WEIGHT TWO MOTIVIC COHOMOLOGY OF CLASSIFYING
SPACES FOR SEMISIMPLE GROUPS

A. MERKURJEV

ABSTRACT. Let f: X — Y be a torsor for a semisimple group G with Y
a smooth and geometrically irreducible variety over an arbitrary field. We
relate the étale motivic cohomology of weight two for X, ¥ and G. We also
compute the étale motivic cohomology groups of degree at most 4 for the
classifying space of G.

1. INTRODUCTION

Let G be a smooth algebraic group over a field F' and f : X — Y a G-
torsor with Y smooth and geometrically irreducible over F'. In [14], Sansuc
constructed an exact sequence

(1.1) 1 — F[Y]* — F[X]* — G — Pic(Y) —
Pic(X) — Pic(G) — Br(Y) — Br(X),

where G = Hom(G, G,,) is the character group of G, Pic and Br are the Picard
and the (cohomological) Brauer group, respectively. The exact sequence can
be viewed as a relation between the étale cohomology groups of Y, X and G
with values in the multiplicative sheaf (,,, since for every variety U over F', we
have

| FIUX, ifi=0;
H(U,G,) = { Pic(U), ifi=1;
Br(U), ifi=2.

Recall that the sheaf G,, is the motivic sheaf Z(1) shifted by 1 and thus the
groups above are the étale motivic cohomology groups of weight 1 (with values
in Z(1)).

In the present paper, we extend Sansuc’s result to the weight two étale
motivic cohomology (with values in Z(2)) in the case G is a semisimple group
(Theorem 5.1). We adopt the definition of Z(2) given in [8] and [9)].

In Theorem 5.3, we compute the groups H*(BG,Z(2)) for i < 4, where BG
is the classifying space of the group G. This result was used in [10] for the
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2 A. MERKURJEV

computation of the group of degree 3 cohomological invariants of semisimple
groups with coefficients in Q/Z(2).

In the proof of Theorem 5.1, following [4, Lemma B.2], we introduce the
relative motivic complex Zys(2) for a G-torsor f : X — Y that connects the
weight two motivic cohomology of X and Y. We construct the exact triangle
(4.12) containing Z;(2) in the derived category of efale sheaves on Y. The
other terms of the exact triangle are determined by the combinatorics of G (the
root system, weight and root lattices). Some verifications are lengthy. For the
reader’s convenience, we move the technical computations to the Appendix.

We don’t impose any characteristic assumption in the paper. Sometimes we
need to treat the “bad” characteristic case separately, but the main results are
stated in a uniform way:.

Acknowledgements: 1 would like to thank Paul Balmer and Bruno Kahn for
helpful discussions and comments.

la. Notation. We will use the following notation in the paper.

F is the base field (of arbitrary characteristic),

Fyp a separable closure of I,

I'p = Gal(Fyp/F),

K, and K¢ denote Milnor’s and Quillen’s K-groups, respectively.

We identify (continuous) Galois modules (i.e., I'r-modules) and étale sheaves
of abelian groups on Spec F'. For two sheaves A and B, we write A x B for the
sheaf corresponding to the Galois module Tor?(A(Fiep), B(EFiep))-

For a complex A of étale sheaves on a variety X, we write H*(X, A) for the
étale (hyper-)cohomology group of X with values in A.

Let X be an algebraic variety over F'. For any ¢« > 0, the homology group
of the complex C*(X, Ky):

o= ] Kewni(F@) 5[] KailF@) -5 [ Keioa(Fx) — ...

zeX(i-1) zeX( xe X (i+1)

where X@ is the set of point in X of codimension ¢, will be denoted by
AY(X, Ky) (see [13]). In particular, A"(X, K;) = CH'(X) is the Chow group of
classes of algebraic cycles on X of codimension .

2. INVARIANT QUADRATIC FORMS

Let R be a root system. Write A, C A, for the root and the weight lattices
respectively. The goal of this section is to introduce an abelian group D(R, A)
associated with the root system R and an intermediate lattice A between A,
and A,,.

Let R* be the dual root system. The lattices AF and A} are dual to A,
and A,, respectively. Choose a system of simple roots a,...a,; they form a
Z-basis for A,. The dual system of simple co-roots a7, ...} is a basis for A’.
The fundamental weights fi,..., f, form the basis for A, dual to the basis
of simple co-roots. Similarly, write f;,..., f; for the fundamental co-weights.

Write W for the Weyl group of both R and R*.
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If R is irreducible, there is a unique W-invariant integral quadratic form ¢
on Ay having value 1 on all short co-roots of R*. We view ¢ as an element
of the symmetric square S?(A,). In fact, ¢ generates the group S*(A,)"
of W-invariant elements in S%*(A,) (see [5, Part II, §7]). Write b, for the
polar form of ¢, so b, is an integral symmetric bilinear form on A defined by
by(z,y) = q(x +y) — q(x) — q(y). Thus, b, can be viewed as an element of
A, ® Ay, in the image of the map

(2.1) S?(Ay) — Ay @Ay, Ty 2QYy+yRa.

Lemma 2.1. The bilinear form b, extends to a bilinear map A: x A}, — Z.
In particular, by € Ay ®@ A,

Proof. The form b, extends uniquely to a W-invariant bilinear map b;, : Ay x
Ay, — Q. It suffices to show that b} (aj, ff) € Z for all i and j. Let s; be

the reflection in A}, with respect to «;. We have s;(a;) = —aj and s;(f;) =
[ —dia;. As b is W-invariant, we have

by(og, [7) = by(si(eg), si(f])) = by(—ai, [} — 00),
therefore, b (o}, f1) = 6i;b(af, o) /2 = 6;59(af) € Z. O

In the general case, when R is not necessarily irreducible, the group S?(A,,)"
has the canonical basis {q1, o, .., qs}, where ¢; are the canonical quadratic
forms as above corresponding to the connected components of the root system.
Lemma 2.1 yields then the following proposition.

Proposition 2.2. For every root system, the image of S*(Ay,)" under the
map (2.1) is contained in Ay, @ A, O

Choose a lattice A such that A, € A C A,. Note that as W acts trivially
on A, /A, the lattice A is W-invariant.

Set A := A, /A, and consider the inclusion homomorphism 7 : A — A, and
the canonical homomorphism p : A, — A. Consider also the commutative
diagram

(2.2) R(A) 2= A @ A, —T= S2(A,)/S?(A)
L Id®pl lq
0 AA S A @A,

where d; takes © Ay to x ® y — y ® x, dy is induced by the canonical map
Ay ®@ Ay — S%(A,) and g takes the class of zy to r ® p(y) + y ® p(x). Note
that ¢ is well defined by Proposition 2.2 since A, C A = Ker(p).

Write D(R, A) for the homology group of top row of the diagram (2.2). The
diagram yields a canonical homomorphism

k:D(R,A) — AxA:=Tor?(A,A) = Ker(i ® 1d).

