HYPERBOLICITY CRITERIA FOR CERTAIN INVOLUTIONS

M. G. MAHMOUDI

ABSTRACT. Using the ideas and techniques developed by Bayer-Fluckiger,
Shapiro and Tignol about hyperbolic involutions of central simple algebras,
criteria for the hyperbolicity of involutions of the form ¢ ® 7 and o ® p, where
o is an involution of a central simple algebra A, 7 is the nontrivial automor-
phism of a quadratic extension of the center of A and p is an involution of a
quaternion algebra are obtained.
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1. INTRODUCTION

Given a ring R with unity, a map o : R — R is called an involution if o(x +y) =
o(x) 4+ o(y), o(zy) = o(y)o(z) and o(o(x)) = x for all z, y € R. The pair (R, 0)
(or simply o) is called hyperbolic if there exists an idempotent e € R such that
o(e) = 1 —e. This notion was introduced in [2]. An involution o of R is said to be
isotropic if there exists a nonzero element a € R such that o(a)a = 0; otherwise,
is called anisotropic.

Various hyperbolicity criteria have been obtained by several authors. It is helpful
to recall some of these basic criteria here.

Let K be a field of characteristic different from 2. Let A be a K-central simple
algebra with an involution o and let k& be the fixed field of o|x. When o is of
the first kind, i.e., K = k, it was shown in [2, Thm. 3.3] that if L = K(/d)
is a quadratic extension of K, then (A ® L,o ® idy) is hyperbolic if and only if
there exists r € A such that > = d and o(r) = —r. This criterion excludes the
exceptional case, where A is split, o is of orthogonal type and the Witt index of
the quadratic form, to which o is adjoint, is odd. This result was generalized in
[13] and [10], in various ways, to the case where o is of the second kind.

When L/k is an extension of odd degree, it was shown in [1] that if o ® id,
is hyperbolic, then so is o. This result was originally stated in [1] in terms of
hermitian forms (see [5, pp. 79-80]).

If L is the function field of a quadratic form, defined over k, the behavior of
o ®idy, (in other words, the behavior of o under the field extension L/k) has
been studied by various authors. If o becomes hyperbolic over L = K|t]/(n(t)),
where 7(t) € K|t] is a separable monic polynomial of degree 2n, it was shown in
[13] that (A, o) is homomorphic image of a certain universal free K-algebra H, on
2n indeterminates with an involution o,. A quadratic form-theoretic formulation
of this criterion was given in [4] by showing that H, has a homomorphic image,
which is the Clifford algebra of some quadratic form over a certain polynomial ring.
A necessary and sufficient condition for a quaternion or a biquaternion algebra
to become hyperbolic over a field extension was obtained in [3]. An interesting
question about hyperbolicity of a central simple algebra with involution (A, o) (of
low dimension) over the function field of a quadratic form ¢ and its relationship
with the existence of some homomorphic images of the even Clifford algebra Cy(q)
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in A was studied in [7]. The hyperbolicity of (A, o) (of low dimension) over the
function field of three-dimensional forms was studied in [12].

Let A be a K-central simple algebra with an involution ¢ and let k be the fixed
field of o|x. Let 7 be the nontrivial automorphism of a quadratic extension L/k.
Let @ be a quaternion algebra over K with an involution p such that o|x = p|k. In
this article we provide criteria for hyperbolicity of o ® 7 and o ® p (see Theorem 3.2,
Corollary 4.2 and Corollary 4.6). Our main motivation to search for such criteria
arises from our previous work [11], which investigates the hyperbolicity of canonical
involutions of Clifford algebra (or the even Clifford algebra) of a quadratic form
q and its connection with the existence of particular subforms of ¢. In fact, the
standard isomorphism theorems of Clifford algebras like C(¢' Lq) ~ C(¢') @ C(d-q)
and Cy(q” Lq) ~ Co(¢") ® C(—d - q), where ¢ is a form of even dimension, ¢” is a
form of odd dimension and d is the discriminant of ¢ (see [8, Ch. V, §2]), induce
isomorphisms of algebras with involution (see [9]). If we choose, in the first (resp.
second) isomorphism, ¢ to be a two (resp. one) dimensional form, the canonical
involutions of C(q' Lq) (resp. Co(q”"Lq)) are decomposed as o ® p (resp. o @ 7).
Finding criteria for the hyperbolicity of ¢ ® 7 and o ® p are therefore useful in this
regard.

