TWISTED ~-FILTRATION OF A LINEAR ALGEBRAIC GROUP.

KIRILL ZAINOULLINE

ABSTRACT. In the present notes we introduce and study the twisted y-filtration
on Ko(Gs), where G, is a split simple linear algebraic group over a field k of
characteristic prime to the order of the center of Gs. We apply this filtration
to construct torsion elements in the v-ring of some twisted flag varieties.

1. INTRODUCTION

Let X be a smooth projective variety over a field k. Consider the Grothendieck
~-filtration on Ko(X). It is given by the ideals [6, §2.3] (see also [8, §2])

Y Ko(X) = {cny, (b1) oo Cnyy (b)) | m1 4o+ 1 >4, by b € Ko(X)), i >0

generated by products of Chern classes in Ky. Let *(X) denote the i-th subsequent
quotient and let v*(X) = @;>07'(X) denote the associated graded commutative
ring called the v-ring of X.

The ring v*(X) was invented by Grothendieck to approximate the topological
filtration on K and, hence, the Chow ring CH*(X) of algebraic cycles modulo ratio-
nal equivalence. Indeed, by the Riemann-Roch theorem (see [6, §2]) the i-th Chern
class ¢; induces an isomorphism with Q-coefficients, i.e. ¢;: v*(X; Q) = CH(X; Q).
Moreover, in some cases the ring v*(X) can be used to compute CH*(X), e.g.
7'(X) = CH*(X) and there is a surjection 4?(X) — CH?(X) (see [7, Ex. 15.3.6]).

In the present notes we provide a uniform lower bound for the torsion part of
v*(X), where X = ¢B;, is a twisted form of the variety of Borel subgoups B, of a
split simple linear algebraic group G by means of a cocycle ¢ € H!(k,G,). Note
that the groups 7%(X) and v3(X) have been studied for G; = PGL,, in [8] and
for strongly inner forms in [4]. In particular, it was shown in [4, §3,7] that in the
strongly inner case the torsion part of 42(X) determines the Rost invariant.

Our main tool is the twisted y-filtration on Ko(Gs), where G is a split simple
linear algebraic group. Roughly speaking, it is defined to be the image (see Defi-
nition 4.4) of the ~-filtration on Ky of the twisted form X under the composition
Ko(X) = Ko(Bs) — Ko(Gs), where the first map is given by the restriction and
the second map is induced by taking the quotient.

Let ~¢ denotes the associated graded ring of the twisted ~y-filtration. It has the
following important properties:

(i) The ring 7¢ can be explicitly computed (see Theorem 4.5). Observe that
72 =7, 751 =0 and 72 is torsion and finitely generated for ¢ > 1.

(ii) There is a surjective ring homomorphism *(X) — ~f. Hence, 7; gives a
lower bound for the ~-ring of the twisted form X = ¢B.

(iii) The assignment £ — V¢ respects the base change and, therefore, is an in-
variant of a Gs-torsor , moreover, the ring 7¢ can be viewed as a substitute
for the v-ring of the inner group (Gs.
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In the last section we use these properties to construct nontrivial torsion elements
in v2(X) for some twisted flag varieties X (see 5.3 and 5.5). In particular, we
establish the connection between the indexes of the Tits algebras of ¢ and the order
of the special cycle 6 € ¥?(X) constructed in [4].

2. PRELIMINARIES.

In the present section we recall several basic facts concerning linear algebraic
groups, characters and the Grothendieck Ky (see [9, §24], [4, §1B,56]).

2.1. Let G5 be a split simple linear algebraic group of rank n over a field k. We
assume that characteristic of k£ is prime to the order of the center of G5;. We fix a
split maximal torus T and a Borel subgroup B such that T' C B C Gs.

Let A, and A be the root and the weight lattices of the root system of G
with respect to T C B. Let {a1,...,a,} be a set of simple roots (a basis of A,)
and let {w1,...,w,} be the respective set of fundamental weights (a basis of A),
ie. a)(w;) = d;i;. The group of characters T* of T is an intermediate lattice
A, C T* C A that determines the isogeny class of Gs. If T* = A, then the group
G is simply connected and if 7% = A, it is adjoint.

2.2, Let Z[T*] be the integral group ring of T*. Tts elements are finite linear
combinations ), a;eM, N\ € T*. Let B, denote the variety of Borel subgroups
Gs/B of Gs. Consider the characteristic map for Ky (see [3, §2.8])

¢ Z[T*] — Ko(Bs)
defined by sending e*, A € T*, to the class of the associated line bundle [£())].
Observe that the ring Ko(B5) does not depend on the isogeny class of G5 while the
group of characters T and, hence, the image of ¢ does.