The kernel Q(R,A) of k coincides with S%(A) N S?(A,)"V = S2(A)". Thus,
Q(R, A) is a lattice of the rank the number of connected components of R.
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3. THE GroupPs A°(X, K;) AND A'(X, K>)

In this section G is a semisimple group over a field ' and C' is the kernel of
a simply connected cover G* — G. By (1.1), C = Pic(G) = CH'(G).

3a. K-cohomology of semisimple groups. We generalize the approach
given in [5, Part II, §6] for simply connected groups to arbitrary semisimple
groups.

Let G be a split semisimple group and 1" C G a split maximal torus. Let
G* — G be a simply connected cover and 7 the maximal torus of G* over
T.

Set Z := G/T = G*/T*¢. By [5, Part II, §6], there is a canonical isomor-

phism CH'(Z) ~ T and the kernel of the surjective product homomorphism
S(T*) —s CH?(Z)

coincides with S2(7%)W, where W is the Weyl groups of G.
The fiber of the natural morphism 7 : G — Z is a torsor for the split torus
T, and hence is isomorphic to 7. In follows that in the spectral sequence [13,

§8]
EP = H Al(r 1 Knp) :>Ap+q(G K,)
2€Z()
we have E7" = 0 if ¢ > 0 by [5, Part II, Proposition 5.6.2]. Tt follows that

AG, Ky) ~ AP(Z, M),
where M is a cycle module over Z defined by
My (2) = A2, K,)

for every point z € Z(K) for a field extension K/F.
By [5, Part 11, §5.7], there is a filtration by cycle modules

0=MYcMmM®Oc. MU cm-"=M,

with the factor cycle modules
M@/ ~ /\—p(f) ® Kty
The Ei-term of the spectral sequence
EP? = Ap+q(Z, My(lp/erl)) — Ap+q(Z, M,),
associated with the filtration is isomorphic to
N(T) @ A2, Koy) = A(T) @ CHP(Z) @ K, o(F)
by [5, Part IT, Lemma 6.5]. Thus, we have a spectral sequence
EPI=A""P(T ) @ CHPM(Z) @ K, (F) = A"*(G, K,,).

When n = 2, the nontrivial Ej-terms of the spectral sequence are the fol-
lowing:
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/\2 (f) di f ® fsc d2 52 (fsc)/SQ (fsc)W

i®Id

7/'\‘®F>< fSC®F><

Ko(F).

The differentials of the similar spectral sequence for the natural morphism
G — Z were computed in [5, Part II, §6]. As the two spectral sequences
are related by the pull-back homomorphisms with respect to the morphisms
G* — G and T — T, the computation of the differentials shows that the
top row of the diagram coincides with the top row of the diagram (2.2) with

R the root system of G relative to the torus T, the weight lattice A, = fsc,
the lattice A =T and A = C, where

C:=Ker(T* - T) = Ker(G* — G).

Write D(G) for the group D(R, A) defined in Section 2. Note that D(G)
does not change under field extensions, i.e., for any field extension K/F, the
natural homomorphism D(G) — D(Gf) is an isomorphism.

Recall that we have a natural homomorphism

k: D(G) — C « C.
Write Q(G) for the lattice
Q(R,A) = Ker(x) = SX(T)W.

Remark 3.1. The group Q(G) for a split semisimple group G has intrinsic
description as the group of all quadratic integral-valued functions on the set
of all loops in G (see [7, §31] and [5, Part II, §7]).

In the spectral sequence the map d; is injective and
Ker(i ® Id) = Tor?(C, F*) = C % F* = C  u(F),

where p(F) is the group of roots of unity in F. The spectral sequence then
yields the following proposition.

Proposition 3.2. Let G be a split semisimple group over a field F'. Then
there are natural exact sequences

0 — Ko(F) — A%G, Ky) — C # u(F) — 0,

0 — COF* — AYG, K») — D(G) —» 0. O
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3b. The groups D(G) and Q(G). Let G be an arbitrary (not necessarily
split) semisimple group over F. Then Gy, is split and D(Gyp) is a Galois
module over F, i.e., a (continuous) I'p-module, where I'r = Gal(Fy,/F).
Write D(G) for the corresponding étale sheaf over F'. In particular, D(G)(F) =
D(Gsep)''F. We will simply write D(G) for D(G)(F) and Q(G) for the kernel
of k: D(G) = (C+ C)(F).

For a field extension L/F, write é(L) for the character group of C' over
L. Denote by C the étale sheaf over F' corresponding to the Galois module
C(Fip). In particular, C(F) = C(Fyp)'*.

Write G for the quasisplit twisted form of G (see [16]). Thus, G% is an inner
twisted form of G. In particular, GE, ~ Ggp,. Let T% be the maximal torus of
G, corresponding to Ty, under this isomorphism and 79°* the inverse image

of T under the simply connected quasisplit cover of G& . The character

lattice 79 is spanned by the fundamental weights and the Galois group I'r
permutes them according to the action on the Dynkin diagram of G (the so-
called x-action, see [16]).

For every variety X over F define D(Xp) as the cokernel of the product
homomorphism

CHY(Xyep) ® FX — AY(Xyop, K2).

sep
By Proposition 3.2, the group D(Gyep) for a split semisimple group G coincides
with the one defined previously.

Proposition 3.3. Let X — Spec I’ be a G-torsor. Then the Galois modules
D(Xsep), D(Gsep) and D(GE)) are all canonically isomorphic.

sep

Proof. The Galois actions on Gg, and G&E - differ by the conjugation action

sep
of G(Fyep), where G is the corresponding adjoint group. Similarly, the Galois
actions on X, and G, differ by an action of G(Fip). The statement follows
from Lemma 6.2 applied to the homotopy invariant functor D (see Example
6.1) as D(Ggep) does not change under field extensions. O

3c. The group A°(X, K,). For a variety X over F, write ﬁO(X, K,) for the
cokernel of the natural homomorphism K,(F) — A%(X, K»).

As G is smooth, by [15, Corollary 5.9] and Proposition 3.2, there are natural
isomorphisms

(3.1) A%(G, K) = A (Guep, Ko)'F ~ (C 5 ) (F),

where C and 1 are viewed as locally constant étale sheaves.
In particular, if K/F is a field extension such that F' is separably closed in
K, then the natural homomorphism

(G, K,) — A(Gy, K»)

is an isomorphism. By Lemma 6.2, the natural action of G(F') on XO(G, Ky)
is trivial.
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Proposition 3.4. Let f : X — Y be a trivial G-torsor with' Y a geometrically
wrreducible variety over F'. Then there is a natural split exact sequence

0 — A(Y, Ks) — A%X, K;) — (C = p)(F) — 0.

Proof. The Rost spectral sequence [13, §8] for f yields the exactness of the
middle row in the diagram

ANY, Ko)—— K> F(Y) I KiF(y)
M yey (D)
AV X, Ko)—— A(E, Ko) — I A%f'(y), K1)
yey ()

2B, K,),

where F is the generic fiber of f. Note that £ is isomorphic to Gpy) and
the induced isomorphism ZO(E,KQ) ~ XO(G F(v), K2) is independent of the
isomorphism between E and Gpy) as the group of F(Y)-points of G acts
trivially on ZO(GF(y), Ky) ~ (6 x (1) (F'). Also, the later group is canonically
isomorphic to ZO(G , K5) since F' is algebraically closed in F(Y).

