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Abstract. In this paper we construct a tilting sheaf for Severi-
Brauer Varieties and Involution Varieties. This sheaf relates the
derived category of each variety to the derived category of mod-
ules over a ring whose semisimple component consists of the Tits
algebras of the corresponding linear algebraic group.
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1. Introduction

The origin of this direction of research is the classic paper [5] of
Beilinson, where it is shown that the derived category of the projec-
tive space PC(V ) that the sheaves O,O(−1), . . .O(− dim(V )+1) form
a simple set of generators, (what is called a strong exceptional collec-
tion). In [16], Kapranov generalized these calculations to form strong
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exceptional collections for Grassmannians and Quadrics over C. All of
these varieties are Projective Homogeneous Varieties. That is, they are
of the form G/P , where G is a semisimple linear algebraic group and P
is a parabolic subgroup. It is a conjecture of Catanese that every G/P
should possess such a collection, and there have been several results in
this direction (see [9],[18], [19], and [12], among others).
In this paper, we will work in another direction. The varieties con-

sidered here are twisted projective homogeneous varieties. These are
varietiesX defined over a field which, after extension of scalars to a sep-
arable closure, become isomorphic to some G/P . Examples of such va-
rieties are Severi-Brauer Varieties and Involution Varieties. The group
G is of type A for Severi-Brauer varieties and of type D for Involution
Varieties.
Examples of such varieties are Severi-Brauer Varieties and Involution

Varieties. Instead of producing exceptional collections, in this paper
we follow [3] and produce tilting sheaves (see Section 2 for a definition).
Our main result is to produce a locally free sheaf T on X which induces
a derived equivalence

Db(Coh(X)) → Db( mod − End(T )).

This paper is heavily influenced by [22], where the Quillen K-theory
of twisted Projective Homogeneous Varieties is computed. In [8], the
author produced a locally sheaf F on a del Pezzo surface S of degree
6 which was used to describe the K-theory of S. Later, in [7], it was
shown that the same sheaf F is a tilting sheaf for the surface S. This
paper completes the chain by showing that the sheaves produced in [22]
can be used to develop derived equivalences for some twisted Projective
Homogeneous Varieties. The arguments in this paper follow a similar
line of reasoning to that found in [7].
In Section 2, we recall the definition of a tilting sheaf, our main

tool for constructing the desired derived equivalences. In Section 3, we
recall some needed facts about modules and generation of categories
and in 4, we briefly recall some basic properties of semisimple linear
algebraic groups. In particular we state the Borel-Weil-Bott Theorem
(Theorem 4.1), which we will use repeatedly. In the remainder of the
paper, we construct tilting sheaves for Severi-Brauer Varieties, Gener-
alized Severi-Brauer Varieties, and Involution Varieties. We conclude
in Section 8 with an application on computing the Quillen K-theory of
these varieties.

1.1. Notation. Let us fix some notation. We will let F denote a field,
and F a fixed separable closure of F . The group Γ := Gal(F/F ) is the



DERIVED CATEGORY OF SOME TWISTED PROJECTIVE HOMOGENEOUS VARIETIES3

Galois group. By a varietyX over F we mean a reduced scheme of finite
type over Spec(F ). The abelian category of quasicoherent sheaves on
X will be denoted Qcoh(X), and Coh(X) is the abelian subcategory
of sheaves on X . For a ring R, mod − R (resp. R − mod ) is the
abelian category of finitely generated right (resp. left) R-modules.
If A is an abelian category, then D(A) will denote the correspond-

ing derived category A (confer [13, Chapter III]). This is a triangulated
category objects are complexes with terms in A, and maps homomor-
phisms of chain complexes, modulo homotopy equivalences, and lo-
calizing the set of quasi-isomorphisms. The subcategory of bounded
complexes will be denoted Db(A). If M ∈ A, by abuse of notation
we will use the same symbol to denote the complex in Db(A) with M
concentrated in degree 0 and every other term equal zero.

1.2. Acknowledgments. The author would like to thank Patrick Bros-
nan, Alexander Merkurjev, Edward Richmond for many useful discus-
sions.

2. Tilting Sheaf

We say that a sheaf T on a smooth variety X is a tilting sheaf if the
following conditions hold:

• The sheaf T has no self extensions, i.e. RHomDb(X)(T [i], T ) =
0, for i > 0.