The criterion for hyperbolicity of o ® p is deduced from a general criterion for
the hyperbolicity of a central simple algebra with involution in terms of certain
subalgebra of codimension two. This criterion is given in Theorem 4.1 (see also
Theorem 4.5).

As an application, a corollary about the hyperbolicity of the tensor product of
two quaternion algebras with involution is drawn (c.f. Proposition 4.10, compare
with [11, Prop. 3.9]).

2. PRELIMINARIES

All fields considered in this paper are supposed to be of characteristic different
from 2.

Let A be a K-central simple algebra with an involution o. If 0|k is the identity
map, o is called of the first kind. Otherwise 0|k is a nontrivial automorphism of
K. In this case, o is called of the second kind. If k is the fixed field of 0|k, in both
cases, we say, in short, that o is a K/k-involution. Let ¢ € K be an element with
o(e)e = 1. An element a € A which satisfies o(a) = ea is called e-hermitian. A
(1)-hermitian element is usually called a symmetric element and a (—1)-hermitian
element is usually called a skew-symmetric element.

We define

At ={z € A:o(z) =z},
A= ={z e A:o(x) = —z}.
Note that AT and A~ are k-vector spaces.

The involution o is said to be of orthogonal type if dim A* > dim A~. It is said
to be of symplectic type if dim AT < dim A~.

If o is of the first kind, it is known that the square class of the reduced norm of
any skew-symmetric invertible element a of A with respect to ¢ is independent of
the choice of a (cf. [6]). The discriminant of o is so defined in [5] as the square class
of (—1)™ Nrd(a), where a is a skew-symmetric element of A and m = 1 deg(A).
Here deg(A) is the degree of A (the degree of a central simple algebra is square root
of its dimension, as a vector space, over its center).

Let (A,0) be a K-central simple algebra with involution. Let e € K be an
element with eo(¢) = 1 and let V be a right A-module of finite rank. An e-
hermitian form over V with respect to o, is a biadditive map h: V x V — A such
that

1) h(za,ypB) = o(a)h(z,y)p for all z, y € V and all , § € A,
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2) eh(y,z) = o(h(z,y)) for all z, y € V.
If e = 1, his called a hermitian form and if ¢ = —1, h is called a skew-hermitian
form.

For a non-degenerate e-hermitian space (V, h) over (A, o), the adjoint involution
of Enda (V') with respect to (V,h), is the unique involution I of End (V') such
that

1) In(a) = o(a) for every a € K,

2) h(xz, f(y)) = h(In(f)(x),y) for all z, y € V and all f € Enda(V).
When the role of End4 (V) is clear in the context, we simply say that Ij, is the
involution, which is adjoint to h.

3. QUADRATIC EXTENSIONS AND HYPERBOLIC INVOLUTIONS

Lemma 3.1. Let A be a K -central simple algebra with an anisotropic K /k-involution
o. Fordek, let L = k(\/&) be a quadratic extension of k with the nontrivial k-

automorphism 7. If o ® T is hyperbolic, then there exists an element r € A such

that r? = d and o(r) = r.

Proof. If ¢ ® 7 is hyperbolic, there exists e € A ®; L such that e? = e and
(c@7)(e)=1—e. Wecan writee = e1 @ 1 +e3 ® Vd, where e1, e € A. The
following systems of equations are obtained:

(1) e? +de3 =er oler)=1—e
e1es + eger = ey, o(ez) = e.

