Z; and Y <= Z, of the same I'-set Y, an isomorphism over Y

is an isomorphism 7: Z; — Z5 such that m; =m0 7.
For any covering Y <~ Z let Q(Z/Y) be the set of sections of T,

Qz/Y)={{G.-- Gl CZ [ {m(Q), - m(G)} =Y} C An(2).
This is a I'-set with |Q(Z/Y)| = d™. If d = 2, the morphism
Vz: An(Z) — An(2)
preserves Q(Z/Y") and induces a G-action compatible with the action of T'. Define
S(Z/Y)=QZ]Y)/6a.

Note that every double covering Y <~ Z has an involutive automorphism Vz)Y
which is the identity on Y and interchanges the two elements in each fiber of .
Thus, for {(1,...,(u} € QZ/Y),

’YZ({Cla .. 7<m}) = {7Z/Y(C1)7 s a’YZ/Y(Cn)}

Example 1.3. Let Z = {21, 2}, 22, 2}, 23, 24}, Y = {1,2,3}, and let Y <= Z be the
map which carries z; and z; to ¢ for ¢ = 1, 2, 3. Then

Q(Z/Y) = {{21,22723}, {Zlazéazé}v {Zi,ZQ,Zé}, {21,25723},

{ZL Zl27 Zé}’ {Zi’ 22, 23}7 {Zh Zéa Z3}a {Z17 22, Zé}}
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and
S(Z/Y) = {{{21,22,23}, {Zi,Zé,Zé}}, {{Zlazéwzé}v {2/1722;23}}7
{{21722’Zé}a {Zl,Zé,Zg}}, {{23525723}7 {ZlaZQaZé}}}'

Let Y <& Z be an arbitrary double covering of a I'-set Y of n elements, so
|Z| = 2n, and let {(¢1,...,(n} € Q(Z/Y). Even though the n-tuple ((i,...,(,) is
not uniquely determined by the set {C1,...,(,}, it turns out that the orbit

(Cla s aCTL:’YZ/Y(Cl)v s 77Z/Y(Cn))gl2n

is well-defined, since every permutation of (1, ..., (, induces a corresponding permu-
tation of 77,y (C1),---,7z/v (Cn), and the resulting permutation of the 2n elements
C1,---572/v(Cn) is necessarily even. Therefore, we may define

S Ga}) = (Gl G 12y (G 12y (6)) ™ € Bon(2) /Uan = A(2)
and thus obtain a morphism of I'-sets
(2) §=46z: QZ/Y) — A(Z).
On the other hand, since S(Z/Y) is a quotient of Q(Z/Y), there is a canonical map
e: QZ/Y)—-S8(Z/)Y).
Proposition 1.4. For Y <~ Z a double covering with |Y'| = n odd, the map
(0,8): QUZJY) - A(Z)x S(Z]Y)
is an isomorphism of I'-sets.

Proof. Since the map (d,¢) is clearly I'-equivariant, and since the sets Q(Z/Y)
and A(Z) x §(Z/Y) both have 2™ elements, it suffices to show that (J,¢) is in-
jective. Suppose {(1,...,Cn}, {{1,...,C,} € Q(Z/Y) are distinct elements such
that s({(l, ce Ql}) = s({({, ce (7’1}), then {(1,...,¢.} = ’72({(1, . ,Cn}) and

we may assume the elements are numbered in such a way that 7(¢}) = 7({;) (i-e.

¢i = vz/v(G)) for i = 1,...,n. Since the permutation which interchanges ¢; and
¢/ fori=1,...,n is odd, we have

(Ch._.74‘”7({’__.74'7/74)9[271 7& (<{a"'a<7/z7C17-~-7Cn)Q[2n7
hence §({C1,--,Ca}) #6({C1, -+, ¢ Y)- O

IfY & Zand Y < Z’ are two double coverings of the same I'-set Y with n
elements, consider the fiber product

Zxy 2 ={((.¢)eZx 2 | n(¢) =7 ()} C Zx 7.

The group &, acts on Z xy Z' by mapping (¢,(’) to (vz/v(¢), vz /v ((')). Let
Z*y Z/ = (Z Xy Z/)/GQ.

The canonical map Y Jxr Z Xy Z' induces a map

Y & gy 7

which is a double covering. In particular, for any I'-set X of two elements and any
covering Y <= Z of degree 2, we may consider

T *TT

Y T (XX Y)xy Z
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where Y <2 X x Y is the projection map. Abusing notation, we write simply
Y X7
for this double covering. The proof of the following easy proposition is omitted:

Proposition 1.5. Let X be a set of two elements with trivial T'-action, and let
Y <& Z be a double covering.

(a) The coveringY <= Z %y Z is isomorphic to Y <= X x Y.

(b) The covering Y <~ X x Z is (non-canonically) isomorphic to Y < Z.

(¢c) The operation =y defines a group structure on the set of isomorphism
classes over Y of double coverings of Y. The neutral element is the iso-
morphism class of Y <= X x Y.

Proposition 1.6. Let Y <~ Z and Y < Z' be two double coverings. There is a
canonical isomorphism A(Z xy Z') ~ A(Z) « A(Z').

Proof. Recall from (2) the map
bz: QZIY) — A(Z)

defined for any double covering Y <~ Z of a I'-set Y with |Y| = n. In the sequel,
we write simply 0z(z1,...,2) for dz({z1,...,2,}). For w, ' € Q(Z/Y), we have
dz(w) = dz(w') if and only if [wNw'| = n mod 2. In particular, the map 0z is onto.
Let Y & Z and Y ul Z' be two double coverings of Y. Denote simply by ~ the
canonical automorphisms vz,y and vz/,y and also the canonical automorphisms
of A(Z) and A(Z"). For {z1,...,2n,} € QZ/Y) and {z],...,2,} € QZ'/Y), we
have

0z(Z1, 22, -, 2n) = 0z(21, 22, -, 2Zn)

and, similarly,

Sz (2], 2y 2h) =070 (2], 2y, 2L).

Therefore, the element
{((5Z(21, cozn ) 0z0(21, . 2), (02 (21, ooy 20), 020 (2L, . ,zg))} e A(Z)xA(Z')

depends only on

w={{C1, ), D} {2, G Z)} } € UZ 2y 2)Y).
We thus have a canonical map
v UZxy Z']Y) — A(Z) x A(Z').
If ' € Q(Z *y Z']Y) is obtained from w by substituting

{(21»2% (71’ Zi)} for {(317'21)7 (ZaZ)}a

then ¢ (w) # ¥ (w’), hence 9 is onto. On the other hand, if w’ is obtained from w by
an even number of changes as above, then 1(w) = ¢ (w’). Therefore, ¥ (w) = ¥ (w’)
if lw Nw'| = n mod 2, and it follows that ¢ factors through the map

5Z*yZ’: Q(Z *y ZI/Y) — A(Z *y ZI)

This completes the proof. O
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For later use, we record another case where the map § of (2) can be used in the
computation of a discriminant. Let X be a I'-set of two elements. For any I'-set Y,
we may consider the double covering Y <2 X x Y given by the projection.

Proposition 1.7. If | X| =2 and |Y| is odd, the composition of the I'-equivariant
map
1 X = QX xY/Y), Uz) = {(z,y) |y €Y}
and
(5X><y1 Q(X X Y/Y) — A(X X Y)
defines an isomorphism
Jour: X S AX xY).
Proof. Since |Y] is odd, we have

§ou(vx(x)) =va(xxy) (60 () for z € X.

Therefore, § o ¢ is surjective, hence bijective. O

Proposition 1.8. Let X be a I'-set of two elements, and let Y <~ Z be a double
covering. There is a canonical isomorphism

S(Z)Y)~S(X«Z/Y).

Proof. For simplicity of notation, let X = {+,—} and denote by ~ the canonical
automorphism 7z /y . We may then identify X *Z with the set of formal polynomials

¢ =, for ¢ € Z. Note however that the I'-action on these polynomials is not linear,
since I' may act non trivially on {+,—}. The structure map Y « X % Z carries
¢ — ¢ to w(¢) = 7(C). Therefore,

QX *2/Y)={{&G = C s G — G}t [ {m(C1), -, (G)} = Y}
and
S(X*xZ/Y) =
{{{gl757"'a<n7§_n}7{<.—17<1a"'3<_n*<.n}} | {Tr(<1)aa7r(<n)}:Y}
On the other hand,

S(2/Y) = {{{G. - Gh A, G (), 7 (G)} =Y )
The map
{{Cla-”aCn}a{C_la'--vC_n}} = {{Cl _C_lv"'7<n_C_n}a{c_l_clw"ac_n_cn}}
is a T-isomorphism S(Z/Y) = S(X x Z/Y), whatever the action of I on {+, —} is.
O
2. ETALE ALGEBRAS AND EXTENSIONS

In this section, F'is an arbitrary field. We denote by F a separable closure of F'
and let I' = Gal(F;s/F). A finite-dimensional F-algebra E is called étale if EQp Fs
is isomorphic to a split Fs-algebra Fy x --- X Fs. For any étale F-algebra E of
dimension n, the set of F-algebra homomorphisms

X(E) = Homp_alg(E, FS)

is a I'-set of n elements since I' acts on Fj.
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Conversely, starting from a I'-set X with |X| = n, we may let I act by semi-linear
automorphisms on the Fs-algebra of maps Map(X, Fy). The fixed F-algebra

M(X) = Map(X, Fo)" ={f: X — F, | yf(§) = f(§) fory €T, £ € X}
is étale of dimension n. Moreover, there are canonical isomorphisms
M(X(E)) ~ E, X(M(X)) ~ X
(see [3, (18.19)]), so that the functors M and X define an anti-equivalence between

the category Etp of étale F-algebras (with F-algebra homomorphisms) and the
category Setr of I'-sets. Under this anti-equivalence, the direct product (resp. tensor
product) of F-algebras corresponds to the disjoint union (resp. direct product) of

I'-sets: for Fy, E5 étale F-algebras, there are obvious identifications
X(E1 ® EQ) = X(El) X X(EQ) and X(El X EQ) = X(El)H X(EQ)

Moreover, if G is a group acting on an étale F-algebra F by F-automorphisms,
then for the fixed subalgebra E¢ we have

X(EY) =X(E)/G
since E¢ is the equalizer of the automorphisms o: F — E for ¢ € G, and X(E)/G
is the co-equalizer of the corresponding automorphisms of X(E). Through the anti-
equivalence Etp = Setr, the constructions on I'-sets defined in §1.1 therefore have

counterparts in the category of étale F-algebras. The aim of this section is to make
them explicit.

2.1. Basic constructions on étale algebras. Let F be an étale F-algebra of
dimension n. Under the canonical isomorphism F ~ M(X(E)), the idempotents
of E correspond to the characteristic functions of I'-subsets of X(E). If e € E
is the characteristic function of a subset Y C X(F), then multiplication by e
defines an isomorphism E/(1 — e)E = eE. Moreover, X(eE) = Y and under
the anti-equivalence Etp = Setr, the map E — eFE corresponds to the inclusion

Example 2.1. If E is the split étale F-algebra E = F™, then X(F) is in duality

with the set ey, ..., e, of minimal idempotents of F, namely X(E) = {&1,...,&,}
where
0 ifi# ],
iley) = {1 if i = .

The idempotent corresponding to a subset Y = {&; | i € [} C X(E) is ), €.

Let E be an arbitrary étale F-algebra of dimension n. For any integer k with
1<k <n, welet s, € E®F be the idempotent corresponding to the characteristic
function of the subset

Sk (X(B)) = {(€r,-- ) | & £ for i # j} € X(B)" = X(E®F).
Therefore, letting ¥ (E) = s, E€*, we have
X (S(B)) = T4 (X(E)).
In particular, for kK = 2 the idempotent 1 — s5 is the characteristic function of
the diagonal of X(F) x X(E) = X(F ® E). It is the separability idempotent of E,

see [3, p. 285]. For k > 3, the idempotent s can also be defined in terms of the
separability idempotent of E, see [8, p. 42], [3, p. 320].
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The symmetric group &, acts on E®* by permutation of the factors, and the
idempotent sy is fixed under this action, so & also acts on X (E). We consider
the fixed subalgebra

Ag(B) = Sk (B)S* = s, (B®F) Ok,

We have
X (A(B)) = Ax(X(B))
since under the anti-equivalence Etp = Setr the fixed algebra under Gy, corresponds

to the factor set under the G-action.
The discriminant of E is defined by

A(E) = S, (B)*,

and we have

X (A(E)) = A(X(E)).
Example 2.2. If E = F" is split with minimal idempotents eq, ..., e,, then

Sk = Z ei1®"'®eik
(’il,...,ik)
where (i1,...,%) ranges over the k-tuples of pairwise distinct integers from 1 to n
(i.e. (i1,...,ix) € Zk({1,...,n})). The algebra ¥;(E) is then split, with minimal
idempotents
eil ® P ® eik
for (i1,...,ix) € Tk ({1, e ,n}) Similarly, the algebra Ay (F) is split, with minimal
idempotents
Clinnie) = D Cioy @ B iy
o€y,

for {i1,...,ir} asubset of k elements of {1,...,n}, ie. {i1,... it} € Ak({l, .. ,n})
We also have A(E) ~ F x F if n > 2, with minimal idempotents

Z €r(1) B+ B Eg(n) and Z €r(1) ® @ eg(n)-
oeA, oAy,

For an arbitrary étale F-algebra E of dimension n, the algebra Ay (E) can also
be viewed as an algebra of linear transformations of the exterior power /\/!€ E (where
E is just regarded as a vector space), as we now show.

Multiplication on the left defines an F-algebra homomorphism (the regular rep-
resentation)

E®% — Endp(E®").

As pointed out by Saltman [7, Lemma 1.1], the image of (E®*)®* in Endp(E®F)
preserves the kernel of the canonical map E®* — /\k FE. Therefore, there is an
induced F-algebra homomorphism

(3) (E®%)Sk — Endp (A" E).

Lemma 2.3. The homomorphism (3) maps sy to the identity map on /\k E.
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Proof. Tt suffices to check the assertion over an extension of F'. We may thus assume
that F is split, £ = F™. Let eq, ..., e, be the minimal idempotents of F; then s
is as in Example 2.2 and its image in Endp(/\k E) maps ej, A...Aej, to

Z €€, N Nej e =€ N Nej.
(2150000tk)
O
In view of the lemma, the homomorphism (3) induces an F-algebra homomor-
phism
P (BF)%F /(1 = 5) (B®*) S = Ay(E) — Endp(A\" E).