• The algebra EndOX
(T ) of global endomorphisms of the sheaf

T has finite global dimension (see Section 3 for a definition of
global dimension of a ring).

• There is no proper thick subcategory of Db(Coh(X)) containing
the element T (see Section 3.1 for a definition of thick).

Our main tool in this paper is the following theorem.

Theorem 2.1 (Theorem 3.12 of [3]). Let X be a smooth variety, and
let M ∈ Coh(X) be a tilting sheaf with S := EndOX

(M). Then the
functors

F := Hom(M,−) : Coh(X) → mod − S

G := −⊗M : mod − S → Coh(X)

induce equivalences of categories,

RF : Db(Coh(X)) → Db( mod − S)

LG : Db( mod − S) → Db(Coh(X)),

inverse to each other.
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3. Global Dimension

Let R be a ring. The projective dimension of an arbitrary left R-
module T is denoted by pdimR T . The global (homological) dimension
of R is supremum of pdimR T over all such modules T .

Proposition 3.1 ([2], Prop III.2.7). Let R and S be artinian F -
algebras , and M an R-S-bimodule, finitely generated over F . If S
is a semisimple ring, then

gldim

(

R M
0 S

)

= max{pdimR M + 1, gldimR}.

3.1. Generation and thick subcategories. We recall some prop-
erties of generation of triangulated categories (confer [21], [7, Section
4]).
Let D be a triangulated category, and let E denote a subset of objects

of D. A triangulated category is equipped with a shift operator. If
M ∈ D, the shift of M will be denoted by M [1].

• A subcategory of C ⊂ D is said to be thick (épaisse) if it is
closed under isomorphisms, shift, taking cones of morphisms,
and taking direct summands of objects in C.

• An object C ∈ D is said to be compact if HomD(C,−) com-
mutes with direct sums. Let Dc ⊂ D denote the subcategory of
compact objects in D.

• We define 〈E〉 to be the smallest thick full subcategory of D
containing the elements of E .

• We define E⊥ to be the subcategory of D consisting of all objects
M such that HomD(E[i],M) = 0, for all i ∈ Z and all E ∈ E .

We say that E generates D if E⊥ = 0. If Dc generates D, then we
say D is compactly generated.
If D is compactly generated and E ⊂ Dc. It’s clear that if 〈E〉 = Dc,

then E generates D. The following theorem tells us that the converse
is also true.

Theorem 3.2 (Ravenel and Neeman [21]. Also see Thm. 2.1.2 in [10]).
Let D be a compactly generated triangulated category. Then a set of
objects E ⊂ Dc generates D if and only if 〈E〉 = Dc.

4. Groups, Quotients, and Associated Sheaves

We briefly summarize some definitions and properties of linear alge-
braic groups, which we will need in the paper. Some references for this
section are [11], [15, I.5], [23], and [17, Chapter 24].
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Let G denote a split, semisimple linear algebraic group over F , and
T ⊂ G a fixed maximal torus. The group Lie(T )∗ := Hom(T,Gm) will
denote the character lattice of G. It is a free Z-module of finite rank.
The set R ⊂ Lie(T )∗ will denote a root system corresponding to T , R+

the set of positive roots, and R− := −R+ the set of negative roots, and
the set S = {α1, . . . , αr} ⊂ R+ is a basis of simple roots.
For α ∈ Lie(T )∗, let Lie(G)α denote the eigenspace of Lie(G) corre-

sponding to α. The Lie subalgebra

Lie(T )
⊕

α∈R+

Lie(G)α

is Lie(B) for a fixed Borel subgroup B of G determined by T and S.
If I ⊂ S, then the Lie subalgebra

Lie(B)⊕
⊕

α∈R−(I)

Lie(G)α,

where

R−(I) := {α ∈ R−| α = Σr
i=1aiαi with ai ≤ 0, ai = 0 ∀ αi ∈ I},

is Lie(PI), for a unique parabolic subgroup PI ⊃ B of G. Every such
parabolic subgroup (intermediate between B and G) arises in this fash-
ion. For example, P∅ = G and PS = B.
Let {λ1, . . . , λr} be the set of fundamental weights determined by

the simple roots αi, and Λ =: Z[λi] be the weight lattice. If PI is a
parabolic subgroup of G, then we say a weight λ is dominant for PI if

λ = Σi∈Iniλi + Σj /∈Injλj , where nj ≥ 0.