We first show that es is invertible. As o is anisotropic, the right ideal I = {z € A :
esx = 0} is generated by a symmetric idempotent f (cf. [2, Cor. 1.8]). The relation
eaf = 0 implies ejeaf = 0 and e3f = 0. Using the previous system of equations
and e3f = 0 we obtain (e; —e2)f = 0. We deduce that (fe1)o(fe1) = feio(er)f =
fei(l —e1)f = f(er —e2)f = 0. As o is anisotropic, we obtain fe; = 0. A similar
argument shows that o(e1f)erf = f(1 —e1)erf = f(er —e2)f = 0. Thus e; f = 0.

We now have: 0 = o(fe1) = (1 —e1)f = f —erf = f. Therefore I = {0}. This
implies that ey is invertible. Now consider the element r = eje; 1 According to
(1), we have e; + 6261651 =1 thus 6261651 =1—e;.

On the other hand o(r) = o(es) to(e1) = e; (1 —e1) = eje; - = r. Similarly
r2 =ejeg lejeq ! 262_2 = (e1 —e%)eQ_Q =
de3e;? = d. This completes the proof. O

= 616271(1762616271)6271 = 616272 —eq

Theorem 3.2. Let A be a K -central simple algebra with a K/k-involution o. We
exclude the case where A is split, o is symplectic and deg(A) = 2m, where m is an
odd integer. Let L = k(\/a) be a quadratic extension of k and let T be the nontrivial
automorphism of L/k. Then there exists an element r € A with the properties
r?2 =d and o(r) = if and only if (A ® L,0 @ T) is hyperbolic.

Proof. First, suppose that the element r with the indicated properties exists.
Take t = d~'r @ Vd € A®;, L. We have: t> = (d"'r@Vd)? =d 2 ®d =1
and (0 @ 7)(t) = d~'r @ (—Vd) = —t. Take e = 1(1 +¢). We obtain e? = e and
o(e) =1 —e. Thus, (A®k L,0 ® 7) is hyperbolic.

Conversely, suppose that (A®y L, 0 ®7) is hyperbolic. Let A = Endp(V'), where
D is a division algebra which is Brauer-equivalent to A. Let ¢’ be an involution of
D of the same kind as o. Finally let (V, h) be a e-hermitian space over (D, ¢’) such
that o is the adjoint involution with respect to (V,h) (we take e = 1 when o is of
the second kind).

Consider the Witt decomposition (V,h) = (Vo, ho)L(V1, h1), where (Vy, ho) is
hyperbolic and (Vi, hq) is anisotropic. Let o9 and o7 be the adjoint involutions of
Endp (Vo) and Endp (V1) with respect to hg and hq, respectively.
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The hermitian space (Vi,h1) becomes hyperbolic over (L,7). The previous
lemma implies the existence of an element r1 € Endp(V;) such that r% = d and
o1(r1) = r1.

Suppose that o is of the second kind or of the first kind and of orthogonal type.
According to [2, Thm. 2.2], Endp(Vp) contains a og-invariant subalgebra M such
that

2) (Ma(K), ©1) =~ (M, 0| m),
where O is the involution of M3(K') defined by

or(0 0 )= (2l wo):

Let ro € M C Endp(Vp) be the image of ( 0 under the isomorphism given

d
1 0
in (2). We have oy1(rg) = 19 and rZ = d. Let r € A = End(V) be the element
defined by

3) r(z,y) = (ro(x),m1(y)).
We obtain o(r) = r and r? = d.

If o is of the first kind and of symplectic type and deg(Endp(V})) is divisible by
4 (this is always the case except when D is split and deg(A) = 2m, where m is an
odd integer), then again using [2, Thm. 2.2], there exists a op-invariant subalgebra
M such that

(4) (M, 00| ar) =~ (Ma(K), ©1).
Let ro be the image of ( (1) E)l ) under the isomorphism given in (4). We have

o0(ro) = 1o and rZ = d. The element 7 defined in (3) satisfies o(r) = r and r? = d.
O

4. QUADRATIC EXTENSIONS OF ALGEBRAS AND HYPERBOLIC INVOLUTIONS

Theorem 4.1. Let (A, o) be a K-central simple algebra with involution. Suppose
that there exist A, p € A* such that Ay = —pX, o(\) = =X, o(p) = —p and
K(\)/K is a quadratic extension. Let A = Ca(\) be the centralizer of A in A.

