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1. INTRODUCTION

Let H be an algebraic cohomology theory endowed with Chern classes ¢; such
that for any two line bundles £; and L5 over a variety X we have

(1) Cl(£1 & 52) = cl(ﬁl) + Cg(ﬁg).

The basic example of such a theory is the Chow group CH of algebraic cycles modulo
rational equivalence.

Let G be a split semi-simple linear algebraic group over a field k£ and let T be a
split maximal torus inside G contained in a Borel subgroup B. Consider the variety
G/ B of Borel subgroups of G with respect to T'. In two classical papers [E] and [E]
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Demazure studied the cohomology ring H(G/B;Z) and provided an algorithm to
compute H(G/B;Z) in terms of generators and relations.
The main object of his consideration was the so called characteristic map

(2) ¢: S*(M) - H(G/B; Z),

where S*(M) is the symmetric algebra of the character group M of T. In [f]] De-
mazure interpreted this map from the point of view of invariant theory of the Weyl
group W of G by identifying its kernel with the ideal generated by non-constant
invariants S*(M)"W. The cohomology ring H(G/B;Z) was then replaced by a cer-
tain algebra constructed in terms of operators and defined in purely combinatorial
terms.

In the present paper, we generalize most of the results of [ﬂ] to the case of an
arbitrary oriented cohomology theory h, i.e. when ([ll) is replaced by

c1(Ly ® La) = F(c1(Ly),e1(L2))

where F' is the formal group law associated to h. Such theories were extensively
studied by Levine-Morel [L3], Panin-Smirnov [L6], Merkurjev [[L4] and others. Apart
from the Chow ring, other examples include algebraic K-theory, étale cohomology
H: (=, pim), (m,char(k)) = 1, Morava K-theories, connective K-theory, elliptic
cohomology and the universal such theory: algebraic cobordism §2.

To generalize the characteristic map (E), we first introduce a substitute for the
symmetric algebra S*(M) = CH*(BT). This new combinatorial object, which we
call a formal group ring, is denoted by R[M]r, where R = h(pt) is the coefficient
ring, and can be viewed as a substitute of the cohomology ring of the classifying
space h(BT) of T. As in [ff], we introduce a subalgebra D(M)r of the R-linear
endomorphisms of R[M]r generated by specific differential operators and by taking
its R-dual we obtain H(M)p, a combinatorial substitute for the cohomology ring
h(G/B;Z). The characteristic map () then turns into the map

¢: R[M]r — H(M)p.

The Weyl group W acts naturally on R[M]p and the main result of our paper
(theorems @ and @) says that:

Theorem. If the torsion index of G is invertible in R and R has no 2-torsion,
then the characteristic map is surjective and its kernel is generated by W -invariant
elements in the augmentation ideal.

Demazure’s methods to prove this theorem in the special case of the additive
formal group law do not work in general, for the following reason: the main objects
used in his proofs are operators A, for every w € W. They are defined first
for simple reflections, and afterwards for any w by decomposing it into simple
reflections and composing the corresponding operators. It is then proved that the
resulting composition is independent of the decomposition of w. For more general
formal group laws, similar operators can still be defined for simple reflections (see
Definition %]), but independence of the decomposition does not hold, as it was
observed in [p. Geometrically, it can be translated into the fact that the cobordism
class of a desingularized Schubert variety depends on the desingularization, and not
only on the Schubert variety itself (see Lemma . We overcome this problem
by working with suitable filtrations such that the associated graded structures are
covered by the additive case of Demazure (see in particular Proposition @) We
therefore encourage the reader unfamiliar with [ﬂ] to start by having a quick look
at it before reading our sections E to E

As an immediate application of the developed techniques, we provide an efficient
algorithm for computing the cohomology ring H(M)r = h(G/B;Z). To do this
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we generalize the Bott-Samelson approach introduced in [l and [§]. For oriented
topological theories, some algorithms were considered by Bressler-Evens in [E, E]
and for algebraic theories in characteristic 0 by Hornbostel-Kiritchenko in [[[J]. See
remark for a comparison.

Note that the theorem also provides another approach to computing the cohomol-
ogy ring h(G/B;Z) by looking at the subring of invariants R[M]% . Observe that in
the classical case when h = CH (or Ky) and G is simply-connected it is known that
R[M]Y is a power series ring in basic polynomial invariants (resp. fundamental
representations). In general, the structure of R[M]} remains unknown.

Finally, for the reader primarily interested in topology, let us mention that while
all our proofs are algebraic and written in the language of algebraic geometry,
the results apply as they are to topological cobordism or other complex oriented
theories. Indeed, there is a canonical ring morphism

Q*(G/B) — MU*(G/B(C))

(see [[L3, Ex. 1.2.10]) that is an isomorphism because both are free modules over
the Lazard ring with bases corresponding to each other (given by desingularized
Schubert cells).

The paper consists of three parts.

In the first part, we generalize the results of [ﬂ] by introducing and studying the
generalized characteristic map ¢: R[M]r — H(M)p. In section E, we introduce the
formal group ring R[M]r and prove its main properties. In section E, we define the
main operators A and C' on R[M]p. In sections ] and | we study the subalgebra
D(M)p of operators generated by A (resp. ') and multiplications. In section [ we
define H (M) and prove the main theorem. In section [] we introduce a product
on H(M)p compatible with the characteristic map c.

In the second part, we generalize some of the results of [E] to arbitrary oriented
cohomology theories. In section E, we discuss properties of oriented theories. In
sections Eto , we carry out the Bott-Samelson desingularization approach.

In the last part, we apply the results of the first and the second parts to ob-
tain information about the ring structure in h(G/B;Z). In section [LJ, we prove
that our algebraic replacement H(M)p is isomorphic (as a ring) to the oriented
cohomology h*(G/B;Z) and that the characteristic maps ¢, p and ¢ correspond to
each other via this isomorphism. In section @, we give an algebraic description of
the push-forward to the point and we prove various formulas. In sections E and
[d, we explain an algorithm to compute the ring structure of h*(G/B;Z) and the
Landweber-Novikov operations on algebraic cobordism. Finally, in section E, we
give multiplication tables for Q*(G/B;Z) for groups G of rank 2.

Notation. Let k£ denote a base field of arbitrary characteristic. A variety over k
means a reduced irreducible scheme of finite type over k. By X and Y we always
mean smooth varieties over k. The base point Spec k is denoted by pt.

A ring always means a commutative ring with a unit and R always denotes a
ring. A ring R’ is called an R-algebra if it comes equipped with an injective ring
homomorphism R < R’. The letter M always denotes an abelian group.

All formal group laws are assumed to be one-dimensional and commutative. Let
F denote a formal group law and let L. denote the Lazard ring, i.e. the coefficient
ring of the universal formal group law U.

Acknowledgments. Our sincere gratitude goes to Michel Demazure for his an-
swers to our questions concerning the paper [E] We would like to thank the au-
thors of the Macaulay 2 software [@], and, in particular Dan Grayson for his quick
and accurate responses on the Macaulay 2 mailing list. We would also like to
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thank Vladimir Chernousov, Fabien Morel and Burt Totaro for their encouraging
attention to our work.

Part 1. Invariants, torsion indices and formal group laws.
2. FORMAL GROUP RINGS

Let R be a ring, let M be an abelian group and let F' be a formal group law over
R. In the present section we introduce and study the formal group ring R[M]r. For
this, we use several auxiliary facts concerning topological rings and their comple-
tions which can be found in @, ITI, §2]. The main result here is the decomposition
theorem P.10. At the end we provide some examples of computations of R[M]p.

2.1. Definition. Let R be a ring and let S be a set. Let R[zg] := R[zs,s € 5]
denote the polynomial ring over R with variables indexed by S. Let € : R[zs] = R
be the augmentation morphism which maps any zs to 0. Consider the ker(e)-adic
topology on R[zs] given by ideals ker(e)?, i > 0, which form a fundamental system
of open neighborhoods of 0. Note that a polynomial is in ker(e)® if and only if its
valuation is at least i, hence, we have N; ker(e)* = {0} and the ker(¢)-adic topology
is Hausdorftf.

We define R[zs] to be the ker(e)-adic completion of the polynomial ring R[zg].

2.2. Remark. By definition, an element in R[xg] can be written uniquely as a
formal sum
Z Qsy,.5m " Ty -+ T, s as,,....sm € R,
814.-,8mES
where for any positive m there is only a finite number of non-zero coefficients
sy,...sm- 10 particular, when S is a finite set of order n, the ring R[zg] is the usual
ring of power series in n variables.

2.3. Let F be a formal group law over a ring R (see [, p.4]). Given an integer
m > 0 we use the notation

x+rpy=F(z,y), mrprx=xz+p...4rpxz and (—m)-pr=—p(m px)
—_——— ——
m times

By associativity of F, for any my, mo € Z we have
(m1+mg) -pzx=(m rx)+r (M2 -rx).
Now, here comes the definition playing a central role in the sequel.

2.4. Definition. Let M be an abelian group and let F' be a formal group law over
aring R. Consider the ring Rz )] and let Jr be the closure of the ideal generated
by the elements z¢ and xx4, — (xx +7 ) for all A, p € M. We define the formal
group ring R[M]F to be the quotient

R[M]r = Rlzum]/Tr-
The class of ) in R[M]r will be denoted by the same letter.

2.5. By definition, R[x ] is a complete Hausdorff ring with respect to the topology
induced by the kernel of the augmentation R[xp] — R. Since Jp is clearly con-
tained in this kernel, the augmentation map R[z] — R factors through the quo-
tient R[M]r. Therefore, R[M]r is a complete Hausdorff ring with respect to the
TIr-adic topology, where Zr denotes the kernel of the augmentation R[M]r — R.

Let f: R — R’ be a morphism of rings respecting the formal group laws, i.e.
sending every coefficient of F' to the corresponding coefficient of F’. Then, for every
abelian group M, f induces a ring homomorphism f,: R[M]r — R'[M]F: sending
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zx € R[M]F to zx € R'[M]g: for every A € M. This morphism sends Zr to Zp
and, hence, is continuous.

Let now f: M — M’ be a morphism of abelian groups. It induces a continuous
ring homomorphism f: R[M]r — R[M']r sending  to Tf(n). Moreover, if f is
surjective, then so is f

Finally, let f: F — F’ be a morphism of formal group laws over R, i.e. a formal
power series f € R[] such that f(z +ry) = f(z) +# f(y). Then, f induces a
continuous ring homomorphism f*: R[M]p — R[M]r sending z to f(xy).

We have therefore proved:

2.6. Lemma. Via the above constructions (—)x, (;) and (—)*, the assignment
taking (R, M, F) to the topological ring R[M]F is covariant with respect to ring
morphisms R — R’ and morphisms of abelian groups M — M', and is contravariant
with respect to morphisms of formal group laws F — F’.

2.7. Let L be the Lazard ring of coefficients of the universal formal group law U. For
any formal group law F over R, there is a unique ring homomorphism 9r: L — R
sending the universal formal group law U on LL to F'. By universality, the morphism

R@LL[M]y — R[M]p, r®z - (9r)(2)
is an isomorphism.

2.8. Since R[M]F is an R-algebra, we may consider the formal group law F' as an
element of R[M]r[xz,y]. Let a,b € Zp. The specialization at = a and y = b
defines a pairing

EHZIF XIF—>IF.

Similarly, we define H: Zr — Zp using the inverse of F' and [): Z X Zp — I
by applying B or H iteratively. From the associativity, commutativity, inverse
properties of F' and the continuity of the quotient map R[xps] — R[M]r it follows
that xx1, = 2) Bz, and

T_) =T\ H (.TA E|$)\) = ($_>\ EE‘.T,\) E’.T,\ =04 (x)\) = E’(l‘,\).