Also, let ρ = Σiλi.
The Weyl groupW is the group generated by the simple reflections sα

corresponding to α ∈ S. For w ∈ W , the length of w is the least number
of factors in a decomposition of w as a product of simple reflections.
There is an an action of W on the weight lattice Λ. We will need
another action, called the dot or affine action on Λ:

w.λ := w(λ+ ρ)− ρ.

We say that a weight λ is singular if there is some non-trivial w ∈ W
such that w.λ = λ.
If P ⊂ G is a parabolic subgroup, there exists a decomposition, called

the Levi decomposition, of P into a semisimple or Levi factor LP and a
unipotent subgroup Ru(P ). If φ : P → GL(V ) is an irreducible finite-
dimensional representation, Ru(P ) acts trivially, and so φ descends to a
representation of the Levi factor LP . Each such representation posses
a unique highest weight λ ∈ Λ which determines the representation.
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Moreover this weight is dominant for P . For a weight λ, we will denote
the corresponding representation vector space by V (λ).
Finally, if φ : P → GL(V ) is as in previous paragraph, with corre-

sponding weight λ, then we define a locally free sheaf of rank dim(V )
on the projective homogeneous variety G/P as follows:

G×r V := G× V/{(g, v) ∼ (gp−1, φ(p)(v)) | p ∈ P, g ∈ G, v ∈ V }.

The projection G× V → G induces a map G×r V → G/P , defining a
vector bundle over G/P . The corresponding locally free sheaf on G/P
will be denoted OG/P (λ). A section of this sheaf can be thought of as
a function F : G → V satisfying F (gp) = φ(p−1)F (g).
Let us recall the celebrated Borel-Weil-Bott theorem, which relates

representations on P to the cohomology of the induced sheaf on the
variety G/P .

Theorem 4.1 (Theorem 5.0.1 of [4]). Let G be a simply connected
split semisimple algebraic group, P ⊂ G be a parabolic subgroup, and
λ ∈ Λ is dominant with respect to P . Consider the corresponding sheaf
OG/P (λ) on G/P . Then:

a If λ is singular,

Hr(G/P,OG/P (λ)) = 0, ∀r.

b If λ is not singular, then there exists a unique w ∈ W such that
w.λ is dominant. Moreover,

H i(G/P,OG/P (λ)) = 0, i 6= l(w)

H l(w)(G/P,OG/P (λ)) = V (w.λ).

5. Severi-Brauer Varieties

We recall some well known facts about central simple algebras (confer
[1] and [17, Section I.1.B]). Let A be a central simple algebra over F of
degree n. The algebra A has dimension over F equal to n2, has no non-
trivial two sided ideals, and center equal to F . Equivalently, A ⊗F F
is isomorphic to EndF (V

′), for some F -vector space V ′ of dimension
n. The algebraic group SL1(A) is of type An. Every finitely generated
right A-module has dimension, as an F -vector space, divisible by n,
and we define the reduced dimension of M by

rdimA(M) :=
dimF (M)

n
.

Finally, we say that the algebra A is split if A = EndF (V ), where V is
a finite dimensional F -vector space.
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Let X := SB(A) be the Severi-Brauer variety of the algebra A. This
is an irreducible, smooth, projective variety of dimension n− 1, whose
points consist of right ideals of A which have reduced dimension 1. If
E/F is a field extension, SB(A)E = SB(A⊗F E). When A = EndF (V )
for some F -vector space V of dimension n, every right ideal of A of
reduced dimension 1 is determined by a unique 1-dimensional subspace
of V . Thus SB(EndF (V )) = P(V ). In particular, Since P (V ) = G/P
for G = SL(V ) and P = Pα1

the stabilizer of a line in V , we see that
SB(A) is a twisted form of a projective homogeneous variety.
We define the ‘tautological’ sheaf I on X (confer [1], [22, section

10.2]), a subsheaf of the consist sheaf A. The fiber over a closed point
x ∈ X(F ) consists of the elements a ∈ AF such that a ∈ x ⊂ AF (here x
is a right ideal of AF of reduced dimension 1). This defines a locally free
sheaf of rank n on X . This sheaf I is locally free, and has an induced
right A action, and the algebra End(I) is isomorphic to the algebra A.
Finally, If A = EndF (V ) is split, then I = OP(V )(−λ1)⊗F V ∗.
Finally, let

T = OX ⊕ I1 ⊕ I2 ⊕ · · · ⊕ I⊗(n−1).