Saltman [7, Lemma 1.3] has shown that the image of this map has dimension
(}) = dim A4 (E), hence ¢y, is injective.
For instance, for a, x1, ..., v € E,

gok(sk(a@)“'@a))(xl/\.../\xk):axl/\.../\a:ﬂk,
and
or(sp(@®1®- @1+1Qa® - @1+ +1@ - @1®a))(z1 A... ANxy) =
(axy ANxo Ao Ax)+ (1 ANaxag Ao Axg) + -+ (1 Aza AL A axy).

Now, consider the case where n is even, n = 2m. Since dim \" E = 1, and the
exterior product A" E x A\™ E — A" E is a nonsingular bilinear pairing, there is
an adjoint involution v on Endr(A™ E), defined by the equation

f@)Ay=zAy(f)ly) foraz,ye N"E, f € Endp(\" E).

Proposition 2.4. The involution v preserves the image of . Therefore, there is
an induced involutive automorphism vg on Ay, (E) defined by @m © Yyg =7 0 @m.

Proof. Extending scalars to a separable closure, we may assume FE is split. It
is then spanned by its minimal idempotents e, ..., e,, and A,,(E) is spanned
by the minimal idempotents ey;,, . ;. 3 defined in Example 2.2 for {iy,... iy} €

Am({l,...,n}).

Computation shows that for {i1, ... im}, {j1,-- - Jm} € Am({1,...,n}),
ey Ao Nej i {i, it = {01, dm )
0 i Lin, e im) # e}
It is then easily verified that
(4) Y 0 Pm(€fir,mim}) = €{ktrbim}>
where {k1,...,kn} is the complementary subset of {i1,... 4, }in {1,...,n}. O
We may now define
R(E) = An(E)®? = {x € A (E) | yp(2) = o}
Theorem 2.5. X(R(E)) = R(X(E)).
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Proof. Tt suffices to see that under the anti-equivalence Etr = Setr, the auto-
morphism g of A, (E) corresponds to the permutation yx gy of X(Am(E)) =
A (X(E)) Again, we may extend scalars to a separable closure of F' and assume
E is split. Using the same notation as in the preceding proof, we may identify X (F)
with the dual basis of ey, ..., e,. Equation (4) shows that

YE(€Lir,osim}) = €{ki1,r ki }s

where {k1,...,kn} is the complementary subset of {i1,...,4m,} in {1,...,n}, and
the proof is complete. O

When dim ¥ = 2, the algebra F is called a quadratic étale F-algebra. In the
notation above, we then have m = 1, so A,,(E) = E, hence E carries a canonical
involutive automorphism vg. Let E, E’ be two quadratic étale F-algebras, with
canonical involutive automorphisms vg, vg/. The tensor product yg ® vg/ defines
a Gy-action on FE @ E’, and we let

ExE = (E®F E)®2
Proposition 2.6. X(E  E') = X(E) + X(E').
Proof.
X((E®p E")®?) =X(E®p E')/6: = (X(E) x X(E'))/G>.
0

Let Quad(F) be the set of isomorphism classes of quadratic étale F-algebras,
which is in bijection under X with the set of isomorphism classes of I'-sets of two
elements. The following analogue of Proposition 1.2 is easily proved, either directly
or by reduction to Proposition 1.2 under the anti-equivalence Etp = Setr:

Proposition 2.7. Let E, E’ be two quadratic étale F-algebras.

(a) The F-algebra E x E is split: Ex E~F X F.
(b) If the algebra E' is split, then E x E' ~ E (not canonically).
(¢) The operation * defines a group structure on the set Quad(F).

2.2. Extensions of étale algebras. An étale F-algebra B containing an F-algebra
A (necessarily étale) is called an extension of degree d of A if it is a free A-module
of rank d. Equivalently, this condition means that the inclusion A = B corre-

sponds under the anti-equivalence Ety = Setp to a map X(A) <— X(B) which is
a covering of degree d. Extensions of degree 2 are called quadratic extensions.

Suppose B/A is an extension of degree d. Let dimp A = n (hence dimp B = nd),
and let 57 € (A®™)S» be the idempotent defining %,,(A), see §2.1. Then ®7(s2)
is an idempotent of (B®™)®~. Define

Q(B/A) = i®"(s2) - (B
Proposition 2.8. There is a canonical surjective map A, (B) — Q(B/A), and
X (Q(B/A)) = Q(X(B)/X(A)).
Therefore, dimp Q(B/A) = d".
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Proof. The set X (Q(B/A)) is the set of F-algebra homomorphisms (B®™)®» — F

which map i®"(s4) to 1. Since

X((B®n)6") — X(B)n/Gm
every such homomorphism is the orbit of an n-tuple (&1,...,&,) of elements of
X(B); the condition that the homomorphism maps i®"(s#) to 1 is equivalent
to the following: the homomorphism (A®™)®n . F, associated to the n-tuple
(i*(&1),...,i*(&)) maps s to 1. In view of the definition of s2, this means that

i*(&1), ..., i*(&,) are pairwise distinct, hence
{i"(&1), - 17 (&)} = X(4)
since | X(A)| = n. Of course, this condition implies that &, ..., &, are pairwise

distinct, hence {&1,...,&,} € A, (X(B)). Thus,

X(QB/A) = {{&, - &} CX(B) [{i"(&), -, i" (&)} = X(A)}
= Q(X(B)/X(4)).
The inclusion Q(X(B)/X(A)) € A,(X(B)) yields the canonical surjective map
A, (B) — Q(B/A) under the anti-equivalence Etp = Setr. O

Now, suppose d = 2, so that dimp B = 2n. The canonical involutive automor-
phism yx(g);x(4) on X(B) corresponds to a canonical involutive automorphism
vB/a of B such that

A={z € B|ypjalz) =z}
On the other hand, there is also a “complementary subset” map

Since this map preserves Q(X(B)/X(A))7 the corresponding map vg: An(B) —
A, (B) induces an involutive automorphism on Q(B/A), which we also denote by
vp, and we may consider the subalgebra of fixed points

S(B/A) = UB/A)®? = {x € UBJA) | v5(x) = z}.

By definition, it is clear that

X(8(B/A)) = S(X(B)/ X(4)),
hence dimp S(B/A) = 2"~ 1.
Example 2.9. Suppose A and B are split of dimensions 3 and 6 respectively, with
minimal idempotents e, es, es and f1, f1, f2, f4, f3, f4 such that

ei=fi+ [l fori=1, 2, 3.
As observed in Example 2.2,
55 =D 1) ®€o(z) @ €(a),

A CE

and {es(1) ® ex(2) ® €y(3) | 0 € B3} is the set of minimal idempotents of X3(A).
Denoting in general by Y v ® v ® w the sum of the six products obtained by
permuting the factors u, v, w (so

Zu RURW = Z Uy (1) @ Ug(2) @ Ug(3)
oceB3
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where u; = u, us = v, ug = w), the minimal idempotents of Q(B/A) are

G0=Y [1®f fs, g0h=> e[
n=> hefef G= 11®fLefs,
2=> fi®fhof Gh=> hef[efs,
=3 AefK s Gh=> hehef
The involution vp interchanges g; and g; for ¢ = 0, ..., 3, hence the minimal

idempotents of S(B/A) are

90 + 90 9+ 94, 92 + 95, 93 + gs-

Let B, B’ be quadratic extensions of an étale F-algebra A. The canonical map
B ®r B’ — B®4 B’ induces an injective map

X(B) x X(B")=X(B®p B') «— X(B®a B')
which identifies X(B ®4 B’) to the fiber product X(B) xx 4y X(B’). The tensor
product yp/4 ® ypr/a defines an action of &3 on B ®4 B’ by A-automorphisms,
and we let
Bxy B' = (B®, B')®2.
The following result is clear:

Proposition 2.10. X(B x4 B') = X(B) *x(4) X(B’).

If F is an étale F-algebra of dimension 2, then F ®p A is a quadratic extension
of A. For any quadratic extension B/A, we have E @ B = (E ®r A) ®4 B and
we write simply

ExB for (E®p A) x4 B.

Let Quad(A) be the set of isomorphism classes over A of quadratic extensions
of A. The following proposition is the analogue of Proposition 1.5:

Proposition 2.11. Let F be a split étale F-algebra of dimension 2 (i.e. E ~ FxF),
and let B/A be a quadratic extension of étale F-algebras.

(a) The extension (B x4 B)/A is isomorphic to (E @ A)/A (hence also to
(Ax A)/A).

(b) The extension (E % B)/A is (non-canonically) isomorphic to B/A.

(c) The operation x4 defines a group structure on Quad(A). The neutral ele-
ment is the isomorphism class of (A x A)/A.

It is clear that Propositions 1.4, 1.6 and 1.8 have analogues for étale algebras.
We record them below.

Proposition 2.12. Let E be an étale F-algebra of dimension 2, and let B/A
and B'/A be quadratic extensions of an étale F-algebra A. There are canonical
isomorphisms:

(a) A(B)®S8(B/A) ~Q(B/A) (if dim A is odd);

(b) A(Bxa B') ~ A(B) x A(B’);

(¢c) S(E+B/A)~S(B/A).
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3. COHOMOLOGY OF PERMUTATION GROUPS

3.1. Permutations. For any finite set X, let G x be the symmetric group of X,
i.e. the group of all permutations of X. Thus, 6x = &,, for X = {1,...,n}. Every
permutation of a set X of n elements induces a permutation of the sets X (X),
Ap(X) (for k <n), A(X), and of R(X) if n is even. There are therefore canonical
group homomorphisms

6x — OG5, (x);, 6x — 6a,x), ©x — 6arx), ©x — Ggr(x) (if n is even).
(If n > 2, the map S x e, Sa(x) = G2 is the signature map.)
If Y <& Z is a covering of degree d of a set of n elements, let
Szy ={(0,7)€By xGz |moT =007}

be the group of automorphisms of the covering. The map (o,7) — 7 identifies
&z/y to a subgroup of &z. On the other hand, the map (o,7) + o defines a
surjective homomorphism

Bz)y: Gz/y — Gy
whose kernel is isomorphic to &7 upon identifying each fiber of © with {1,...,d}.
Therefore, the group &z/y has order (d!)"n! and can be identified to a wreath
product

6z/y >~ Gd i Gn

Automorphisms of the covering Y « Z induce permutations of Q2(Z/Y), and of
S(Z/Y) if d = 2, hence there are canonical group homomorphisms

wzy: 6z/v — Saz/v)s sziv: ©z/y = Gs(z/v) ifd=2.
For later use, note that the kernel of s,y is the “diagonal” subgroup &3 of &7,y
whose nontrivial element is v;,y. This diagonal subgroup is central in &,y

On the other hand, every permutation of a set X with n = 2m elements induces
an automorphism of the covering R(X) <= A,,(X), hence there is a canonical group
homomorphism

Ax: 6x — 64, (x)/r(x) C G4, (x)-
Proposition 3.1. If m > 2, the image of Ax is in the kernel of the signature map

sgn: 6Am(X) — GA(AW(X))-
Moreover, the composition of Ax and the canonical homomorphism sy, (x)/R(x)
1S an injective map
6x = Gs(am(x)/ R(X))-
The proof is left to the reader.

3.2. Cohomology and TI'-sets. As in §1, we denote by I' a profinite group, which
will be fixed throughout this subsection. The action of I on a set X with |X|=n
can be viewed as a group homomorphism

P—>6X26n

Since the isomorphism & x ~ &,, depends on the indexing of the elements in X, the
homomorphism I' — &,, is defined by X up to conjugation by an element in &,,.
Therefore, there is a canonical one-to-one correspondence between isomorphism
classes of I-sets of n elements and the cohomology set H(T',&,,) (with the trivial
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action of " on &,,), by definition of this cohomology set. Under this correspondence,
the distinguished element of H!(T', &,,) is mapped to the set with trivial T-action.
Since the symmetric group G2 is abelian, there is an abelian group structure on
HY(T',S3). We leave it to the reader to verify that the product of the isomorphism
classes of the T'-sets X, X’ with | X| = |X’| = 2 is the isomorphism class of X * X".
Similarly, every covering Y <= Z of degree d of a I'-set Y with |Y| = n yields a
group homomorphism
I' = 6z/y ~6416,,

and there is a canonical one-to-one correspondence between isomorphism classes of
coverings of degree d of I'-sets of n elements and the cohomology set H(T', 511S,,),
which maps the distinguished element of the cohomology set to the covering with
trivial I'-action.

The basic constructions in subsections 1.1 and 1.2 yield canonical maps of coho-
mology sets through the induced homomorphisms of permutation groups (see §3.1).
For instance, if X is a I'-set of n elements and k& < n, the canonical homomorphism
or: 6x — Gy, (x) induces a morphism of pointed sets

O‘I}:: HI(F, GX) - H1<F7 GEk(X))

Since the T'-action on ¥ (X) is induced by the I'-action on X through oy, the
morphism o} maps the isomorphism class of X to the isomorphism class of ¥ (X).
A similar statement obviously holds for the morphisms

H'(T,6x) — H' (I, &4, (x));
H'(T,6x) — H'(T,84(x)),
H'(T,6x) — Hl(I’76R(X)) if n is even.

Similarly, if Y << Z is a covering of degree d of I'-sets, the canonical homomor-
phisms wz,y and sz,y of §3.1 induce morphisms of pointed sets

wyyy: H'(T,6z/y) — H' (T, 8q(z/v));
syyy: H'(T,6z)y) — H'(T,65(z/y)) if d =2.

Since the T-action on Q(Z/Y) and S(Z/Y) (if d = 2) are induced by the I'-action
on Z/Y through wyz/y and 0z/y respectively, the morphisms wlz/y and slz/y map
the isomorphism class of the covering Z/Y to the isomorphism class of the T'-sets
QZ/Y) and S(Z/Y), respectively.

Recall also from §3.1 the canonical homomorphism 8z/y: &z/y — Gy which
maps every permutation of a covering to the induced permutation of the base. Let
T2y = ker 87,y . This is the group of automorphisms over Y of the covering Z/Y,
hence H 1(F,Tz/y) is in one-to-one correspondence with the set of isomorphism
classes over Y of coverings of degree d of Y, where the I'-action on Y is trivial.

