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Abstract

We present a set of generators of the full annihilator ideal for the Witt
ring of an arbitrary field of characteristic unequal to two satisfying a non-
vanishing condition on the powers of the fundamental ideal in the torsion
part of the Witt ring. This settles a conjecture of Ongenae and Van Geel.
This result could only be proved by first obtaining a new lower bound on
the 2-adic valuation of Stirling numbers of the second kind.

1 Introduction

In 1937, Witt already observed that the Witt ring was integral in the sense that
each element was annihilated by a monic integer polynomial. Fifty years later,
in 1987, Lewis was the first to give explicit examples of such polynomials [4].
He showed that the monic polynomial, p,, (X), defined as

(X)) =(X—n)(X-(n—-2)...(X+(n—-2))(X +n)

annihilates every non-singular quadratic form of dimension n over every field F'
of characteristic unequal to two.

Since then, many other polynomials in Z[X] were found annihilating all or a
family of classes of nonsingular quadratic forms in the Witt ring and we refer
the reader to [3] for a nice survey of the main results on this topic.

Let F be a field of characteristic not 2. The object we want to consider here
is the torsion annihilator ideal

Ai(F) ={f(X) € Z[X] | f(¢) =0, ¥V ¢ € [,(F)}

where I(F) = W(F) N I(F), Wi(F) the torsion part of the Witt ring and
I(F) the ideal of all even-dimensional forms in the Witt ring. Since A;(F') is an
ideal in the noetherian ring Z[X], it is finitely generated. The main problem is
to find a set of generators for this ideal.

We will prove the following result.

For fields F satisfying the conditions that 2"Wy(F) = 0 and 2"~ (I,(F))**~1 £ 0
with k uniquely determined by r, the torsion annihilator ideal Ai(F) is the ideal



generated by the monomials

{2r7u2((2i)!)X2i}0Si§k71 U {X%},

where vo denotes the 2-adic valuation function.

In the case of a nonreal field F' this theorem was conjectured (see Corollary
3.4 ) by Ongenae and Van Geel [5]. They gave a proof for fields with level
s(F) < 16 and using the same technique, you can check that the theorem holds
for all nonreal fields F' with level s(F') < 64, but a general method was lacking.
The general method, used to prove the theorem, consists in evaluating a polyno-
mial f(X) € Z[X] in the even-dimensional forms 17, {(a;)) with 1 <n < deg(f).
This evaluation can be rewritten as a linear combination of sums of m-fold Pfis-
ter forms and the coefficients that appear turn out to be related to the Stirling
numbers of the second kind.

The result about the (torsion) annihilator ideal could only be proved by first
obtaining a new lower bound for the 2-adic valuation of all Stirling numbers
S(n, k) of the second kind, namely

v2(S(n, k) > d(k) —d(n), for 0<k<n

where d(k) the sum of the binary digits in the binary representation of k.

2 Stirling numbers of the second kind

2.1 Preliminaries

Let n € N. The Stirling numbers S(n, k) (k € N) of the second kind are given
by

2" =Y S(n,k) (),
k=0
where () = z(x—1)(x—2) ... (x—k+1) for k € N\ {0} and (z)p = 1. Actually
S(n, k) is the number of ways in which it is possible to partition a set with n

elements in k classes.
The Stirling numbers of the second kind can be defined in several ways.

Proposition 2.1.

k
Stk = 35 o105 )= o
" i=0
S(n,k)=8Sn—1,k—1)+kS(n—1,k)
with S(n,0) = S5(0,k) =0 and S(0,0)=1

1 n
k) = —
S(n, ) k! Z <7’Ll, na, nk>’

n1,Mn2,..., Nk

where ni,Na, ...,Ng are non-zero and their sum equals n.



Proof.
See [1] and [6].

[l
2.2 2-adic valuation of Stirling numbers of the second kind

The 2-adic valuation of Stirling numbers of the second kind and other combi-
natorial numbers has been widely studied, but many problems in this area are
still unsolved. We will give a new lower bound for the 2-adic valuation of all
Stirling numbers of the second kind.

Denote by d(n) the sum of the digits in the binary representation of n and de-
fine the 2-adic valuation function vo(n) for all non-zero integers n by va(n) = p,
where 2P|n and 2P+ { n.