We will show that T is a tilting sheaf for X .

Theorem 5.1. The sheaf T has no self extensions, i.e.,

RHomDb(Coh(X))(T [i], T ) = 0,

for i > 0.

Proof. It suffices to extend scalars to F , so we may assume that F is
separably closed. In this case, X = P(V ), and the sheaf T decomposes
into a sum of invertible sheaves of the form OP(V )(−jλ1), where j =
0, 1, . . . , n− 1.
So it suffices to show that

RHomDb(Coh(P(V )))(OP(V )(−j1λ1)[i],OP(V )(−j2λ1)) = 0,

for i > 0 and j1, j2 = 0, . . . n− 1. But

RHomDb(Coh(P(V )))(OP(V )(−j1λ1)[i],OP(V )(−j2λ1)) =

ExtiP(V )(OP(V )(−j1λ1),OP(V )(−j2λ1)) =

H i(P(V ),OP(V )((j1 − j2)λ1)) = 0,

for −n < j1 − j2 ≤ n and i > 0. This follows from Theorem 4.1, since
the corresponding weight in each case is either dominant or singular.

�
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Remark 5.2. Also, note that

HomP(V )(OP(V ),OP(V )(−iλ1)) = H0(P(V ),OP(V )(−iλ1)) = 0,

since the weight −iλ1 is singular when 1 ≤ i ≤ n − 1. We will need
this in the proof of Theorem 5.3.

Theorem 5.3. The algebra End(T ) has finite global dimension.

Proof. We prove by induction on n. The base case n = 1 is trivial, as
the field F = End(Opt) has global dimension 0.
Because T = ⊕n−1

i=0 I
⊗i, we have the following matrix presentation

for End(T ) (by Remark 5.2, this matrix is lower triangular).

End(T ) =













F Hom(I,OX) Hom(I⊗2,OX) · · · ∗
0 A ∗ · · · ∗
0 0 A⊗2 · · · ∗
...

...
...

. . .
...

0 0 0 · · · A⊗n−1)













.

So we can write

EndX(T ) =

(

R B
0 (A⊗n−1)

)

, where

R =













F ∗ ∗ · · · ∗
0 A ∗ · · · ∗
0 0 A⊗2 · · · ∗
...

...
...

...
...

0 0 0 · · · A⊗n−2













,

B =





Hom(OX , I
⊗n−1)

...
Hom(I⊗n−2, I⊗n−1)



 .

By induction, the ring R has finite global dimension, and in partic-
ular, pdimR(B) is finite. Since A⊗(n− 1) is semisimple, we have by
Proposition 3.1 that gldim(EndX(T )) = max{pdimR(B)+1, gldim(R)},
and we conclude that EndX(T ) has finite global dimension. �

Lemma 5.4. Assume that the algebra A is split. The sheaf T generates
D(Qcoh(SB(A)), and 〈T 〉 = Db(Coh(SB(A))).

Proof. Since A = EndF (V ) is split, SB(A) = P(V ), and I = OP(V )(−λ1)⊗
V ∗. The sheaf OP(V )(−iλ1) is a summand of T , for i = 0, · · · = n− 1.
By [5] (or [16, Section 3]), we know that these invertible sheaves form
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a strong exceptional collection on P(V ). In particular,

〈
{

OP(V )(−iλ1) 0 ≤ i ≤ n− 1
}

〉 = Db(Coh(P(V ))).

This forces 〈T 〉 = Db(Coh(P(V ))), and hence the sheaf T generates
D(Qcoh(P(V ))). �

Proposition 5.5. The sheaf T generates D(Qcoh(SB(A))).

Proof. Let M ∈ D(Qcoh(SB(A))) and assume that

RHomD(Qcoh(SB(A)))(T ,M) = 0.

Since T is locally free, Hom(T ,−) and T ∗ ⊗ − are exact functors on

Qcoh(X). (Similarly for Hom(T ,−) and T
∗
⊗− on Qcoh(X).) Thus,

for example, RHomX(T ,M) can be computed on D(Qcoh(X)) by
applying Hom(T ,−) to each individual term in M.
Consider the following cartesian square:

SB(A)F v
//

q

��

SB(A)

q

��

Spec(F ) u
// Spec(F )

.

Since u (and thus v) is flat, it follows that the natural map

u∗Rp∗ → Rq∗v
∗

is an isomorphism of functors (see [14, (3.18)]).