The case of non-trivial I-action can be taken into account by twisting, see [3,
§28.C]. If Z/Y is a covering of degree d, we define a non-trivial action of I"on & 2,y
by conjugation: the action of I on Z/Y is a group homomorphism

a: ' — Gz/y,

and we define, for y € I" and f € &)y,

vxf=a(y)ofoaly) "
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Let &, Iy be the group &,y with this action of I', and define &4 similarly. By
[3, (28.8)], there are canonical bijections

~

H'(T,8%,y) > H'([,64y) and  H'Y(T,6y) = H'(T,&y)

which map the distinguished element of H*(T, S v): HY(T', &%) to the isomor-
phism class of the covering Z/Y and to the isomorphism class of Y, respectively.
The map 7,y is also a I'-group homomorphism £,y : G’Z/Y — &Y. Let ‘I’Z/Y C

’Z/Y be the kernel of 3,y. Then H\(T, ‘I’Z/Y) is in natural one-to-one correspon-
dence with the set C%(Y") of isomorphism classes over Y of coverings of degree d
of Y. (The distinguished element of H*(I', T/, /Y) corresponds to the isomorphism
class of Z/Y".)

The exact sequence of I'-groups

B
1— T’Z/Y — GIZ/Y LTSN &y — 1

yields an exact sequence in cohomology

ﬁl
HO(T,&Yy) — H'(T,Ty,y) — H'(T,8Y,y) —— H'(T,&Y).
The kernel of ﬁ% /vy is the set of isomorphism classes of coverings of degree d of
Y. By [3, (28.4)], this kernel is in canonical bijection with the orbit space of
HY(T',%,5) under the fixed-point group H°(I',&}). Note that H°(I',&},) is the
group of permutations of ¥ which commute with the action of I'; in other words,
it is the group of automorphisms of the I'-set Y,

HO(T, &%) = Autp(Y).
This group acts naturally on C4(Y'), and
ker 37 )y ~ CYY)/ Autp(Y).
When the I'-action on Y is transitive, let I'g C I" be the stabilizer of an arbitrary

(but fixed) element of Y, so that Y ~ I'/Ty. Then we may identify ‘Z’Z/Y with
Map(T'/Tg, &4) and get a canonical bijection in the spirit of Shapiro’s lemma

HY(T, %Y )y) = H'(To, 6a),

see [3, (28.20)].
Whatever the action of I' on Y, when d = 2 the group ¥/, Iy (~ &7 where

n = |Y|) is abelian, hence the set Hl(F,T’Z/Y) is an abelian group. When Z/Y
is the projection covering ({1,2} x Y)/Y, the bijection HI(I‘,T’Z/Y) ~ C%(Y) is
a group isomorphism for the group structure induced on C?(Y’) by the operation

xy of §1.2. Note that this operation is generally not defined on the orbit set
kerﬂé/y ~ C?%(Y)/ Autp(Y).

3.3. Torsors. As in the preceding subsection, we fix a profinite group I". Besides
the correspondence between H!(T',&,,) and the isomorphism classes of I'-sets of
n elements explained in the preceding subsection, there is also a one-to-one corre-
spondence between H(T', &,,) and isomorphism classes of &,,-torsors, i.e. of I'-sets
of n! = |&,| elements with a free action of &,, (on the right) compatible with the
I-action (on the left), see [3, (28.14)]. Combining the correspondences, we obtain a
bijection between isomorphism classes of I'-sets of n elements and &,,-torsors. To
the isomorphism class of the I'-set X with |X| = n corresponds the class of X,,(X),
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which clearly is an &,,-torsor. Conversely, we associate to an &,,-torsor X the class
of ¥/6,,_1. The n projections

T Lp(X) = X, (&1, &)= & fori=1,...,2
are ['-equivariant maps and satisfy

7Ti((€17~--a€n)g) :ﬂ-a(i)(glwnagn) for o € Gn

Definition 3.2. An &,,-Galois closure of a I'-set X of n elements is a pair (X, 1)
where ¥ is an &,,-torsor and X <~ ¥ is a covering (necessarily of degree (n — 1)!)
such that w(x7) = w(x) for x € ¥ and 0 € &,,_;.

Every &,,-Galois closure of X is isomorphic to (X, (X), 7).

A similar construction can be given for coverings, since the set H!(I',&416&,,)
classifies G4 G,,-torsors as well as coverings of degree d of I'-sets of n elements.
If Y << Z is a covering of degree d of a I'-set Y of n elements (so |Z| = nd), let
¥(Z/Y) be the set of arrays

(Gij)i<i<a
1<j<n

of pairwise distinct elements of Z such that w(¢;;) depends only on j for i =
1, ..., n. The set £(Z/Y) is a 641 S,-torsor. Its isomorphism class, viewed as
an element of H*(T',&416,,), corresponds to the isomorphism class of the covering
Y <& Z. The nd projections
The: B(Z)Y) = Z, (Gij)i<i<d = Cre
1<j<n

are I'-equivariant maps. The projection 7: Z — Y induces a &,-equivariant pro-
jection

and X, (Y) 2 Y(Z/Y) is a covering of degree (d!)"™. Moreover the diagram

2.(Y) < w(z/v)
T
Y " z

is commutative. We say that %, (Y) 2 3(Z]Y) is an 640 &,,-Galois closure of
y & Z. (We leave it to the reader to formalize the definition of a &40 &,,-Galois
closure of Y <&~ Z.)

Note that the set Q(Z/Y") of sections of Z/Y (see §1.2) can be identified with
the set X(Z/Y)/(G4-116,).

3.4. Cohomology and étale algebras. In this section, F' is an arbitrary field, F
is a separable closure of F' and T' = Gal(F,/F) is the absolute Galois group of F.
The anti-equivalence Etp = Setr induces a canonical bijection between the set of
isomorphism classes of étale F-algebras of dimension n and the set of isomorphism
classes of I'-sets of n elements. Since the latter set is in one-to-one correspondence
with the cohomology set H(T',&,,) (see §3.2), there is also a canonical bijection
between H'(T',&,,) and isomorphism classes of étale F-algebras of dimension n.
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This bijection can be set up directly, by identifying &,, with the group of automor-
phisms of the split algebra F7'. More precisely, given an étale algebra A and an
isomorphism a: F" @ F, = A ® F, the corresponding cocycle is (fy)~er, where

fy=alo(l@y)cao(1®y ') € Autp, (F" @ Fy) = &,
Conversely, given a cocycle (f,)yer in &, the corresponding étale algebra is

Ay ={z e F{ | vfy(z) = x}
where I' acts on F}' entrywise.

As in §3.2, the basic constructions on étale algebras of §2.1 can be interpreted in
terms of morphisms of cohomology sets. Details are left to the reader, as well as the
analogues for extensions of étale algebras and the cohomology of wreath products.
We simply note for later use the canonical isomorphism

Quad(F) ~ HY(F, &3)

where Quad(F') is the group of isomorphism classes of quadratic étale F-algebras
(see Proposition 2.7). For any étale F-algebra A, we also have canonical isomor-
phisms

Quad(A) =~ C*(X(A)) =~ H' (T, Tx x4y, x(4)):
see §3.2. The set of isomorphism classes over F' of quadratic extensions of A is
Quad(A)/ Autp(A). The operation *4 is generally not defined on this set.

3.5. Galois algebras. As in the preceding subsection, F' is an arbitrary field and
" is the absolute Galois group of F. Let G be a finite group. A G-Galois F-algebra
is an étale F-algebra of dimension |G| with an action of G' by F-algebra automor-
phisms such that the algebra of fixed points is F' (see [3, (18.15)]). Equivalently, an
étale F-algebra E of dimension |G| with an action of G is G-Galois if and only if the
I-set X(F) is a G-torsor for the induced action of G. Therefore, the discussion of
torsors in §3.3 has an analogue in terms of Galois algebras, and the set H(T', &,,) is
also in one-to-one correspondence with the set of isomorphism classes of &,,-Galois
F-algebras.

If E is an étale F-algebra of dimension n, the algebra ¥, (F) has a natural action
of &, for which it is an &,,-Galois algebra. There are n embeddings ¢;: E —
¥, (E) corresponding to the projections m;: ¥, (X(E)) — X(E). They are defined
explicitly as follows: for x € F,

giz)=5,10 @2z ---®1 (z in i-th position)
where s, € E®™ is the idempotent such that 3, (F) = s, E®". Clearly, for 0 € &,
and r € F,
Eo(iy(T) = O'(Ei(.%‘)).
Definition 3.3. An &,,-Galois closure of an étale F-algebra F of dimension n is

a pair (o,¢) where ¥ is an &,-Galois F-algebra and ¢: £ — ¥ is an embedding
such that o(e(z)) = &(z) for 0 € &,, and z € E.

Every 6&,-Galois closure of E is isomorphic to (X,,(E),&,). This construction
was suggested by Saltman, see [8, p. 42].

Example 3.4. Let A be a cubic étale F'-algebra, i.e., dim A = 3. The choice of any
of the three canonical embeddings ;: A — ¥3(A) induces an isomorphism

A® A(A) ~ T,(A).
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This follows from the fact that the corresponding map Y3(X) — X x A(X) is
bijective if | X | = 3, see [3, (18.27)].

We next sketch an analogue of the Galois closure for extensions of étale algebras,
on the model of the corresponding construction for coverings in §3.3.

Let B/A be an extension of degree d of an étale F-algebra A of degree n. Viewing
B as an étale A-algebra of degree d, we have an & 4-Galois closure X7 (B) of B which
is étale of degree d! over A,

51(B) =54/ - B

where sdB/ A is the idempotent corresponding to the characteristic function of the
subset {(&1,...,8a) | & # & for i # j, and w(§;) =7(§;) fori =1, ..., d} in

X(B) xx(a) - xx(a) X(B) = X(B®a - ®4 B).

There are d canonical embeddings e#: B — ¥4 (B) and a canonical embedding
j: A — $4(B) corresponding to the A-algebra structure on ¥4 (B). Define

S(B/A) = j¥"(sp) - 24 (B)®".
As for Proposition 2.8 we have
Proposition 3.5. X(Z(B/A)) = £(X(B)/X(A)).

The algebra (B/A) is an extension of ¥.,,(A4) of degree (d!)™ and there exist nd
canonical embeddings

(5) eij: B—>N(BJ/A), 1<i<d 1<j<n

such that the diagram
Yn(4) —— X(B/A)

T
A

- B

is commutative for all ¢ and j. We say that the extension X(B/A)/%,(A) is an
S416,,-Galois closure of the extension B/A. Since Eﬁ(B)Gdfl = B, we have

Y(B/A)Sa-15n — (B/A).

If d = 2, each of the canonical embeddings €', £4': B — ¥4'(B) is an isomor-
phism (and €5 = ef' 0 y5,4), and j: A — $2(B) = B is the inclusion. The
algebra

S(B/A) = j®"(sp) - BE"
is an extension of degree 2" of ¥,,(A), and

Q(B/A) ~ %(B/A)®".

Example 3.6. Suppose, as in Example 2.9, that A and B are split of dimensions 3
and 6 respectively, with minimal idempotents e1, es, es and f1, f1, f2, f4, f3, f5
such that

ei=fi+ [l fori=1, 2, 3.
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The algebra 3(B/A) is split. Its 48 minimal idempotents are

fo) @ fo2) ® fo3),  To) @ o) @ frs
fo)y @ foo)® fomy foqy ® fo@) @ for3)
f(/,(l) ® fa(2) ® f(ly(?,)a fo—(l) & f(;(g) ® fo’(3)7
foay ® fo@) ® foz),  fo) © fo2) @ 3

where o varies in &3. The action of &3 on these idempotents is clear, and the fixed
subalgebra is Q(B/A) as described in Example 2.9.

Proposition 3.7. Let B/A be an extension of étale algebras of degree d and let
n=dimp A. If b € B is a generator of B as F'-algebra, then the nd elements €,;(b)
generate X(B/A) over ¥,(A).

Proof. Let ¥’ be the subalgebra of ¥(B/A) generated over X(A) by the ¢;;(b). We
show that ¥’ = ¥(B/A). We may assume that A and B are split and we assume
for simplicity that n = 3 and d = 2. We use the notations of Example 2.9. Let

b= B1fi + BLf1 + Bafo+ Bafs + Bafs + By f3
with By, ..., 0% € F, hence

b=B1f1+ Bufi + Bofa+ Bafs + B5f3 + Bs fs.

Since b generates B, the 6 elements (;, ﬁ} are pairwise different. We have

611(b)=8?'b®1®1and 621([)):8?-6(81@1.

Thus

en(b)(e1®@e2®@e3) = (Bifi+P1f]) ®ea®ez and

e21(b)(e1 ®ea®@e3) = (Bifi+Bifl) ®ea®@es
are elements of X'. Tt follows that f; ® es ® e and f| ® ez ® e3 are in ¥'. Hence
all the minimal idempotents of X(B/A) are in ¥/ and ¥/ = X(B/A). O

4. THE SYMMETRIC GROUP ON FOUR ELEMENTS

In the rest of this paper, we focus on various aspects of étale algebras of dimen-
sion 4 (called quartic étale algebras) which, as explained in the preceding sections,
can be viewed from the perspective of I'-sets of 4 elements, or of the cohomology
of &4, or of G4-torsors, or of G4-Galois algebras. It turns out that there is a group
isomorphism

Go x 64 262163

which relates the various “quartic” notions listed above to those associated with
the cohomology of G5 &3: quadratic extensions of cubic étale algebras, double
coverings of sets of 3 elements, G5! G3-torsors and G5 ! G3-Galois algebras. We
explain this relation in the simplest case, namely I'-sets and coverings, and then give
the cohomological viewpoint in the next subsection. In the last two subsections,
we give explicit constructions of R(Q) for a quartic algebra @), making clear that
this algebra is related to the resolvent cubic of quartic equations, and of Q(B/A)
and S(B/A) for a quadratic extension of a cubic algebra A.
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4.1. Sets of four elements and double coverings. In this subsection, I' is an
arbitrary profinite group. Suppose X is a I'-set with |X| = 4, as in Example 1.1,
where the constructions of Ay(X) and R(X) are made explicit. Our first observation
concerns the discriminants of Ay(X) and R(X):

Proposition 4.1. The map which carries (1,&2,£3,€4) € Xa(X) to
({{51752}7 {53)54}}7 {{51,&%}7 {527@1}}’ {{51754}’ {§27§3}}) € X3 (R(X))

induces a canonical isomorphism of T'-sets
A(X) = A(R(X)).
Moreover, the I'-action on A(Ay(X)) is trivial.