Since Ko(Bs) is generated by the classes [L(w;)], ¢ = 1...n, the characteristic
map c¢ is surjective if G is simply connected. If G is adjoint, then the image of ¢
is generated by the classes [£(«;)], where

a; = Zcijwj and, therefore, L(a;) = ®;L(w;)®%,
J
and ¢;; = a;(c;j) are the coefficients of the Cartan matrix of Gj.

2.3. The Weyl group W of G, acts on weights via simple reflections s,, as
Sa;(AN) = A —a)(Nag, A€EA.
For each element w € W we define (cf. [13, §2.1]) the weight p,, € A as

Puw = Z w™ (w;).

{iel..nJw—1(a;)<0}

In particular, for a simple reflection w = s,, we have

Pw = Z Saj (wl) = Saj (wj) = Wwj — Q5.
{iEl...n\saj (a;)<0}

Observe that the quotient A/A, coincides with the group of characters of the
center of the simply connected cover of Gs. Since W acts trivially on A/A,, we

have
Pw = Z o € A/T*’
{iel..n|lw=1(a;)<0}
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where p,, denotes the class of p,, € A modulo T™. In particular, @; = p;,, -

2.4. Let Z[A]"W denote the subring of W-invariant elements. Then the integral
group ring Z[A] is a free Z[A]" -module with the basis {e”* },ew (see [13, Thm.2.2]).
Now let e: Z[A] — Z, e* + 1 be the augmentation map. By the Chevalley The-
orem the kernel of the surjection ¢ is generated by elements z € Z[A]" such that
e(z) = 0. Hence, there is an isomorphism

ZIA] @zaw Z ~ Z[A]/ ker(c) =~ Ko(Bs).
So the elements
{90 = c(e”) = [L(pw)}wew
form a Z-basis of Ko(B;) called the Steinberg basis.
2.5. Following [14] we associate with each xy € A/T™* and each cocycle £ € Z'(k, G5)

the central simple algebra A, ¢ over k called the Tits algebra. This defines a group
homomorphism

Be: A/T>k — BT(/{?) with ﬁﬁ(X) = [Ax,g].

Let B = B, denote the twisted form of the variety of Borel subgroups B, by
means of £. Consider the restriction map on Ky over the separable closure ke

TEeS: KO(%) — KO(% Xk ksep) = KO(%S)a
where we identify Ko(B X ksep) with Ko(B,). By [11, Thm.4.2] the image of the
restriction can be identified with the sublattice
<'Lw . gw>w€W7

where g, = [L£(pw)] is an element of the Steinberg basis and 1, = ind(8¢(pw)) is
the index of the respective Tits algebra. Observe that if G is simply connected,
then all indexes 1,, are trivial and the restriction map becomes an isomorphism.

3. THE K( OF A SPLIT SIMPLE (ADJOINT) GROUP

In the present section we provide an explicit description of the ring Ky(Gs) in
terms of generators and relations for every simple split linear algebraic group Gi.
The method to compute Ky(Gs) was known before, however, due to the lack of
precise references we provide the computations here.

3.1. Definition. Let ¢: Z[A] — K¢(*Bs) be the characteristic map for the simply
connected cover of Gs. We define the ring &, to be the quotient

8, := Z[A/T*]/(ker o)

and the surjective ring homomorphism ¢ to be the composite
q: Ko(B,) ——= Z[A]/ (ker ¢) — Z|A/T*]/(kerc) = &,.

Observe that if G is simply connected, then &, = Z.

3.2. Remark. By [10, Cor.33] applied to X = G, and to the simply-connected
cover G = G of Gy, there is an isomorphism

KO(GS) ~7 ®R(Gs) Ko(és, Gs)a
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where R(G) ~ Z[A]Y is the representation ring. By [10, Cor.5] applied to G = G,
X = Spec k and G/H = Gy there is an isomorphism
Ko(Gs,Gs) ~ R(H),
where R(H) ~ Z[A/T*] is the representation ring. Therefore,
Ko(Gs) ~ Z@zpw ZINT™] = &,

3.3. Lemma. The ideal (kerc) C Z[A/T*| is generated by the elements
di(1—e*),i=1...n,
where d; is the dimension of the i-th fundamental representation.