2.9. A formal group law F on R induces via a ring homomorphism R — R’ a
formal group law on R’. In particular, if M and N are abelian groups, then using
R — R[M]r = R/, we can define R[M]r[N]r, which is naturally an R[M]p-
algebra. By functoriality, R[M & N is also an R[M]p-algebra. We define two
morphisms of R[M]p-algebras

¢: RIM & N]r — RIM]¢[N]r and : RIM]p[N]r — R[M & N]p

as follows:
The map Rlzymen] — Rlzm][yn] sending x(y,) to xx +F y, extends to a
continuous map f: R[xpmen] = R[xam][yn]. Consider the composition

Rleaon] % Rleadlun] % RIMIelyn] % RIMFINT
where g is induced by R[zp] — R[M]r and h is the quotient map. We have
hogo f(x(xy) +F T(us)) Do 9((@x+ryy) +r (@u +rys)) =
D hog((en+ra.) +r W +r ) D h((@r Ba) +r (5 +r95) =
@ (xxBz,) +r (yy Bys) © Tap +F Yyts © h@atp +F Yyts) =

(7 (8)
= hog(Txtp +F Yy+s) = hogo f(Tniuqte))s
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where (1) and (8) hold by definition and continuity of f, (2) by associativity and
commutativity of F, (3) and (7) by definition of g, (4) and (6) by definition of h
and (5) by definition of H. It shows that h o go f factors through R[M & N]F as

hogo f: R[zmaen] — R[M @ N]r % RIM]#[N]r,

where ¢ is a morphism of R[M] r-algebras.

In the opposite direction, we proceed as follows: We extend the functorial mor-
phism R[M]r — R[M®N]r to a morphism R[M]rlyn] = R[M®N]r by sending
Yy t0 Z(0,4). It induces a morphism R[M]r[yn] — R[M © N]r on completions,
which factors through a continuous morphism ¢: R[M]r[N]r — R[M @& N]F.

2.10. Theorem. The morphisms of R[M]r-algebras ¢ and i defined above are
inverses to each other. In other words, we have an isomorphism

Proof. We have
Yo d(zinyg) =Y(@A+Fyy) =V(@N) +FV(Yy) = Tr0) +F T(0,4) = T(r)

where the second equality holds by continuity of ). The other composition can be
checked on y.,, since we are dealing with morphisms of R[M]p-algebras, and we

have ¢ o Q/J(yv) = ¢('T(O,'y)) =T0+tFrYy = 0+F Yy = Yxy- O
2.11. Lemma. Let M = 7Z. Then sending x,, to m-px defines a ring isomorphism
R|Z]r ~ R[x].

In particular, if M is a free abelian group of rank one, then R[M]p is isomorphic

to R[x].

Proof. The morphism ¢ : R[zz] — R[«] sending @, to n-px extends to a morphism
b R[[zz]] — R[x]. By continuity, gb satisfies gb(xm Fran) = (b(zm) +rd(x,) as well
as ¢(—p(2m)) = —pd(2m). Thus ¢(Zmin) = ¢(Tm +F ©,) and ¢ factors through
a ¢ : R[Z]r — R[z]. A map 1) in the opposite direction is defined similarly using

completeness by sending x to x;. By continuity, eheekmg that ¢ o 1/) = id and
¥ o ¢ = id can be done on generators. Namely, ¢ o 1/)( ) = ¢(x1) = x by definition,

and o ¢(zn) = p(n-p 2) = nDP(x) =nBz) =z, O

2.12. Corollary. Let ¢ : M — Z®™ be an isomorphism. Then ¢ induces an iso-
morphism

R[M]F ~ R[z1, ..., zx].
Proof. Tt follows from Lemma and Theorem by induction on n. (I

2.13. Remark. Note that the right hand side is independent of F', although the iso-
morphism depends on F. Also note that if R is an integral domain, so is R[Z%"] .

2.14. Example. Similarly, one can prove that R[Z/n]r ~ R[x]/(n-rz) by sending
T to m - x. Observe that n-p x = nx + x2¢. In particular, if n is invertible in R,
then (n-pz) = () and R[Z/n]F ~ R.

Let us now examine what happens at a finite level in R[M]r.

2.15. Let R[M]r denote the subring of R[M]r defined as the image of the subring
Rlx ] by means of the composition R[za] — R[xm] — R[M]r. Then the ring
R[M]F is the completion of R[M]r at the ideal Zp N R[M]p. By the functoriality
of R[M]r (see P.6) the assignment

(R, M, F) — R[M]p
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is a covariant functor with respect to morphism of rings R — R’ and morphisms of
abelian groups M — M’. Moreover, if M — M’ is surjective, then so is R[M]p —
RIM'|p.

2.16. Example. If M = 7Z, the isomorphism of Lemma maps R[Z]r to polyno-
mials in n-p 2. In particular, unless F' and the formal inverse have a finite number
of nonzero coefficients only, R[Z]r does not map to R]x].

2.17. Remark. The morphism ¢ from .9 doesn’t necessarily send R[M & N]f to
R[M]p[N]r. The morphism ¢ from sends R[M|r[N]F into R[M & N]g but is
not necessarily surjective.

2.18. Example (cf. B.d). The additive formal group law over R is given by F(z,y) =
z +y. In this case we have ring isomorphisms

R[M]r ~ [[ Sk(M) and R[M]r ~ P Si(M)

i=0 i=0
where S}%(M ) is the i-th symmetric power of M over R and the isomorphisms are
induced by sending z) to A € SL(M).

2.19. Example (cf. B.4). The multiplicative periodic formal group law over R is
given by F(z,y) = z + y — Bay, where § is an invertible element in R. Consider
the group ring

R[M] = ere/\j | ;€ R, )\j eM
J

Let tr : R[M] — R be the trace map, i.e. a R-linear map sending any e* to 1. Let
R[M]" be the completion of R[M] at ker(tr). Then we have ring isomorphisms

R[M]Fr ~ R[M]" and R[M]p ~ R[M]
induced by ) +— 711 —e*) and e* — (1 — Bzy) = (1 — Bo_y) "L

2.20. Example (cf. @) The multiplicative non-periodic formal group law over
R is given by F(x,y) =  + y — vay, where v is not invertible in R. Specializing
R[M]F at v =0 or v = 8 where f§ is invertible in R, we obtain the formal group
rings of the previous examples.

2.21. Remark. Let h be an oriented cohomology theory as defined in [@, Def. 1.1.2]
and let F be the associated formal group law (see Section H). Let M be the
group of characters of a split torus T over k. Then the formal group ring R[M]r
can be viewed as an algebraic substitute of the completed equivariant cohomology
ring hp(pt)" or the cohomology ring of the classifying space h(BT). Its finite
counterpart R[M]r could then play the role of the equivariant cohomology ring
hr(pt) itself.

3. DIFFERENTIAL OPERATORS A, AND C,,

In the present section we introduce two linear operators on R[M]r. The first
operator AL is a generalized version of the operator A,, from [ﬂ, §3 and §4]. Indeed,
one recovers the results of loc. cit. when R = Z and F' is the additive formal group
law from Example . A version of the second operator Cf" was already used in
[E, §5] for topological complex cobordism.

3.1. Consider a reduced root system as in [E, §1], i.e. a free Z-module M of finite
rank, a finite subset of M whose elements are called roots and a map associating
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a coroot oV € MY to a root «, satisfying certain axioms.ﬂ The reflection map
A= A —aY(Na is denoted by sq.-

3.2. The Weyl group W associated to a reduced root system is the subgroup of
linear automorphisms of M generated by reflections s,. It acts linearly on M
and thus by R-algebra automorphisms on R[M]r using the functoriality in M of
R[M] r. We have the following obvious equalities for any u € R[M]p:

2

Sa(u) = s_q(u) and s2(u) = u.

3.3. Lemma. For anyn € Z, the element x —x +p (n-py) is uniquely divisible by
y in Rz, y].

Proof. Since y is a regular element in R[x,y], we just need to prove divisibility.
Note that for any power series g(x,y), the series g(x,0) — g(x,y) is divisible by y.
Apply it to g(z,y) =z +r (n -7 y). O
3.4. Corollary. Assume that R is integral. For any uw € R[M]p, the element
u — Sqo(u) is uniquely divisible by x4 .

Proof. First note that R[M]F is an integral domain by , so we just need to
prove divisibility. Since

5a(TA) = Tr_aqv(n)a = A B (—a¥(\) B xy)
it holds by the previous lemma when u = z. Then, by the formula
B)  wv—sa(uv) = (u—sa(u)v +u(v = 54(v)) = (u = 5a(u))(v = sa(v))

the result holds by induction on the degree of monomials for any element in R[M]p.
Finally, it holds by density on the whole R[M] . O

For a given root a we define a linear operator AL on R[M]r as follows:

3.5. Definition. First, using Corollary @ we define a linear operator AY on
L[M]v, where U is the universal formal group law over the Lazard ring L, as

u— Sq(u)

AY(u) = , where u € L[M]y.

Finally, identifying R[M]r with R @1 L[M]y via the isomorphism from P.] we
define the desired operator AL on R[M]r as idg ®AY. We will simply write
A, (u) when the formal group law F over R is understood.

3.6. Remark. Observe that if R is integral, then the operator A can be defined
directly using the same formula as for AV. If R is torsion, then it is not the case.
Indeed, take R = Z/2, M = Z, F to be an additive law and o = 2 to be a root.
Then x4 = 2141 =21 + 21 = 221 = 0 in R[M]F.

3.7. Remark. We could instead have defined A, as A, (u) = % This ex-
changes A, with —A_, so it is easy to switch from one convention to the other.
Both conventions give the same classical operator when the formal group law is
additive.

3.8. Proposition. The following formulas hold for any u,v € R[M]p, A € M and
w €W (Compare to [fi, §3]f)-

(1) Ap(1) =0, Aq(u)zq =u— sq(u),

(2) AZ(u)ze = Ag(u) + A_p(u), Aq(u)re = A_y(u)z_0,

(3) sala(u) = —A_n(u), Agsa(u)=—An(u),

IThis is often called a root datum instead of a root system in the literature, but we follow [ﬂ]
2 There is a sign mistake in Equation (3) of [ﬂ, §3]. One should read Aq = —A_,
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(4) An(uv) = Ag(u)v + ula(v) = Ap(u)An(V)xe = A (u)v + s4(u) Ay (v),
(5) wALw ™ (u) = Ayya)(u).

Proof. All formulas can be proved in L[M]y (which is an integral domain) and
then specialized to any other R[M]p. Formula () follows from equation ([J) above.
Formula (f) follows from the fact that o (w1 (X)) = w(a)¥(X). All other formulas
follow by definition. (I

From now on, we fix a basis of simple roots (a1, ..., a,), with associated simple
reflections s1, ..., s,. This defines a length function on W. Let I denote a sequence
(41,...,14;) of I integers in [1,n] and let w(I) = s;, ---s; be the corresponding
product of simple reflections. The decomposition I is reduced if w has length [. We
define the linear operator A; as the composition

A] :Aail O---OAail.
The operators A have the following important property:

3.9. Theorem. Let F be a formal group law of the form F(x,y) = x+y—v-xy for
somev € R. Let I and I’ be two reduced decompositions of w in simple reflections.

Then A[ = AI"

Proof. See [E, Theorem 2 p. 86]. The proof assumes v = 1 but it works for any
other value. O

When the formal group law is of the above type, the previous theorem justifies
the notation A,, instead of Ay, but in general, we have to keep the dependence on
the decomposition.

3.10. Remark. Theorem @was proved in [{] (see loc. cit. Thm.3.7) for topological
oriented theories. Moreover, the result of [{] says that the formal group law has to
be of the above form for such an independence of the decomposition to hold.

For a given root o we define another linear operator C£ on R[M]Fr as follows:
3.11. Definition. Let g(z,y) be the power series defined by
v+rpy=x+y—ay-g(zy)
and let e, be the element g(z4,2_o) in R[M]r. We set
CF(u) = uey — AL (u), where u € R[M]p.

We will simply write C,,(u) when the formal group law F over R is understood.

For a sequence of integers I in [1,n], we define the operator C; in the same way as
Aj.

3.12. Proposition. The following formulas hold for any u,v € R[M]p, A € M
and w e W.

) Ca(l) =en, Colz_0)=2,

) Co(W)TaZ_o = uZq + Sa(W)X—0, Colur_ys)=1u+ sq(u),

) Casa(u) =C_a(u), saCa(u)=Ca(u),

) Co(uv) = Co(u)v + 54 (u)Co(v) — sa(u)veq = Co(u)v — sq(u)Aq(v),
) wCaw™ (u) = Cw(oz) (’U,),

) CoAy = ACo = AC_, =0.

Proof. All these formulas can easily be derived from the ones of Proposition B.§
using the definition of C, and the fact that eqxqr—q = o + T—q- [l
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3.13. Proposition. Let W, be the subgroup of order 2 generated by s, in W. Let
R[M] Y= denote the subring of fized elements of RIM]r under the action of W.

If the ring R has no 2-torsion, then the operators A, and C,, are R[M] };V" -linear.
In particular, they are RIM]W -linear.