The proof is a straightforward verification. To see that the I'-action on A (A2 (X ))
is trivial, it suffices to observe that every transposition on X —hence every permu-
tation of X— induces an even permutation of A2(X). For another approach, see
Proposition 4.7.

To get a better grasp of the various constructions associated with X, it is useful
to think of X as the set of diagonals of a cube.! Each pair of diagonals determines a
diagonal plane (passing through an edge and its opposite), hence Ao(X) is identified
with the set of diagonal planes of the cube. The map v x carries each diagonal plane
to the plane through parallel edges, and R(X) can therefore be identified with the
set of directions of the edges. The canonical map R(X) <~ Ay(X) maps each
diagonal plane to the direction of the edges it contains. The set Q(A2(X)/R(X))
consists of (unordered) triples of diagonal planes with different edge directions.
For each such triple 7, either the intersection of the planes is a diagonal, or the
intersection is just the center of the cube. However, if the intersection is a diagonal,
then the intersection of the complementary triple 7 = 4, (x)/ = (x)(7) is the center.
Therefore, we may associate to the pair {7, 7} € S(A2(X)/R(X)) a unique diagonal
in X, and obtain a map

P: S(A2(X)/R(X)) — X.
Proposition 4.2. For |X| =4, the map

®: S(A2(X)/R(X)) — X
is a canonical isomorphism of I'-sets.

Proof. From the definition, it is clear that ® is I'-equivariant. Bijectivity of ® is
checked by direct inspection. O

To put this result into perspective, consider the full subcategory Setfi of Setr
whose objects are the I'-sets of four elements, and the category Covff3 of double
coverings of I'-sets of three elements, with morphisms of coverings. There are
functors

A: Set} — Covi® and S: Covi® — Sett
defined by

A(X) = As(X)/R(X)  and  S(Y & 2Z)=8(z)Y).

Proposition 4.2 yields a natural equivalence between 8 o A and the identity on Setfi.

e are indebted to F. Buekenhout for his suggestion to use geometric language in this context.
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To investigate the composition A oS, suppose Y <= Z is a double covering of a
I-set Y with |Y]| = 3. (See Example 1.3 for an explicit description of Q(Z/Y") and
S(Z/Y).) We may consider Z as the set of faces of a cube, Y as the set of directions
of edges, and 7 as the map which carries each face to the orthogonal direction. Then
Q(Z]Y) is the set of (unordered) triples of faces which are not pairwise parallel.
Since the faces in each such triple meet at one vertex, we may view Q(Z/Y) as
the set of vertices of the cube. The map 77,y carries each vertex to its opposite,
hence S(Z/Y) is the set of diagonals of the cube. As in the discussion before
Proposition 4.2, we may then identify A (S(Z/Y)) with the set of diagonal planes
and R(S(Z/Y')) with the set of edge directions. It is then clear that R (S(Z/Y)) is
canonically identified with Y, but there is no canonical identification of A3 (S(Z/Y))
with Z.

As we now show, we may however define a canonical bijection

A(Z) M2 (S(Z/Y)) = 2,

hence an isomorphism of coverings between Y < Z and the covering R(S (Z/ Y)) —
A(Z)*A2(8(Z/Y)) induced by the canonical covering R (S(Z/Y)) < A2(S(Z/Y)).
(We denote both coverings by e.)

Our first goal is to give a geometrical interpretation of the set A(Z). Recall the
map

0z: QUZ/Y) — A(2)

of (2). By Proposition 1.4, this map is onto. It may therefore be used to con-
sider A(Z) as a quotient of Q(Z/Y), the set of vertices of the cube. It is easily
checked that the four vertices which have the same image under ¢ are the vertices
of a regular tetrahedron whose edges are the diagonals of the faces of the cube.
Therefore, we may identify A(Z) with the set {T%,T»} of such tetrahedra. Given
a diagonal plane A € A3(S(Z/Y)) and a tetrahedron T € A(Z), there is a unique
face z € Z whose intersection with \ is an edge of T'. The same face z intersects the
“complementary” plane A following an edge of the “complementary” tetrahedron
T. Therefore, the map (7, \) — z induces a well-defined map

U: A(Z)* N (S(Z)Y)) — Z.
Proposition 4.3. The map V¥ defines an isomorphism of coverings between
R(S(Z)Y)) < A(Z) x A2 (S(Z]Y)) and Y & Z.

Proof. The map V is clearly equivariant. The other properties are checked by direct
inspection. (|

This proposition shows that Ao& is not equivalent to the identity. However,
when A(Z) is a trivial I'-set the proposition yields an isomorphism between Z/Y
and AoS(Z/Y):

Corollary 4.4. If the T'-action on A(Z) is trivial, then there is an isomorphism
of coverings between

R(S(Z)Y)) < A2 (S(Z/Y)) and Y & Z.
Proof. This readily follows from Proposition 4.3 and Proposition 1.5(b). (]

Corollary 4.4 applies in particular to double coverings of the form A2(X)/ R(X),
for X a I'-set with | X| = 4, by Proposition 4.1. Therefore, Ao S(X) ~ X.
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Theorem 4.5. The functors A and 8 define a canonical one-to-one correspon-
dence between the set of isomorphism classes of I'-sets of 4 elements and the set of
isomorphism classes of double coverings Z|Y of T-sets Y of 3 elements with trivial
action on A(Z).

Remark. 2 For X, X' € Set}, every morphism of coverings f: Ay(X)/R(X) —
A2(X")/ R(X') induces a morphism S(A2(X)/ R(X)) — S(A2(X')/ R(X’)), hence,
by Proposition 4.2, a morphism f: X — X’. The functor A carries f to f, hence
it is full. Since S o A is equivalent to the identity, the functor A is also faithful.
Moreover, Corollary 4.4 shows that every covering Z/Y € Covl%23 such that the I'-
action on A(Z) is trivial is isomorphic to a covering of the form A(X). Therefore,
it follows from [6, Theorem 1, p. 93] that A is an equivalence of categories from
Seti‘i to the full subcategory of Cov12ﬂ23 whose objects are the coverings Z/Y with
trivial T-action on A(Z).

In order to take into account the double coverings of I'-sets of three elements
which have non-trivial action on the discriminant, we consider the product category
Set? x Sett whose objects are pairs (U, X) of I-sets with |U| = 2 and | X| = 4, and
extend A and 8 to functors

A: Set? x Set} — Covi® and S: Covi®® — Set? x Sett
defined by
AUX)= (UxA(X))/R(X) and S <& 2) = (A(Z),8(Z)Y)).

Proposition 4.3 yields a natural equivalence between Ao8 and the identity on
COV%ZS.

On the other hand, for U, X with |[U| = 2 and |X| = 4, we have canonical
isomorphisms

S(U*AQ(X)/R(X)) o~ S(AQ(X)/R(X)) ~X
by Propositions 1.8 and 4.2, and
(6) A(U x Ay (X)) = A(U x R(X)) * A(A2(X)) = U « A(A2(X)),

by Propositions 1.6 and 1.7. The I'-action on A (A2 (X)) is trivial by Proposition 4.1,
hence the right-most T'-set in (6) is isomorphic to U by Proposition 1.2(b). Note
that the latter isomorphism is not canonical, hence 8o A isnot naturally equivalent
to the identity on Set? x Set{. However, since o A(U, X) ~ (U, X), we have an
isomorphism between sets of isomorphism classes.

Theorem 4.6. The functors A and 8 define a canonical one-to-one correspondence
between the set of isomorphism classes of pairs of T'-sets (U, X) with |[U| = 2 and
|X| =4 and the set of isomorphism classes of double coverings of I'-sets with three
elements.

An alternative proof in cohomology can be derived from Diagram (10). The-
orems 4.5 and 4.6 have analogues in terms of quartic étale algebras and double
coverings of cubic algebras, whose statements are left to the reader.

2The authors are indebted to F. Borceux for enlightening comments about this remark.
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Remark. The functor & is faithful since A o8 is equivalent to the identity. More-
over, every (U, X) € Set? x Setp is isomorphic to an object of the form §(Z/Y)
(namely, Z/Y = A(U, X)). Furthermore, every morphism f: S$(Z/Y) — 8(Z'/Y")
induces a morphism A(f): Ao8(Z/Y) — AoS&(Z'/Y"), hence by Proposition 4.3
a morphism f: Z/Y — Z'/Y’. We may check that f = &(f), hence the func-
tor & is full. By [6, Theorem 1, p. 93], it defines an equivalence of categories
Covff‘3 = Set? x Sett..

4.2. Cohomology. This subsection presents the cohomological perspective on The-
orem 4.6. We use the same notation as in the preceding subsection.

Let U = {1,2} and X = {1,2, 3,4} with trivial [-action. The group of automor-
phisms of (U, X) in the category Set x Setf is G5 x &4, and since S o A(U, X)) ~
(U, X), the functor A yields an isomorphism
(7) A: Gy x 64 5 Aut(U % Ag(X)/ R(X)) =~ 621 &3.

For definiteness, consider G5! &3 as the group of automorphisms of the covering

Y ={1,23} & {1,2} x {1,2,3} = Z,
where T acts trivially on Y and Z. The right isomorphism in (7) depends on the

choice of an isomorphism U % Ay(X)/R(X) ~ Z/Y.
Similarly, the functor & yields an isomorphism

(8) §: 62263:>Aut(A(Z),S(Z/Y)) ~ Gy X 64
where again the latter isomorphism is given by identifications A(Z) ~ {1,2} and
S8(Z/Y) ~{1,2,3,4}. The isomorphisms A and § induce bijections

HYT,6y x 6,) ~ HY(T', 6,1 63).

Since these cohomology sets are in one-to-one correspondence with the sets of iso-
morphism classes in Set% X Set% and Covl%23 respectively (see §3.2), we thus recover
Theorem 4.6.

The isomorphisms A and § can also be described in purely group-theoretical
terms. The subgroup G5 = G5 x {1} C G5 x &, is mapped to the “diagonal”
subgroup &3 C &3¢ &3, which is the center of &5 &3. On the other hand, the
restriction of A to &4 = {1} x &, is a homomorphism

A 64— 6163

which may be described as the action of G4 by conjugation on its transpositions.
Indeed, &4 contains six transpositions, which sit by pairs in the three Sylow 2-
subgroups of ©4. The map which carries each transposition to the unique Sylow
2-subgroup which contains it is a double covering of a set of three elements. Note
that the composition of A and the canonical homomorphism §: G563 — &3 is
the surjective homomorphism
p: 64 - 63
which is the action of &4 on its three Sylow 2-subgroups. (Alternately, the map
p may be identified with the canonical homomorphism &x — Ggrx) for X =
{1,2,3,4}, since there is a canonical one-to-one correspondence between R(X) and
the Sylow 2-subgroups of &x.) The kernel of p is the Vierergruppe 2.
By definition, it is clear that the first component of § is the signature map

sgn: G163 C G — Go,



QUARTIC EXERCISES 25

since the map &7,y — G4(z) is the signature. The second component is a homo-
morphism

s: 62163 — 64

which is the action of G5 &3 on its four Sylow 3-subgroups. (There is a natural
one-to-one correspondence between the Sylow 3-subgroups of &,y and S(Z/Y').)
The image of X is the kernel of sgn, by Proposition 4.1 or by Proposition 3.1, and
the map s splits A (if the Sylow 3-subgroups of G4 &3 are suitably indexed). The
maps p, A and §, and the inclusions ¢, 7, are part of the following commutative
diagram with exact rows and columns:

1
| |
1 g — S, SN 1
| [ |
(9) 1 63— 816, 2 6, 1
1 e
62 62
| |
1 1

where o is the sum. Since the exact sequences in this diagram are split, there is a
corresponding commutative diagram of exact sequences in cohomology:

1 1

! l

| —— H'(T,Y) —“—  H'T,6.) 2 H'I,&3) —— 1

! [ H

(10) 1 — . B'(T,63) —L— H'T,6:165) —— H(T, &) —— 1

all lsgnl

HYI,8;) ——  HY(T,&,)
| |
1 1.

Cohomology yields an alternative proof of Proposition 4.1:
Proposition 4.7. For any I'-set X with | X| =4,
A(X) ~ A(R(X))

Moreover, the I'-action on A(Ay(X)) is trivial.



26 MAX-ALBERT KNUS AND JEAN-PIERRE TIGNOL

Proof. The commutative diagram
S, _r S;
sgnl lsgn

GP) GP)

induces a commutative diagram in cohomology

1

HY(T,6,) —2— HYT,&3)

sgnll lsgnl
HYT,&y) ——— HY(T,6,).

The first part of the proposition follows since p! maps the isomorphism class of X
to the isomorphism class of R(X), and sgn® maps the isomorphism class of any
I'-set to the isomorphism class of its discriminant. The second part follows from
the fact that

sgn!

H\(T,64) 25 HI(T, 621 65) 5 HY(T, &)

is a zero-sequence. O

As another application of cohomology, we describe the quartic étale algebras
which have a given resolvent cubic.

Let R be a I'-set of three elements, and let Xy = RII{0} be the I'-set of four
elements obtained by adjoining to R a fixed point 0. To each partition of X into
2-element subsets, we may associate the unique element r € R such that {0,r} is
in the partition, and thus identify

R(Xo) = R.
As in §3.2, we let I' act by conjugation on the groups Sx,, Sr, and denote by

/Xo’ &', the I'-groups thus defined. The inclusion R — X yields a I'-equivariant
embedding &% — &'y, which splits the map p: &% — &%. The split exact
sequence

1—>%/XOL>6'XO £>6;%—>1

yields an exact sequence in cohomology
1
(11) 1= HY(T,W,) & HY(T, &,) £ HI(D, %) — 1,

and the isomorphism classes of X € Setf such that R(X) ~ R are in one-to-
one correspondence with ker p' = im:'. They form a pointed set with the iso-
morphism class of Xy as distinguished element. Note that exactness of the se-
quence (11) does not mean that (! is injective. In fact, the group Autr(R) =
HO(T, &%) acts on H'(I', Y’ ), and im:' is in canonical bijection with the orbit
set Hl(I‘,W’XO)/AutF(R)7 by [3, (28.4)].