Proof. By the Chevalley Theorem the subring of invariants Z[A]" can be identified

with the polynomial ring Z[p1, ..., pn], where p; is the i-th fundamental represen-
tation, i.e.
AEW (w;)

(here W(w;) denotes the W-orbit of the fundamental weight w;).
Since d; = €(p;), kerc = (dy — p1,...,dn — pn). To finish the proof observe that

(dZ,pZ) :di(lfewi). O
3.4. Remark. Observe that by definition and 3.3 we have &, ® Q ~ Q.

3.5. In the following examples we compute the ring & ~ Ky(G;) for every simple
split linear algebraic group G, (we refer to [9, §24] for the description of A/T* and
to [1, Ch.8, Table 2] for the dimensions of fundamental representations).

A/T* Gs,m>1 Example
Z/mZ, m>2 | SLyi1/tm (3.6)
7.)27. O} 4, PSpam2, HSpingmia, B3| (3.7)
722 ® Z/2Z | PGOY,, . 4 (3.8)
Z/37 Egd (3.9)
ALY/ PGOY,, .o (3.10)

3.6. Example. Consider the case G5 = SLy41/pttm, m > 2. The group G5 has type
A, and A/T* = (o) is cyclic of order m. The quotient map A/A, — A/T* sends
w; €A/A,i=1...nto (i mod m)o € A/T*.
By Definition 3.1 and Lemma 3.3 we have
st = Z[y]/(l - (1 - y)’m, dlya ) d’m—lym_l)a
where y = (1 — e?) and d; = ged{("T") | i=j modm, i=1...n}.
In particular, for G5 = SL,/pp, = PGL,, where p is a prime, we obtain

& = Z[yl/(()y. (B)yv* - (P )y 7).
3.7. Example. Assume that A/T* = (o) has order 2. Then
65 = Z[y]/(y2 - 29; dy)a

where y = (1—e?) and d is the g.c.d. of dimensions of representations corresponding
to w; with @w; = ¢. The integer d can be determined as follows:
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B,: We have A/A,

= {0,0,} ~ Z/2Z which corresponds to the adjoint group
Gs = 03,,,. Since &; =

0 for each i # n, d coincides with the dimension of wy,

that is 2.
Cp: We have A/A, = {0,0 = @01 = w3 = ...} ~ Z/27Z that is G4 = PSpa,. Since
w; = 0 for even i, d is the g.c.d. of dimensions of wi,ws, ..., i.e.

2n 2n 2n 2n
d = ged(2n, (3) = (7). (5) = (¥):---)-

D,: If nis odd, then A/A, = {0,@,—1,01,0,} ~ Z/AZ, where &1 = 20,—1 = 20y,
Therefore, A/T* ~ 7, /27 if it is a quotient of A/A, modulo the subgroup {0,&1}. In
this case A/T* = {0,0 = &,,—1 = &, } which corresponds to the special orthogonal
group G5 = O;rn. Since ws = sy for 2 < s <n—2and w; =0in A/T*, d is the
g.c.d. of the dimensions of w,_; and w, that is on—1,

If nis even, then A/A, = {0,0,_1}®{0,&,} ~ Z/2ZDZ/27Z, where &1 = @y_1+wy,.
In this case, we have two cases for A/T*:

(1) Tt is the quotient of A/A, modulo the diagonal subgroup {0,&,—1 + @, }.
Then A/T* ={0,0 = ©p—1 = Wn}, Gs = O;rn and d is the same as in the
odd case, i.e. d=2""1

(2) Tt is the quotient modulo one of the factors, e.g. A/T* = {0,0 = @,—1},
where w,, = 0. This corresponds to the half-spin group G5 = H Spins,. We

have i1 = w3 = ... = @,_1 and w; = 0 if 7 is even.
Therefore, d = ged(2n, (%), ..., (,2";),2" ) which implies that d = 2v2(")+1,

where v2(n) denotes the 2-adic valuation of n.

FE7: We have A/AT = {0,0‘ =Wy =Ws = (DQ} ~ Z/QZ with @y = w3 = Wy = wg = 0.
Therefore, d = ged(56, (%7),912) = 8.
3.8. Example. Assume that A/T* = (01) ® (02), where o1 and o9 are of order
2. In this case Gy = PGOj, is an adjoint group (T* = A,) of type D,, with n
even. We have 01 = @,_1 and 09 = Wy, s = swy1, 2 < s < n—2, 20 = 0 and
W1 = Wn_1 + wy,. Then
&, = Ly, y2]/ (Y7 — 291,95 — 2y2, diyn, doya, d(y1 + y2 — y192)),

where y; = (1 — €7), y2 = (1 — €2); d; (resp. da) is the g.c.d. of dimensions of
w; with @; = @, _1 (resp. @; = @y,) that is dy = dy = 2"71; and d is the g.c.d. of
dimensions of wi,ws, ..., wy,—3 that is d = ged(2n, (2;), ... (n2f3)).