0 = u∗(RHomX(T ,M))

= u∗Rp∗RHomX(T ,M) By [14], page 85

= Rq∗v ∗ RHomX(T ,M)

= Rq∗v ∗ (T
∨ ⊗L

X M)

= Rq∗(T
∨
⊗L

X
v∗M)

= Rq∗RHomX(v
∗T , v∗M)

= RHomX(v
∗T , v∗M).

The algebra AF splits, and thus v∗T = T generates D(Qcoh(X)),
by Lemma 5.4. This implies that v∗(M) = 0. Since v is flat, this forces
M = 0. Hence, T generates D(Qcoh(X)). �

We conclude by collecting our results to prove the main theorem of
this section.
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Theorem 5.6. The map

RHom(T ,−) : Db(Coh(X)) → Db(End(T )− mod )

is an equivalence of categories.

Proof. The sheaf T generates D(Qcoh(X)) by Proposition 5.5, and
sinceD(Qcoh(X)) is compactly generated, it follows that 〈T 〉 = Db(Coh(X))
by Theorem 3.2. The sheaf T has no-self extensions by Theorem 5.1.
The algebra A = End(T ) has finite global dimension, by Theorem
5.3. So T is a tilting sheaf, and the theorem follows from [3, Theorem
3.1.2]. �

Remark 5.7. In [6], the author produces a semi-orthogonal decomposi-
tion for the derived category of a Severi-Brauer scheme over the derived
category of the base, by producing a collection of twisted sheaves which
satisfy the necessary properties. In the case where the base is Spec(F ),
this is equivalent to result here, since the twisting data comes from a
Brauer class, i.e. the central simple algebra A.

6. Generalized Severi-Brauer Varieties

As in the previous section, let A be a central simple algebra of degree
n. Let X = SB(r, A) be the Generalized Severi-Brauer Variety, for
some 0 < r < n. The points of X are the right ideals I ⊂ A of
reduced dimension r. Obviously, SB(1, A) is just the usual Severi-
Brauer variety.
Let I be the tautological sheaf of SB(r, A), defined in an analogous

fashion to the sheaf in Section 5. This is a locally free sheaf of rank
rn. When A = End(V ) is split, SB(r, A) = SL(V )/Pαr

, and I =
OG/P (−λr)⊗ V ∗. Let

T =
⊕

a

Σa(I).

Here a = (a1, . . . , ar) ∈ Nr, subject to the condition n ≥ a1 ≥ a2 ≥
· · · ≥ ar ≥ 0 (that is, Young diagrams with at most n − r rows and
at most r columns) and Σ is the Schur Functor corresponding to a.
Finally, let d(a) = a1 + · · ·+ an.

Theorem 6.1. The sheaf T has no self extensions.

Proof. The proof is the same as in the proof of Theorem 5.1. The only
difference is that the weight that appears in the argument is λr, instead
of λ1. �

Theorem 6.2. The ring End(T ) has finite global dimension.
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Proof. The ring End(T ) is upper triangular, with diagonal entries of
the form Ad(a), which are all semisimple. The proof follows as in the
proof of 5.3. �

Proposition 6.3. The sheaf T generates D(Qcoh(X)), and hence
〈T 〉 = Db(Coh(X)).

Proof. It suffices to show that T generates D(Qcoh(X)) in the case
where A is split. In that case, T contains terms of the form Σa(OG/Pαr

(−λr)).
In [16, Theorem 3.4], it is shown that these sheaves form a strong ex-
ceptional collection for G/Pαr

. In particular,

〈
{

Σa(OG/Pαr
(−λr)), a

}

〉 = Db(Coh(G/Pαr
)).

It follows that T generates D(Qcoh(X)), and by Theorem 3.2, 〈T 〉 =
Db(Coh(X)). �

Theorem 6.4. The sheaf T is a tilting bundle, and thus

RHom(T ,−) : Db(Coh(X)) → Db( mod − End(T ))

is an equivalence of derived categories.

Proof. The sheaf T has no self-extensions by Theorem 6.1, 〈T 〉 =
D(Coh(X)) by Proposition 6.3, and the algebra End(T ) has finite
global dimension by PROPOSITION 6.3. Thus T is a tilting sheaf,
and the result follows by 2.1. �

7. Involution Varieties

In this section we assume that char(F ) 6= 2.
Let (A, σ) be a central simple algebra of degree 2n, equipped with

an orthogonal involution σ. Recall ([17, Proposition 2.6] that σ is
orthogonal if

dimF Sym(A, σ) =
2n(2n+ 1)

2
,

dimF Skew(A, σ) =
2n(2n− 1)

2
.