To give a more explicit description, we use a variant of Diagram (10). First,
observe that we may identify As(Xy) to {1,2} x R, as follows: we map a 2-element
subset U C Xg to (1,7) if 0 ¢ U and r ¢ U, to (2,r) if U = {0,7}. We may then
identify the double covering A2(Xo)/ R(Xo) to

R < {1,2} x R.
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Let Zo = {1,2} x R. As above, we let I" act by conjugation on &z, ,r, and denote
by G’ZO/R the corresponding I'-group. As in §3.2, let TZO/R be the kernel of the
canonical map fBz,/r: & /R G&’. The exact sequence

B8 3
1—>TZO/R1>6'ZD/RL“?>63Q—>1

is split, and induces an exact sequence in cohomology
1 1
L= H'([, %Y, /) o H'(D,8Y, ) 2 H'(L,6]) = 1.
As above, there is a canonical bijection

imn' = ker 3! ~ H'(T', %Y )/ Autp(R).

The orbit set on the right side may therefore be identified with the set of isomor-
phism classes of double coverings of R, see §3.2. Consider the commutative diagram
analogous to (10),

1 1
HI(T,0y,) —— H'(I,S,) —2— H'(T.&})
AL ‘
1 ﬁl
(12) HY\(T, %Y, ) —— H'T, 8, ) ——— HY(T, &%)
ol Sgnl
HYI,6;) —— HYI,6,)
1 1.

The left vertical sequence is an exact sequence of groups. It shows that H!(T, Ty, )
can be identified with the kernel of o!. Recall from §3.2 that Hl(F,‘Z'ZO/R) is in
canonical bijection with the set C?(R) of isomorphism classes over R of double
coverings of R, and that H(T',S3) classifies I'-sets of two elements up to isomor-
phism. By commutativity of the lower square in (12), the map o' carries every
double covering to the isomorphism class of its discriminant. Therefore, we may
identify H' (I, U, ) with the group C§(R) of isomorphism classes over R of double
coverings of R with trivial discriminant,

H'(T,T%,) = C3(R).
‘We have thus shown:

Proposition 4.8. The set of isomorphism classes of sets X of four elements such
that R(X) ~ R is in canonical bijection with the set CZ(R)/ Autr(R) of isomor-
phism classes of double coverings of R with trivial discriminant.

Suppose now I' is the absolute Galois group of a field F' with separable closure
F,, and let A be a cubic étale F-algebra. Using the anti-equivalence Setr = Etp,
we may translate Proposition 4.8 into the following statement, where we denote by
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Quad,(A) the set of isomorphism classes over A of quadratic extensions of A whose
discriminant (as F-algebra) is trivial:

Proposition 4.9. The set of isomorphism classes of quartic étale F-algebras Q
with R(Q) ~ A is in canonical bijection with the set Quady(A)/ Autp(A) of F-
isomorphism classes of quadratic extensions of A with trivial discriminant.

The next proposition gives an explicit description of the group Quady(A4).
Proposition 4.10. Let N1(A) be the (multiplicative) group of elements of A of
norm 1 and let T°(A) be the (additive) group of elements of A of trace 0.

(a) If char F # 2, Quady(A) ~ N1(A)/N1(A)2.
(b) If char F = 2, Quady(A4) ~ T°(A)/p(T°(A)), where o is the Artin-Schreier

map p(z) = 2% — 2.

Proof. If A is a field, the action of I' on X(A) is transitive. Letting 'y C T' be
the absolute Galois group of a copy of A in F, we have Quad(A) ~ H!(T'g, S3) as
observed in §3.2, and the map o' can be interpreted as the corestriction
H'(Ty, ;) — H' (T, &y).
If char F' # 2, we identify G2 with {1,—1} C F*. The exact sequence
156, = FX 3 FX -1
yields isomorphisms
HYT,Gy)~ F*/F** and  H'(Ty,Gy) ~ AX/A*?
under which the corestriction corresponds to a map induced by the norm. Its
kernel is N'(A)/N'(A)? since if y € A is such that Na/p(y) = 2* € F*?, then
Nasr(yP272) = 1.
If char F' = 2, we identify &5 with {0,1} C F;. The exact sequence
0—>62—>FS£>FS—>O
yields isomorphisms
H'T,6,)~ F/p(F) and  HYTy,&5) ~ A/p(A)
under which the corestriction corresponds to a map induced by the trace. Its kernel

is TO(A)/p(T°(A)) since if Ty, p(y) = 2% — 2, then Ty p(y — 22 + z) = 0.
If A is not a field, it decomposes into a direct product of fields,

A~F x K or A~F x F x F.

In the first case,
(F*/F*?) x (K*/K*?) if char F # 2,

Quad(4) ~ Quad(F) x Quad(K) ~ {(F/p(F)) x (K/p(K)) if char F = 2,

and the map o' can be again interpreted as induced by the norm or the trace. We
may then use the same arguments as above. The case where A ~ F' x F' x F is left
to the reader. |

Following §3.5, the set H'(I',&%) for R = X(A) is also in one-to-one corre-
spondence with the set of isomorphism classes of G3-Galois F-algebras, where the
distinguished element corresponds to the isomorphism class of the &3-Galois clo-
sure Y3(A). Likewise, the set H'(T', 8, ) classifies G4-Galois F-algebras up to
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isomorphism, with the class of X4(F x A) as distinguished element. The upper
exact sequence of Diagram (12) shows that the &4-Galois F-algebras M which are
the &4-Galois closure of an étale quartic F-algebra @ with R(Q) ~ A are in one-
to-one correspondence with Quad,(A)/ Autg(A). Using Proposition 4.10, we may
make this correspondence explicit as follows:

Proposition 4.11. Let A be a cubic étale F-algebra, identified with a subalgebra
of its &3-Galois closure £3(A), and let p € &3 be an element of order 3.
(a) If char F # 2, let a € A* be such that Na,p(a) =1, and set

M = 33(A)[Va, v/ p(a), v p*(a)].

(b) If char F =2, let a € A be such that Ty p(a) =0, and set

M = 35(A)[p™"(a), 07" (p(a), 0" (p*(a))]-
In each case, there is a Gy-action on M which endows it with the structure of
an &4-Galois algebra. The quartic subalgebra Q = M3 satisfies R(Q) ~ A.

Moreover, every &4-Galois F-algebra which is the G4-Galois closure of a quartic
étale F-algebra Q with R(Q) ~ A is of this form.

Remark. Similar constructions are described by Serre (see [10]*) and by Weil (for
the construction of dyadic field extensions with Galois group &4, see [13, Section
31)).

4.3. Quartic étale algebras. In this subsection, our goal is to make explicit the
relation between resolvent cubics of quartic polynomials and the construction of
R(Q) for @ a quartic étale F-algebra. Our first observation is a direct consequence
of Proposition 4.1 (see also Proposition 4.7).

Proposition 4.12. Let ) be a quartic étale F-algebra. There is a canonical iso-
morphism

A(R(Q)) = A(Q).
Moreover, A(AQ(Q)) ~FxF.

Proof. The proposition readily follows from Proposition 4.1 under the anti-equi-
valence Etp = Setr, since the A, R and As construction commute with the func-
tor X. |:|

Recall from [12] that “the” resolvent cubic of a quartic polynomial

(13) fu) =u* — ayu® + agu® — azu+ ay

with roots uy, us, us, ug in an algebraic closure, is the polynomial g(v) with roots
vy = (u1 +ug)(ug +ug), ve = (up +uz)(us +uqg), vz = (ur+uqg)(us+ us).

This polynomial has the form

(14) g(v) = v® — B1v* + Bov — B3
where

ﬂl = 2&2,
(15) B2 = araz + a3 — day,

2 2
B3 = ooy — ajay — o3,

3We are indebted to J-P. Serre for calling our attention to this reference.
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An alternative resolvent cubic suggested by Lagrange [4, (32), p. 266] in charac-
teristic different from 2 has roots
wy = (ug+uy—uz—ug)?, wo = (U —ug+uz—ug)?, ws = (ug —ug—uz+ug)>.

Since w; = a? — 4v; for i = 1, 2, 3, this polynomial has the form

2
(16) h(w) = —4%}(%) = w3 = qw? + w — s,
where
n = 304% — 8aw,
(17) sy = 3a] — 16a%ay + 16a1a3 + 1603 — 64ay,
sy = (0 — 4oy + 8as)?.

Now, let @ be a quartic étale algebra over a field F' of arbitrary characteristic.
For z € Q, let

(18) Az =382-(2@14+1®x) € As(Q).

Proposition 4.13. Suppose © € Q is a generating element with minimal polyno-
mial f(u) as in (13), so that the coefficient oy is the trace T p(x) of . Then

() Ae +7Q(A2) = To/r(x).
(b) vo(Az)Ae € R(Q) is a generating element with minimal polynomial g(v)
as in (14). Moreover, if the characteristic of F' is different from 2, then
(Ae — VQ(Aw))z € R(Q) is a generating element with minimal polynomial
h(w) as in (16).
In arbitrary characteristic, if the element sc3 of (17) is not zero,* then A\, € Ao(Q)
is a generating element over R(Q), with minimal polynomial

t? — TQ/F(x)t +70(Az) Az € R(Q)[E].

Proof. Extending scalars, we may assume that @ is split, with a basis (e1, e2, €3, €4)
consisting of minimal (orthogonal) idempotents. Then R(Q) is split and e; ® e3 +
eoRe1+ez3Rest+esRe3, 61 Rez+e3Re; +eaRes+esQex and e Reqg+e4®
e1+es ®e3+ ez ® ey is a basis of R(Q) consisting of minimal idempotents. Let

T = x1€e1 + Toeo + x3e3 + 1464
with z1, 2, w3, x4 € F. Since x generates (Q, the coefficients xz; are pairwise
distinct. Computation shows that
Ae= Y (@witz)(e e +e;@e)
1<i<j<4
hence

’)/Q()\$) = Z (xl—i—xj)(ezz ®€j/ +€j' ®€i/)
1<i<j<4

where {4, j, 7', j'} = {1, 2, 3, 4}. It follows that

Ao +F70(Ae) = (21 + 22 + 3 + 24) Z (ei®ej+ej®e;) =Tg/p(x).

1<i<j<4

4In characteristic 2, the condition is thus TQ/F(z) # 0.
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Similarly
YQ(A2)Ae = (1 + x2) (w3 + 24)(e1 @ e +e2 @ er +e3 D ey + €4 @ e3)
+(z1+x3)(x2+x4)(e1 Rez+e3Re; +eaRey + €4 Reg)
+(z1+zg)(z2+23)(e1®es+e4 Rep +e2Res +e3 R ea).

This shows that vg(A;)\, is a root of a polynomial g whose roots in F' are

Y1 = (71 +x2) (T3 +74), Y2 = (1 +23)(T2 +74), Y3 = (1 +24) (22 + T3).
These roots are distinct since an easy computation yields
(y1 —y2)(y1 —ys3)(y2 — y3) = — H(% — ;).
i<j
Therefore, v (Az) A, is a generator of R(Q) and g is its minimal polynomial.
Similarly,
(Az — ’YQ(M))Q =(@+r—a3—24) (1 ®@er+e2@er +e3®es +e4 @ e3)
+($1 71’2‘}‘1’3 71’4)2(61 ®€3+€3®61 +62®€4+64®62)
+ (-2 — 23+ 34)(e1®es+es@er + €2 D ez + €3 R e),
and the same arguments show that ()\m —WQ()\:I:))2 is a generating element of R(Q)

with minimal polynomial h as in (16) if the characteristic of F is different from 2.
Since

53 = (x1 + 29 — 23 — 564)2(301 — Xy + T3 — 364)2(3?1 — Ty — T3+ 564)27

the condition sz # 0 implies that the elements z; + z; for 1 < ¢ < j < 4 are
pairwise distinct, hence A, generates A(Q). Since A\ +7y9(Ae) = Tg/p(x), the
minimal polynomial of A, over R(Q) is as stated in the proposition. O

Remark. Allison gives in [1, §6] another description of the algebra R(Q), for @ a
quartic étale F-algebra. For z € ), he considers the image

fo = ©2(Ae) € Endp(A° Q)

of Ay € A2(Q) under the map @2 induced by the homomorphism in (3) (see
Lemma 2.3); thus

fe(@AND) =za Nb+aANxb for a, b € Q.

Assuming that the characteristic of F' is different from 2, Allison defines R(Q) as
the span of the products f;o fy, for z, y € @ of trace zero. This definition coincides
with the definition in §2.1 under an isomorphism induced by ¢s.

4.4. Quadratic extensions of cubic étale algebras. Let A be an étale F-
algebra of dimension 3, and let B be an extension of degree 2 of A. In the same spirit
as the preceding subsection, we proceed to give explicit equations for generating
elements of S(B/A).

Our first observation is the analogue of Proposition 1.4 through the anti-equi-
valence between coverings of I'-sets and extensions of étale F-algebras.

Proposition 4.14. There is a canonical embedding A(B) — Q(B/A) such that
Q(B/A) ~ A(B) @p S(B/A).
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In the case where B (and therefore A) is split, the image of A(B) in Q(B/A) is
spanned by the idempotents

d=go+g1+g2+g3 and  d' =gy+g;+95+9;
in the notation of Example 2.9.
In the general case, for b € B we set for brevity b = v /a(b), and
by =54 -(b@1®1)=¢c11(b), =55 -b21®1)=co(b)

(19) bQZS?'( ®b®1)=512(b), b/2253A(1®5®1)=€22(b)
by =s8-(1@10b) =ei3(b), by=s8-(1010Db)=e3(b)

where €;;: B — ¥X(B/A) are the embeddings of (5). Hence we have ¥(B/A) =
Y3(A)[b1, b, ..., b3, bs], by Proposition 3.7, and &3 acts on X(B/A) through the
action on Y3(A) and by permuting the b; and the 0. The algebra Q(B/A) is
generated over F' by all the polynomials in the b; and the b;- which are symmetric
under G3. In particular

% b1baby + by bybs + by babl + bbby
Wy = bl + bQ + b2

are elements of Q(B/A).
Proposition 4.15. The element §, lies in the image of A(B) in Q(B/A), and
7B (0p) = &

Moreover, the following conditions are equivalent:

1
1

(a) b generates B over A;
(b) d0p generates A(B);

Similarly, the following conditions are equivalent:
(a’) wp generates Q(BJA) over A(B);
(b") (b—b)? generates A.