Recall the following properties.

va(n!) =n—d(n) (Legendre)

Vo ((Z)) = d(k) +d(n—k) —d(n)  (Kummer)

for all k,n € N with 0 < k <mn.
A new lower bound on the 2-adic valuation of Stirling numbers of the second
kind can be obtained as follows.
Theorem 2.2. Let n,k € N and 0 < k <n. Then
vy (S(n,k)) > d(k) — d(n).
Proof.
By induction on n.

For n =0, 15(5(0,0)) = (1) > d(0) — d(0).

Assume now that the above inequality is true for all i < n. We will prove
the theorem for n. Note that for £ = 0 the result is obviously true.

Let 1 < k <n. The Stirling numbers of the second kind satisfy the well-known
'vertical’ recurrence relation

n—1
n—1
S = ) - .
(n, k) Z ( ; )S’(z,kz 1)
i=k—1

Combining this with the ’triangular’ recurrence relation
S(n,k)=8Sn—1,k—1)4+kS(n—1,k)

we obtain

kS(n, k) = i_z;:l <’Z>S(z k—1).



Vo (kS(n, k) = v <§ (:‘)S(z k— 1))
> min {y2<<’f‘))+d(k1)d(i)}

T k—1<i<n—1 i
(by the induction hypothesis)
= min {dn—1i)+dk—1)—d(n)}

k—1<i<n—1
(by the Kummer identity)
=d(k—-1)—d(n)+1.

So,

va(S(n,k)) > dk —1) —va(k) +1—d(n)

= d(k) — d(n).

O

2.3 Relationship between Stirling numbers of the second
kind and quadratic forms

We can evaluate

f(X)=caX+ ...+ 1 X + ¢y € Z[X]

in classes of quadratic forms ¢ € W(F) by defining

f(@)=cap? L ... Lecigp L co(l) € W(F)

where c;¢p = sign(c;) (¢ L ... Lp)and ' =¢ ®@ ... @ ¢.
—_— —
lei| times i times

For arbitrary k > 0 and aq,as,...,ar € F* = F\{0} denote with (a1, ag, ..., axr)
the 2*-dimensional k-fold Pfister form

{a1,a9,...,a) = (1,a1) ® (1,a2) ® (1, ax).

Stirling numbers of the second kind turn up in a natural way by making calcu-
lations in the Witt ring.

Proposition 2.3. Let f(X) =cqX?+ ...+ a1 X € Z[X].



Then

M=

fLizifai)) = (

(

1.

1 (Z 297"n! S(q, n)cq> {a,...,an).

247111 S(q, 1)cq> (Lizy {ad)))

1

=]
Il

M=

21-22] S(q,2)0q> (L (ai, ;)

/|
v

Proof.

The evaluation of the polynomial f(X) = cqX?+ ...+ ¢ X in sums of 1-fold
Pfister forms 17 {(a;) can be written in the following way.

f(i?zl«ai») = Al(cla ceey Cd)(lzlzl «az»)
1 Ag(cl, e ,cd)(L?q-((ai, aj>>)
1 ...
1L An(er, .. yeq)lar, ... an),

where the Ay(c1,...,cq) are expressions in ¢y, ..., cq with natural numbers as
coefficients, i.e.

d
Ap(er,. .. cq) = Z'ypchq, with 7,4 € N.
q=1

The natural number 7, 4 is the coefficient of ((a1,...,ap) in (LY, (@)

For p < ¢ we can write

q1+q2+...+qp=q q

_ —1l9g2—1 gp—1
Vo = gu—lge—l 96
P Z (qb(IQa"'aqp)

q1t+q2+...+qp=q q

q1,92,---,qp>1

=21"Ppl S(q, p).

If p > ¢ then clearly no p-fold Pfister form can occur in (LY_; {(a;)))?.
So,

~J277Ppl S(q,p) if p<ygq,
Tpa 0 otherwise.



Applying this to the coefficients A,(c1,...,cq) we obtain

d
fLizifaa) = (Z 297111 8(q, 1)Cq> (Lizi {ai)))

q=1

d
€ (Z 29—291 S(q,2)cq> (Li€ai az)

O

Corollary 2.4. Let f(X) = cgX+.. +c1 X +co € Z[X] and ¢ ~ (a1, aq,...a,)
a quadratic form of dimension n. If f(n) := f(n(1)) = 0 then

d d +
a-11) —n)i ¢ w1 la;
(ZZ2 11 S(g.1 <q>< ) )uz_ (ai))

o t
(Zqu 291 5(,2) <q><n>t%t> (L7 o, as)
1 ...
d d
1 <ZZQQ "n! S(g,n (2) (—n)t_qct> {a1,...,an)

Proof.
Note that for all
¢ ~ {(a1,a2,...an)

we have
¢ =~ L (ai) —n(l).