In particular, for Gs = PGOZ we obtain

&, ~ Zlyr, yal/ (7 — 2u1,¥5 — 292, 8y1, 8yz2, 8y142).
3.9. Example. Assume that A/T* = (o) has order 3. Then
&, = Z[y)/(y* = 3y* + 3y, day, doy”),

where y = (1 — e?) and d; (resp. d2) is the greatest common divisor of dimensions
of fundamental representations w;, ¢ = 1...n such that @; = o (resp. @; = 20).

For the adjoint group of type Eg we have A/A, = {0,0 = @01 = @5,20 = @y =
e} with Wy = Wy = 0. Therefore, dy = dy = ged(27, (227)) =27.

3.10. Example. Assume that A/T* = (o) has order 4. Then
65 =~ Z[y]/(y4 - 4y3 + 6y2 - 4ya dlya d2y25 d3y3)a
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where y = (1—e?). For the group PGOj, where n is odd we have 0 = @,,_1, 20 = @y

and 30 = @,,. Therefore, d; = d3 = 2"~* and do = ged((*]"), (3)- -, (,7"))-

4. THE TWISTED <-FILTRATION.
In the present section we introduce and study the twisted ~-filtration.

4.1. Let v = kere denote the augmentation ideal in Z[A]. It is generated by the
differences
(1—e™), A€ A).
Consider the v-adic filtration on Z[A]
ZIA|=7"27v24%2...
The i-th power ' is generated by products of at least i differences.

4.2. Definition. We define the filtration on Ky(B;) (resp. on &) to be the image
of the y-adic filtration on Z[A] via ¢ (resp. via q), i.e.
'yiKO(%s) = c(’yi) and /77:@8 = q(lyiKO(sBs))a i > 0.

So that we have a commutative diagram of surjective group homomorphisms
’7i _C> ViKO (sBs)
lq

7S
4.3. Lemma. The vy-filtration on Ko(Bs) coincides with the filtration introduced in
Definition 4.2.
Proof. Since Ky(B;) is generated by the classes of line bundles,

V' Eo(Bs) = (er([La]) .- ea([Lm]) [ m > 4, L € Ko(Bs))-

Moreover, each line bundle £ is the associated bundle £ = L(\) for some character
A € A. Therefore, c1([£]) =1 —[£Y] = ¢(1 —e™?) (see [3, §2.8]). O

4.4. Definition. Given a G,-torsor ¢ € H'(k,G) and the respective twisted form
B = B, we define the twisted filtration on &, to be the image of the v-filtration
on K((B) via the composite resoq, i.e.

7%65 = q(res(v' Ko(B))), i > 0.

Let ’yg/i'ﬂ@s = fyé@s/fyé+165. The associated graded ring €, 72”“(’55 will be
called the y-invariant of the torsor { and will be denoted simply as 7¢.

Note that the Chern classes commute with restrictions, therefore the restriction
map res: 7' Ko(B) — v Ko(Bs) is well-defined. By definition there is a surjective
ring homomorphism

7 (B) = -

4.5. Theorem. The twisted filtration 'yé@s can be computed as follows:
. m . d B B
Y65 = (H (m (Be(p J)))(l — e ng 4o, >0, wy € W)

s
j=1 J
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Proof. Since the Chern classes commute with restrictions, the image of the restric-
tion res: v Ko(B) — 7" Ko(B;) is generated by the products

(Cny (Cawy Gun) * -+ Cnyy Cw, Guoy ) |1+ oo, 20, Wy Wy, € W),

where {1,, } are the indexes of the respective Tits algebras from 2.5. Applying the
Whitney formula for the Chern classes [7, §3.2] we obtain

¢j(twgw) = (Z;fj)cl(gw)j.

Therefore, ¢((*?)c1(gw)’) = (¥) (1 —e~P»)7, where v, = ind(Be (pw))- O

4.6. Example. Since 7°(X) ~ Z and y'(X) = Pic(X) is torsion free for every
smooth projective X, we obtain that 750 ~ 7 and 751 =0 for any &.