Proof. For the operator A, by formula I of @ it suffices to show that A, (u) =0
for u € R[M]Y*. According to formula (f) of B.§ it is equivalent to A, (u) =
—A,(u) which holds if R[M]r has no 2-torsion.

The same facts for C,, then follow from its definition in terms of A,. O

3.14. Lemma. Assume R has no 2-torsion. Then for any root «, the element x,
is regular in R[M]r and the set of elements u such that Ay (u) = 0 is R[M]p".

Proof. Let wi,...,w, be the fundamental weights corresponding to a choice of
simple roots @ = ay,...,a, of the root system. Possibly extending M, we can
assume that the w; are a basis of M. By the isomorphism R[M]r ~ R[z,, ..., Zw,]
of Corollary , To becomes Y. <o, ;> Ty, +U, U E Z2. One easily checks that
this element is regular if at least one of the < a, ov; > is regular in R. In particular,
this is the case if <1, a1 >= 2 is regular in R. By equation () of Proposition E
the last part of the claim is then clear.

3.15. Proposition. Let f : R — R’ be a ring morphism sending a formal group law
F over R to a formal group law F' over R'. Then, the operators A and C satisfy

fAD=ANf ad  fCE=CFf
where f.: RIM]p — R'[M]p is the morphism of Lemma B.4.

Proof. This is clear by construction. (I

4. ENDOMORPHISMS OF A FORMAL GROUP RING

In the present section we introduce and study the subalgebra D(M)p of R-
linear endomorphisms of a formal group ring R[M] r generated by the A operators
of the previous section. The main result (Theorem ) says that operators Ai ,
where w runs through all elements of the Weyl group and I, is any chosen reduced
decomposition of w, form a basis of D(M)r as an R[M]p-module.

4.1. Let R[M]F be a formal group ring corresponding to a formal group law F
over a ring R and an abelian group M (see Def. @) Let Zr be the kernel of the
augmentation map R[M]r — R as in R.5. By convention, we set Zt. = R[M]F for
any i < 0. We define the associated graded ring

Grip(M, F) @I;/IZ“

4.2. Lemma. The morphism of graded R-algebras
¢: SH(M) = Grp(M,F)
defined by sending \ to x) is an isomorphism.

Proof. The map is well-defined since x4, — (zx + ) is in Z%, and it is obviously
surjective. Let us define a map in the other direction. Recall that by definition
R[M]r = R[xn]/Jr- Let T denote the kernel of the augmentation map R[zas] —
R (see P.§). Then we have

Ir =1/Jp and Th /I =T /(Jr NI+ T,
Since Z' /T is given by monomials of degree i, we may define a map of R-modules

Vi T /T — SH(M)
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by sending a monomial of degree 7 in some x-s to the symmetric product of the A-s
involved. This map passes to the quotient since (Jr NZ* +Z°T1) /T is generated
as an R-module by elements of the form p.(zx +x, — zx4,) where p is a monomial
of degree i — 1. The sum ¢;1; passes through the quotient as well and, hence, gives
the desired inverse map. O

4.3. Consider now a reduced root system M as in Section [] and let R[M]z be the
associated formal group ring. Consider the operators AL introduced in Def. E
By their very definition, the operators AL send Z% to I}_l. Hence, they induce
R-linear operators of degree —1 on the graded ring Gr}, (M, F), denoted by GrAL.
Similarly, we define graded versions of operators C (see Def. ) on Gr(M, F),
denoted by ng’g.

4.4. Proposition. The isomorphism ¢ of Lemma@ exchanges the operator GrAL
(resp. GrCE) on Gri(M,F) with ALs (resp. —AZLa) on the symmetric algebra
SH(M), where F, denotes the additive formal group law as in Example and
the AL» = —CFa are the classical operators of [f].

Proof. Tnduction on the degree using ([) of Prop. B.§. O

4.5. Definition. Let D(M)r be the subalgebra of R-linear endomorphisms of
R[M]F generated by the AL for all roots @ and by multiplications by elements
of R[M] . Note that by formula (f]) of Proposition B.§, D(M)r contains s, and it

contains CI' by its definition. Let D(M)g) be the sub R[M] p-module of D(M)g
generated by the uAL --- AL where u € T and m —n > i. This defines a
filtration on D(M)p

D(M)r 2 "'QD(M);E) Z_)D(M);f“) D...20

with the property that D(M)p = UZ-D(M)%). We define the associated graded
R[M]p-module

Gro(nr = @ DO /D).

4.6. Proposition. The filtration on D(M)p above has the following properties:

(1) For any root o, we have

ALDOM)E cDONETY, DAL c DAY
and similarly for CE

(2) For any integer j, we have I%D(M)g) C D(M);fﬂ)

(3) For any operator D € D(M);f), we have D(T}) C TiH

(4) ND(M)) = {0}
Proof. The claim () follows from equation ([f) in Prop. B.§ (resp. equation () in
Prop. B.1). The claim () is obvious. The claim () follows from the fact that
AF(Ti) C Ti'. To prove ([) observe that any D in N;D(M)') sends R[M]r to
MiZt = 0 by (B) so is the zero operator. O

4.7. By claim (3) of Prop. [L.g the graded module Gr*D(M)r acts by graded en-
domorphisms on the graded ring Gry (M, F'), which is isomorphic to S}, (M) by
Lemma @ Let F, denote the additive formal group law. Then the associated
subalgebra D = D(M)p, coincides with one considered in [fj, §3]. By Prop. [[4, the
class of AE (resp. CF) in Gri=UD(M)p acts by AFs (resp. —AF+) on SH(M) and
the class of the multiplication by x, in gr(l)D(M )F acts by the multiplication by
a on S;(M).
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4.8. Proposition. The graded module Gr*D(M) g over the graded ring Gri (M, F) ~
S%(M) is isomorphic to D.

Proof. Tt is a sub-module of the R-linear endomorphisms of Gr* R[M]r generated
by the same elements as D. O

4.9. Let A be a ring and let Z be an ideal of A, such that A is complete and
Hausdorff for the Z-adic topology. Let M be an A-module together with a Z-
filtration (M )z, i.e. ZM® C M+ for any i. Consider the associated graded
ring Gr* A and the associated graded Gr* A-module Gr* M.

The filtration is called ezhaustive (see [, IIL, §2, 1]) if any A € M belongs to
some M® ie. M = U; M@, For an exhaustive filtration let #()\) denote the largest
integer such that A € M*™) and let X denote the class of A in M) /N N+1) jf
v()) exists and 0 if v()\) does not exist. Note that A is nonzero if and only if \ is
not in N; M@,

4.10. Lemma. Let M be an A-module with an exhaustive Z-filtration. Let Ay, ..., An
be elements of M. Then

(1) Assume A is complete for the T-adic topology and M is Hausdorff. If
A, ...\ generate Gr*M as a Gr* A-module, then \1,. .., \n generate M
as an A-module.

(2) Assume A is Hausdorff. If Ai,...,\, are independent elements in the
Gr* A-module Gr* M, then A1,...,\, are independent in the A-module M.

(3) Assume A is Hausdorff complete and M is Hausdorff. If Gr*M is a finitely
generated free Gr* A-module, then M is a finitely generated free A-module.

Proof. Let A[i] be A itself considered as an A-module with the shifted filtration
77+ (by convention, Z7 = A for j < 0). The claims (f]) and (ff) then follow
from [E, II1, §2, 8, Cor. 1 and 2] applied to X = &, A[i], Y = M and @, A[i] - M
the map sending (a;); to >_; a;A;. The last claim (f) is an immediate consequence

of () and (). O

We now come to the main result of this section:

4.11. Theorem. Let D(M)F be the algebra of operators defined above. For each
element w € W, choose a reduced decomposition I, in simple reflections. Then the
operators Af (resp. Cf. ) form a basis of D(M)p as an R[M]p-module.

Proof. When the formal group law is additive, this is proved in [ﬁ, 84, Cor. 1] for
the Afs (and CFe = (—1)“®)AFe). The filtered module D(M)p is Hausdorff by
point (@) in Proposition @, and R[M]r is complete. We can therefore apply point
(E) of Lemma to deduce the general case from the corresponding fact on the
associated graded objects, which is the additive case by Proposition . (I

5. TORSION INDICES AND AUGMENTED OPERATORS

In the present section we study the augmentation eD(M)p of the algebra of
operators D(M)p. The main result is Proposition .4 which is what becomes of
Theorem when the augmentation € is applied. Similarly, we then examine the
filtration on €D (M) obtained by applying € to the one on D(M)p introduced in

5.1. Consider the torsion indezx t of the root system as defined in [ﬂ, §5] and its
prime divisors, called torsion primes. It has been computed for simply connected
root systems of all types (see [ﬂ, 87, Prop. 8] and [@, E]) The results of these
computations are summarized in the following table:
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Type Al Bl7 l 2 3 Cl Dl7 l 2 4 G2 F4 E5 E7 Eg
Torsion primes || 0 2 0 2 2 12323 23 2,3,5
Torsion index 1 2¢() 1| 2¢¢-Y | 2 12.312.3[22.3[20-3%2.5

The exponent e(l) is equal to [ — LlogQ((lgl) +1)] except for certain values of [ equal
or slightly larger than a power of 2 which are explicitly given in , Thm. 0.1].
Since t(R1 X R2) = t(R1) - t(R2), we may compute torsion indices of semi-simple
root systems by reducing to irreducible ones.

5.2. Let M be the character group of a root system of G and let F' be a formal
group law over a ring R. Let e: R[M]r — R be the augmentation map with the
kernel Zp. Let N be the length of the longest element wg of the Weyl group W of
G. Let F, be an additive formal group law.

By definition of the torsion index (see [, §5]) there exists an element a of the
symmetric algebra Sy (M) such that

Al (a) =t.

Let ¢: S5(M) = Grip(M, F) be an isomorphism from Lemma [1.3. Let ug € ZY be
an element such that @y = ¢(a). Therefore, for any reduced decomposition I of
wo we have eAﬁ(uo) =t or, in other words, by Prop. @

Af (uw) =t+Zp and Cf (ug) = (-1)"t+Zr in R[M]p.

5.3. Lemma. Let I be a sequence of simple reflections and let I(I) be its length.
Then

(1) for any i€ Z, AF(T%) C I}_Z(I) and CF(T%) C I;_Z(I);

(2) if I(I) < and I is not reduced, then

Af (@) ez D and  OF (Zh) C Z O
(3) let ug € ZX be the element chosen above. If [(I) < N then

t if I is reduced and [(I) = N
€A1 (u0) = (-1 Cy (uo) = {0 otherwise

Proof. Claim (fll) follows from Prop. [.g, ([l). To check (), it therefore suffices to
check that grAf is zero. It follows from the corresponding fact in the additive case
[, §4, Prop. 3, (a)] after applying Prop. .4 The “otherwise” case of () follows
from (f]). The case where I is reduced and has length N follows from the definition

of ug. O

5.4. Proposition. Consider the R-module €D(M)p of all R-linear forms eD, where
D € D(M)p. Assume the torsion index t is reqular in R. Then for any choice of a
collection of reduced decomposition I,, for each w € W, the (eAr, )wew (Tesp. the

(eCr, )wew ) form an R-basis of €D(M)p.

Proof. By Theorem [L.11], the eA;, generate eD(M)p. We prove that the eA, such
that [(I,,) < i are independent by induction on i. It is obviously true when i < 0.
Let Zz(w)gi ryeAr, = 0. By induction, it suffices to show that the coefficients 7,
with I(w) = i are zero. For any v and w of length i, the concatenation I, + I,—1,,
is a reduced decomposition of wy if and only if v = w. Thus, by Lemma . ()
and (B)) we have D i(w)<i TweAI, (A]v71w0 (ug)) = rpt which implies that r, = 0 by
regularity of t. The same proof works for the C7,,. O

5.5. Lemma. Assume t is regular in R.
(1) For any reduced decomposition I,, of w and any element u € T4 \I?'l, the
element uAf is in D(M)g_l(w)) ~ D(M)g_l(w)—‘_l).
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(2) The group D(M)g) is the set of D € D(M)p such that D(Z}) C T

Proof. It suffices to prove (m) after inverting the torsion index. By Lemma E(ﬂl),
the operator uAf is in D(M);ffl(w)). Consider the element y = A (uo).

wo

It is in I;(w). By Lemma [.3.(]) the element s = AT (y) is invertible. Hence,

uA¥ (y) = us cannot be in T, and therefore uAf s not in DM,
To prove (|), first note that Prop. [.4.(B) immediately gives one inclusion. Sup-
pose D is such that D(Z) C Zy. Using Theorem we may write it as

D:ZuwAi.