This proves the exactness at the first and the middle terms of the sequence.
In fact, the sequence is split by the homomorphism A%(G, Ky) — A%(X, K5)
induced by the composition X = G x Y — G. U

Let X — Y be a (not necessarily trivial) G-torsor with Y a geometrically
irreducible variety over F. Then the first projection p : X xy X — X is a
trivial G-torsor and by Proposition 3.4, we have the composition

(3.2) o AYX, Ks) L AY(X xy X, Ks) — (C  p)(F).

3d. The group AY(X,K,). Let f : X — Y be a trivial G-torsor over a
geometrically irreducible variety Y over F with G split. The nontrivial F;-
terms of the Rost spectral sequence for f [13, §8]:
qu H Aq K2 p) Aerq(X, Kz)
er(P)

are the following:

ANE, Ky) — T ANf(y), Ky)

yey @)

ANE, Ka) — 11 A°(fHy), K1) — 11 A°(f7'(y), Ko),

yey @) yey (2
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where E is the generic fiber of f.
Note that A°(f~'(y), K;) = K;F(y) for i = 0 or 1, and A'(f~'(y), K1) =
CHY(G,) = C. We then have an exact sequence
ANY, Ky) — AY(X, Ky) — Ker(d) — CH*(Y) — CH*(X).

As f is a trivial G-torsor, the first and the last homomorphisms in the sequence
are injective, hence A'(Y, K5) can be viewed as a subgroup of A'(X, K;) and
we have an isomorphism

ANX, Ky) JANY, Ky) ~ Ker(d).
By Proposition 3.2, there is a natural surjective homomorphism
ANE. Ky) — D(Cry)) = D(G)
with the kernel C ® F (Y)*. The commutative diagram

C®D1V

A(E KQ)—> H Al 1)

yEY(l)

C®F(Y)"

where Div is the divisor group and d' = 15 ® div, yields an exact sequence
0 — Ker(d') — Ker(d) — D(G).

The last homomorphism in the sequence is surjective as it is split by the
homomorphism A'(G, K,) — AY(E, K,) induced by the composition £ —

As the group PDiv(Y") of principal divisors on Y is torsion-free, we have the
following diagram with the exact column and row:

C « CH'(Y)

|

0—C®A(Y,K,)) — C®F(Y)* —= C ® PDiv(Y) — 0
.
C @ Div(Y).
Therefore, there is an exact sequence
0— C®AYY, K;) —s Ker(d') — C « CH(Y)) — 0.
We have proved:

Proposition 3.5. Let X — Y be a trivial G-torsor with Y a geometrically
irreducible variety over F' and G split. Then the sequence

0— C®ANY, K,) — AY(X, K3)JANY, K3) -5 D(G) — 0
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15 exact, except at the middle term, where the homology group is naturally
isomorphic to C + CH'(Y).

Corollary 3.6. Let X — Spec F' be a trivial G-torsor with G split. Then the
sequence

0— C®F* — AY(X,K,) - D(G) — 0
s exact.
Let X — Y be a (not necessarily trivial) G-torsor with Y a geometrically

irreducible variety over F. Then the first projection X xy X — X is a trivial
G-torsor. As G is split over Fi,, by Proposition 3.5 we have the composition

(3.3) ~v: AYX, K2) — AN Xaep Xviey Xseps K2)'F — D(Gsep)'™ = D(G).

4. THE COMPLEXES Z¢(7)

For a smooth variety X over F’ we write Zy (i) with ¢ = 1 or 2 for the motivic
complex of étale sheaves defined in [8] and [9]. By [6, Theorem 1.1], we have
the following formulas for the étale motivic cohomology of weight 1 and 2:

0, if ¢ <0;
A(X,K) = FIX]*, ifq=1;

q _
(4.1) HYX, 2x(1) = AYX,Ky) = CH'(X), ifq=2;
Br(X), if g =3.
0, if ¢ <0;
K3<F<X))ind lf q = 1:
q _ ) )
(4'2> H (X, ZX<2)> - A0 )(7 K2)7 if q= 2;
Al X, Ks), if g =3,

where Kj3(L)inq := Coker (K3(L) — K2 L)) for a field L.

Let G be a semisimple algebraic group over F' and let C' be the kernel of a
simply connected cover G** — G.

Let f : X — Y be a G-torsor over a smooth geometrically irreducible variety
Y over F'. We write Z¢(i) for the cone of the natural morphism Zy (i) —
Rf.Zx (i) in the derived category DT Shg (Y") of étale sheaves of abelian groups
on Y. Thus, we have the exact triangles

(4.3) Ly (i) — Rf(Zx (1)) — Zs(i) — Zy (i)[1].
4a. The complex Z;(1). We have Z(1) = G,,[—1], hence H(Z(1)) = 0 for
1 < 0 and there is an exact sequence
0 — Gy — fo(Gpx) — H'(Zs(1)) — 0.
Therefore, H'(Z;(1)) is the étale sheaf associated with the presheaf
U~ F[f7U/F[U),

and hence, it follows from (1.1) that H*(Z(1)) = G =0. (We view G as a sheaf
on Y via the pull-back with respect to the structure morphism Y — Spec F'.)
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If ¢ > 2, we have H9(Z¢(1)) = R1f.(Zx(1)). Again, by (1.1), H2(Z(1)) ~ C
as the étale sheaves on Y. Thus, we have
0, ifqg<1;
‘ Y =
(4.4 Wiz ={ g 1=y
It follows that
TZ(1) = H*(Zs(1))[-2] = C[-2],
where 7<; is the truncation functor. The exact sequence of the étale coho-
mology groups for the exact triangle (4.3) (when i = 1) gives then the exact

sequence (1.1).
Denote by 3¢ the composition

(4.5) Br: O~ 79Zp(1)[2] — Z;(1)[2] — Zy (1)[3].

4b. The complex Z(2). The complex Z(2) is supported in dimensions 1 and
2, hence H(Zs(2)) = 0 if ¢ < 0. We have an exact sequence

(4.6) 0 — H(Zs(2)) — HY(Zy(2)) = R'f.(Zx(2)) —
HUZs(2)) — H(Zy(2)) — R*f(Zx(2)) — H*(Zs(2)) — 0.

It follows from (4.2) that H'(Zy(2)) and R'f.(Zx(2)) are the étale sheaves
associated to the presheaves

U HY(U,Z(2)) = KsF(U)ina and U+~ H'(f'U, Z(2)) = K3F(f 'U)ina,

respectively. The variety of G is unirational by [2, Theorem 18.2], hence the
natural morphism K3F(U)inq — K3F(f7'U)inq is an isomorphism if the G-
torsor f~'U — U is trivial by [4, Lemma 6.2]. As the G-torsor f is trivial
locally in the étale topology, the first morphism s in the sequence (4.6) is an
isomorphism.