4.7. Example (Strongly-inner case). If 8¢ =0, then (**s) =1 and ’72953 =7i6,.

4.8. Example (Z/2Z-case). As in 3.7 assume that A/T* = (o) has order 2 and
B¢ # 0. Then there is only one non-split Tits algebra A = A, ¢ and it has exponent
2. Let i4 = v2(ind(A)) denote the 2-adic valuation of the index of A. By definition
we have ) )

Y8, = ((30) .. Chem ety g 4 gy, > )

ni n

in Z[y]/(y* — 2y, dy), where y = 1 — e’ and d is given in 3.7. Observe that modulo
the relation y? = 2y these ideals are generated by (for j > 1)

7T G =B, = (271 4 ‘ | ifia=1;

,y%lj—?»qjs _ 721]_265 _ <24‘]72y>, 'Yg]_l(’js = ’Ygl]@s _ <24‘]71-y> ifig =2

Ve®s =65 = (24y), 1B, = {8, = (2atly) )G, = (24thy) . ifig > 2.
Taking these generators modulo the relation dy = 0 we obtain the following formulas
for the second quotient 752:

0 if va(d) <1
ifig =1, then 7f =S Z/2Z  if vao(d) = 2
Z)AZ  if va(d) >3
0 if ’Ug(d) S iA

e 2
ifig > 1, then Ve {Z/QZ if va(d) > i
4.9. Example (Z/27 & 7./27Z-case). As in 3.8 assume that A/T* = {(o1) & (02),
where o1, 09 have order 2. This is the case for the adjoint group PGO;n where n
is even [9, §25]. Assume that n = 4 which corresponds to the group of type Dy, i.e.
PGO;r . Let CT and C~ denote the Tits algebras corresponding to the generators
01 = w3 and 02 = @wy. Let A denote the Tits algebra corresponding to the sum
o1+ 02. Note that C* x C~ is the even part of the Clifford algebra of the algebra
with involution A and [4] = [CT ® C~] in Br(k).
By definition we have in Z[yi, y2]

VB = (ML) (MY yn - () (g1 + g2 — y1y2)™ | e+ o+ g > ).

ni na ns
Modulo the relations (y3 — 2y1,y3 — 2y2, 8y1, 8y2, 8y1y2) We obtain that
(ind C4)Z o (ind C_)Z o (ind A)Z
87 87, 87

VB, ~
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5. TORSION IN THE -FILTRATION.

In the present section we show how the twisted ~-filtration can be used to con-
struct nontrivial torsion elements in the y-ring of the twisted form ‘B of a variety
of Borel subgroups.

5.1. For simplicity we consider only the case of G, (see Examples 3.7 and 4.8)
with A/T* = (o) of order 2. Let d denote the g.c.d. of dimensions of fundamental
representations corresponding to o.

Given a G4-torsor & € HY(k,Gy) let is denote the 2-adic valuation of the index
of the Tits algebra A = A, ¢. Let B = B, denote the twisted form of the variety
of Borel subgroups of G4 by means of £&. Consider the respective twisted filtration
7265 on &By.

5.2. Proposition. Assume that va(d) > ia > 3. Then for each A\ € A such that
A\ = o there exists a non-trivial torsion element of order 2 in v*(B). Moreover, its
image in 'yg =7/2 (via q) is non-trivial and in v*(Bs) (via res) is trivial.

Proof. The proof of this result was inspired by the proof of [8, Prop.4.13].
Let g = [£()\)] denote the class of the associated line bundle. Using the formula
for the first Chern class of a tensor product of line bundles for Ky we obtain

c1(9)? = 2c1(g) — c1(g?).
Hence,

c1(9)* = (2c1(g) — c1(9%))? = 4e1(9)® — 4er(g)er(97) + ea(g”)*.
Therefore,

n=de1(g)” —e1(g)* = dea(9)* — e1(9?)? € 7° Ko(Bs).

We claim that the class of 214737 gives the desired torsion element.

Indeed, ¢1(g?) = c1([£(2)N)]). Since 2X € T*, [L(2\)] € ¢(T*) and, therefore, by
[5, Cor.3.1] ¢1(g9?) € v Ko(9B). Moreover, we have 2147 1¢ci(g)? = c2(24g), where
2i4g € Ko(B). Hence, 2147 1c;(g)? € v2Ko(®B). Combining these together we
obtain that 21473y € 42Ky (%B).