Recall that v(u,,) denotes the largest integer such that u,, € Z% (see [.g). Consider
the set S of w € W such that v(u,,) — l(w) is minimal and take an element wy € S

such that I(w;) is maximal. To show that D € D(M)g), it suffices to show that
V(Uy, ) — I(w1) > i by minimality of elements of S.
Let y; = AF _, (ug) be the corresponding element in THw1)  We have

D(y1) = uww, AT, (y1) + Z uwAr, (y1) + Z uwAr, (y1)-
weS~{w1} w¢S

By Lemma [.3.(]) and (), two sums on the right are in I;(uwl J*1 As in the proof

of (), 1w, A (y1) is not in T+ 50 D(yy) is in T N T Since
D(yy) is also in T8 ¥ we obtain that (., ) — [(wy) > 4. O

We now consider the filtration on eD(M ) that is the image by € of the filtration
on D(M)F defined in @, ie.

eD(M)p 2 -2 eD(M)Y 2 eD(M)ET 5. D 0.

5.6. Proposition. Assume t is reqular in R. This filtration satisfies the following.

(1) For anyi € Z and eD € ED(M);E), we have eD(Z,"™') = 0.

(2) Let E be a subset of W of elements of length I, and let the I, be reduced
decompositions of each of the w € E. Then any nonzero R-linear combina-
tion

f= Z T 'EAf‘w (resp. ECII;)
weSs

is in €D(M) 7'~ €D(M) 7. In particular, for any w
eAi € eD(M);l(w) ~ eD(M);l(w)-’_1 (resp. with C’f;)

(3) For any choice of reduced decompositions I, for every element w € W, the
R-module eD(M)E{i) is a free R-module with basis the eAr, (resp. eCy, )
with l(w) < 4.

(4) For any i < —N, we have eD(M)g) = eD(M)F and for any i > 0, we have
eD(M)g) =0, i.e. the filtration is of the form

eD(M)p =DM 2DV oo ep ()Y D 0.

Proof. Claim (EI) follows from Lemma @(E) To prove (E), we first apply f to
AT (up). By Lemma f.3 (), we obtain tr,,, which has to be zero by (fl]) for the

wo
element f to be in Il’;rl. Therefore, each r,, is zero. The last two claims follow. [J

1
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6. INVARIANTS AND THE CHARACTERISTIC MAP

We now come to the definition of an algebraic replacement H (M )p for the ori-
ented cohomology h*(G/B) when G is a split semi-simple simply connected alge-
braic group corresponding to the root system and B is a Borel of G. The identifi-
cation of H(M)p with h*(G/B) is the subject of section [L3

6.1. Definition. Let H(M)p be the R-dual of ¢€D(M)p and let

" RM)p — H(M)p
denote the natural map obtained by duality, i.e. sending u to the evaluation at w.
When the formal group law is clear from the context, we write ¢ for ¢,

Again, when F = F, is additive, this H(M ) corresponds to the one defined by
Demazure in [ff, §3].

6.2. Remark. Observe that when R has no 2-torsion, since the operators AL are
R[M] p-linear by Proposition B.13), the characteristic map satisfies ¢( fu) = e(f)c(u)
when f is in R[M]Y.

6.3. Theorem. Let (I,)wew be a choice of reduced decompositions. When the
torsion index t is reqular in R, there is a unique R-basis zIAw of H(M)F such that
the characteristic map is given by
o(u) = Z €Al (u)ef .
w
Similarly, there is a unique R-basis zIC;J of H(M) g such that the characteristic map
is given by

c(u) = ZGC}Z (u)zgu

w

Proof. We take the bases that are dual to the ones of Proposition @ (]

6.4. Theorem. Assume that the torsion index t is invertible in R. Then for any
choice of a collection of reduced decompositions I, for everyw € W, the c(AIw (uo))
(resp. the ¢(Cr, (uo))) form an R-basis of the image of c. In particular, the char-
acteristic map ¢ is surjective.

Proof. We have c(ug) = t.zf‘o and

C(Alw“wo (uo)) = t'zﬁ + Z eAIvAIw—lwo (UO)'ZIAU
I(v)>1(w)

by point (3) of Lemma (.3 All the zIAw are thus in the image of the characteristic
map by decreasing induction on the length of w. The same proof works when
replacing A by C. O

Still assuming that t is regular in R, let f : R — R’ be a ring morphism sending a
formal group law F' over R to a formal group law F’ over R’. By restriction (through
), Hr (M) p/ is a R-module. Let fy : H(M)rp — Hp(M)p: be the R-linear map
sending the element 28 in H(M)p to the corresponding one in Hg (M) .

6.5. Proposition. We have the following:

(1) The assignment [ — fy defines a functor from the category of formal group
laws (R, F) (t regular in R) to the category of pairs (R, M) where M is a
module over R, and the morphisms are the obvious ones.

(2) We have fpcF =& f,.

(3) The map fy defined above is independent of the choice of the reduced de-
compositions I,,.
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Proof. Point (f]) holds by construction. Point (f) follows from the formula for the
characteristic map given in Theorem @ Since f. is defined independently of the
I, the last item (E) holds if the characteristic map is surjective. The general case
follows by embedding Hr(M)r into H [ q(M)r where the characteristic map is
surjective by Theorem @ ([

6.6. Proposition. Assume that t is invertible in R. Fix a reduced decomposition
I, for each w € W. Then

(1) For any x € R[M]F, the system of linear equations in R[M] g

Ap, (@) = Y rwly, Ar, (uo)
weW

for all v in W, has a unique solution (7w)wew -

(2) If (rw)wew is the solution of (), then for any D € D(M)p, we have the
equality

D(x) = > ruDAL, (uo).
weW

(3) If (rw)wew is the solution of () and if R has no 2-torsion, then all the ry,

are in fact in R[M]}Y.
The same is true when replacing A by C everywhere in points ([l), @) and ().

Proof. Let A be a ring and Z be an ideal of A contained in its Jacobson radical. A
matrix with coefficients in A is invertible if and only if the corresponding matrix
with coefficients in A/7 is invertible. Since Zr is contained in the radical of R[M]p,
it suffices to show that the matrix of the system in R[M]r/Zr is invertible. If we
order the v’s by increasing length and the w’s by decreasing length, Lemma @
shows that the matrix is lower triangular with t on the diagonal, and it is therefore
invertible. Point () follows from point () since the A7, (resp. the Cj,) form a
basis of D(M)p as an R[M]r-module by Theorem [L11]. Let us prove point (f).
For any simple root o and for any v € W, we have

AAL (@) = Y Aa(rwlr,Ar, (uo))

weWw
= > rwBalAL AL () + Y Aa(rw)saAr,Ar, (uo)
weW weWw

using point (E) of Proposition @ But we also have
AAr(z) = Y rwAaAr, A, (ug)

weW
by point (f) with D = A,Az,. So

> Aa(rw)saArAr, (ug) =0

weW

for any v € W. Applying the ring automorphism s,, we obtain that the s,Aq(74)
are solution of the system ([ll) with # = 0 and are therefore 0 by uniqueness. Thus
Ay(ry) = 0 and ry, is fixed by s, for any simple root a by Lemma hence by
the whole Weyl group W, since it is generated by the simple reflections.

Point (E) for C is proved exactly in the same way (still using A,, not C,). O

6.7. Theorem. Assume that the torsion index t is invertible in R and that R has
no 2-torsion. Choose a reduced decomposition I, for every w € W. The elements
Ap, (ug) (resp. Cr,(uo)) form a basis of R[M]r as an R[M]}Y -module.
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Proof. We need to show that any = can be decomposed in a unique way as x =
> wew Twlr, (uo). Note that this is the row v = 1 of the system () of Proposition
6.4 By R[M]Y-linearity of any Aj, (see Prop. B.1J), if that row is satisfied
with coefficients 7, in R[M]W, the rest of the system is satisfied, so this proves
uniqueness. Existence of the decomposition then follows from points ([]) and () of
the proposition. The same proof goes through with the C7, (uo). (I

6.8. Remark. The previous theorem for the (uncompleted) symmetric algebra, i.e.
the additive case, is [ﬂ, §6, Théoreme 2, (¢)], but the proof given there is incorrect:
in the notation of loc. cit., the ideal I is only known a priori to be of the right form
to apply the graded Nakayama lemma when it is tensored by Q, a fact that cannot
be assumed, this is the whole point of the theorem. When contacted by one of the
authors, Demazure kindly and quickly supplied another proof which we adapted
to our setting in Proposition p.6 There is a slight difference: in the symmetric
algebra case, the matrix of the system is upper triangular with diagonal t and is
therefore invertible, whereas in our case, the lower triangular part does not vanish
because our formal group law is not additive, but the strictly upper triangular part
is in the radical because our ring is complete.

6.9. Theorem. Assume that the torsion index t is invertible in R and that R has
no 2-torsion. Then the kernel of the characteristic map ¢ : R[M]r — H(M)F is
the ideal of R[M|F generated by elements in I} .

Proof. By Remark @, the ideal generated by Z}¥ is included in ker c. Conversely,
let © € kerc, and decompose it as >, oy TwAr, (ug) with the ry, € R[M]}Y¥ by
the previous theorem. We then have 0 = ¢(z) = 3 oy €(rw)¢(Ar, (uo)). But the
¢(Ap, (up)) form an R-basis of the image of ¢ by Theorem [.4, so €(r,,) = 0 for all
w € W and x is the ideal generated by I} . g

7. THE PRODUCT STRUCTURE OF THE COHOMOLOGY

In this section, we explain how to define a product on H(M)r in order that
the characteristic map be a ring homomorphism. Then, we study the structure of
H(M)p.

7.1. Lemma. For any D € D(M)p,
(1) there is a finite family (D;, D}) of elements of D(M)r such that D(uv) =
> Di(u)Dj(v) for any elements u,v € R[M]p.
(2) Furthermore if D is in D(M)g) , each D; and D} can be chosen in D(M)Epmi)
and D(M)%mi) respectively, such that m; +m} > j.
Proof. To show (fl), the elements of D(M)p satisfying a statement form a sub-

R[M] p-algebra of D(M)p, and it is clear for generators of D(M)p by equation ()
of Prop. @ This same equation also proves (E) for generators by induction. O

Let R[M]%’ be the continuous R-dual of R[M]F, i.e. the set of R-linear mor-
phisms f from R[M]r to R such that f(Z%) = 0 for some i (depending on f).

7.2. Lemma. The R-module R[M]% is flat. When t is regular in R, the R-module
eD(M)F is also flat.

Proof. For any i, the R-module Zt, /I}*l is a free R-module since it is isomorphic to
S%(M). Thus, by induction, for any 4, the quotient R[M]r/Z% is a finitely gener-
ated free R-module, thus flat. Now R[M]% is the direct limit of the (R[M]r/Z*)V
(usual R-duals) and it is therefore flat. When t is regular, the module €D(M)F is
a finitely generated free R-module by @, so it is flat. O



18 B. CALMES, V. PETROV, AND K. ZAINOULLINE

7.3. Theorem. Let t be reqular in R. There is a unique ring structure on H(M)p
such that the characteristic map ¢ : R[M|p — H(M)F is a ring morphism.

Proof. Since R — R[1/t] is an injection and H (M) is a free R-module, we can
check uniqueness after inverting t, in which case it is obvious since the charac-
teristic map is surjective. Let us now prove the existence of this product. The
R-module R[M]%’ has a natural structure of coalgebra induced by the collection
of maps (R[M]r/Z")V — (R[M]r/T')" @ (R[M]r/Z")" dual to the product, and
taking direct limits. The inclusion €D(M)p C R[M]%’ induces the diagonal map
¢D(M)r ®g €D(M)r — R[M]Y ®r R[M]% which is injective by Lemma [.d.
To show that €D(M)F is a subcoalgebra of R[M]%’, it therefore suffices to show
that the composition €D(M)pr — R[M]% — R[M]% ®@r R[M]% factors through
the image of eD(M)p ®r eD(M)p in R[M]% ®@r R[M]%’'. This is ensured by
Lemma [.]. Now H(M)r is the dual of a coalgebra, and is therefore an R-algebra.
By construction, the characteristic map is a ring homomorphism. (]

7.4. We now filter the ring H(M)r by setting that ’H(M)g;) is the set of forms
on €D(M)r that are zero on eD(M)%_ZH). By Proposition p.g, we therefore have

H(M);?) = H(M)r and /H(M)%NH) = 0. In other words, the filtration has the
form

H(M)p =HM)E DHM)R 2 2HM)P 20,
We consider the augmentation map ¢ : H(M)p — R defined as the evaluation at
e € eD(M)p.