Suppose that o| 3 is anisotropic. Then o is hyperbolic if and only if there exists

r € A such that o(r)u = pr and o(r)r = p?.

Proof. As o is hyperbolic, there exists an idempotent e € A such that o(e) = 1—e.
We can write e = = + py, where x, y € A. We obtain the following systems of
equations:

@+ pypy = x o(r)=1-x
6 { A (4

Ty + pyr = py, o(y) = pyp=".
We first show that y is invertible. We observe that the right ideal I = {z €
A yz = 0} is generated by a symmetric idempotent f (cf. [2, Cor. 1.8]). The
relation yf = 0 implies puypyf = 0. Therefore (z — 2%)f = 0. We now have:
(fr)o(fz) = fer(1 —2)f = f(x — 22)f = 0. In the same way o(zf)(zf) = f(1 —
z)zf = f(z —2?)f = 0. As 0| is anisotropic we deduce that fz = zf = 0. On
the other hand 0 = o(fz) = (1 —z)f = f —af = f. This implies I = {0} and thus
y is invertible.

Now take 7 = zy~!. Using (5), we obtain:

1 1

=o(y Yo(@)ay™t =py p (1 —a)zy™
U=yt (pypy )y

o(r)r

(zy~ ")y~
g‘lu‘l(ﬂc — %)y~

=0
=
=

)



HYPERBOLICITY CRITERIA FOR CERTAIN INVOLUTIONS 5

o(r)p =oley Hp=oy) lo(@)p=py ' n (1 - 2)u
=py~ "t —pyw ep
=py~t = py T T (e pyry ) = pay”
= ur.

Conversely, suppose that there exists r € A such that o(r)u = pr and o(r)r = p2.
Take t = rp=t. We have t2 = p~lo(r)rp=t =1 and o(t) = —p~to(r) = —rp=t =
—t. Now, if e = 3(1 +t), then e? = e and o(e) = 1 — e. Therefore ¢ is hyperbolic.
(I

1

Corollary 4.2. Let A be a K-central simple algebra with an involution o. Let Q
be a quaternion algebra over K endowed with an involution p. Suppose that p and
o have the same restriction to K. Let A, u be elements in Q such that p(\) = —A,
p(n) = —p, p? € K, \u = —p) and let L = K(\) be a quadratic extension of
K. Suppose that o ® p|r, is anisotropic. Then the involution o ® p of A QK Q is
hyperbolic if and only if there exist a, b € A with o(a) = a, o(b) = b, ab = ba and
o(a)a — N20(b)b = u?.

Proof. First, suppose that o ® p is hyperbolic. According to Theorem 4.1, there
exists an element r € A® L such that (c®p)(r)r = 1@u? and o(r)(1ou) = (1@u)r.
We can write 7 = a ® 1 +b® A for some a, b € A. We have (¢ ® p)(r) =
ola) @1 —oa(b) ® A\

The condition (o ® p)(r)(1 ® p) = (1 ® p)r implies o(a) @ p — o(b) @ Ap =
a® pu+b® pA. Therefore o(a) = a and o(b) = b. The condition (o ®p)(r)r = 1@ u?
implies (a)a ® 1 — a(b)b @ A2 + g(a)b® A — o(b)a ® A = 1 @ p?. We deduce that
o(a)a — \2a(b)b = p? and o(a)b — o(b)a = 0, which implies ab = ba.

Conversely, suppose that a and b with the indicated properties exist. Take
r=a®1+b® X Wehave: (c ®p)(r)r =1®u? and (c @ p)(r)(1@u) = (1@ u)r.
From Theorem 4.1 we conclude that o ® p is hyperbolic. (I

Remark 4.3. In Corollary 4.2, the condition concerning the anisotropy of o ® p|r,
can also be stated as follows: If a, b € A satisfy o(a)a — \20(b)b = 0 and o(a)b =
o(b)a, then a = b = 0.