Let X := I(A, σ) be the involution variety of A (confer [20], [24]). This
is a codimension 1 subvariety of SB(A), whose points consists of the
right ideals I ∈ SB(A) which are orthogonal, i.e. σ(I) · I = 0. We will
let I ∈ Coh(I(A, σ)) to denote the pullback of the tautological bundle
of SB(A) to I(A, σ).
Recall from that introduction that Γ = Gal(F/F ). If F is a sheaf

for the étale topology, we have the Hochschild-Serre Spectral Sequence:
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[1, Section 2]

Hp(Γ, Hq(Y ,F)) → Hp+q(Y,F).

If Y = SB(A), then Y = P(V ′) for some vector space V ′ over F .
By looking at the edge terms of the spectral sequence, we have the
following exact sequence:

0 → Pic(SB(A)) → Pic(P(V ′))Γ
f
−→ Br(F ).

Here Pic(P(VF ))
Γ = Z

Γ = Z, generated by the invertible sheafOP(V
F
)(−λ1).

The map f sends OP(V
F
)(λ1) to the class of A in the Brauer group

Br(F ). Since A has an orthogonal involution σ, the exponent of A
divides 2. It follows that OP(V

F
)(−2λ1) ∈ Ker(f) descends to an in-

vertible sheaf on SB(A). Restricting to X , we get an invertible sheaf
which we will label OX(−2λ1).
Let C(A, σ) denote the Clifford Algebra associated to the pair (A, σ)

(confer [17, II.8.7]). Since C(A, σ) is defined as a quotient of the tensor
algebra of A, there exists a canonical F -linear map c : A → C(A, σ)
(confer [17, (II.8.13)]).
We define a subsheaf J of the constant sheaf C(A, σ) on I(A, σ).

If I ∈ I(A, σ) is an isotropic right ideal of reduced dimension 1, then
the fiber over I is the right ideal of C(A, σ) generated by c(I). The
endomorphism ring EndX(J ) is isomorphic to C(A, σ)

Remark 7.1. If A = End(V ) for some finite dimensional vector space
V over F , then σ = σq is the adjoint involution with respect to some
non-singular quadratic form q ∈ S2(V ∗). In this case, The isomorphism
SB(End(V )) = P(V ) identifies I(End(V ), σq) with the quadric Z(q).
Also, if q is maximally isotropic (i.e. there exists an isotropic subspace
of dimension n in V ), then I(End(V ), σq) = G/P , where G = Spin(q)
is a split group of type Dn, and P = Pα1

. So I(A, σ) is a twisted
projective homogeneous variety. We say that (A, σ) is split if A =
End(V ) and σ = σq, where q is maximally isotropic. Finally, when
X = G/P , J = OG/P (−λn−1) ⊗F W ∗

+ ⊕ OG/P (−λn) ⊗F W ∗
−, where

W+ = V (−λn−1) and W− = V (−λn), the two half-spin representation
spaces associated to the weights −λn−1 and −λn (confer [22, page 574]).

Let

T :=
n−2
⊕

i=0

(

OX(−2λ1)
⊗i ⊕ I ⊗OX(−2λ1)

⊗i
)

⊕

J ⊗OX(−2λ1)
⊗(n−1).

We will show that T is a tilting bundle for I(A, σ).

Proposition 7.2. The sheaf T generates D(Qcoh(X))
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Proof. This is similar to the proof of Proposition 5.5. We first check
that the proposition is true in the split case, where the argument is
similar to Lemma 5.4. So we may assume that A = EndF (V ) and
σ = σq for a maximally isotropic quadratic form q ∈ S2(V ∗), I(A, σ) =
Z(q) = Spin(q)/Pα1

. The sheaf T decomposes into a sum with terms
OG/P (−iλ), OG/P (−2(n− 1)λ1 − λn−1) and OG/P (−2(n− 1)λ1 − λn),
where 0 ≤ i ≤ 2n− 3. It is shown in [16, section 4] that these sheaves
form a strong exceptional collection. In particular,
〈

OG/P (−iλ1),OG/P (−(2n− 2)λ1 − λn−1),OG/P (−(2n− 2)λ1 − λn),
〉

= Db(Coh(Z(q))).