The sheaves H?(Zy(2)) and R?f.(Zx(2)) are associated to the presheaves

U H*(U,7Z(2)) = A°U, K,) and U~ H*(f'U,Z(2)) = A°(f~'U, K>),

respectively. As the G-torsor f is trivial locally in the étale topology, it follows
from Proposition 3.4 that we have an exact sequence

0 — H2(Zy(2)) — R*f.(Zx(2)) — C % — 0.
Therefore, by (4.6),

0, if g <1;
4q = ~
(4.7 W@ -{g,, iy

The sheaf H*(Z;(2)) = R*f.(Zx(2)) is associated with the presheaf
U H(f7'U,Z(2)) = A(f7'U, K).
Proposition 3.5 yields then a morphism of étale sheaves

H*(Z;(2)) — D(G).
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Consider the product map
CH'(f'U) ® A%U, K;) — AY(f7'U, K»).

Assume that f~1U — U is a trivial G-torsor. Tensoring the exact sequence
(see (1.1))
0 — CHY(U) — CH'(f'U) — C — 0
with A°(U, K;) and sheafifying, we get a morphism of sheaves

(4.8) C ® G — HZ4(2)).

It follows from Proposition 3.5 that the sequence of sheaves
(4.9) 0— C® Gy — H3(Zs(2)) — D(G) — 0
is exact.

In particular,we have a canonical morphism

7y 1 T<sZy (2)[3] — H(Z¢(2)) — D(G).

4c. The complex 6(1) and the morphism 6;. Let f : X — Y be a G-
. ~ L
torsor. Write C(1) for the derived tensor product C' ® Zy (1). We have
R C® G, ifqg=1;
HI(CA) =9 Cxp, ifqg=0;
0, otherwise.

Let [ be the characteristic exponent of F'. Note that the [-primary compo-
nent of C' x* y is trivial and the I’-primary component of C' ® G, is trivial for
every prime [’ # [. Hence

(4.10) Hom (C ® Gy, (C + p)[i]) = 0
for every ¢ and
(4.11) C(1) = (Cxp) @ (C®Gyy)[-1].

It follows from (4.7) and (4.9) that we have the following diagram of the
horizontal and the vertical exact triangles
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By (4.10), there are unique dotted arrows making the diagram commutative.
It follows from the octahedral axiom that the diagram yields a natural exact
triangle

~

(4.12) G 25 72525(2)[3] 2L D(G) 2 C(1)[2).

with p; and 6; defined by the morphisms in the diagram.

If f:G — Spec F is the (trivial) G-torsor over Spec F', we simply write g
for 0;. We view 65 as a morphism in DT She(F) or in DT She(Y) for any
variety Y.

The morphism g may not be trivial. But in certain cases it is zero. (See
also Remark 5.5.)

Proposition 4.1. (1) If G is simply connected, then g = 0
(2) If G is split, then the induced map 0% : D(G) — H?*(F,C(1)) is trivial.

Proof. (1) follows simply because C=0, (2) is proved in Lemma 6.13. O

5. MAIN THEOREMS

Let G be a semisimple group over F'. Recall that we have a morphism [; :
C' — Zy(1)[3] associated to a G-torsor f : X — Y. Consider the compositions

~ o~

(1) A D(G) =5 CxC — (O O)[—1) L2220 &

C(1)[2]
and

. L B;$1d L
where m is the product defined in [8] and [9].

The following theorem relates the étale motivic cohomology of weight 2 and
degree at most 4 for the varieties X and Y.

Theorem 5.1. Let G be a semisimple group over a field F', C' the kernel of the

universal cover G* — G and X —'Y a G-torsor with'Y a smooth geometrically
wrreducible variety. Then there are exact sequence:

0 — A2Y, Ks) — A°(X, K») —2 (C % p)(F) —5 ANY, Ky) — AMNX, K,)
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and a commutative diagram

ANY, ) —= ANX, Ky) —= H3(Y, Z4(2)) —= HA(Y, Zy (2)) — HA(X, Zx(2))

D(G)

O5+N;

H*(Y,C(1)

with the exact row and the column, where o and v are defined in (3.2) and
(5.3), respectively.

Proof. 1t follows from (4.7) that

0, ifg<1;
mvz@={g,, yi)

The first exact sequence and the horizontal exact sequence in the diagram are
obtained then by Proposition 6.3(1) and by applying the étale cohomology
groups of Y to the exact triangle (4.3).

The vertical exact sequence is given by the exact triangle (4.12) since
H3(Y,7<374(2)) = H*(Y,Z(2)). The other marked homomorphisms in the
diagram are identified in Sections 6d and 6e. U

Remark 5.2. For a character x € C(F) and a € F[Y]* = H'(Y, Zy(1)), we

have x U (a) € H'(Y,C(1)) and the map o : H\(Y,C(1)) — HA(Y,Zy(2))
takes x U (a) to 83(x) U (a), where

3 C(F) — H3(Y, Zy (1)) = Br(Y)
is induced by f;.

5a. Cohomology of classifying spaces. Let G be a semisimple group over
F. Choose a generically free representation V' of G such that there is a G-
equivariant open subset U C V' with the property codimy (V \ U) > 3 and a
versal G-torsor f : U — Z (see [3, Lemma 9]). Moreover, we may assume that
Z(F) #0.

By the assumption on codimension, it follows from the localization sequence
that the restriction homomorphisms A*(V, Ky) — A*(U, K3) are isomorphisms.
Hence, by the homotopy invariance property,

i ( Ky(F), ifi=0;
(5-3) AU, Kr) = { 0, otherwise.
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By Theorem 5.1 applied to f : U — Z, we have
Ky (F), if 4 = 0;
(C % p)(F), ifi=1.

We see that the groups A*(Z, K,) are independent of the choice of V| and we
write AY(BG, Ks) for AY(Z, K;). We think of Z as an approximation of the
“classifying space” BG.

It follows from (4.2) and (5.4) that the groups H(Z, Z(2)) don’t depend on
the choice of V when ¢ = 2 or 3. We write H(BG, Z(2)) for these groups. But
when [ = char(F) > 0, the [-primary component of H*(Z,Z(2)), does depend
on the choice of the representation V', so we have to modify the definition of
HYBG,Z(2)).

Let A® be a cosimplicial abelian group and write h,(A®) for the homology
groups of the associated complex of abelian groups. If A® is a constant cosim-
plicial abelian group, we have ho(A®) = A° and h;(A®*) = 0 for all i > 0.

Write U™ for the product of n copies of U with the diagonal action of G.
Let H : SmVar(F) — Ab be a contravariant functor from the category of
smooth varieties over F' to the category of abelian groups. We have the two
maps H(p;) : H(Z) — H(U?/G), i = 1,2, where p; : U?*/G — Z are the two
projections. An element h € H(Z) is called balanced if H(py)(h) = H(p2)(h).
We write H(Z)pa for the subgroup of balanced elements in H(Z). In other
words, H(Z)va = ho(H(U*/G)) (see [1]).