7.5. Proposition. Assume t is reqular in R. We have:

(1) ’H(M)Epl) is the kernel of €.
(2) The filtration is compatible with the product:

HOPHM)E CHODET™
(3) The characteristic map ¢ is a morphism of filtered rings.

Proof. Point ([) is clear since € generates D(M)gg). Let hy € /H(M)g) and hy €
H(M)'™. The product h = hy.hy is defined as h(eD) = 3, hy(eD;)ha(eD}) where
the (D;, D}) are as in Lemma Iﬂ By the same lemma, if D € D(M)g+m+1), they
can be chosen such that D; € D(M)% and D; € D(M)'R* with j; +m; > j+m+1.
Thus, for any 4, either j; > j+1 or m; > m+1, so every term in the sum is zero and
h e ’H(M)gﬂ). For point (f), take an element u in Z4. By definition, c(u) is the
evaluation at u in €D(M)Y. = H(M)p so by Prop. b.4.(]), ¢(u) is in ’H(M)%). O

7.6. Proposition. Let I, be choices of reduced decompositions for every w € W.
Assume the torsion index t is regular in R. Then

(1) For any i, the elements 25> (resp. 2§ ) with l(w) > i generate H(M)g;)
(2) The elements ZIAwO and chwo of Theorem do not depend on the choices
of decompositions I, and are equal up to the sign (—1)™. The element ZIC:UU

is denoted by zy and for any ug as in section [, we have ¢(ug) = (—1)Ntz.

Proof. Point ([l) follows from point ([ of Proposition f.6 since the 25 (resp. 2§)
are the dual basis to the eAs, (resp. €Cr, ). By Theorem 5.3, we have ¢(ug) = tzIAwO .
But the left hand side is independent of the choices of the I, and the right hand

side is independent of the choice of ug, which proves the claim. We also have
C(Uo) = (—1)Nf20. O
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7.7. We now counsider operators on H (M ). For any root «, multiplication on the
right by C,, (resp. A,)) defines an endomorphism on eD(M)p, and therefore one
on H(M)r by duality. This operator is denoted by A, (resp. B,). In other words,
for any h € H(M)p and €D € €D(M) g, we have

Aq(h)(eD) = h(eDCy) and Bo(h)(eD) = h(eDA,)

As for the operators A and C, we use the notation A; and By for a sequence I of
simple reflections.

7.8. Proposition. When t is regular in R, these operators satisfy:
(1) Ay oc(u) =coCy(u) and By oc(u) = co Ay(u).
(2) AcH(M)E € HOM) ™" and AL C H(M)
(3) For any reduced decomposition Iy of wo, the element Ay, (z0) (resp. Br,(20))
is invertible in H(M)p.
(4) If I is nonreduced and of length N, then the element Ar(zo) (resp. Br(zo))
is in H(M)$Y = kere.

Proof. Point () follows directly from the definitions of the characteristic map and
of the operators. Point ([]) follows from point ([]) of Proposition [f.§. For point (),
first note that by Proposition [T.§, an element h € H(M)r is invertible if and only
if e(h) is invertible in R. Now

{ EA[O (20) = EA[O (on) = EA[OC(UQ) = EC(C[O (UO)) = GC[O (UQ) ={.

Therefore, €Ay, (z9) = 1. The same proof works for By, (z9). For point ({), the
same series of equalities is used, except that the last term is zero by Prop. p.3. O

7.9. Proposition. Let I, be a choice of reduced decompositions for all w € W.
Assume t is reqular in R. Then the elements Ay, (z0) (resp. B, (20)) with l(w) <

N — i form an R-basis Of/H(M)g).

Proof. We prove it for the Ay, (20), the proof for the By, (zo) is similar. First note
that by Proposition E, 2o is the unique element of H(M)p such that zo(eCr, ) =
Swowo- Thus, if I(w)+1(v) < N, we have Ay, (20)(€Cr,) = 0y p-14,- In other words,
if we decompose Ay, on the basis of the 27, , the coordinate on z7, is 0y p-14, if
l(v) + l(w) < N. Thus, the A;, (20) with [(w) < N — i can be expressed as
linear combinations of the z;, with I(v) > 4 and the matrix of their expressions
is unitriangular up to a correct ordering of rows and columns and is therefore
invertible. (]

7.10. Proposition. Assume t is reqular in R and R', respectively endowed with
formal group laws F and F'. Let f : R — R’ be a ring morphism sending F to F’.
Then the morphism fy : Hr(M)p — Hp/ (M) p: introduced before Proposition [5.4
is actually a morphism of filtered rings. It satisfies

AY fo = fyAY  and  BF fu = fuBF
for any sequence I.

Proof. Both facts are clear by Point E of @ when the characteristic map is surjec-
tive, and therefore when t is regular by extending scalars to R [1/t]. O

Part 2. Bott-Samelson resolutions for oriented theories.
8. ALGEBRAIC COBORDISM AND ORIENTED COHOMOLOGY THEORIES

In the present section we recall the notion of oriented cohomology theory and the
notion of algebraic cobordism ) following the book of Levine and Morel [E] As
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main examples of oriented theories we consider the Chow ring CH, Grothendieck’s
K® and connective K-theory k.

8.1. According to [B, §1.1] an oriented cohomology theory h is a contravariant func-
tor from the category of smooth varieties over a field k of an arbitrary characteristic
to the category of graded rings satisfying the standard cohomological axioms: lo-
calization, homotopy invariance and push-forwards for projective morphisms (see
[[3, Def.1.1.2]).

A universal theory Q satisfying these properties was constructed in , 82] as-
suming the base field k& has characteristic 0. It is called algebraic cobordism. An
element of codimension i in Q(X), i.e. in Q¢(X), is additively generated by classes
[Y — X] of projective maps of codimension i from smooth schemes Y.

For any map f: X; — X» the induced functorial map f*: Q(Xs) — Q¢(X;)
is called the pull-back. For a projective map f: X; — Xo, there is a corre-
sponding push-forward map f.: Q(X1) — Q(X2) shifting the cohomological de-
gree by dim Xy — dim X; when X; and X, are equidimensional and given by

[Yl — Xl] —> [Yl — Xl i) XQ]

8.2. An oriented cohomology theory h comes with a formal group law F over the
coefficient ring h(pt) such that

F() (L), e5(L2)) = &} (L1 ® L2),

where £; and Ly are lines bundles on X and ¢} denotes the first Chern class in
the cohomology theory h (see [B, Cor.4.1.8]). For Q, the associated formal group
law U
Ulx,y) =x+y+ Z aijzr'y’,  where a;; € Q(pt).
i,j>1

turns out to be universal. The ring of coefficients Q(pt) is generated by the coeffi-
cients a;; and coincides with the classical Lazard ring L.

There is a canonical map pry: £ — h sending the coefficients of U to the corre-
sponding coefficients of F', and hence inducing a morphism of formal group laws.

8.3. Example. Consider the Chow ring CH(X) of algebraic cycles on X modulo
rational equivalence. According to , Thm. 4.5.1] the canonical map prey: Q —
CH induces an isomorphism Q ®p, Z = CH of oriented cohomology theories. In
particular, prcy: @ — CH is surjective and its kernel is generated by L-g, the
subgroup of elements of positive dimension in the Lazard ring. Observe that prcy
restricted to the coefficient rings . — Z = CH(pt) coincides with the augmentation
map. The associated formal group law, denoted by Fp, is called the additive formal
group law and is given by Fy(z,y) =« + y.

8.4. Example. Consider the oriented cohomology theory K(X) = K(X)[8, 371,
where K’(X) is the Grothendieck K° of X. Observe that K(pt) = Z[8, 37']. Ac-
cording to [[[J, Cor.4.2.12] the canonical map prg: Q — K sending [P'] to 3 induces
an isomorphism Q ®p, Z[3, 7] — K of oriented cohomology theories. The asso-
ciated formal group law, denoted by Fj, is called a multiplicative periodic formal
group law and is given by Fp(z,y) = = +y — fry.

8.5. Example. Consider a ring homomorphism I — Z[v] given by [P!] = —a1; — v
and a;; — 0 for (¢,7) # (1,1). We define a new cohomology theory, called a
connective K-theory, by k = Q ®g, Z[v] (see [L3, §4.3.3]). Its formal group law is
denoted by F, and is given by F,(z,y) =  + y — vay. Observe that contrary to
Example B-4 the element v is non-invertible in the coefficient ring k(pt) = Z[uv].
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8.6. Remark. Avoiding the localization axiom one obtains a more general notion of
oriented cohomology theory studied by Merkurjev in [@] In particular, he showed
that taking the so-called ‘tilde operation’ of CH one obtains a theory CNH, defined
over a field of any characteristic, which serves as a good replacement for algebraic
cobordism in all questions related with cohomological operations. Note that the
Lazard ring L injects into the coefficient ring CH(pt).

We come now to the following important property of an algebraic cohomology
theory:

8.7. Definition. We say that a cohomology theory is weakly birationally invariant if
for any proper birational morphism f: Y — X the push-forward of the fundamental
class f.(1ly) is invertible.

8.8. Example. Any birationally invariant theory, i.e. such that f.(1ly) = 1x for
any proper birational f: Y — X, is weakly birationally invariant. The Chow ring
CH considered over an arbitrary field and the K-theory K considered over a field of
characteristic 0 provide examples of birationally invariant theories. According to
[E, Thm.4.3.9] the connective K-theory k defined over a field of characteristic 0 is
universal among all birationally invariant theories. In particular, the kernel of the
canonical map L — k(pt) is generated by differences of classes [X] — [X'], where X
and X' are birationally equivalent.

8.9. Lemma. For any smooth variety X over a field of characteristic 0, the kernel
of the natural map Q™*(X) — CH"(X) consists of nilpotent elements if n > 0 and
is trivial if n = dim X .

Proof. According to [E, Rem. 4.5.6] the kernel is additively generated by products
of the form ab, a € L%, b € Q"t(X), i > 0. Now the claim follows from the fact
that Q/(X) = 0 when j > dim X. O

8.10. Corollary. Owver a field of characteristic 0, any oriented cohomology theory
in the sense of Levine-Morel is weakly birationally invariant.

Proof. Consider the algebraic cobordism €. Let f: Y — X be a proper birational
map. The element f(1y) — 1x is in the kernel of the map Q°(X) — CH’(X). By
Lemma E the difference f$}(1y) — 1x is nilpotent, therefore, f(1y) is invertible.
The statement for an arbitrary theory follows by the universality of 2. O

9. A SEQUENCE OF SPLIT P!-BUNDLES

In the present section we compute the oriented cohomology h of a variety ob-
tained as a sequence of split P'-bundles. The main tool is the projective bundle
theorem for h. Observe that all formulas are given in terms of pull-backs and push-
forwards of fundamental classes. This invariant description will play an important
role in the sequel.

9.1. Lemma. Let X be a smooth projective variety over a field k. Let p: Px(€) —
X be the projective bundle of a vector bundle £ of rank 2 over X. Assume that p
has a section o. Then there is a ring isomorphism

h(Px(€)) ~ h(X)[€]/(&? — y¢€), where { = 0.(1x) and y = p*o™

Proof. Consider the canonical embedding Og(—1) — p*E, where Og(—1) is a
tautological line bundle over Px (&) (see [, B.5.5]). Let £ denote the quotient
£/0*Og(—1). By Cartan formula (see [[[§, Def. 3.26.(3)]) we have

(€)= A" Oe(=1)) + (L) and  3(E) = c](07Oe(~1)) - (L)
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According to the projective bundle theorem (see [[6, Thm. 3.9 and formula (17)])
applied to p, there is a ring isomorphism

h(Px(£)) =~ h(X)[t]/(t — a)(t = b),
where a = p*c} (0¥ Og(—1)), b = p*c} (L) and t = c}(Og(—1)).

Consider the elements £ = b —p t and y = b —p a, where F is the formal group
law corresponding to h. Observe that by [[L, 2.2.9] € = &(Og(1) @ p*L) = 0. (1x)
and by the very definition y = ¢} (p*0*Og (1) ® p*L) = p*o*¢.