Remark 4.4. If (A, 0) = (K,id), Corollary 4.2 states that the canonical involution
of the quaternion algebra Q = («, 8)k is hyperbolic if and only if the quadratic
form (1, —c, — 3, af3) is isotropic over K if and only if @ is split. This is well known
(see [4, Prop. 18]).

Theorem 4.1 can be established under more general hypotheses. In fact, we have:

Theorem 4.5. Let (A, o) be a K-central simple algebra with involution. Suppose
that there exist X\, p € A* such that A\u = —pX, o(A) = exA, o(p) = e p and
K(N\)/K is a quadratic extension, where ex, €, € K satisfy o(ex)ex = 1 and
o(ep)e, = 1. Let A = Ca()\) be the centralizer of X in A. Suppose that olx

is anisotropic. Then o is hyperbolic if and only if there exists r € A such that

o(r)u = —euur and o(r)yr = —e,u.

Proof. Using an argument similar to the one given in the proof of Theorem 4.1,
we find the following systems of equations:

(6) {xQ—i—uyuy:x {U($=1—$
Tpy + pyx = py, oly) = —o(en)pyp".
For r = zy~! we have: o(r)r = —¢,u* and o(r)u = —e,ur.
Conversely, suppose that there exists r € A such that o(r)p = —eupr and

o(r)yr = —e,p?. Take t = rp~L. !

We have: t2 = ru~!-rp=' = —o(e,)pto(r) -
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ep =land o(t) = o(p)o(r) = (eup)  (—eupurp™') = —rp~! = —t.
Now, if e = (1 +¢), then e? = e and o(e) = 1 — e. Therefore o is hyperbolic. [

Corollary 4.6. Let (A, o) be a K -central simple algebra with involution. Let (Q, p)
be a K-quaternion algebra with involution. Suppose that p and o have the same
restriction to K. Let A\, p be elements of Q such that p(A) = exA, p(n) = eup,
p? € K, \u = —p) and let L = K()\) be a quadratic extension of K, where
ex, €y € K satisfy p(ex)ex =1 and p(eu)e, = 1. Suppose that c®p|y, is anisotropic.
Then the involution o @ p of A® Q is hyperbolic if and only if there exist a, b € A
with o(a) = —e,a, a(b) =€) 'e,b, ab = ba and a(a)a + ex 2o (b)b + £, 1% = 0.

Proof. According to Theorem 4.5, there exists an element r € A ® L such
that (0 ® p)(r)r = —,(1 ® p?) and o(r)(1 @ p) = —e,(1 ® p)r. We can write
r=a®1+b®\for some a, b€ A. We have (0 ® p)(r) = o(a) ® 1 + £xa(b) ® \.

The condition o(r)(1 ® i) = —¢,(1 ® p)r implies that o(a) ® p+exo(b) @ Ap =
—eu(a® p—b®@ pX). Therefore o(a) = —e,a and exo(b) = €,b. The condition
(o®p)(r)r = —e,(1@pu?) implies 0(a)a®1+ex0(b)b@ A% +0(a)b@A+era(b)a@ X =
—ex(1®@ p?). We deduce that o(a)a+ex 20 (b)b = —,pu? and o(a)b+ero(b)a = 0,
which implies ab = ba. (I

Remark 4.7. In Corollary 4.6, the condition concerning the anisotropy of o ® p|r,
can also be stated as follows: If a, b € A satisfy o(a)a + exA?0(b)b = 0 and
o(a)b+exo(b)a, then a =b=0.

Remark 4.8. Let (4,0) = (K,id). Suppose that @ = (a,b)x is the quaternion
algebra with the orthogonal involution p defined by p(i) = 4, p(j) = j. Then

Corollary 4.6 implies that the involution p is hyperbolic if and only if —ab € K x2,
This is well known (see [3, Thm. 2.1]).

As an application of above results, we present an alternative proof for the fol-
lowing result stated in [3, Prop. 3.1]. As it is mentioned in [3], this result is an
immediate consequence of [2, Cor. 2.5].