By Theorem 5.1, applied to the G-torsor U™ — U™ /G for every n, we have
an exact sequence of cosimplicial groups

0— HY(U*/G,C(1)) — H*(U*/G, Zs(2)) — D(G) — H*(U*/G,C(1)),

where the third group is viewed as a constant cosimplicial group. By Proposi-
tion 6.3(2), H(U"/G,C(1)) ~ H'(F,C(1)) for every n, hence the first cosim-
plicial group in the sequence is also constant. Applying hy, we have an exact
sequence (see [1, Lemma A.2])

(5.4) ANZ,Ky) = {

0 — HY(F,O(1)) — HYZ,Z;(2))oa — D(G) —05 H2(2,8(1)).

It follows from Theorem 5.1 applied to f that we have an exact sequence

(5.5) 0— H'(F,O(1) — H(Z,2,(2)) — D(G) —5 12(7,6(1)).
Therefore,
(5.6) H*(Z,Zy(2))oa = H*(Z,Zs+(2)),

Le., every element in H?(Z,Z;(2)) is balanced.
By Theorem 5.1 again and (5.3), the sequence

0 — H*(U*/G,Zs(2)) — HYU®/G,Z(2)) — H*(U*,Z(2))
is exact. Applying hy and taking into account (5.6), we get an exact sequence

(5.7) 0 — H*(Z,Z4(2)) — HYZ,Z(2))pa — H* (U, Z(2))pa1-
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By Lemma 6.8, the last group in the sequence is canonically isomorphic to
HA(F,Z(2)). Write H (Z,7(2)) for the factor group H (Z, Z(2))/HA(F, Z,(2)).
It follows from (5.7) that there is an isomorphism

~ =4
(5.8) H*(Z,Z4(2)) = H (Z,2(2))val-

It follows from the proof of the following theorem that the group H*(Z, Z(2) )pal
does not depend on the choice of the representation V. We will denote this
group by H*(BG,Z(2)). We write BG for Z and EG for U.

Theorem 5.3. Let G be a semisimple group over F and C' the kernel of the
universal cover G — G. Then there are canonical isomorphisms

HY(BG,7Z(2)) ~ A" 2(BG, K. :{ AN , ’

( ( )) ( 2) (C*/i)(F)v qu::))’

and an exact sequence

0 — HY(F,C(1)) — H'(BG,Z(2)) — Q(G) 2% H*(F,O(1)).

Proof. The first part follows from (4.2) and (5.4). By (5.5) and (5.8) it suffices
to show that the kernel of 67 + A} coincides with the kernel of 0, : Q(G) —
H*(F,C(1)). Let a € D(G) be such that 6% (a) + Ni(a) = 0 in H*(Z, C(1)).
Passing to Zsep, we get Aj(a) = 0in H?(Zgep, 6(1)) It follows from Lemma 6.6
that a € Q(G) = Ker(D(G) — (C 6)(F)) and a € Ker(0},) by Proposition
6.3(2). 0

Remark 5.4. If G is simply connected, i.e., C = 0, we get an isomorphism
ﬁ4(BG, Z(2)) ~ Q(G). This was proved in [4, Theorem B.5].

Remark 5.5. Let X — Spec I’ be a G-torsor and G’ = Autg(X). As X is
trivial over Fi,, the groups G and G’ are inner twisted forms of each other,
i.e., the group G’ is the twist of G by the torsor X. Then EG’ and BG' are
the twists of G and BG by X, respectively. But this twist does not affect
BG@G, ie., BG = BG'. 1t follows that Ker(6;.) = Ker(6f,) since this equality
holds over Fy, and Q(G) = Q(Fyp)'F. In particular, if 67, = 0, then 6%, = 0.
As every adjoint semisimple group of inner type is an inner twisted form of a
split group, it follows from Proposition 4.1 that 67, = 0 for such a group G.

6. APPENDIX

6a. Homotopy invariant functors. A contravariant functor S : SmVar(F') —
Ab is called homotopy invariant if for every variety X, the map S(X) —
S(X x AL) induced by the projection X x AL — X is an isomorphism.

Example 6.1. The functors X — A*(X, K;) are homotopy invariant by [13,
§9]. It follows that the functor
X+ Coker (CH'(X) ® F* — AY(X, K,)).

is also homotopy invariant.
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Lemma 6.2. Let S : SmVar(F) — Ab be a homotopy invariant contravariant
functor and G a semisimple group acting on a variety X over F. Assume
that map S(X) — S(X) is injective for every field extension L/F. Then the
natural action of the group G(F') on S(X) is trivial.

Proof. By assumption, we can replace F' by an algebraic closure of F' and G
by a semisimple cover G* of G since the homomorphism G*(F) — G(F)
is surjective if F is algebraically closed. As G is simply connected, G(F) is
generated by the F-points of 1-dimensional unipotent subgroups U ~ Al of
G. It suffices to show that every t € U(F') acts trivially on S(X). The action
morphism a : U x X — X and the projection p : U x X — X induce the
maps S(a),S(p) : S(X) — S(U x X). By homotopy invariance, S(p) is an
isomorphism.

Write i, : X — U x X for the morphism x — (¢,x). As aoiy = poi; = Idy,
we have S(a)oS(i;) = Idgxy = S(p) 0 S(i1) and hence S(a) = S(p) since S(p)
is an isomorphism. It follows that

S(aoi;) = S(iy) oS(a) = S(ir) o S(p) = S(poir) = S(Idx) = Idg(x),
whence the result as ¢ acts on S(X) via S(a o). O

6b. Cohomology of 6(1) Assume first that the group G is split. Let T be
a split maximal torus in GG. The exact triangle

T(1) — T(1) — C(1) — T)[1]
and (4.1) yield the triviality of H'(Y,C(1)) for every variety Y if i < 0, an
isomorphism
(6.1) HO(Y, C(1)) = € A(Y, Ky) = C x p(F(Y)
and the exact sequences

(6.2) 0— C®ANY,K,) — H'(Y,C(1)) — C « CH'(Y) — 0,

(63) 0— C®CH(Y) — HXY,C(1)) — C *Br(Y) — 0.
Now consider the general case when G is not necessarily split. We have a

natural homomorphism

H*(Y,C(1)) — H*(Yaep, C(1))"7 — (Cep * Br(Yaep))

I'r

Proposition 6.3. Let Y be an absolutely irreducible variety over F'. Then
(1) H(Y,C(1)) = (C* p)(F).
(2) Assume in addition that A°(Yeep, K1) = Fy5y, CH' (Yeep) = 0 and Y has

a smooth F-point. Then the natural homomorphism H'(F, 6’(1)) —
HY(Y,C(1)) is an isomorphism and the sequence

0 — H*(F,C(1)) — H*(Y,C(1)) — (Cuep * Br(Yiep))

15 exact.