We can also rewrite f(X) as

) = g(X—m) =33 ({)nrrex =y

q

The condition f(n) = 0 implies that the constant term in g(Y) withY = X —n
vanishes. The result follows from the previous proposition applied to g(Y). O

Lemma 2.5. Let f(X) =caX?+ ...+ 1 X € ZIX]. If f(LF (asu))) =0,
forall 1<k<mn, c€Sy then

d
<Z 277"l (g, n)@) (arqy, .- ar@) =0, forall 7€ Sq.

q=n



Proof.
By induction on n.
Forn =1,

0= f({ai))
= cal{ai)? + ca—1{a) " + ...+ (i)
= (Qdilcd + 2d72cd_1 + ...+ cl)«ai»

d
— <Z 297111 S(q, 1)cq> {ai)

since S(q,1) =1 for all ¢ > 1.

Assume now that the lemma is true for all i < n. We will prove the lemma for
n.

Let 0 € 5.

0= f(L {aom))

= (z 27111 (g, 1>cq> (L1 o))

q=1

M&

i 297721 S(q, 2)c ) (Licj(aoqy, as)))

I|
N

q

1 (Z 297"n) S(g,n)c )«aa(l)a---’%(n)»

q=n

by Proposition 2.3.
Note that for every subset U C {1,...,d} of k < d elements, there exists a
permutation 7 € Sg such that U = {r(1),...,7(k)}.

So,
d
0= (Z 21111 S(q, 1)Cq> (J—T€X1C5d <<a7'(1)>>)
d
1 (Z 297221 S(q,2 ) rexacsqa{ar(1), ar(2)))
q=
d
1 (Z 297! S(g,n ) Ag(1)s-- > U(n)>>
q=n
d
(Z q nn' S q, ) ) <<aa'(1)7 M) ao(n)»
q=n
by the induction hypothesis. O



3 Polynomials annihilating the Witt Ring

3.1 Preliminaries

The fundamental ideal I(F) of W(F') is the ideal consisting of all even dimen-
sional forms of W(F). Put I(F) := I(F) N Wy(F).
A field F is called nonreal if —1 is a sum of squares in F. The natural number

s(F) :==min{n € N|a? +a3+ ...+ a2 =1, a; € F}

is called the level of F.
A field F is called (formally) real if —1 is not a sum of squares in F. In this
case we define the level s(F) = cc.

It is a well-known fact that s(F) is a power of two, if F' is nonreal ([7] or [2]
The height of F is the smallest two-power h(F) = 2d such that 2th(F

If no such power exists then h(F) := co. If F is nonreal then h(F) = 2s(

r [2]).
) 0.
F).

We define the torsion annihilator ideal Ai(F) in Z[X] by
A(F) = {f(X) € Z[X][ f(p) = 0 for all ¢ € I,(F)}.

For F nonreal, define the full annihilator ideal A(F) in Z[X] by
A(F) ={f(X) € Z[X]| f(¢) = 0 for all p € W(F)},

the even annihilator ideal by

A(F) ={f(X) e Z[X]|f(p) =0 for all even dimensional p € W(F)}
and the odd annihilator ideal by

A (F) ={f(X) € ZIX]| f(¢) = 0 for all odd dimensional ¢ € W (F)}.

In what follows, let & = k(r) be the natural number uniquely determined by
va((2k — 2)1) < r < wa((2k)!) (see [5]).

We define the ideals

Jer = ({277 VZ((QZ)')X21}0<1'<1¢ 1) + (X7
— (27“, 2’)“ 1X2 2T 3X4 2T*U2((2’L’)!)X2i, . 27“71/2((2]672)!))(2]672,X?k),
Jor = ({27779 (X }ogigc—l) + (X =1
— ( 27‘ 1( 1) 727‘—3(}( _ 1)47 s 2r—1/2((2i)!)(X _ 1)272’ . 27‘—1/2((2k—2)!) (X
and
J, = ({2r71/2((2i)!)X2i(X - 1)2i}0§i§k71) + (XQk(X - 1)2k)

= (20,27 IX3(X - 1)F 2 XN (X - 1)L,

2T—l/2((2i)!)X2i(X _ 1)27;7 ey 27‘—1/2((2k—2)!)X2k—2(X _ 1)2k_27X2k(X _ 1)2k)

_ 1)2]6—27 (X _

1)2k)



Example 3.1.