Since changing ¢ to £ induces an automorphism of h(Px(£)), we only need to
prove the relation £? — y¢& = 0. Note that for any power series f, we may write
fl@)—f(y) = (x—y)f' (x,y) where f'(z,y) is again a power series. Hence, we have
bt = (b—pt)— (t—r ) = (t—b)f](b1) and (b—p ) — (b—p a) = (t—a) f3(a b,t)
for some power series f and f}. Therefore

-y =0b-rt)((b-rt)=(b-ra) = (-0t —a)f{(bt)frabt)=0
and the proof is finished. (I

9.2. Corollary. In the notation of Lemma we have the following formula for
the push-forward of the fundamental class

pe(lpye)) =" (€1 + (—r) 7).
Proof. By [Rd, Thm. 5.30] we have
p(lpg(g)) = (0*b—po*a)™" + (c*a—Fp o™b) 7,

where o*a and o*b are the roots of the bundle £ as in the proof of Lemma m
Since y = b —p a = p*0*¢ we obtain the desired formula. (I

9.3. Theorem. More generally, let X be a variety obtained by means of a sequence
of split P'-bundles, i.e. there is a sequence of varieties X;, 0 < i < N, starting
from a point Xog = pt and finishing at Xy = X such that for each 1 < i < N

pi: Xi 2Px, (&) = Xia

is a projective bundle with a section o;, where &; is some vector bundle of rank 2
over X;—1. Then there is a ring isomorphism

h(XN) = h(pt)[gla s 7§N]/I’
where I is an ideal generated by elements {2 — yi&i}ize1. N, & = prouw(1x,_,),
yi =poroi(lx, ,) and p* denotes the pull-back on Xy .
Proof. Follows by induction using Lemma @ O

9.4. Remark. Observe that the element y; appearing in the relations is not neces-
sarily in h(pt). To obtain a complete answer in terms of generators &1, ...,&y and
relations with coefficients in h(pt) one has to express the elements y; in terms of
the ‘previous’ generators &1, ...,&;—1. In the next section, we show how to obtain
such an expression for Bott-Samelson varieties using the characteristic map.

9.5. Example. Let X be as in Lemma . By [E, 3.2.11] we have the following
formula for the total Chern class of the tangent bundle of Px (£):

M(Tex () = " (0" Tx) - (Oe(1) ® p*E).
Since there is an exact sequence
0= 0:(1)@p*c*Og(—1) > O (1) @p*E = Og(1) @p* L — 0,
by Cartan formula we obtain

(0 (1) @p*E) = (O (1) @ p*L) - "(Os (1) ® p*o* O (—1)).
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Since Og (1) ® p*0*Og(—1) = (Og(1) ® p*L) ® (p*0*Og(—1) @ p*LY), we obtain
that
M(Toxe(e)) = "(0"Tx) - (L+€) - (L+ (€ —r y))-
More generally, for X from Theorem @ we obtain by induction
N
(4) M(Txw) = [[A+&) 0+ (& —rwi).

i=1
10. AN ELEMENTARY STEP OF THE BOTT-SAMELSON RESOLUTION

We apply the results of the previous section to compute an oriented cohomology
of a split P/B = P!-bundle, where P is a semi-direct product of a split reductive
linear algebraic group of semisimple rank one and a connected unipotent group,
and B is a Borel subgroup of P. This example appears as an elementary step in
the construction of a Bott-Samelson variety.

10.1. Consider a split connected solvable algebraic group B over a field k. Let
T denote its split maximal torus. Let X be a scheme on which B acts on the
right such that the quotient X/B exists and X — X/B is a principal B-bundle.
Let M denote the group of characters of T. Each character A € M extends to a
one-dimensional representation Vy of B and, hence, defines a line bundle £()) over
X/ B whose total space is the fiber product X x BV, i.e. the quotient (X x; Vy)/B
by means of the right B-action (z,v)b = (zb,b~'v) (see [I], Ch.1 §3]).

10.2. Definition. Let h be an oriented cohomology theory and let F' be the cor-
responding formal group law over the coefficient ring R = h(pt). We define a ring
homomorphism ¢: R[M]r — h(X/B) from the formal group ring R[M]r to the
cohomology ring h(X/B) by sending a generator x to the first Chern class ¢} (L()))
of the line bundle £(A). This map is well-defined since all Chern classes are nilpo-
tent and satisfy ¢ (L(A+p)) = (L)@ L(K)) = (L)) +F A (L(1)). Tt is called
the characteristic map.

10.3. We follow the notation of [, §2]: Let P be a semi-direct product of a connected
unipotent group U and a reductive split group L of semi-simple rank 1. Let T" be
a maximal split torus of L and let M denote its group of characters. Let « be the
one of two roots of L with respect to T, let U, be the corresponding unipotent
subgroup and let B = T - U, - U be the Borel subgroup of P containing T'. Let
5a(A) = A —aV()) - « denote the reflection corresponding to the root a.

Consider the fibered product X’ = X x? P, i.e. the quotient (X xj P)/B by
means of the B-action (x, h)b = (xb,b~'h). By definition, X’ is a principal P-bundle
over X/B, all fibers of the canonical projection p: X’/B — X/B are isomorphic to
P/B ~ P! and there is an obvious section o: X/B — X'/B given by = — (z,1).
According to [[L1, Exrc. 7.10.(c)] there exists a vector bundle € of rank 2 over X/B
such that X'/B can be identified with the projective bundle Px,5(&).

10.4. Remark. Observe that in [[, §2] instead of the quotient X’/B the author
considers the quotient of X’ modulo the opposite Borel subgroup B’. This doesn’t
change much, since there is an obvious isomorphism i: X’/B — X’/B’ induced by
an automorphism of X’ sending the class of (z, p) to the class of (x, pn,), where n,
is an element of P representing the reflection s,. In particular, for any character A
we have i*L'(A) = L' (so(N)), where L'(X) (resp. L£'(so(N))) is the line bundle over
X'/B’ (resp. over X'/B).

10.5. Applying Lemma to the projective bundle p: Px,p(€) — X/B with the
section ¢ we obtain an isomorphism

h(X'/B) ~ h(X/B)[€]/(&* - y€), where £ = 0.(1x/p) and y = p*o™¢.
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10.6. Lemma. We have 0*¢ = ¢ (L(—a)) = ¢(z_a).

Proof. By definition of the push-forward we have ¢ = c}(O(D)), where O(D) is
a line bundle corresponding to the divisor D = ¢(X/B). The first equality then
follows from [H, §2.5 Lem. 3]. The second one follows from the definition of the
characteristic map c. O

10.7. Corollary. We have y = p*c*¢ = p*c(z_q).

10.8. Lemma. Consider the characteristic map ¢’ : R[M]r — h(X'/B). For any
u € R[M]F, we have

(1) o"cw) = cw) and (2) ¢(u) = pelsa(u)) +p"e(Aa(w) €
Proof. By [E, §2.5 Lem. 1 and Prop.1], for any character A\ € M, we have two
equalities
TLN)=LO)  and  L'(sa(N) = p (L) @ O(D)2 N,

where £'()\) is the corresponding line bundle over X'/B and O(D) is a line bundle
corresponding to the divisor D = o(X/B).

By the first equality, formula (1) holds for u = z). It therefore holds for all
u € R[M]r and then for all u € R[M]Fr by continuity.

By the second equality, we have for u =

(5, 0) =P e(an) +F (" (V) -p &

Note that for any power series g(£) in a variable £ we may write g(&) = g(0)+&-¢'(£),
where ¢'(&) = (g(&) — ¢(0))/€ is again a power series. Since, £2 = y&, we have

(&) = g(0)+£-¢'(y). Applying this to g(£) = p*c(xx) +raV(N) -r € and observing
that g(0) = p*c(x)) we obtain
C/(wsau)) =p*c(xxn) + &g (y),
where g(y) = p*c(zx+ra’ (N)-rr_o) = p*c(x,, (1)) by Cor. [[0.7 Then by definition
of the operator A_, we obtain ¢'(y) = p*(=A_a,(z))) and, hence, ¢'(zs,,,) =
pre(xy) fp*c(A,a(:cA))f. Since A_y 80 = —A_g, applying s, to u we obtain
¢ (zx) = p*e(salzn)) + 0 c(Aa(zn)) - £

For general u formula (2) then follows by induction on the degree of monomials and
by continuity, using Prop. B.g.(f]) and ¢ = y¢. O
10.9. Remark. Following Remark @, the second formula would look simpler with
the other definition of A,.
10.10. Proposition. The following formulas hold for any v € R[M]r

(1) p*(lX’/B) = C(Ca(l)), (3) p*(c(Ca(u))) = C/(Ca(u)),

(2) pu(d(w) =c(Calw), () p*pu((u) = ¢ (Calu)).
Proof. The first formula of the proposition follows from Corollary @ applied to the
projective bundle p: X'/B — X/B where we identify ¢*¢ with ¢(z_,) according

to Lemma .
By point (2) of Lemma and the projection formula we have
P (¢ () = ¢(sa () - p(1xr/B) + ¢(A_a(u)) - pu(€) =
By the first formula and the fact that p.(§) = p«(0«(1x/5)) = lx/p it can be
rewritten as

(sa(u) - ¢(Cal(l)) + c(A_a(u) = ¢(sa(u)Call) + A_qs(u))
Using the definition of C\, and point (E of Proposition B.12| we finally obtain
= (sa(u) - ea + Aa(u) = ((Coals-alu))) = ¢(Calu)).
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This proves the second formula.

The third formula follows from point (2) of Lemma and the fact that
C_owA_o = 0 (see (6) of Prop. B.1J). The last formula is obtained by the com-
posite of the second and the third one. ([

11. BOTT-SAMELSON VARIETIES

In the present section we compute an oriented cohomology of Bott-Samelson
varieties. For definition and basic properties of Bott-Samelson varieties, we refer to

papers [ﬂ], [@] and [ﬂ]

11.1. Let G be a split semisimple linear algebraic group over a field k, let T" be a
split maximal torus of G and let T' C B be a Borel subgroup. Let {a1, ag,...,an},
where n is the rank of G, be a set of simple roots of G. Let P; be a minimal
parabolic subgroup corresponding to a simple root «;, i.e. the subgroup generated
by unipotent subgroups U,,, 1 < j <n and U_,,.

11.2. Definition. For an [-tuple of integers I = (i1,42,...,4) with 1 <i; <n, we
define a variety X to be the fiber product

B B B
Xr=PF, x7 P, x7 ... x" F,.

If I = 0, then we set Xy = pt.

Observe that there is a natural right action of B on Xj, the quotient X;/B
exists and X; — X;/B is a principal B-bundle. The variety X;/B is called a
Bott-Samelson variety corresponding to I.

11.3. Let J = (i1,i2,...,4,-1). Then X; = X; xP P, and we are in the situation
of for P=P,, a = a;,, X' = X7 and X = X ;. In particular, the projection
map

pr: X]/B — X.]/B
has a structure of a P'-bundle with a section denoted by o7.

Observe that the structure map 7;: X;/B — pt can be written as a composite
of projection maps

X;/B— X(i1,---,i171)/B — .. X(il)/B — pt.
Hence, the variety X;/B is obtained by means of a sequence of split P!-bundles.

According to for an oriented cohomology theory h with a formal group law
F there is a well-defined characteristic map

Cr: R[[M]]F — h(X]/B),

where R[M]F is the formal group ring of the group of characters M of T. Observe
that ¢y = € is the augmentation map. Applying Theorem @ and Corollary
we obtain an isomorphism

(5) h(X1/B) ~h(pt)[&1, &2, - - &1/ (1€ — 35 }i=1..0),
where y; = p*c(i17,,,,ij71)(z,aij) and p* denotes the pull-back to h(X;/B).

11.4. Theorem. Let X;/B be the Bott-Samelson variety corresponding to an l-tuple
I=(i1,...,41). For any subset K of [1,1] we define

Aa, ifjEK,

Sa, . otherwise.

'3

fK:HEj and O =0;---0, wher@@j{

JEK
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Then the elements £, where K runs through all subsets of [1,1], form a basis of
the free h(pt)-module h(X;/B). As a ring h(X1/B) is a quotient of the polynomial
ring h(pt)[&1, - . ., &) modulo the relations

=Y Or(a, )

KC[l,j—1]

Proof. The fact that h(X;/B) is a free h(pt)-module with a basis £k follows by
the projective bundle theorem, since X;/B is obtained by means of a sequence of
split P'-bundles. To obtain the relations, we first use Lemma (2) to prove by
induction that

(6) c(1'1 ,,,,, ;) (u) = Z GGK(U)EK
KC[1,j]

Using this we then compute y; and plug the result into the formula (E) O

The following lemma provides a formula for the push-forward of the structure
map 77: X;/B — pt:

11.5. Lemma. Consider the variety X;/B for a tuple I = (i1,...,i;). For any
u € R[M]r we have

T (cr(w)) = eCr(u),
where C1 = Cy, ... Cy, 15 the composite of operators defined in .