N
50
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Proof. (1) The Hochschild-Serre spectral sequence
B = HP(F, H (Yo, C(1) = HP(Y, C(1))
and (6.1) over Fy, give the isomorphism (1).
(2) The spectral sequence and (6.2) over Fi, provide an exact sequence

0— HY(F,C * p) — H'(Y,C(1)) — (C ® F

sep
H2(F,C « p) — H*(Y,C(1)).
The last homomorphism in the sequence Is injective as YAhas an [-point. It
follows from (4.11) that the map H'(F,C(1)) — H'(Y,C(1)) is an isomor-
phism.
In order to prove the last statement, notice that all the differentials in the

spectral sequence coming to the line ¢ = 0 are trivial as Y has a rational point.
By (6.2), we have

) —

EX' = H*(F,C @ F.).

sep

This group is trivial as C ® I, is [-primary torsion, where [ is the characteristic
exponent of F', and the cohomological [-dimension of F' is at most 1 if [ > 0.
It follows that the differential ES* — E2! is trivial. Hence H2(Y,C(1)) has
a filtration with the factors H?(F), C « w), H(F,C ® FX)) and H(F, ésep *

sep

Br(Ysep)). The result follows from (4.11). O

Corollary 6.4. In the assumptions of the proposition assume in addition that
Y is smooth. Then the natural homomorphism H*(Y,C(1)) — H*(F(Y),C(1))
1S injective.

Proof. Tt follows from (6.3) that H2(Fi,(Y),C(1)) = C % Br(Fuep(Y). Hence
we have a commutative diagram

~

H(F,C(1)) —— H*(Y,C(1)) Ciep * Br(Yeep))

T~ |

H*(F(Y),C(1)) —= Cuep * Br(Fiep(Y)).

The top row is exact by Proposition 6.3 and the right vertical arrow is injective
as Y is smooth by [11, Corollary 2.6]. By specialization at a rational point,
the diagonal map is injective. The result follows. O

Lemma 6.5. Let Y/ — Y be a morphism of smooth varieties such that the
induced maps Fuep[Y]* = Fap[Y']*, CH'(Yeep) — CHY(YL,,) are isomorphisms
and the map Br(Yyp) — Br(Yy,,) is injective. Then the map H2(Y,C(1)) —
H2*(Y',C(1)) is injective.

Proof. Consider the natural morphism of the Hochschild-Serre spectral se-

quences for Y and Y’ and the complex 6(1) By assumption, the maps
EP4(Y) — EP(Y') are isomorphisms if (p,q) = (1,1) and (2,0) and injec-
tive if (p,q) = (0,2). The result follows. O
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Lemma 6.6. Let f : X — Y be a G-torsor over F' = F, with Y smooth
geometrically irreducible. If CH'(X) = 0, then the composition

(G xO)F) — H'(Y,C 6 C) 4 12(v,6(1)
1S injective.
Proof. The exact sequence
H*(X,Z(1)) — H*(Y,Zs(1)) — H*(Y,Z(1))

coincides with

therefore, 5% is injective.
The diagram

O%0— (060 -1 220

o]

Tl 2 1))

with the commutative triangle and anti-commutative square, where 7' is a split
maximal torus of G, yields the anti-commutative diagram

C«C — HXY,C(1))

|

~ ~ UB% ~ ~
T®C— H3Y,T(1)) —— T @ Br(Y).
It follows that the top arrow in the last diagram is injective. U

6¢c. Balanced elements. Let V' be a representation of G as in Section bHa.
We consider the étale cohomology with coefficients in the complex Q/Z(2)
defined in [6]. Write H'(F'(V),Q/Z(j))va for the subgroup of elements in
HY(F(V),Q/Z(j)) whose images in H'(F(V x V),Q/Z(j)) under the two nat-
ural embeddings of F'(V) into F'(V x V') coincide.

Lemma 6.7. Let V' be a finite dimensional vector space over F. Then the
natural map H'(F,Q/Z(j)) — H(F(V),Q/Z(5))va is an isomorphism for all
1 and j.

Proof. We prove by induction on n = dim(V). Write F'(V) as F(P! x A"™1).
By [1, Proposition A.9], every element a € H'(F(V),Q/Z(j))pa is unramified
with respect to every point in P! x A" ! of codimension 1. Therefore, a is
unramified with respect to all discrete valuations of L(P!) over L = F(A™™1).
By [1, Proposition 5.1], a comes from an element b € H*(L,Q/Z(j)) which is

balanced as H' is injective for purely transcendental extensions. By induction,
b comes from an element in H'(F,Q/Z(j)). O
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Let U C V be an open subvariety as in Section 5a. Write H*(U, Z(2))pal
for the subgroup of elements a € H*(U,Z(2)) such that ¢}(a) = ¢5(a), where
¢ : U x U — U are two projections.

Lemma 6.8. The natural map H*(F,Z(2)) — HYU,Z(2))pa is an isomor-
phism.

Proof. By [6, Theorem 1.1], there is an exact sequence
0 — CH*(U) — HY(U,Z(2)) — HY,, (U, H*(Q/Z(2))).

It follows from (5.3) that CH*(U) = 0, so the last arrow in the sequence is an
injection. Moreover, by [1, Proposition A.10], the natural homomorphism

Hy,, (UMY Q/Z(2))) — HY(F(U),Q/Z(2)) = H'(F(V), Q/Z(2))

is also injective. Thus, H*(U,Z(2)) injects into H*(F(V),Q/Z(2)). The
balanced elements in H*(U,Z(2)) correspond to the balanced elements in
H*(F(V),Q/Z(2)) which are constant by Lemma 6.7. O

6d. The maps H'(Y,C(1)) — H™*3(Y,Z(2)). We will prove that the compo-
sition

(6.4) C(1) 5 r<Z4(2)[2] — Z(2)[2) — Zy (2)[3]

that defines the map H'(Y,C(1)) — H4(Y,Z(2)) is equal to the composition
(5.2) after localizing at [ and (I), where [ is the characteristic exponent of F'.
Case 1: We localize at [ all sheaves and groups below. Choose a positive
integer n prime to [ such that n - C =0 and let ufff be the cone of the natural
morphism uffy — R f*(,ugzy) Write fi,, 5 for ,u%&.
Recall (see [8] and [9]) that for ¢ = 1,2, u®" is the cone of the morphism
Z(i) - Z(i) of multiplication by n. It follows that uf’if is the cone of

Zy(i) = Zs(i). By (4.4),

0, ifg<0
Hiny) = { C, ifg=1.