Corollary 4.9. Let A be a biquaternion algebra over a field K with an orthogonal
involution o such that disc(o) = 1. We can write the following decomposition
(A,0) = (Q1,01) Kk (Q2,02), where o1 and oo are the symplectic involutions.
Then o is hyperbolic if and only if Q1 or Q2 is split.

Proof. If one of the algebras @)1 or @5 is split, then one of the involutions o; or
09 is hyperbolic. Therefore ¢ is hyperbolic.

Conversely, suppose that ¢ is hyperbolic. We can write Q2 = (¢, d)x, where
¢, d € K*. If @2 is not split, we have in particular, ¢ ¢ K*?. If the involution
01® 02| (5 of Q1 ® K(y/c) is isotropic, then (3, Lem. 2.3] implies that Q) is split.
If 01 ® 02| K (/) 1s anisotropic, Corollary 4.6 implies the existence of x, y € K such
that 2% — cy? — d = 0. Thus the quadratic form (1, —c, —d) is isotropic. Therefore
Q> is split. (I

Proposition 4.10. Let Q1 = (a,b)x and Q2 = (¢,d)k be two K-quaternion alge-
bras. Let o1 be the orthogonal involution of Q1 defined by o1(\) = A, o1(u) = p,
where {\, 1} is a standard basis of Q1 with \u = —pX, \> = a, pu?> = b and let oo
be the canonical involution of Q2. Then o = o1 ® oo is hyperbolic if and only if
Q2 is split or at least one of the quadratic forms (a,b, —ac, —be, —d) or {a,b, —c) is
isotropic over K.
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Proof. Suppose that o is hyperbolic. If ¢ € KXQ, then Q2 is split. Now suppose
that ¢ ¢ K*°. Consider the quadratic extension L/K, where L = K(,/c). The
restriction og|y, is the nontrivial automorphism of L/K.

If 01 ® o3|y, is isotropic, then @1 ® L is split. Therefore o1 ® 02|y, is adjoint to
an isotropic hermitian form of dimension 2 over a field. In particular, o1 ® o2y is
hyperbolic. According to Theorem 3.2, there exists r € () with the properties r? =
¢ and o1 (r) = r. Thanks to these last properties one can write 7 = y11 4+ 2 A +y3
for some y1, 72, 73 € K. However, r> = c implies that ¥ + ay3 + by = ¢
and 7172 = 1173 = 0. If 99 = 0, we deduce that the quadratic form (a,b, —c) is
isotropic. If v # 0, we deduce that v = 3 = 0. Therefore ¢ is a square, which is
a contradiction.

Now consider the case where 01 ® o3|, is anisotropic. In this case, Corollary 4.6
implies the existence of z, y € Q1 such that o1 () = z, 01(y) = y, zy = yx and

(7) o1(x)x —co1(y)y —d = 0.

We can write x = y11 + y2 A + vap and y = 11+ ¥4\ + Y5 for some 1, 2, 3, 1,
vy, v4 € K. The condition 2y = yx implies that the elements w = y2\ + 3 and
w' = Y4\ 4+ Y4 are linearly dependent over K. So there exists a nonzero element
veE KA® Ku C @ such that w = v and w’ = 6'v for some 0, 8’ € K. Now (7)
implies that A3 — cA? + q(v)0% — cq(v)0"* — d = 0, where ¢ is the quadratic form
(a, b). Tt follows that the quadratic form (1, —c) ® (a, b) L(—d) ~ {a, b, —ac, —bc, —d)
is isotropic over K.
Conversely, suppose that one of the following conditions holds:

Q> is split or

(a, b, —c) is isotropic or

(a,b, —ab, —ac, —d) is isotropic.
In the first case, o is hyperbolic because o5 is hyperbolic too. In the second case, o
is hyperbolic because o1 ® o3|y, is hyperbolic. In the third case, we obtain a system
of the form of (7). Therefore o is hyperbolic. O
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