Proof. Decomposing the structure map as m;: X;/B LES X;/B X pt, where J =
(i1,...,1—1) and applying Prop. |10.1(.(2) we obtain
e (er(w) = mraprs (e1(w)) = e (€1(Cay (w)))-

Repeating this recursively for the structure map n;: X;/B — pt and so on, we
obtain the desired formula. O

12. BOTT-SAMELSON RESOLUTIONS

In the present section we discuss the relations between Bott-Samelson varieties
and Schubert varieties on G/B.

12.1. According to Bruhat decomposition the variety of complete flags G/B is a
finite disjoint union of affine spaces G/B = [[,,c BwB/B, where W is the Weyl
group of G. The closure of a cell BwB/B is denoted by X, and is called a Schubert
variety. Observe that X, is not smooth in general.

Let w = 84, 84, - - - 84, be a (reduced) decomposition into a product of simple reflec-
tions (here s; denotes s,,) with [ = I(w) being the length of w. The multiplication
map induces a morphism

qr: X;1/B — G/B, where I = (iy,ia,...,1]).

By the results of [, Ch. 3] (see also [, §1.7] and [{, §4]) this map factors as
qr: X1/B — X, — G/B, where the first map is surjective birational and the
second is a closed embedding. Furthermore, when J is I with the last entry removed,
we have qr oo; = q.
12.2. Lemma. Consider the characteristic map ¢g/p: R[M]r — h(G/B). For any
u € R[M]r we have
41 (cg/B(u)) = cr(w).
Proof. By definition of the map ¢; and the bundle £(\) we have ¢ (L()\)) = L1()),
where L(A) (resp. £7())) is the line bundle over G/ B (resp. over X/B) correspond-

ing to a character A. Hence, q¢j(cq/p(xx)) = cr(zx). For a general u it follows by
continuity. O
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Let wo be the element of maximal length in W and let X = X, /B be the
Bott-Samelson variety where Iy is a reduced decomposition of wy.

12.3. Lemma. Assume that h is weakly birationally invariant. Then the pull-back
qy, 1s injective.
Proof. Since our theory is weakly birationally invariant, the push-forward of the

fundamental class gj,+(1) is invertible. The lemma now follows by projection for-
mula. O

12.4. Theorem (cf. [f], Prop. 3]). Assume that h is weakly birationally invariant.
Consider the quotient map p;: G/B — G/P;, where 1 < i < n. Then for any
u € R[M]r we have the equality

pipix(cc/B(u) = ¢g/p(Ca, (1))

Proof. We choose a reduced decomposition I of wq in simple reflections such that
the last reflection is s;. Let J be the same tuple without the last entry. Consider
the Cartesian diagram

(7) X5, /B2~ X,/B
41y l lpi oqJ
G/B—~G/P,

Since the horizontal map p; is smooth, the diagram is transversal. Since g, is
injective by Lemma , it is enough to prove the equality after applying g7 to
both sides. By base change and by transversality of the diagram we have
q7,P; Pix (CG/B(U)) = p1,(Pi © 1) pix (CG/B(U)) = PI,PIo+d], (CG/B(U))
By Lemma and by Prop. (4) we obtain

= p?opfo* (CIO (u)) = (1, (C!li (u)) = qz) (CG/B (C!li (u)))
and the theorem is proved. (I

Part 3. Algebraic and geometric comparison. Applications.
13. COMPARISON RESULTS

In the present section we explain why the ring H(M)p is naturally isomorphic
to the ring h*(G/B) (see [[3.19)) for most weakly birationally invariant theories.

13.1. Let I be a sequence of simple reflections. Recall that w(I) = s;, -+ - s;, is the
corresponding product of simple reflections. Let

¢ =(q1)-(1) € W™ (G/B)
denote the push-forward of the fundamental class of the Bott-Samelson variety
corresponding to I.

13.2. Assumption. For each element w € W, let I, be a chosen reduced decom-
position of w. The elements (;,, where w runs through all elements of the Weyl
group W, form an R-basis of the cohomology h*(G/B).

13.3. Lemma. Assumption holds for

(1) any oriented cohomology theory hi = hi @, R1 obtained from another one
hg for which the assumption already holds;

(2) Chow groups and Chow groups mod n (in arbitrary characteristic);

(3) algebraic cobordism, and therefore all oriented cohomology theories over a
base field of characteristic zero;
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(4) K-theory (and K-theory mod n) in arbitrary characteristic.

Proof. Point (ﬂ) is obvious since a free module stays free by base change. For Chow
groups and K-theory, this is classical and for example proved in [§]. For algebraic

cobordism, since G/B is a cellular space and classes of Schubert varieties form a
Z-basis of CH(G/B), the lemma follows from [PI], Cor. 2.9]. O

We consider the characteristic map ¢q,p: R[M]r — h*(G/B).

13.4. Lemma. Let 7: G/B — pt be the structure map. For any sequence I and
u € R[M]r we have

T (Cr - cq/p(u) = €Cr(u).
Proof. The projection formula and Lemma imply that we have

e (Cr - eqyp(u) = m(qre(1) - ca/p(w) = meqrqi (ca/p(u)) = mre(cr(u)) = eCr(u).
O

Recall from Definition @ that we also have an algebraic characteristic map

13.5. Lemma. Assume the torsion index t is invertible in R and that Assumption
is satisfied. Then, there is a unique morphism 0 : H(M)r — h*(G/B) of
R-algebras such that cq/p =0 oc.

Proof. We fix a reduced decomposition I,, for each w € W. By @, the map ¢ is
surjective. We can therefore find a pre-image u,, of each element ZIC:U of Theorem E
By the form of the characteristic map given there, these elements satisfy eCy, (u,) =
dw,w- Let us set 77, = ¢g/p(Uw). By the previous lemma, (77, )wew is a basis of
h*(G/B) that is dual basis to the basis ((z, )wew with respect to the bilinear form
(¢, 1) — m.(¢.7), and this form is therefore nondegenerate. We now define 6 as the
R-linear morphism sending 2§ to 77,. By the formula m.(Cz, -¢c/5(u)) = €C, (u),
we must have

(8) cq/p(u) = Z eCr,, (u)Tr,

weW

and the isomorphism 6 therefore satisfies ¢g,p = 0 oc since the zjc; satisfy the same
formula with ¢. The uniqueness of # is immediate by surjectivity of c. O

13.6. Corollary. When t is invertible in R and Assumption holds, the char-
acteristic map cg/p 18 surjective.

Proof. Use Theorem @ and the previous lemma. (]

13.7. Corollary. When t is invertible in R which has no 2-torsion and Assump-
tion holds, the kernel of the characteristic map cq,p is the ideal of R[M]p
generated by elements in T fixed by W.

Proof. Use Theorem @ and the previous lemma. O

Let ug € IV be chosen as in section E

13.8. Lemma. Let I, be a reduced decomposition of an element w. Then

Cr, - ¢a/B(uo) = { 0 if w# wo

Cg/B(’LLO) sz = Wo
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Proof. We have (r,, - ¢c/p(uo) = qr1,+(c1, (u0)) by the projection formula and the
fact that q7 cg/p = c1,. By formula @), cr, (uo) = 0if I(L,) < N ie. if w # wo.
This proves the first part of the formula. The other case will follow if we show that
Clyy = 1= 2t TwCr,, for some coefficients 7, in R. For this, it suffices to show
that the coeflicient r,, in front of (7, —in the decomposition of 1 on the basis of
the (r, is 1. We have the commutative diagram

U—Y% X;,/B<2— X;./B

H O ltho/
qr!

Ul>G/B

where Ij is any reduced decomposition of wq, I’ is Iy with its last entry removed,
o is the section of py,, U is the big open cell in G/B and U’ is its pre-image in
X1,/B. By [E, 83.10 and 3.11], U’ is indeed isomorphic to U and it is included
in the complement of ¢ X/ /B. Thus, ij,0, = 0, using that X;,/B — X;//B is a
projective bundle. By base change on the cartesian diagram, we obtain if;q;« = 0
and i}7gr,«(1) = 1. Since any I, can be completed to a decomposition of wy, this
proves that i;(¢r,) = 0 if w # wp. Pulling back 1 = >°  7,(r, by iv, we get
1 = ry, (by homotopy invariance, h*(U) ~ R). O

13.9. Lemma. We have
t ¢y = cq/p(wo) and ¢ = ¢y (Creev (ug)).
Proof. Let I,, = (i1,...,in). With the notation of Theorem [L1.4, we have
tCp = tqp.(1) = tqr, «or, « 0@ )«(1) = qr, «(t {1,n)) = ar,,,«(c1,,, (1))

= q1,,,+()¢a/B(u0) = cg/p(uo)
where the two last equalities follow from the projection formula together with
q;,¢c/B = ¢1,, and then Lemma . For the second formula, which coincides with
the first one when I is empty, we use induction on the length of I. If I = (i1,...,4;)
and J = (iy,...,4;-1), then by base change via diagram ([]) we obtain
t- =t -qr(1) = t-qr.pi(1) = t-pj (i, 0 q1)«(1) = pi i« (t- (o),
By the induction step and Theorem we obtain

= p;,Pir+ (¢ B(Crrev (w0))) = ¢g/B(Cay, © Crev(u0)) = ¢y B(Creev (o))
and the proof is finished. (I

13.10. Lemma. Under the assumptions of Proposition , we have ¢y = 711, . In
particular, 7, does not depend on the choices of the reduced decompositions L.

Proof. By definition of the dual basis (77, )wew, it suffices to show that we have

T (Cr,, - Cp) = Owy,w- By lemmas and [[3.4, we have
(1, - G) = m(Cr, -t e B (w0)) = t7eCr, (w0) = Guwy. O

Let A; denote the operator p*(p;)« on h*(G/B) and let A; be as usual for a
sequence I.

13.11. Lemma. The isomorphism 0 of Lemma satisfies 0A; = A0 and there-
fore sends the Ay, (20) to the Ay, ((p).

Proof. 1t follows from the surjectivity of the characteristic map, the fact that foc =
¢g/B; Theorem and Proposition point ([I]). d

We can now show that the isomorphism 6 of Lemma descends to the case
where t is regular but not necessarily invertible.
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13.12. Theorem. Let h* be a weakly birationally invariant theory satisfying As-
sumption and such that t is regular in R = h*(pt). Then there is a unique
isomorphism of R-algebras 6 : H(M)r — h*(G/B) such that the characteristic map

cq/p 15 given by 0 oc. It satisfies 0 o A = A of.

Proof. We know from [7.g that the A;, (z0) are a basis of #(M)r and from As-
sumption that the (;, are a basis of h*(G/B). We define 6 as the isomorphism
sending Az, (20) to ¢7,. By Lemma [13.11), this definition coincides with the one of
Lemma when t is invertible in R. We therefore have a commutative diagram

H(M)r @5 Rt 224 h*(G/B) @5 R[t!]

| |

H(M)p ’ h*(G/B)

where §®1id is the 6 of Lemma and the vertical maps are injective since H (M) g
and h*(G/B) are free R-modules and R injects in R[t~!]. Since all other maps are
ring morphisms, 6 is one too, and the required equalities follow from the same ones
in the case where t is invertible. The morphism @ is unique since it is unique after
inverting t. O

13.13. Remark. Note that the morphism 6 is independent of the choices of the I,
used in its construction. This is obvious by surjectivity of the characteristic map
after inverting t.

This completes the identification of H (M), the algebraic model for the coho-
mology ring introduced in section f], with the actual cohomology h*(G/B).

14. FORMULAS FOR PUSH-FORWARDS

In the present section we assume that t and 2 are regular in R. Note that
given a formal group law F', both R[M]r and H(M)p can be defined without any
reference to a cohomology theory. The goal of this section is to define an “algebraic
push-forward” m3: H(M)r — R and to prove formulas related to it. Of course,
when the formal group law comes from a cohomology theory, we prove that the
morphism 73, corresponds to its geometric counterpart . : h(G/B) — R through
the isomorphism 6: H(M)p = h*(G/B) from Theorem [[3.13. The general idea of
the proofs is to use that there is a universal formal group law U over the Lazard ring
L, and therefore that such formulas can be proved in Hy,(M )y, where they hold for
geometric reasons, using algebraic cobordism. Then, they hold in any H(M)r by
specialization (even if it has no geometric origin).