Denote by 3 : C— fn.y[2] the composition in the top row of the diagram

C' —— T<1fin,f[1] —— pin f[1] — pin,y (2]

| | o

C —> 102y (1)[2] —= Zy(1)[2] —= Zy (1)[3]

with the right square anti-commutative. It follows that the composition of 8’
with the morphism p, y[2] — Zy (1)[3] coincides with —/y.
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Moreover, there is a diagram of horizontal exact triangles (with p, = fi,y)

L L L L

®2
Ho

Rf.(p%) ———— pi ———— u¥?[1]

-1

Zy (2)[1] — Rf(Zx(2))[1] —— Z;(2)[1] Zy(2)[2]
with the bottom right square anti-commutative and the other squares commu-

tative.
Hence we have the diagram

C T o =Mt ) © pin —= (fin, © 1)[1] — (1 © p1)[2]
C® pin HY () ———— 5 [1] ————— pi?[2]
Cxpu H(Z4(2)) Z;(2)[2] Zy (2)[3].

The composition of the morphism C (1) — C Q% [n, the morphisms in the left
column and the bottom row coincides with (6.4). The composition in the first
row is equal to 8’ ® Id. It follows that (6.4) coincides with the negative of the
composition

(6.5) C) — O & pn 2% (4 & ) [2] — Zy (2)[3).

In the commutative diagram

o= T (1) 2, & zlyu))m 22 (2(1)  Zy (1)) 13
C &t~ (& 12— Zy (2)[3]

(see [8, Remark 2.6]) the composition in the upper row coincides with (—f8f) ®
Id, hence the compositions (5.2) and (6.5) also coincide.
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Case 2: Now we localize at the ideal (I). It follows immediately from the
commutativity of the diagram

C & Zy (1) = HAZ;(1)) & Zy (1) — (Z;(1) & Zy (1)[2] —> (Zy (1) & Zy (1)) [3
C & Zy(1) H(Z(2))[~1] Z(2)[2 Zy (2)[3]

that the compositions (5.2) and (6.4) coincide.

6e. The map D(G) — H2(Y,C(1)). We prove that this map is equal to
0¢ + A} For a geometrically irreducible variety Y write A'(G x Y, K,) for the
cokernel of the product homomorphism

C @ A (Y, K;) = CHY(G) @ A°(Y, K;) — AYG x Y, K,;) JAY(Y, K>).
By Proposition 3.5, if G is split, there is a natural exact sequence
0— Cx CH'(Y) — AYG x Y, Ky) — D(G) — 0.

This sequence is split canonically by the pull-back with respect to the projec-
tion G x Y — G, hence

ANG x Y, Ky) =~ (C * CHY(Y)) ® D(G).

Proposition 6.9. Let G be a split semisimple group and let X — Spec F' be a
trivial G-torsor with the action morphism a: G x X — X. Then the diagram

AYX, K>) il D(G)

«| |

~ ~ o~

ANG x X, ) —~~ (O + C) @ D(G)

18 commutative.

Proof. We may assume that ' = Fi,. The natural morphism c : Gpx) —
G x X yields the diagram

AY(X, Ky) =S AYG x X, K5)/ANX, Ky) == AN (G p(x), K2)

| |
D(G) - D(G)

that is commutative by Proposition 3.3. It follows that the second components
of both compositions in the diagram of the statement of the proposition are
equal.

In order to prove that the first components of both compositions in the
diagram are equal, we may assume that X = G. Let T be a split maximal torus
of G and Z := G/T. Considering spectral sequences for the two projections
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GxG — GxZ and G — Z as in Section 3a, we have the following commutative
diagram

AYG, Kp) ———— AY(Z, M{ V)| (T AYZ,T ® k) P(T)

E lb* B

ANG x X, Ky) == AY(G x Z, M{ V) JR(T) —= ANG x Z,T ® K1)/ A(T),

where b : G x Z — Z is the action morphism. The homomorphism b* :
AW Z T® K,) — AY(G x Z,T ® K,) coincides with T'® ¢, where

¢ : T = CH'(Z) — CHY(G x Z) = CHY(G) & CH'(Z) = C & T*,
is given by the pull-back with respect to b. The first component ¢; of ¢ is

the pull-back with respect to the morphism ¢ : Ggz)y = G x Z Y 7 of the
action on the generic point of Z. As the functor CH' is homotopy invariant,
by Lemma 6.2, ¢ can be replace by the canonical morphlsm Gaizy =G — 2,

Q)

D(G)

hence ¢, coincides with the canonical map p : Tsc — C. The commutativity
~  Id@p

of the diagram
*[
(T & %)/ R(T) A2 T 2

proves the statement. O

)

Let (C*,d*) € DT Shg(F). For an integer n, the exact sequence of I'p-
modules
(6.6) 0 — H™C®) — C"/Im(d,_1) -2 Ker(d") — H™(C®) — 0
yields a morphism

§(C") - HYH(C") — B (CM)]2

in D+ Shét(F).

Let X be a smooth variety over F' and f : X — Spec F the structure
morphism. By (4.1) and (4.2), we have for i = 1 and 2,

0 : — .
LEx(0) = HKen 200 = {207 ) g i,

Thus, applying the construction above to the complex Rf,(Z(i)) and n =1 or
2, we get the morphisms

1% = n(RIZ)) - A (Ko, K) — A (X, K [2)
Lemma 6.10. Let f: X — Spec F' be a G torsor. Then A®(Xgep, K1) = X

sep’
Al(thep,Kl) C and the morphism nX :C > F3,[2] = Z(1)[3] coincides
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Proof. Let G,,, x — E*® be an injective resolution. Then the complex G,, p —
f«(E®) coincides with Z¢(1) (with G,, of degree zero). It follows that the first
three terms of the exact sequence (6.6) for the complex C* = Rf.(Zx(1)) and
n = 1 coincides with 7<3Z(1). It follows that the morphism ng) = 6(C*)
is equal to the composition C' ~ H2(Zs(1)) ~ 17<3Z;(1)[2] — Gpp[2] =
Zp(1)[3], and hence is equal to . O

The Rost complex C*(X, K;) (see Section la) also yields a morphism
n(C* (X, K;)) : AN Xaep, Ki) = A (Xeep, Ki)[2).

Lemma 6.11. The morphisms 'r]ﬁ? and n(C*(X, K;)) coincide fori = 1 and
2.

Proof. Let A be the category of I'p-equivariant Zariski sheaves of abelian
groups on Xgep. The functor Rf, is the composition of the functors

D She(X) % A -2 D* Shy(F),
where « is the change of the site functor and ¢ is the functor of global sections.
By [6, Lemma 1.4], R'a(Z(i)) = K, so that we have the following morphisms
in A:

Ro(Z(1)) «— 17<;Ra(Z(i)) — K.
Applying Ré, we get the morphisms

Rf.(Z(i)) «— RO(1<;Ra(Z(3))) —= RS(K;).