Proof. 1t suffices to prove the assertions after scalar extension. We may therefore
assume B is split, and use the same notation as in Example 2.9. Let

b= B1fr+Bif1 + Bafo+ Bafs + Bafs + B f3
with B, ..., 8% € F, hence
b= 01f1+ Bufi + Bofa+ Bofs + Bafs + Bafs
Computation yields
0 = (B13203 + B1 0365 + 16205 + B18503) (90 + g1 + g2 + g3)
+ (816285 + 18203 + 518203 + 516285) (90 + 91 + 95 + 93),

proving 0, € Ap. Since 7 interchanges go + - - + g3 and g\ + - - - + ¢4, it is clear
that

(20)

V5(0) = &
We have d;, € F if and only if the coefficients of go+- - -+ g3 and g+ - -+ g4 in (20)
above are equal, and this condition is equivalent to d, = d;. On the other hand, b
generates B over A if and only if §; # 3. for i = 1, 2, 3. Since

6 — o5 = (b1 — B1) (B2 — B85)(Bs — B5) (g0 + 91 + 92 + g3 — 95 — 951 — g2 — 93),



QUARTIC EXERCISES 33

this condition holds if and only if ¢, # d;. The equivalence of (a) and (b) is thus
proved.
To complete the proof, let

wp = Uggo + U191 + Uaga + Usgs + UGGy + Ut g1 + usgs + usgs.

This element generates Q(B/A) over A(B) if and only if ug, ..., us are pairwise
distinct and uy, ..., uj are pairwise distinct. Computation yields

ug = f1 + Po + B3, ur = Pr + By + By, ug = 01 + Po+ B3, uz = B + 55 + B,

up = B+ Bz + B3, wy = By + Ba+ Bs, uy = Pi+ Py + s, uz = B+ B2 + B3,
and

(uo — w1)(uo — u2)(uo — us)(ur — uz)(u1 — uz)(uz — uz) =

((B2 = B5)* — (Bs — B83)%) ((B1 — B)% — (B2 — B5)*) ((Br — B1)* — (Bs — B3)%) =

(ug — ) (ug — wa) (ug — ) (uy — up)(uy — uz)(uy — uy).
Therefore, wy, generates Q(B/A) over A(B) if and only if (81 — 81)?, (B2 — 35)? and
(B3 — 3%)? are pairwise distinct. Since
(b—0)* = (81 — B1)%e1 + (B2 — B2)%e2 + (Bs — B5)%es,

this proves the equivalence of (a’) and (b’). O

Recall from [3, p. xviii] the forms T' = Ty/p, S = Sa/p and N = Ny/p of
degrees 1, 2 and 3 respectively on A, such that the generic polynomial of every
element a € A has the form

X3 —T(a)X*+ S(a)X — N(a) € F[X].

(The form T is the trace, and N is the norm.) For a € A, let a; = ¢;(A) € 33(A).
One has T'(a) = a1 + as + as, S(a) = a1as + ajas + azaz and N(a) = ajazas.
Fix b € B, and let

a1 =b+be A, ag = bb € A.
Computation yields
0p + 05 = N(o),
(21) 665 = S(af — 202)T(a2) — T(0F — 202)T ((a] — 2c2)cx2)
+ T ((af — 2a2)%as) + 4N (o).

Proposition 4.16. If w;, generates Q(B/A) over A(B), its minimal polynomial is

X' —2T () X? + (T(af) + 2T (a2) + 35 (v )) X2

— (4ap + 205 4 2T (1) T(az2) + S(a1)T (o) — 3N (az1)) X
+ (26, + 65)T (1) + T(a1)*T(a2) — S(er)T(va)
—T(aZay) +T(a2) — T(a1)N(ar) — 2S(a).

Proof. Use that in the split case, the four roots of the minimal polynomial of wy
over A(A) are (with the notations of the proof of Proposition 4.15) the elements
ui, 1 =0,...,3. |

If char F' # 2, we may simplify the results above by a specific choice of generating
element b. Let b € B be such that b = —b and assume that a = b? € A generates A.



34 MAX-ALBERT KNUS AND JEAN-PIERRE TIGNOL

Proposition 4.17. (char F # 2) With the notation above,
A(B) = Flé]  and  Q(B/A) = Fop,wp] = A(B)[wp]-
Moreover, the minimal polynomial of &, over F is
X2 —16N(a),

and the minimal polynomial of wy over A(B) is

X* =27 (a)X? — 26, X + T(a®) — 25(a).
Proof. Proposition 4.15 shows that d;, generates A(B) and that wy, generates 2(B/A)
over A(B). This last fact can also be seen directly: the algebra Q(B/A) is generated
over F' by the elementary symmetric functions in the b;; since

2(byba + bibs + babs) = wj — (b7 + b3 + b3) = wj — T(a)

we have Q(B/A) = F[0p,ws] = A(B)[wsy]. The formula for the minimal polynomial
of &y (resp. wyp) follows from (21) (resp. Proposition 4.16). One can also repeat the
proof of Proposition 4.16 with the special choice of b. O

Corollary 4.18. (char F' # 2) The discriminant A(B) is split if and only if N(a) €
F*2. If N(a) = v? for some v € F*, then S(B/A) is generated over F by an
element whose minimal polynomial is

X* —2T(a)X? — 8vX + T(a®) — 25(a).

Proof. The first part readily follows from Proposition 4.17. If N(a) = v?, then
A(B) ~ FxF. Let d, d’ be the minimal idempotents of A(B). By Proposition 4.14,
we have
Q(B/A) ~ S(B/A) x S(B/A),

and we may identify dQ(B/A) and d'Q(B/A) with S(B/A). Since

déy = +4vd and d'6, = F4vd',
the minimal polynomials of dw, and d’'), are

X* —2T(a)X? £ 8vX + T(a®) — 25(a).

O

Assume now char FF = 2. Let b be a generating element for B over A with
b=>b+1, hence b> +b € A. Let a = b? + b, i.e., using the notation g for the map
x— 22+ x,

a=pb) € A
Assume moreover a generates A, hence
A = Fla) and B = F[p~(a)].
In contrast with Proposition 4.17, w;, does not generate Q(B/A) since (b —b)? = 1
does not generate A (see Proposition 4.15). One could take for example wq; as a
generator of Q(B/A), since (ab — ab)? = a? (assuming that a® also generates A,
which for a cubic étale algebra is in general the case). However a simpler minimal
polynomial is obtained for the element

po = b1ba + bibz + babs
(with the notations of Equation 19). Moreover we have

O0p = by + bg + bs3.
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if char F=2and b+ b= 1.
Proposition 4.19. (char F = 2) With the notation above,
AB)=Fl&)  and  QBJA) = Fléy, u) = AB) ).
Moreover, the minimal polynomial of &, over F is
X%+ X +T(a),
and the minimal polynomial of uy over A(B) is
X'+ X%+ (07 + X2+ (6 + S(a) + )X + (6, + S(a) +1)S(a) + N(a).

Proof. Since b generates B over A, Proposition 4.15 shows that A(B) = F[dp], and
Equations (21) yield the minimal polynomial of dy.

To prove the rest, we extend scalars and assume B is split. Using the same
notation as in Example 2.9, we have

b=01fi+ (B + 1) f1 + Bafo+ (B2 + 1) fo+ Bafs+ (Bs+ 1) f3
for some (1, B2, B3 € F. Then, letting

d=gotgi+g2+gs and d =gy+g;+g5+9g;
be the minimal idempotents of A(B) C Q(B/A), we have
0 = (B1+ B2 + B3)d + (B + B2 + B3 + 1),

and
1y = Vogo + Vogo + v1g1 + V1gy + v2g2 + vhgs + v3gs + v5gh

where

vo = f102 + P15 + B2, vy = o + 1,

v1 = P12+ 105 + B2 + B2+ B3 + 1, v) =1 + 1,

v = P12+ 105 + B205 + B1 + B3 + 1, vy = vy + 1,

vy = P12+ 105 + G205 + B1 + P2 + 1, vy =v3+ 1.
Then

[T w-vw= [I -8
0<i<j<3 1<i<j<3

Since b generates B over A, the elements (31, (B2, (B3 are pairwise distinct, hence
this equality shows that v, ..., vs are pairwise distinct. Similarly, v{, ..., v5 are

pairwise distinct, hence u;, generates Q(B/A) over A(B). We have
T(a) = (67 + 1) + (B3 + B2) + (B3 + B3),
S(a) = (87 + B1)(83 + B2) + (87 + B1) (53 + B3) + (B2 + B2) (63 + Bs),
N(a) = (67 + B1)(B3 + B2) (33 + B3),
and brute force computation shows that vg, v1, vo and vs are roots of
XU+ X2+ (B + B+ A5+ DX + (B + 55 + 05 + S(a) + DX
+ (81 + B2 + B3 + S(a) +1)5(a) + N(a).
Similarly, v(, v{, v5 and v are roots of
XU+ X2 (87 + B3+ B) X7 + (67 + B3 + B3 + S(a)) X
+ (81 + B2+ B3 + S(a)) S(a) + N(a),
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hence the proof is complete. g

Corollary 4.20. (char F' = 2) With the same notation as in Proposition 4.19, the
discriminant A(B) is split if and only if T(a) € p(F). If T(a) = p(v) for some
v € F, then S(B/A) is generated over F by an element whose minimal polynomial
18

X'+ X +02X% + (V¥ + 8(a)) X + (v + S(a))S(a) + N(a).

Proof. The first part readily follows from Proposition 4.19. If T'(a) = p(v), then
A(B) = F x F. Let d, d’ be the minimal idempotents of A(B) C Q(B/A). We
may assume d = &, + v and d’ = d, + v + 1, hence

dop = (U + 1)d.

As in the proof of Corollary 4.18, we may identify dQ(B/A) and d'QQ(B/A) with
S(B/A), and it follows from Proposition 4.19 that the minimal polynomial of dy
is as stated. g

Combining the results of subsections 4.3 and 4.4 we get:

Proposition 4.21. Let Q) be a quartic étale algebra.
(a) Ifchar F' # 2, let x € Q be a generator such that T p(x) = 0. There exists
an isomorphism ¢1: Q = S(A2(Q)/ R(Q)) such that ¢ (z) = wy, .
(b) Ifchar F' =2, let x € Q be a generator such that T, p(x) = 1. There exists
an isomorphism ¢2: Q = S(A2(Q)/ R(Q)) such that ¢o(x) = pix, .

5. SPECIAL ACTIONS ON FOUR ELEMENTS

As in the preceding sections, I' denotes a profinite group. The constructions
on I'-sets given in §1.1 take a special form when the I'-action has some particular
properties. For instance, if the action on a set X is not transitive, then the orbits
X1, ..., X, under T yield a I'-set decomposition

X=X,1I.. . 1X,.

Even if the T'-action on X is transitive, the induced action on 3,,(X) may not be
transitive.

Proposition 5.1. Let X be a I'-set with | X| =n, and let a: T' — S x be the action
of T. If (&x : (")) =r, there is a I'-set decomposition

(22) Y. X)=010...11Q,.

Each T-set Q; is a G;-torsor for some subgroup G; C &, isomorphic to a(T),
and the subgroups G; are conjugate in &,,. Moreover, the I'-sets Qy, ..., . are
isomorphic.

Proof. The T'-orbits of ¥,,(X) yield the decomposition (22). To see that each 2; is
a G;-torsor, recall that for (z1,...,2,) € ¥,(X), v € I and 0 € &,,, we have by
definition

V@1, an) = (@()(21), - a(7)(@n)) and (21, ., 20)7 = (To(1), -+ To(n))-
For each v € T', there is a unique o € G,, such that

’Y(xla"'vxn) = (371,. "axn)gv
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and the map 7 — o defines a homomorphism I' — &, which depends on the
choice of (z1,...,x,) and factors through « to yield an injection a(T') — &,,. If
(T1,...,2n) € Qy, let G; C &, be the image of this map. Then ; is a G;-torsor.
Moreover, if (z1,...,2,) € Q; and (y1,...,yn) € ;, there exists ¢ € &,, such that

(yla s 7yn) = (331, s axn)g'
Conjugation by ¢ maps G; to G; and the action of o defines an isomorphism of
[-sets ; — Q. O

Remark. The &,-torsor X,,(X) can be obtained as the induced torsor Indgf Q1
by mimicking the construction in [3, (18.17)].

Tn

Note that if the I'-action on X is transitive, then the map X = ¥, (X) restricts
to each €; to define a covering X « ;. Extending Definition 3.2, this covering
may be regarded as a G;-Galois closure of X.

Taking for I" the absolute Galois group of a field F', and using the anti-equivalence
Etp = Setp of Section 2, we may adapt the construction above to étale algebras.
Disjoint unions of I'-sets correspond to direct product decompositions of algebras,
hence an étale F-algebra is a field if and only if the I-action on X(E) is transitive.
If dim E = n, Proposition 5.1 thus yields a direct product decomposition of the
&,,-Galois closure X, (F) into isomorphic fields

Sp(E)~ Ly x -+ X L.

Each L; is a Galois extension of F' with Galois group G; C &,, isomorphic to the
image of the action I' — Gx (). If £ is a field, each L; can be regarded as a Galois
closure of E/F, see [3, (18.22)].

In the rest of this section, we consider the particular case where n = 4. To
determine the various possibilities for the image of the action I' — &4, we list the
subgroups of &4.

Proposition 5.2. In the symmetric group G4,

o the alternating group 24 is the unique subgroup of order 12;

o there are four subgroups of order 6; they are conjugate to Ss;

e there are three subgroups of order 8; they are pairwise conjugate and iso-
morphic to the dihedral group Dy.

Moreover, every proper subgroup of G4 is contained in at least one of the subgroups
listed above.

Proof. Any subgroup of index 2 in G4 must contain all the Sylow 3-subgroups of
S4. Since these Sylow subgroups are generated by the cycles of length 3, the first
claim is clear.

A subgroup of order 6 in &4 cannot be transitive on {1,2,3,4}. On the other
hand, it has an orbit of 3 elements since it contains a Sylow 3-subgroup, hence it
must be the isotropy group of one of 1, 2, 3, or 4.

The dihedral group D, acts on the four vertices of a square, hence it may be
considered as a subgroup of &4. It is then identified with a 2-Sylow subgroup of
&4, and all the 2-Sylow subgroups are conjugate.

Finally, let G C &4 be a subgroup. If its order is divisible by 3, then it is 3, 6 or
12, hence G is contained in 2,4 or in a conjugate of G3. If its order is a power of 2,
then G is contained in a 2-Sylow subgroup. O
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In the following subsections, we examine the additional information on a I'-set X
with |X| =4 (or on a quartic étale F-algebra Q) when the I'-action factors through
a subgroup &3 or Dy. We then collect the information to obtain a classification of
quartic étale F-algebras in §5.3.