Jeg = (2,X7),

Jeo = (4,2X2 XY,

Jez = (8,4X% X*),

Jea = (16,8X7%2X* XO),

Jes = (32,16X24X%*2X5 X¥).
Jes = (64,32X2 8X* 4X5 X¥).

3.2 Generators for the full annihilator ideal

Since Z[X] is noetherian, the ideals A.(F), Ao(F), A(F) and A.(F) are finitely
generated. Under certain conditions we give a set of generators.

The following lemma is proved in [5]. We will give an alternative proof, using
Stirling numbers of the second kind.

Lemma 3.2. Let F be a field for which 2"W(F) = 0 then

Jer C A(F).

Proof.

Let f(X) = 27—2((2)) X2 he one of the generators of J. . and ¢ =~ (a1, az, ..., a,)
an arbitrary even dimensional element of Wy(F).

Since n is even, we have f(n(1)) = 2r—v2((2)h)+2 (%)2Z (1) = 2r+d() (%) (1) =
0.

By Corollary 2.4

d 21 ) )
£(6) = (Z?q 11 sg. 1><q><n>2ww"2<<2“”> (L2 fai))

d .
L (Z 94—29) S(q,2) (2;) (n)%qQTW((%)!)) (J-:l<] (ai,a;))

1.
d .
1 <Z 297"n! S(q,n) (2;) (—n)Qi_QQT_”Z((Zi)!)> (ar,...,an).



For all j < g we have

Vs (2‘1—jj! S(qvj)(%;) (_n)gi_qQT—W((gi)!))
= g— i+ () + 12(S(g, ) + v <<2ql)>

+ (2t — @Q)va(n) + r — va((29)))

=q—Jj+J—d() +v2(S(g,5)) + dlq) + d(2i — q) — d(2)
+ (20 — q)va(n) +r — 2i 4 d(2i)
(by Kummer and Legendre)

> ¢ —d(j) +d(j) — d(q) + d(q) + d(2i - q)
+ (20 — qQ)ua(n) +r —2i
(by Theorem 2.2)

>q+d2i—q)+(2i—q)+r—21

(since n is even)

>r

Since 2" W (F) = 0 it follows that

or equivalently that

This brings us to the main result of this paper:

Theorem 3.3. Let F be a field such that 2" W (F) = 0 and 2"~ (I;(F))?*~1 # 0
with k uniquely determined by vo((2k — 2)!) < r < wva((2k)!). Then

Jer = Ac(F).
Proof.

Let F be a field such that 2"W;(F) = 0 and 2" 1(L,(F))?*~! # 0. Let k
be the unique natural number such that vo((2k — 2)!) < r < va((2k)!).

Since X?* ¢ Je,» annihilates every even quadratic form, we will have to prove
that every polynomial of degree 2k — 1,

f(X) = Cgk,1X2k71 + ...+ X + co, with ¢; € Z,

10



annihilating every even quadratic torsion form, lies in Je .

I.(F) is generated by the elements ((a)) € I;(F') . The condition on the power
of the fundamental ideal implies the existence of elements ay,...,as,_1 € F*
such that the form 2"71{(a;,...,az,_1)) is not zero.

Fix such elements.

We will evaluate the polynomial f(X) in the even quadratic forms of the
form

Lis1{as(iy)
where 1 <n<2k—1, 0 € Sop_1.

Since f(0) = ¢p(1) has to vanish and 2"W;(F) = 0, it follows that ¢y = bo2" for
some by € Z. By Lemma 2.5 we get the following set of equations in the Witt
ring:

2k—1
(Z 297"n) S(q, n)cq> (a1,...a,) =0, 1 <n <2k —1. (1)
q=n

For n =2k — 1, this becomes

0 :(2k - 1)' S(2l€ - 1, 2k — 1)02]6,1«(11, ey agk,1>>
:(2k — 1)' 02k71<<(11, ceey a2k,1>>.

Since
2T71<<a1, RN agk_l» £ 0,

and 2"Wy(F) = 0 it follows that
(2k — 1)! cap—1 = bog—12" for some bop_1 € Z,
and since v2((2k — 1)!) = v2((2k — 2)!) < r that

Cop_1 = 27“7”2((2]671)!)1)2]6,1 for some bop_1 € Z.