Note that the left morphism induces isomorphisms on the homology in di-
mensions < ¢, hence the morphism 7 for the complex R(7<;Ra(Z(1))) co-
incides with ng?. On the other hand, RJ(K;) coincides with the Rost com-

plex (Gersten’s resolution, see [12, §7]), hence ¢ yields the equality nﬁ? =

0(C*(X, K)). O

Example 6.12. Let f : X — Spec F' be a G-torsor. The Rost complex for
i = 1 coincides with Fiep(X) — Div(Xep). It follows from Lemmas 6.10 and
6.11 that the morphism [; is induced by the exact sequence

1 — FX — Fap(X)”* — Div(Xaep) — Caep — 0.

sep
Now consider the case ¢ = 2. We first prove the statement for torsors over
Spec F.
Lemma 6.13. Let f : X — Spec F' be a G-torsor. Then
(1) O =0+ Ay R
(2) If G is split, then Og induces the trivial homomorphism D(G) — H?(F,C(1)).
Proof. We drop the subscript “sep” in the proof. As before, write C*(X, K.,)
for the Rost complex of a variety X and U.(X , K,) for the “reduced” complex

Coker (C*(Spec F, K,) — C*(X, K.)) = C*(X, K.)/ K.(F).
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The reduced complex C" (G, K;) coincides with PDiv(G) — Div(G) and
hence is isomorphic to C[—1]. The complex C*(X, K7) is equal to F(X)* —
Div(X) and hence by Lemmas 6.10 and 6.11, fits into an exact triangle

Zx(D[1] — C*(X, K1) — O[-1] 225 7. ()2,

Write C for the tensor product C (G, K1)@C*(X, K;) ~ C[-1]oC*(X, K} ).
Thus, we have the exact triangles

~ L ~ L ~
Cl-1]®Zx()[1]] — C7 — C[-1] ® C[-1]
and therefore

L
N L~ 9~
(1) — G — (€& 0)[-2 =225
L~ o~
Note that 7« 1 (C'® C) = (C' x C)[1]. It follows that the triangle

-1 A

(6.7) C(1) — 7<1(C}) — (C x C)[-1] =— C(1)[1],
where 7 is the composition

(1d &8;)[-1]
—

~ ~ ~ L ~
7:CxC — (C®(C)[-1] C(1)[2],
is exact. Note that m ok = Ay by the definition of A in (5.1).
Write C5 for the complex
Coker (C*(X, K») — C*(G x X, K,))

induced by the projection G x X — X. The external product of cycles gives
a morphism of complexes x : C7 — C3. The action morphism a : G x X — X
yields the composition of complexes

C* (X, Ky) 5 TG x X, K,) — C8.

Similarly, the projection p : G X X — G yields the morphism of complexes
p*: C" (G, Ky) — C.
We have then the following diagram of morphisms of complexes

(6.8) Cs

C"(X, K») —“= C3 <2 T'(G, K).

Note that all the morphisms in the diagram are isomorphisms on H° = C « L.
We prove the proposition after localizing at [ or (), where [ is the charac-
teristic exponent of F'. R
First localize at [. In particular, we have C' ® F* = 0 as F is separably
closed.
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By Proposition 3.5, we have H(C3) = (C +C) & D(G) and H' = D(G) for
the other two complexes in the bottom row of the diagram (6.8). By Lemma
6.11, 0y = nﬁ?) =n(C"(X, K>)) and 0 = ng) =n(C"(G, Ky)).

It follows from (6.7) that H'(C?) = C % C. Moreover, the morphism y :
C? — C5 induces the identity on H° and the canonical inclusion on H'. By
(6.7), the morphism n(C?) : C * C — C(1)[2] coincides with 7. Hence the
composition of the inclusion C*C (é s 6’) @ D(G) and 1(C3) also coincides

with 7.
The map p* induces the canonical inclusion D(G) — (C'*C) & D(G) on H!

and a* induces the map ({) : D(G) < (C « C) & D(G) by Proposition 6.9.
We have the following commutative diagram

(6.9) D(G)

It follows that 0y = 0 + Ay.
If G is split, by Corollary 3.6, the rows of the diagram

ZYG, K>) D(G) —0

| |

00— (é * M)(Fsep) - FZFsep(G) - ZI(GSGIN KQ) - D(Gsep) —0

are exact. As G is split, the right vertical homomorphism is an isomorphism.

It follows that the map Z'(Gyep, K2)'F — D(Geep)'t = D(G) is surjective.

Hence the connecting homomorphism for the exact sequence in the diagram
D(G) = D(Geep)'F — HX(F,C * ) = H*(F,C(1))

is trivial. R N R
Now localize at the ideal (). We have C'x =0 and C(1) = (C® F*)[-1].
It follows from (6.7) that there is an exact sequence
0— C®F< — HY(C}) — C+xC — 0.
By Proposition 3.5, the H!-cohomology of all the complexes in the diagram

(6.8) contain C®F* and all the morphisms in the diagram induce the identity

morphism on C ® F*. As above, the diagram (6.8) yields the diagram (6.9)
with the morphism 7(C3) replaced by the one induced by the exact sequence

0—C®F* — HY(C) — (C+C)® D(G) — 0.
Therefore, again 0y = 0 + Ay.
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The last statement, when G is split, is proved in a similar manner using the
commutative diagram

ANG, K>) D(G) —— 0

| |

)— 6@ FX — Al(Gsep,Kg) — D(Gsep) —0

sep
with the exact rows. O

Now consider the map
e D(G) — H2(Y,C(1))

for an arbitrary G-torsor f: X — Y. We prove that ey = 6¢, + A}.

Choose a generically free representation V' of G such that there is a G-
equivariant open subset U C V with the property codimy (V' \ U) > 2 and
a G-torsor g : U — Z with Z(F) # () (see Section 5a). By assumption on
codimension, we have F[U]* = F* and CH'(U) = 0. It follows from (1.1)
that F[Z]* = F* and CH'(Z) = 0. By Corollary 6.4, the map

(6.10) H?*(Z,C(1)) — HX(F(Z),C(1))
is injective.

Let h : E — Spec F'(Z) be the generic fiber of g. By Lemma 6.13 applied to
the G-torsor h, €, = 05 + Aj. Therefore,

(eg)r(z) = en =05 + A, = (0c + Ay r(2)-
The injectivity of the map (6.10) implies that
(6.11) gg = O + Ay

Consider the G-torsor k: X x U — W := (X x U)/G. We have the natural
projections p : W — Y and W — Z. The inverse images of the G-torsors
f: X =Y and g:U — Z to W are both isomorphic to k. It follows that

(6.12) (ep)w =k = (eg)w and (A)w = An = (A))w-

Note that W is an open subvariety in the vector bundle (X x V')/G over
Y with the closed complement of codimension at least 2. Hence by the ho-
motopy invariance property for vector bundles, the natural maps F[Yiep]* —
F[Wep)* and CH'(Y,ep,) — CH'(W,,) are isomorphisms. Moreover, W is an
open subset in the vector bundle (X x V)/G — Y, hence the field exten-
sion F'(Weep)/F(Yaep) is purely transcendental and therefore, the natural map

Br(Yaep) — Br(Waep) is injective. By Lemma 6.5, the map p* : H2(Y, C(1)) —

o~

H?*(W,C(1)) is injective. By (6.11) and (6.12), we have
(er)w =¢er = (eg)w = (06 + 2w = (05 + Ap)w-
The injectivity of p* implies that ey = 07, + A}.



1]
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