5.1. Action through G3. Suppose first the action of I' leaves an element x € X
invariant. It then preserves a disjoint union decomposition

X ={z}1IR,

where |R| = 3. The 2-element subsets of X containing x are in one-to-one corre-
spondence with R, hence Ay(X) decomposes as

Ay(X) = RI1 Ay(R).

Moreover, the “complementary subset” involution vx on As(X) interchanges R
and As(R) and defines an isomorphism R ~ As(R). Therefore, we have canonical
isomorphisms
Ay(X)~RIR and R(X)~R.
(See also §4.2.)
Assuming I is the absolute Galois group of a field F', we may translate the results
above in the framework of étale F-algebras.

Proposition 5.3. Let Q be a quartic étale F-algebra. If the T'-action on X(Q)
factors through a subgroup &3 C &x(q), then there is a cubic field extension L/F
such that

Q~FxL, A (Q)~LxL, and R(Q)~=L.
Moreover, the following conditions are equivalent:

(a) the T-action factors through a cyclic subgroup Cs;
(b) the extension L/F is Galois (hence cyclic);
(¢c) A(Q) 2 F x F.

5.2. Action through D,. Suppose now that the action of I' factors through a
Sylow 2-subgroup of Gx, i.e. through a dihedral subgroup Dy4. Since the Sylow 2-
subgroups of G are the isotropy groups of partitions of X into 2-element subsets,
there is such a partition which is invariant under I'. This observation characterizes
the case where I' acts through Dy:

Proposition 5.4. For a set X € Set%, the following conditions are equivalent:

(a) the T-action factors through a Sylow 2-subgroup of G x;

(b) the T-action leaves a point of R(X) fized;

(¢) R(X) ~ {x}ITA(X);

(d) X is a double covering of a set of two elements, i.e. there exists a map
(D « X) € Covi.

Proof. The points of R(X) are the partitions of X into 2-element subsets, hence
(a) <= (b). The implication (c)=-(b) is clear, and (b)=(c) follows from Proposi-
tion 4.1. If D = {{x1, 22}, {z3,24}} € R(X) is fixed under I', then the canonical
map D «— X which carries x1, 29 to {21,22} and x3, x4 to {z3,24} is a double
covering, hence (b)=(d). Finally, (d)=-(a) follows from &5 &5 ~ Dy. O

The following proposition establishes the existence of a “dual” I'-set X:
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Proposition 5.5. If the equivalent conditions of Proposition 5.4 hold, then there
erists a ['-set X € Setfi, with I'-action through a Sylow 2-subgroup of & ¢, such
that

Ay(X) ~ AX)IT X, Ay(X) ~ AX)IT X,

R(X) ~ {AX)}TA(X), R(X) ~ {AX)} T A(X).
Moreover, X is a double covering of A(X), and X is a double covering of A(X).

If the T-action on A(X) is not trivial, the I'-set X is canonically determined. If
the T-actions on A(X) and A(X) are not trivial, then there is a canonical isomor-
phism
X=X

Proof. Let D € R(X) be a fixed point of . Define X as the complementary subset
in Ay(X) of the fiber e7'(D) under the canonical map R(X) < A2(X). The set
X is thus canonically determined if I' has a unique fixed point D € R(X), or,
equivalently by Proposition 5.4, if the I'-action on A(X) is not trivial.

We proceed to prove that X satisfies the stated properties. To clarify the discus-
sion, we use geometric language. If D = {{z1,z2}, {x3,24}}, we identify X with
the set of vertices of a square, letting {z1,z2} and {z3,24} be the pairs of opposite
vertices. We may thus identify D to the set of diagonals of the square, and we have
a decomposition

(23) Ay(X)=DUX

where X is the set of pairs of adjacent vertices, which may be identified with the
set of edges of the square. (Note that X may also be viewed as the dual square of
X in the sense of polytope theory.) There is a “dual” decomposition

(24) Ay(X) = M X,

where X is identified with the set of pairs of adjacent edges (by mapping every
such pair to their common vertex) and M is the set of pairs of parallel edges, which
may be identified with the medians of the square. The “complementary subset”
involutions yx and g preserve the decompositions (23) and (24), and the set of
orbits of X (resp. X) under vyx (resp. vg¢) can be identified with M (resp. D),
hence

(25) R(X)={D}UM and R(X)={M}D,

and there are natural maps D «— X and M « X which show X and X are
double coverings of D and M respectively. By Proposition 4.1, Equations (25)
yield canonical isomorphisms

M=A(X) and D=A(X).
If the T-action on A(X) is not trivial, then M is the unique fixed point of R(X),

and X C Ay(X) is the complementary subset of the fiber of M under the canonical
map R(X) « As(X), hence X = X. This completes the proof. O

We may use the I'-set X to obtain information on the I'-action on X, as follows:

Proposition 5.6. Let X € Setfi be a I'-set satisfying the equivalent properties of
Proposition 5.4, and suppose the T-action on A(X) is not trivial, so the dual set
X is uniquely determined. The following properties are equivalent:
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(a) the T-action on X factors through a cyclic subgroup Cly;
(b) X ~ X;
(c) A(X) ~ A(X).

Proof. If the action of I factors through Cy, we may regard X as the set of vertices
of an oriented square, and use the orientation to define a canonical isomorphism
X = X, proving (a)=(b). Since the implication (b)=-(c) is clear, it only remains
to prove (c)=-(a). If the image of I under the action contains the Vierergruppe
U x, then there is an element in I' which acts trivially on M and non-trivially on D,
hence A(X) 2 A(X). Similarly, if some element of I" acts by a single transposition
on X, then it acts trivially on D and non-trivially on M, hence A(X) % A(X).
Therefore, (c) implies that the image of the action of I' contains at most cycles of
length 4 and one element of Yy . O

Remark. The T-set D + M = A(X) * A(X) can be identified with the set of orien-
tations of the square.

For the following proposition, recall that the dihedral group D, contains two
non-conjugate elementary abelian subgroups Cs x Cy. Viewing D, as a subgroup
of &4, one of these subgroups is U (= DyN2A4). The other one is generated by two
disjoint transpositions; it is not transitive on {1,2,3,4}.

Proposition 5.7. Let X € Setfi be a I'-set satisfying the equivalent properties of
Proposition 5.4, and suppose the T-action on A(X) is not trivial, so the dual set

X is uniquely determined. The following properties are equivalent:
(a) theT'-action on X factors through an elementary abelian subgroup Cax Cy #
mX ; .
(b) the T'-action on X factors through U % ;
(c) the I'-action on A(X) is trivial.

The proof is left to the reader.
Finally, we consider the case where the I'-action on X factors through Ux.

Proposition 5.8. For a I'-set X € Setfi, the following conditions are equivalent:

(a) the T'-action on X factors through the Vierergruppe Ux ;

(b) the T-action on R(X) is trivial;

(c) the I'-set Ao(X) has a decomposition into 2-element subsets stable under
the canonical involution of Ao(X)/ R(X),

AQ(X) = D1HD2HD3;

(d) X satisfies the equivalent conditions of Proposition 5.4 and T' acts trivially
on A(X).

Moreover, if these conditions hold, then the T'-action on D1 * Dy * D3 is trivial.

Proof. The Vierergruppe can be defined as the subgroup of G x which leaves invari-
ant all the partitions of X into 2-element subsets, hence (a) <= (b). The equiva-
lence of (b) and (c) is clear: take for Dy, Do and D3 the fibers of the canonical map
R(X) < A2(X). The equivalence (b) <= (d) readily follows from Proposition 5.4.

If the equivalent conditions of the proposition hold, then the set X of Proposi-
tion 5.5 can be arbitrarily chosen as D11 Dy, D111 D3 or D21l D3. If we choose
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X = D, 11 D, Proposition 5.5 yields A(X) = D3. On the other hand, it is easily
checked that

A(Dl I DQ) ~ Dl * DQ,
hence D; * Dy ~ D3 and therefore the I'-action on D; * Ds * Ds is trivial. ]

Taking for I' the absolute Galois group of a field F', we may translate in terms of
étale F-algebras the results of this subsection, by using the anti-equivalence Etp =
Setr of §2. By a quartic 2-algebra we mean an étale algebra which is a quadratic
extension of a quadratic étale algebra. These algebras can be characterized through
Proposition 5.4:

Proposition 5.9. For a quartic F-algebra @, the following conditions are equiva-
lent:

the T'-action on X(Q) factors through a Sylow 2-subgroup of Gx(q);
R(Q) is not a field;

R(Q) = F x A(Q);

Proposition 5.5 proves for every quartic 2-algebra @ the existence of a “dual”
quartic 2-algebra (), which is canonically determined if A(Q) is not split. This

algebra is a quadratic extension of A(Q), and @ is a quadratic extension of A(Q).
Moreover, Q and @) satisfy the following relations:

A2(Q) ~ A(Q) x @, A2(Q)
R(Q) = F x A(Q), R(Q

We record a few special cases:

1

(Q) =~ F x A(Q).

Proposition 5.10. Let QQ be a quartic 2-algebra over F'.

(1) If Q is a cyclic field extension of F, then Q ~ Q, hence Q is a quadratic
extension of A(Q), and

A (Q) ~AQ) x Q. R(Q) = F x A(Q).

(2) If Q = K1 x K5, where K1 and Ko are non-isomorphic quadratic F-algebras,
then Q ~ K1 RE KQ, A(Q) ~ K1 * KQ, and

AQ(Q)QFXFX(Kl Rp KQ), R(Q)EFX (Kl*KQ)
3) If @ = Ky ®p Ks, where K1 and Ko are quadratic field extensions of F,

then one may take Q = K, x Ko, or K1 x (K1 x K3), or Ko x (K1 * K>).
Moreover, A(Q) is split, and

AQ(Q)2K1XK2X(K1*K2)7 R(Q)ﬁFXFXF

These results are easily derived from Propositions 5.6, 5.7 and 5.8. Note that
split quadratic algebras are allowed in (2), and that the case where @ = K x K for
some quadratic field extension K of F' is covered by (3) since K x K ~ K ®p K.

Since A2(Q) ~ A(Q) x Q, we may use the computations of §4.3 to give an explicit

description of Q.

Proposition 5.11. Let Q be a quartic 2-algebra over F, and let K C @ be a
quadratic étale F-algebra. Denote by ~— the canonical involution of K over F.
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(1) Suppose char F # 2 and Q = K(,/y) where y € K generates K. Then

AQ) =~ F(\/Niye(®)) and @~ F(yi+/5) (and AQ) ~ K).
(2) Suppose char F' =2 and Q = K(@’l(y)) where y € K generates K. Then

AQ) = F(p ' (T/p(y))) and Q=F(p ' (y)p () (and AQ)~K).
In the proof below, we write simply T'(y), N(y) for Tk p(y) and Ng,p(y).
Proof. (1) By hypothesis, the element x = ,/y generates @ over F. Its minimal

polynomial is
(26) u* — T(y)u? + N(y) € Flu).

Let A, € As(Q) be defined as in (18). By Proposition 4.13, vg(A;)A\; generates
R(Q) and its minimal polynomial is

t((t +T(y))* — AN (y)).

Therefore,
(27) R(Q) ~ F x F(y/N(y)),
determining A(Q). Moreover, Proposition 4.13 also shows that yo(Az) = —Aq,

hence regarding (27) as an identification,

X; = (0.T(y) —2v/N(y)).
Therefore, the projection A, of A, to Q under the isomorphism A (Q) ~ AQ)x Q
satisfies
(28) No=T(y) -2V Ny) =y +7 -2y
If the minimal polynomial (26) of z has no root in F', computation shows that
T(y) — 24/N(y) is not a square in A(Q), hence

Q=F(\).
The proof is complete, since (28) shows that we may identify A, with NOE RV

determining the square roots in such a way that \/yv7 = —/N(y).
If the minimal polynomial (26) has a root in F', then @ has a factor F' and we

are in the situation of Proposition 5.10(2) with Ky or K> split. This case is left to
the reader.

(2) Suppose now char F = 2. The element * = yp~!(y) generates Q with
minimal polynomial

u' + T(y)u® + (T(y)° + T(Y)N(y) + N(y))u® + T(y)’N(y)u + N(y)* € Flu].
Consider again the element A\, € A2(Q) defined in (18). By Proposition 4.13,
Yo (Az) Az generates R(Q) and has minimal polynomial

(t=N) ([ = Nt +T)° +Ty)*N(y) + T(y)N(y)?).
If w is a root of the quadratic factor, then
p(N(y) ™ (w—T(y)° - T(yN(y)) =T(y),

hence
R(Q) ~ F x F(p~ ' (T(y))).
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Proposition 4.13 also shows that the projection A, of A, onto Q satisfies
(29) A2+ T(y)Ae +w = 0.

If p~1(y) and p~!(y) are determined in such a way that p '(y) + o *(y) =
o Y(T(y)), computation shows that o 1(T(y))(T( )+ o (y)p ' (¥)) also satis-
fies (29), hence we may identify @ with F(p~'(y)p~1(7)). O

We refer to [5] for a description of quartic 2-extensions of fields in characteristic
different from 2.

5.3. Classification of quartic algebras. Combining the results of §§5.1 and 5.2,
we obtain a classification of quartic étale F-algebras @) based on the action of the
absolute Galois group I' of F' on X(Q). We summarize the various possibilities for
Q, A(Q), R(Q) and A2(Q) in the table below. In this table, a(T') C &x(q) ~ &4
is the image of the I'-action. The letters N and L are used for sextic and cubic
separable field extensions of F, and K, K, K, K, for quadratic separable field
extensions of F. A quartic separable field extension is called an &4-quartic (resp.
A4-quartic) if its Galois closure has Galois group isomorphic to &4 (resp. 2y4).

o(T) Q AQ) | R(Q) | A2(Q) |
{1} o F? 3 S

Co ¢ 0 F?x K K Fx K F? x K?

CyCU KxK F? F3 F? x K?