Now since 2473 € 72 Ko(B) its image in 72® can be computed as

q(2'47%n) =24 73q(n) = 247 g(e1(9)?) = 2471 (1L — e77)? = 24y
But ¢(2'473n) ¢ 726, = (2411y). Therefore, 2473y ¢ 43 Ko(B).
From the other hand side 2142y = 2lac ()% + 21472¢1(g)* is in V¥ Ko(B). So
the class of 24737 gives the desired torsion element of order 2. (I

5.3. Example. Let Gy = H Spina, be a half-spin group of rank n > 4. So G is of
type D, where n is even, A/T* = (0 = @1) ~ Z/27 and according to Example 3.7
we have d = 2"2(M+1, Let ¢ € H'(k,G,) be a non-trivial torsor. Then there is only
one Tits algebra A = A, ¢; it has exponent 2 and index 214 guch that i < va(n)+1.

Recall that each such torsor corresponds to an algebra with orthogonal involution
(A, 0) with trivial discriminant and trivial component of the Clifford algebra. The
respective twisted form B = ¢B, then corresponds to the variety of Borel subgroups
of the group PGO™ (A, ).

Applying the proposition to this case we obtain that for any such algebra (A, d)
where 8 | ind(A) and A is non-division, there exists a non-trivial torsion element of
order 2 in v%(B) that vanishes over a splitting field of (A4, d).
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5.4. Lemma. The v-filtration on Ko(Bs) is generated by the first Chern classes
cl([ﬁ(wi)]), 1 =1. .. n, i.€.

Y Ko(Bs) = ( H c1([L(w;)]) | the number of elements in the product > ).
jE€l..n

In particular, the second quotient v*(By) is additively generated by the products
7(B5) = (er([Lwi)))er ([L(w))]) [ 4,5 € 1...n).

Proof. Each b € Ko(Bs) can be written as a linear combination b = Y~ i Gwuw-
Therefore, any Chern class of b can be expressed in terms of ¢1(gy)-

Each p,, can be written uniquely as a linear combination of fundamental weights
{w1,...,wn}. Therefore, by the formula for the Chern class of the tensor product
of line bundles [2, 8.2], each ¢1(gy) can be expressed in terms of ¢q ([£(w;)]). O

5.5. Example. Let G be an adjoint group of type E7 and let & € H'(k,Gy) be
a non-trivial G,-torsor. Then there is only one nonsplit Tits algebra A = A, ¢ of
exponent 2 and iy < 3. Let B = B, be the respective twisted flag variety.

By Lemma 5.4 any element of 42(8) can be written as

T = Z aijer([L(wi)])er([£(w))]) € +2(B)

for certain coefficients a;; € Z. Since 0 = W7 = W5 = Wp and Wy = W3 = Wy = Wg =
0, we obtain that

g(x)y=C-2y € 'yg, where C' = ag5 + as7 + asy + ass + ass + arr.

Therefore, ¢(z) # 0 in 752 if and only if 44 C and iy < 2.

Consider the class ¢(f) € y2Ky(Bs) of the special cycle  constructed in [4,
Def.3.3]. Note that the image of § in CH?(8B) can be viewed as a generalization of
the Rost invariant for split adjoint groups (see Remark 5.7).

If ia = 1, then by [4, Prop.6.5] we know that ¢(f) € ~%(B) is a non-trivial
torsion element. If iy = 2, then following the proof of [4, Prop.6.5] we obtain that
2¢(0) € v*(B).

We claim that if ig < 2, then x = 2¢(f) is non-trivial. Indeed, in this case
44 C = age + ass + a7y = 6, therefore, we have g(x) # 0, and x # 0 in 42(%8). In
particular, this shows that for i4 = 1 the order of the special cycle 6 in 7?(B) is
divisible by 4.

5.6. Example. Let & € H'(k, PGO;). Applying the same arguments as in 5.5 to
Example 4.9 we obtain that if ind(A),ind(Cy),ind(C_) < 4, then 2¢() € *(B)
is non-trivial.

We finish by the following remark that provides another motivation for the study
of the torsion part of v*(*B)

5.7. Remark. Recall that by the Riemann-Roch theorem the second Chern class
induces a surjection cz: Torsv2(B) — Tors CH?(B) [8, Cor.2.15], where the latter
group is isomorphic to the cohomology quotient [12, Thm.2.1]
ker(H?(k, Q/Z(2)) — H?(k(%B),Q/Z(2))
©xen/a Vi /x (k3 U Be(x))

)
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where k, denotes the fixed subfield of x. Therefore, the group Tors~%(8) can be
viewed as an estimate for the group of cohomological invariants of Gs-torsors of
degree 3.
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