For n=2k—2, (1) becomes

((2k - 2)' Cok—2 + 2(2]{3 - 2)' S(Qk - 1, 2k — 2)02k_1)<<a1, ey agk_1>> =0. (2)

11



The second term 2(2k — 2)!5(2k — 1,2k — 2)car—1{a1, - . ., azr—2)) vanishes since

v2(2(2k —2)! S(2k — 1,2k — 2)cap—1) = 1+ wv2((2k —2)!)
+12(S(2k — 1,2k — 2)) + va(cap—1)
= 1+2k—2—d(2k—2)
+v2(S(2k — 1,2k — 2)) + va(cak—1)
(by Legendre)

> 2k—1—d(2k—2)
+d(2k — 2) — d(2k — 1) + va(car—1)
(by Theorem 2.2)
> 2k—-1—-d2k—-1)+r—(2k—-1)+d(2k—-1)

= r

and 2"Wy(F) = 0.
Equation (2) is thus equivalent to

(2k — 2)' c%_g«al, ey agk_2>> =0
and it follows, since v5((2k — 2)!) = v9((2k — 1)!) < r that

Cok—o = QT_VQ((2k_2)!)ka_2 for some boy_o € Z.

Using the same technique and observing that

v2(297"n! S(g,n)eq) = g — n+ va(n!) + 12(S(q,p)) + va(cq)
=q—d(n) +v2(5(g,;n)) + va(cq)
(by Legendre)
> q—d(n) +d(n) —d(q) +r—q+d(q)
(by Theorem 2.2)

for all n < ¢ and that ve(n!) < r for all 1 <n < 2k — 1, the set of equations (1)
is equivalent to the set of equations

n! ep{lay,...,an) =0, wheren=1,...,2k — 1.

The solutions are,

e, =272y for some b, € Z.
We can thus rewrite,

f(X) = CQkleQkil =+ ...+ ClX + Co

12



f(X) —_ 2T7V2((2k71)!)b2k71X2k71 + 2T7V2((2k72)!)b2k72X2k72 4
o+ 2T7V2((2j+1)1)b2j+1X2j+1 + b2j2rfl/2((2j)!)X2j 4.+ 27“71/2(1!)le + 27“71/2(0!)[)0
= o va(CR=DN) X2k=2(p X 4 bop o) + ... 4 27 2OV X2 by X 4 boi) 4 ...+ 27 (01 X + bo)

or equivalently,

f(X) € Jeyr

i.e.

A (F) C Jer

and using the other inclusion of the previous lemma

Ay(F) = Je .
O

Corollary 3.4. Let F be a nonreal field of finite level s(F) = 2"~ such that
s(F)(I(F))?~1 £ 0, where k = k(r) is uniquely determined by vo((2k — 2)!) <
r < wy((2k)!). Then

A(F) = J,.

Proof. Since s(F) = 277! we have that 2"W (F) = 0. Moreover, if F is a
nonreal field, I;(F) = I(F). The non-vanishing condition on the power of the
fundamental ideal implies that

Ae(F) = Je .

If ¢ is an odd-dimensional form in W (F), then ¢ L — (1) is an even-dimensional
form in W (F'). This implies that

Ao(F) = Jo,r-
And finally, since J. , and J,, are comaximal ideals, we get
A(F) = Ac(F) N Ao(F) = Jer N o = Jei - Jop = i
O

Corollary 3.5. Let F be a real field of finite height h(F) = 2" such that
LR(F)(Wy(F))* =1 £ 0, where k = k(r) is uniquely determined by vo((2k —
) <r <w((2k)!). Then

A(F) = Je .

Proof. By the definition of the height h(F) = 2", we have that 2"W(F) = 0.
Moreover, if F is a real field, I;(F) = W;(F'). The non-vanishing condition on
the power of the torsion ideal implies that

Ay(F) = Je .

13



Remark 3.6. In [5], examples are given of non-real fields F satisfying the
conditions of Corollary 3.4.

Ezamples of real fields of arbitrary height h(F) = 2" satisfying the conditions of
Corollary 8.5 can be found. These results will be published later.

Remark 3.7. One can show that, for a field F, satisfying 2"W (F) = 0, but
not satisfying the non-vanishing condition 2" ~(I;(F))?*=1 #£ 0, the torsion
annihilator ideal Ay(F') always differs from Je .

A set of generators for the ideal Ai(F') in these cases is, in general, not known.
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