Thus we conclude that T generates D(Qcoh(X)) in the split case. The
arbitrary case follows by extending scalars to F , and reasoning as in
Proposition 5.5. �

Theorem 7.3. The sheaf T has no self-extensions.

Proof. We extend scalars to F , arguing as in Theorem 5.1. The sheaf T
decomposes into a sum of sheaves with termsOG/P (−(2n−2)λ1−λn−1),
OG/P (−(2n− 2)λ1 − λn), and OX(jλ1), where −(2n− 2) < j ≤ 0. So
it suffices to check that

H i(X,OX(±jλ1)) = 0,

H i(X,J ∗
1 ⊗OX(jλ1)) = 0,

H i(X,J1 ⊗OX(−jλ1)) = 0,

H i(X,J ∗
2 ⊗OX(jλ1)) = 0,

H i(X,J2 ⊗OX(−jλ1)) = 0,

H i(X,J1 ⊗J ∗
2 ) = 0,

H i(X,J2 ⊗J ∗
1 ) = 0,

for i > 0 and −(2n− 2) < j ≤ 0.
The highest weights of the corresponding P -representations for these

sheaves are, respectively,

±jλ1,

±(−λn + jλ1),

±(−λn−1 + jλ1),

±(λn−1 − λn).
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All of these weights are either singular or dominant. Thus by Theorem
4.1, all of the non-zero cohomology above vanishes. �

Remark 7.4. As in the Severi-Brauer case, all of the weights jλi are
singular for j < 0, so H0(X,OX(jλ1)) = 0. It follows that we have
the following upper triangular presentation of the global endomorphism
rings End(T ) :

End(T ) =

















F ∗ ∗ ∗ · · · ∗
0 A ∗ ∗ · · · ∗
0 0 F ∗ · · · ∗
...

...
...

. . .
...

...
0 0 0 · · · A 0
0 0 0 · · · 0 C(A, σ)

















.

As in the Severi-Brauer case, we see that End(T ) is upper triangular,
with the Tits Algebras appearing along the diagonal terms.

Theorem 7.5. The ring End(T ) has finite global dimension.

Proof. The proof follows the same line of reasoning as in Theorem 5.3,
since all diagonal terms are semisimple algebras. �

Theorem 7.6. The sheaf T induces a natural equivalence

RHom(T ,−) : Db(Coh(X)) → Db( mod − End(T )).

Proof. We need to verify that T is a tilting sheaf. It has no self ex-
tensions by Theorem 7.3. By Proposition 7.2 and Theorem 3.2, we see
that 〈T 〉 = Db(Coh(X)). The ring End(T ) has finite global dimension
by Theorem 7.5, and so the statement follows from Theorem 2.1.

�

8. K-theory

In each case discussed above, the ring End(T ) has an upper trian-
gular presentation, with the Tits Algebras of the corresponding simply
connected linear algebraic group appearing along the diagonal. Thus
in each case, End(T ) a nilpotent ideal I, consisting of the strictly up-
per triangular terms. By applying the K-theory functor (confer [25,
Theorem 1.98]) to the natural equivalences found in Theorems 5.6, 6.4,
and 7.6, we can express the Quillen K-theory of each variety as sum
of the K-theory of the algebras appearing along the diagonal. The
K-theory is not affected if we replace End(T ) by End(T )/I, and we
recovers results found in [22, 10.2, 10.3].
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Theorem 8.1. The tilting bundles induce the following isomorphisms:

K∗(SB(A))
∼
→

n−1
⊕

i=0

K∗(A
⊗i)

K∗(SB(r, A))
∼
→

⊕

a

K∗(A
⊗d(a))

K∗(I(A, σ))
∼
→
(

n−2
⊕

i=0

K∗(F )⊕K∗(A)
)

⊕

K∗(C0(A, σ)).
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Ravenel, Ann. Sci. École Norm. Sup. (4) 25 (1992), no. 5, 547–566. MR 1191736
(93k:18015)

22. I. A. Panin, On the algebraic K-theory of twisted flag varieties, K-Theory 8

(1994), no. 6, 541–585. MR MR1326751 (96d:19006)
23. T. A. Springer, Linear algebraic groups, second ed., Progress in Mathematics,
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