14.1. Recall that since (U, L) is the universal formal group law, for any given formal
group law F' over a ring R, there is a unique morphism f : L — R sending U to F.
By Lemma E and Propositions @ and , there is a commutative diagram

LMy — > He (M)

IS
RIM]p —=> Hp(M)p

Furthermore, the morphism fz commutes with the operators A; and B and sends
zY to 28 by definition. Therefore, it sends AY (2¥) to AL (2{) for any sequence I.

Let (I,)wew be a choice of reduced decompositions. Then, by Prop. @, the
elements (A, (20))wew form an R-basis of H(M)p.
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14.2. Definition. Let 7y : H(M)r — R be the R-linear morphism defined by
WH(AIw (20)) = GC[w (1)
14.3. Proposition. We have

(1) for any morphism f: R — R’ of rings sending a formal group law F to F’,
we have FZ = WZI o fu.

(2) Assume that h is an oriented cohomology theory satisfying the assumptions
of Theorem [13.13, in which the isomorphism 0: H(M)p = h*(G/B) is
defined. Then the morphism my satisfies w3 00 = 0 o .. In other words,
the morphism mwy is an algebraic replacement for the push-forward .

Proof. Since fy (A} (2§)) = Ai’ (z&"), () follows from the definition of . Since
the basis of h(G/B) formed by the (7, and the basis of H(M)p formed by the
Ar, () corresponds to each other through the isomorphism 8, (B) follows from
Lemma .

14.4. Corollary. For any sequence I the morphism wy of the proposition satisfies
T (Aprev (20)¢(u)) = €Cr(u).

In particular, it is independent of the choice (Iy)wew of reduced decompositions.

Proof. By Proposition (E) and by Lemma , the formula holds for Hy,(M)y.

In general, it reduces to the case where t is invertible. When v € R[M]Y, we

have eCr(vu) = €(v)eCr(u) and c(vu) = €(v)c(u) so by decomposing u on the

C1,, (ug), which form an R[M]W -basis of R[M]r, it suffices to prove the formula
for u = Cr,, (up). For those, it follows by specialization using fz; from Hy(M)y. O

14.5. Remark. Note that the elements 7y (Ajrev (20)) are particularly important
because they represent the images of desingularized Schubert varieties in the coho-
mology of the point.

14.6. Proposition. The morphism mwy satisfies

T3y (Aqrev (zo)zgu) = Oy,

In other words, the bilinear form wy(—, —) is nondegenerate and the bases (ZIC:u)wEW
and (Aprev (ZO))wEW are dual to each other.

Proof. The formula can be computed after extending scalars to R [t’l}. Then,

since the characteristic map ¢ is surjective, the elements zgu have preimages u,,,

such that eCr, (uy) = 0y, by the expression of ¢ given in Theorem E The result
then follows from formula ([14.4)). 0

Let Iy be a reduced decomposition of the longest element wy. When t is in-
vertible, the element yo = Cprev(ug)/t is invertible (by Lemma £.9), and ¢(yo) =
Apzev (20) by Proposition ]

14.7. Lemma. When t is invertible in R, the morphism wy satisfies
m (c(u)) = eCy, (uyal) .
Proof. We have
o (e(u)) = mo (c(uyy (o)) = ma (c(ugy ' Arger (u0))) = €Cr, (uyg ). O
14.8. Proposition. The operators C' satisfy the formula
eCr(uCy(ug)) = €C jrev (uCTrev (ug))

for any pair of sequences I and J. In particular (u =1, J =10), for any sequence
I, we have eCr(ug) = €Crrev (up).
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Proof. The formula can be proved after extension to R [t’l]. It then follows from
the computation of 7y in formula () applied to both ends of

AIreV (Zo)C(UCJ(Uo)) = tc(CIreV (UO)UCJ(Uo)) = C(’LLC]rev (UO))AJ(ZO) O

14.9. Remark. The formulas given in this section are purely algebraic, but their
proofs use geometric properties of cobordism. It would be interesting to have alge-
braic proofs derived directly from the various formulas in section .

15. ALGORITHM FOR MULTIPLYING IN h*(G/B)

Fixing a choice of reduced decompositions I, for all w € W, we define 77, as
0(=f,).

15.1. Proposition. Under the assumptions of Theorem [18.13, the bilinear form
(b,a) v m(b-a) is non degenerate on h*(G/B) and for any choice of reduced
decompositions I, the basis ((1,) and (11,) are dual to each other.

Proof. The form can be computed after scalar extension to R[t™!], in which case it
follows from the proof of Lemma . (I

Now the multiplication algorithm goes as follows: Substituting u = Crrev (ug) in
@) and using that t (7, = ¢g /5(Creev(ug)) we obtain the transition matrix from
the basis (Cz, ) to the basis (77, ). Substituting u = Cprev (uo)Crrey (uo) in () we
obtain the decomposition of the product (z,(z,, on the basis (77, ), and we rewrite
it in terms of the (7, by using the transition matrix. This also explains how to
decompose any (; (I not necessarily reduced) on a given basis of (;,. Again, it
suffices to substitute u = C7(ug) in (f) and use the transition matrix.

15.2. Remark. Note that this algorithm is an improvement over the one in [ﬂ] or
[[7 in the following sense. In both of these articles, it is explained how to de-
compose a product of two generators (7 and (; as a linear combination of other
such generators. But starting from a basis (i.e. the {7, for a choice of a reduced
decomposition for each w € W), it is not explained how to obtain a linear com-
bination containing only generators {; with I among the I, and an algorithm for
redecomposing any given (5 on a chosen basis is not given either. This is crucial to
compute multiplication tables.

16. LANDWEBER-NOVIKOV OPERATIONS

In this section we provide an algorithm for computing the Landweber-Novikov
operations S on QO*(G/B).

16.1. Let us recall briefly the definition of SV (details can be found in [[L3, § 4.1.9]).
Consider a graded polynomial ring Z[t] = Z[t1, ta, ..., tk,...] in infinite number of
variables; for a multi-index I = (i1, 12, ...,4x) we set

th =tk

Let Aty denote the formal power series
)‘(t) (,CC) = —|— Z fi.%'iJrl.
i=1

Consider a twisted theory Q of Qt] = Q @z Z[t] (see [I4, §4]). By definition
Q(X) = Q(X)[t] for any X, its Chern class is given by the formula

9) (L) = Aoy (2(L)),
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and its formal group law is given by
Fz,y) = Ao (UG @), AgL 0))-
By the universality of  there is a natural transformation Q — given by

ar Y SN, aeQ(X)
I

where the components SFV are called Landweber-Novikov operations on Q(X).

16.2. By functoriality of R[M]r in R (see B.§) the map L ~ Q(pt) — Q(pt) =~ L|t]
induces a homomorphism
L[M]u — L{t][M]F,
while functoriality with respect to formal group laws induces a homomorphism
Lit][M]r — L{t][M]ug,,
Ty = Ay (@p)-

By () we have the following commutative diagram:

L[[M]]U —_— L[t][[M]]F —— L[t] [[M]]Ug[t]

@ l & l St l

Q(G/B) — Q(G/B) Q(G/B)[t].

16.3. An action of the Landweber-Novikov operation SV on a basis element (g,
can be computed as follows: First, we compute the image of u = Cprev (uo) under
the composition of top horizontal arrows. Second, we extract the coefficient at the
monomial t! of this image. Finally, we apply the characteristic map ¢ to that
coefficient. The result will give SEN ((z,, ).

Indeed, by definition SEV (¢, ) is equal to the coefficient at t of the image of (;,,
under the composition of bottom horizontal arrows. Since t (; = ¢g/p (C’[mv (uo))
and by commutativity of the diagram we are done.

17. EXAMPLES OF COMPUTATIONS

In the present section we list the multiplication tables for rings Q*(G/B), where
G has rank 2. The results are obtained by means of the algorithm described in
Section and realized in Macaulay 2 packages [fj. The answers for the other
oriented cohomology theories are easily derived by a specialization of the coefficients
of the universal formal group law. For instance, the answer for connective K-theory
is obtained by specializing the coefficient a1 to v and all others to zero.

17.1. We use the presentation of the Lazard ring
L =Z[a,az,...],

where the first generators a; are the following linear combinations of the coefficients
a;; of the universal formal group law U:

aip = aii;

a2 = a12;

a3 = a2z — A13;

aq = A14;

as = —9a15 + agq + 2ass.

Note that the a; (resp. the a;;) are of cohomological degree —i (resp. aj—;—;). For
root systems of rank 2, the longest element is of length at most N = 6 (in the Ga



34 B. CALMES, V. PETROV, AND K. ZAINOULLINE

case), and we therefore need to compute the universal formal group law up to order
7, which thus only involves a1, ..., ag. In fact, ag does not appear in the formulas:
it is not difficult to show that an will not appear in the multiplication formulas for
a root system with longest element of length N.

17.2. We use the upper case letter (; for the element ¢; = g7.(1). For brevity (;
with T = (41,...,4;) is denoted just by (;,..;,, and when I is the empty sequence,
(1 is denoted by pt. Note that when [(w) 4+ I(w’) > N = dim G/B one has

C1.,C1,, = 0w wow Dt
so we list the remaining cases only.
17.3 (A case).
Gi21 = 1 + aa(y;
4122 = (2;
C221 = (1;
Ci2€21 = (1 + C2 + a1pt.
This agrees with the computations of Hornbostel-Kiritchenko in [@]
17.4 (B case).
Ci212 = 1 + 2a2C12 + (a3 — ara2)(s;
41221 = Ca1;
Gio = 2C12 + a1 (o
C1216012 = C12 + Go1 + a1Ca + a1(e + (2a2 + a3 )pt;
C121612 = G1 + G2 + a1pt;
C121621 = (13
(212C12 = (25
C212C21 = 2¢1 + (2 + 2a1pt.
17.5 (Go case).
Ci21212 = 1 + 4a2Ci212 + (10a3 — 10aia2)C212
— (4a4 + 9ara3 + 3a§ — 9a§a2)412
— (54as — 459a1a4 — 1188asa3 — 108atas + 1080aia3 + 108a3az)(a;
(Ta121 = 32121 + 3a1Ciar + (13a2 + 2a7)Ca1 + (2a3 + Taraz + af)(y;
G112 = Ci212 + a1z + (6ag — 5ayaz)a;
Cra121€1212 = Cr212 + o121 + a1C121 + a1lorz + (8az + af)Ciz + (8az + ai)(a
+ (4az + 8araz + a3)¢y + (10az + 6ayaz + a3)ls
+ (—4a4 + ayas + 13a3 + 15a3as + a7 )pt;
Cr2121C1212 = Ci21 + 3C12 + 4a1Cia + 3a1¢a1 + (8az + 4a3)¢1 + (13a2 + 5a3) (e
+ (a3 + 16a1as + 5a3)pt;
Cr2121Co121 = 2G121 + 2a1(o1 + (daz + a?)(y;
C21212C1212 = 2¢212 + @1C12 + 4a2(s;
Co1212C2121 = Ci21 + Ca12 + a1Ci2 + a1Car + (Bag + a)C1 + (8az + af)(e
+ (3a3 + 6aias + ad)pt;
C12121C121 = 3C21 + 2a1(y;



ORIENTED COHOMOLOGY OF COMPLETE FLAGS 35

Gio1216o12 = 2Ci2 + Co1 + 2a1C1 + 3a1(e + (4az + 3al)pt;
Co1212G121 = Ci2 + 2¢21 + 2011 + 2a1(2 + (4az + 2a7)pt;
G21212C212 = (125
(Tar = 2C12 + a1(a;
(o1 = 2Co1 + a1y
Ci2126o121 = 2C12 + 2¢o1 + 3a1(1 + 4ar1Ce + (das + 4ai)pt;
C12121C12 = (1 + 3C2 + 3a1pt;
C12121G21 = (15
(21212C12 = (2;
(21212€21 = C1 + C2 + a1pt;
C1212€121 = 2C1 + 3¢2 + 4aipt;
C1212G212 = (25
(2121G121 = (15
G2121¢212 = (1 + 2¢2 + 2a1pt.
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