Cs F x L, L cyclic | F? L LxL
CQXC2¢€B K1XK2 Kl*KQ FXKl*KQ FQX(K1®K2)
P} K1®K2 F2 F"3 K1XK1XK1*K2
Cy cyclic KcQ |FxK KxQ

S3 FxL K L L xL

D, QDK K FxK KxQ, QoK
Ay A -quartic F? L cyclic NDOL

Sy S4-quartic K L S5-cubic NDOL

6. CYCLIC QUARTIC ALGEBRAS

Let F be an arbitrary field with absolute Galois group I' = Gal(F/F'). Quartic
étale F-algebras @ such that the I-action on X(Q) factors through a cyclic group
C}4 can be endowed with the structure of a Cy-Galois algebra. (In the table of §5.3,
they can be found in the lines (T") = {1}, a(T') = C2 C U and «(T") = C4.) Fixing
a generator of Cy (or, equivalently, choosing an isomorphism Cy ~ Z/47), we may
consider a Cy-Galois F-algebra as a pair (Q, ) where Q is a quartic étale F-algebra
and v is an F-algebra automorphism of @ such that

reQ|vz)=a}=F
The automorphism v then satisfies ¥* = Id, and it yields the action on @Q of the
generator of C4. An isomorphism of C4-Galois F-algebras 8: (Q,v) — (Q',v) is
an isomorphism 3: @ — Q' such that v/ o 8 = Bov. Let Cycl,(F) be the set
of isomorphism classes of C4-Galois F-algebras. As observed in §3.5, there is a
canonical bijection

Cyely(F) = H'(T, Cy).
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If C, is embedded in &y, the corresponding map in cohomology H(T,Cy) —

HY(T, &4) maps the isomorphism class of (Q,v) to the isomorphism class of Q.
Since Cj is an abelian group, the set H!(T',Cy) is an abelian group. The group

structure on Cycl,(F') is induced by the following composition law (see [2]):

Q.v)x (@)= (QoQ) ' veld).
The class of the split algebra F* with the cyclic permutation of factors is the neutral
element. The squaring map p: Cy — G, fits into an exact sequence
1—>62;C4£>62—>1.

Since H(T', &3) ~ Quad(F) (see §3.4), the induced exact sequence in cohomology
takes the form

(30) 1 — Quad(F) 5 Cycl,(F) = Quad(F).
The map ¢! is induced by K — (K x K,v) where v(z,y) = (y,7x(z)), and the

map p! carries every Cy-Galois algebra (Q,v) to its discriminant A(Q) (which is
isomorphic to the quadratic subalgebra Q"Q, see Proposition 5.10).

Remark. The algebra K x K contains K and F' x F as quadratic subalgebras.
However, Galois theory shows that if (Q,v) is a C4-Galois algebra and @ is a field,
then @) contains a unique quadratic extension of F.

In the rest of this section, we give an explicit description of H!(T,Cy) and use
it to parametrize Cy-Galois algebras up to isomorphism. The description depends
in an essential way on whether the characteristic is 2 or not.

6.1. Characteristic not 2. If char F' # 2, the group p4(Fs) C Fs of fourth roots
of unity is cyclic of order 4. Let S = F[X]/(X? + 1). Twisting the T'-action on
pa(Fs) by a cocycle whose image in H'(T', &3) defines S, we obtain a I'-module
paps) with trivial T-action. Thus, pys) ~ Cy, and Cy-Galois F-algebras are also
classified by H(T, tas))- To give an explicit description of this group, consider the
homomorphism

T: F* x 8% — F* x §%
defined by

Y, z) = (NS/F(Z),ZZ2).
Proposition 6.1. There is a canonical isomorphism

HY (T, pag)) = (F7 x S*)/T(F* x §%).
Proof. Let i = v/—1 € S be the image of X. We may identify ji415) with
{(1,1),(1,-1),(-1,1®1),(-1,-1®i)} C F} x (F;®S)*,

which is the kernel of the map T extended to Fs. The proposition follows from the
cohomology exact sequence associated with

1= pgg) — FX x (F,® 9)% 5 FX x (Fy08)% — 1,

since Hilbert’s Theorem 90 and Shapiro’s lemma yield H*(T', FX x (Fs @ S)*)
1.

ol

Remark. Another description of H!(T, pas)) is given in [3, (30.13)].
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It follows from Proposition 6.1 that Cy-Galois algebras are classified by the group
(F* x 8*)/YT(F* x S§™).

(See [2] for a proof without cohomology and, more generally for a class of com-
mutative rings in which 2 is invertible.) We give an explicit description of this
correspondence.

Leti=+/—1€S. For A€ F* and s = sy +1isy € S*, let d = Ng/p(s) = 53 + 53
and let

Q)\,s = F[VVa X7 Y]/I)\,s

where I ; is the ideal generated by

W?—d, X?- %(d+31W), Y? - %(d— s1W), XY — %SQW.
The automorphism v of F[W, X, Y] defined by
v(W)=-W, v(X)=Y, vY)=-X
preserves Iy s and induces an automorphism of () s which we denote by vy ;.

Proposition 6.2. For any A € F'* and s € S*, the pair (Qx,s,V»,s) is a Cy-Galois
F-algebra. The map (A, s) — (Qx,s,Va,s) induces a group isomorphism
®: F* x 8% /{(Ng/p(2),£2°) | L € F*,z € S*} 5 Cycly(F).

Proof. We first show that @ s is a quartic étale F-algebra. Let w, &, n € @ s be
the images of W, X, Y respectively. The algebra F|w] is quadratic, F|w] ~ F[V/d].

If s # 0, then d # s%, hence d + sjw is invertible. Computation shows
(5_1%82w)2 = %(d — $1w), SO

Q= Flo 8] = FIVA [\ 50+ 51V .

If s = 0, then d = s?, hence F|w] ~ F x F and we may identify £ and 1 to
51(v/A,0) and s1(0,v/A) in
Qs ~ FIVA] x F[VA.

Therefore, in each case @ s is a quartic étale F-algebra, and the fact that the
subalgebra fixed under vy 5 is F' is easily verified.

To prove that ® is a group homomorphism, consider (A, s), (N, s') € F* x §*
with s = s1 4 isp, 8’ = 5| +isy. Let d = Ng/p(s), d = Ng/p(s’) and let w, &,
neQrs and W, &, n € Qr ¢ be defined as above. The elements

we=weuw, L= -—nen, n=£(n+nef

-1
are in (Qx.s ® Qo) =¥"V+" and satisfy

w? =dd,

&2 = X a1 (s15] — sash].
e = 20 (1% + s e,

n? = s [dd' — (s18] — sash)w.].

2
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Moreover,

(VA,s @ Id)(wy) = —ws, (VA,s @ 1d)(&x) = 14, (VA,S ®Id)(ns) = =&
Therefore,
(@Qx,5:Vx,5) * (Qxr 57, Unrs) = (Qr 5573 VAN 557 )-

If (X, s) = (Ns/p(2),£2°) for some { € F*, z = z 4+ iz € S*, then the homo-
morphism F[W, X, Y] — F* defined by

W — gNS/F(Z)(17 _17 17 _1)7
X éNS/F(Z)(Zla 22, —R1, _ZQ)a
Y — KNS/F(Z)(Z% —21, —%2,21)

induces an isomorphism (Q) s, x.s) — (F*, o) where o is the cyclic permutation.

Conversely, suppose that for some (A, s) € F* x S* there is an isomorphism
Q,\,S ~ F4, and let (wi)1§i§4, (fi)1§i§47 (ni)lgigzl be the images of W, f and n
respectively in F4. Then from the relations between w, ¢ and 7 it follows that
z=wi (& +im) €S and £ = (6 +n?) " 'wi satisfy

A= Ng/p(z) and 5= 02>

Therefore, the homomorphism ® is injective, and it only remains to prove its sur-
jectivity.

Let (Q,v) be a Cy-Galois F-algebra. If Q ~ F[\/u] x F[\/u] for some p € F*,
then @ ~ @1, as was observed at the beginning of the proof. Therefore, for the
rest of the proof we may assume @ is a field. Let K = Q”2 C @ be the subfield
fixed under 1%, let K = F(w) with w? = d for some d € F*, and let Q = K(¢)
with €2 = y for some y € K*. We have y ¢ F since Q/F is cyclic. Let y = a + bw
with a, b € F, b # 0. Substituting for  an element of the form u2?y with u € K,
we may assume a # 0. Letting A = 2ad~! and s; = a~'bd, we may then write ¥ in
the form

A
Y= §(d+ S1W).

Let n = v(€). Since €2 € K and ¢ ¢ K, we have v2(£2) = €2 and v2(£) # &, hence
v2(¢) = —¢. Therefore, v(&n) = —&n, and it follows that &n € wF*. Let

A
(31) &n = 5520 for some sy € F*.
From the equation ¢2 = 3 (d + sjw), we obtain
A
n? = §(d — S1W).

Therefore, (31) yields

A2 A2
ngd = Z(d + s51w)(d — s1w),

hence d = s? + s3. It is then clear that (Q,v) ~ (Qxs,Va,s) With s = s1 +ise. O

Corollary 6.3. A quadratic étale F-algebra F[\/d] can be embedded in a Cy-Galois
algebra (Q,v) as F[Vd] ~ Q”2 if and only if d is a sum of two squares in F.
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Proof. The “only if” part was shown in the last lines of the proof of Proposition 6.2.
(Alternately, it follows from Propositions 5.10 and 5.11.) The “if” part follows from
V2
the observation that F[v/d] ~ x4 whenever Ng/p(s) = d. O
In other words, this corollary shows that the exact sequence (30) can be extended
to

1
1 — Quad(F) 5 Cycl,(F) = Quad(F) & Br(F),
where Br(F) is the Brauer group of F' and § maps K = F[V/d] to the Brauer class

of the quaternion algebra (—1,d)p. Of course, this result is well-known and has an
easy cohomological proof.

6.2. Characteristic 2. Cyclic Galois Cpn-algebras over fields over characteristic p
were constructed by Witt [14, Satz 13], using Witt vectors. The group H'(F, Cyn)
over a field of characteristic p was computed by Serre in [9, Chap. X, §3], also in
terms of Witt vectors. We recall explicitly the results of Serre and Witt for the
group Cy over a field F' of characteristic 2.

Let W5(F') be the additive group of Witt vectors of length 2. By definition we
have Wo(F) = {(t,s) | t,s € F'} with the addition

(t1,81) + (t2,82) = (tl + 12,51 + 59+ tltg).
Alternately,

1
Wo(F) = 0 s,t € F 3 C GLo(F).
0

O = o
— ~ ®»

The neutral element is (0,0) and = (¢,s) = (¢,s + t?). The map

Q21 Wo(F) — Wo(F), (t,s) — (t2,5%) ~ (t,8) = (1> +t,8> + s+ > +13)
is a group homomorphism and there is an exact sequence of I'-modules:
(32) 0 — Cy — Wa(Fy) £ Wy(F,) — 0,
where Cy is identified with the subgroup of W (Fy) generated by (1,0).
Proposition 6.4. H' (I, W5(F,)) =0 and H'(T',Cy) ~ W (F)/p2(Wa(F)).
Proof. The first claim follows from the exact sequence of (additive) I'-modules:

0— Fy 5 Wy(Fy) 5 Fy— 0

where ¢(s) = (0,s) and 7(t, s) = t, and the fact that H(T, Fi) = 0 (by the additive
version of Hilbert’s Theorem 90). The last claim follows from the exactness of (32)
and from the first claim. O

For (t,s) € Wa(F), let I(; 5y C F[W, X] be the ideal generated by the polynomials
fi(W), f2(W, X) such that

(f1(W), (W, X)) = p2(W, X) = (),
and let
Qt.s) = FIW, X/ 11 ).
Letting w, £ be the images of W, X in Q, ), the relations defining Q) can be

rewritten as
wWwtw=t, E+E=tw+s.
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It is therefore clear that Qs is a quartic 2-algebra over F. The automorphism of
F[W, X] given by
(W, X) = (W, X) + (1,0)
induces an automorphism v(; ) of Q(;); we have by definition v 4 (w) = w + 1
and v 5)(§) = € +w, hence the fixed subalgebra of Q(y,s) is F'. Thus, (Q(t,s), V(t,s))
is a C4-Galois F-algebra.
Proposition 6.5. The map (t,s) — (Q.s); V(t,5)) induces a group isomorphism
W: Wo(F)/p2(Wa(F)) = Cycly(F).

Proof. Let (t,s), (t',s") € Wa(F'), and let w, £ € Q(s¢) and W', £’ € Q1) be the
elements defined as above. In Q; sy ® Q4 ), consider the elements

wymwRl+1W, L =ER1I+H1REE+wRw.

Computation shows that w, and £, are invariant under ’/(; 18) ® vy sy and satisfy

Wtw,=t+t, 46 =+t w+s+s +tt
Moreover, (v(;,s) ® Id)(ws) = ws + 1 and (v, @ 1d) (&) = i + wy. Therefore,
(Qet,), it,) * (Qersn ) = (@ gy + (.6 Vits) + (.0
If (t,8) = pa(x,y) = (2% + 2,9% + y + 2° + 22) for some x, y € F, then the map
F[W, X] — F defined by
Wi (z,z+ 1,z,2 + 1), X Wr+yy+lLzty+1)

induces an isomorphism (Q(¢,s), ¥(¢,s)) = (F*,0) where o is the cyclic permutation
of factors.

Conversely, if Q(t,s) ~ F* for some t, s € F, then letting (wi)lgi§4 and (5i)1§i§4
denote the images of w and ¢ in F4, it is readily verified that

t=w?+w and s=E 46 +wd+u?,
hence (t,s) = pa(w1,&1). This shows that the map ¥ is an injective homomorphism
of groups, and it only remains to prove its surjectivity.

Let (Q,v) be a C4-Galois algebra. If Q ~ F[p~!(u)] x F[p~!(u)] for some u € F,
then (Q,v) ~ (Q(o,u), Y(0,u))- For the rest of the proof, we may thus assume @ is
a field. Let K = Q”2 C @ be the subfield fixed under v? and let Q = K (&) with
€2+ ¢ € K. Then v2(€) = £ + 1, and it follows that the element w = ¢ + v/(€)
satisfies

v (w), vw)=w+1,
hence K = F(w). We then have £2 + ¢ = tw + s for some ¢, s € F, and
Wtw=(E++r(E+E) =t
Therefore, (Q,v) ~ (Q,s), V(t,s))- O
Corollary 6.6. Fvery quadratic étale F-algebra can be embedded in a C4-Galois
F-algebra (Q,v) as Q” ~ A(Q).
I./2

Proof. For any t € F, we have F[p~!(t)] ~ Q(t(t;,;) for all s € F. O

The corollary shows that the last map in the exact sequence (30) is onto when
char F' = 2. This is clear from a cohomological viewpoint, since the cohomological
2-dimension of I" is at most 1, see [11, p. 86].
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