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Abstract. In the present paper, we provide a lower bound of the essential dimen-
sion over a field of positive characteristic via Kato’s cohomology group, defined by
cokernel of a general Artin-Schreier operator. Combining this with Tignol’s result
on the second trace form of simple algebras of degree 4, we show that ed(PGL4) ≥ 4
over a field of characteristic 2.


1. Introduction


Let F be a field and T : Fields/F → Sets be a functor from the category Fields/F
of field extensions over F to the category Sets of sets. We shall write ed(T ) for the
essential dimension of T .


A way to find lower bounds for the essential dimension of T is to give nontrivial


cohomological invariants associated to T . More precisely, if there exists a nontrivial
cohomological invariant of degree n with values in a torsion Galois module of exponent
not divisible by the characteristic of F , then ed(T ) ≥ n. This approach produces lower
bounds for various algebraic structures [7, §12], but may not work when the exponent
is a multiple of the characteristic of F .


In this paper, we presents a lower bound of the essential dimension based on the
cohomological invariants with values in Kato’s cohomology group. As an application,
we compute the essential dimension of the functor given by the classes of n-fold
quadratic Pfister forms.


In the last section, we provide our main result, ed(PGL4) ≥ 4 over a field of
characteristic 2 by relating the result in the previous section and Tignol’s theorem on
the second trace form of simple algebras of degree 4.


2. Lower bound via cohomological invariants


Let F be field of characteristic p > 0. For any n ≥ 0, we denote by Ωn
F the nth


exterior power of the absolute differential module Ω1
F . Let d : Ωn


F → Ωn+1
F be the


exterior derivation given by d(ydx1 ∧ . . . ∧ dxn) = dy ∧ dx1 ∧ . . . ∧ dxn.
We write Hn+1


p (F ) for the cokernel of the homomorphism ℘ : Ωn
F → Ωn


F/dΩ
n−1
F


defined by


℘(y
dx1


x1
∧ . . . ∧


dxn


xn
) = (yp − y)


dx1


x1
∧ . . . ∧


dxn


xn
.
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For a field extension K/F , we have a cohomological functor of degree n + 1


H : Fields/F → Abelian Groups by K 7→ Hn+1
p (K).


A cohomological invariant of degree n+1 associated to a functor T : Fields/F → Sets


is a morphism of functors q : T → H . An invariant q is nontrivial if there exists a
field extension K/F containing an algebraic closure F̄ of F and an element t ∈ T (K)
such that q(K)(t) 6= 0 in H(K).


Lemma 2.1. Let F be a field of characteristic p > 0 and let T : Fields/F → Sets be


a functor. If there exists a nontrivial invariant of degree n+ 1 associated to T , then


ed(T ) ≥ n + 1.


Proof. Since essential dimension goes down with field extensions, we may replace F
by F̄ . Let K/F be a field extension such that there exists t ∈ T (K) with q(K)(t) 6= 0
in H(K). Assume that ed(T ) ≤ n. Then, there exist an intermediate field E of K/F
and t′ ∈ T (E) such that tr. degF E ≤ n and t = t′K . Therefore, by [8, Chap. II,
§4, Exercises 3)(a)] (see also [2, Proposition]), we have H(E) = 0. This leads to a
contradiction by the following commutative diagram


T (E)
q(E)


−−−→ H(E)






y








y


T (K)
q(K)
−−−→ H(K)


�


Example 2.2. Let F be a field of characteristic 2. Consider the functor Pn :
Fields/F → Sets which assigns to a field extension K/F the set of K-isomorphism
classes of n-fold quadratic Pfister forms


〈〈a1, . . . , an−1, an]] := 〈1, a1〉 ⊗ · · · ⊗ 〈1, an−1〉 ⊗ [1, an].


Consider the cohomological invariant q : Pn → H of degree n defined by


〈〈a1, . . . , an−1, an]] 7→ an
da1
a1


∧ . . . ∧
dan−1


an−1
.


We show that q is nontrivial. Let L = F̄ (x1, . . . , xn) with independent variables
x1, . . . , xn. Then, the form φ := 〈〈x1, . . . , xn−1, xn]] is anisotropic over L. Hence, by
[5, Theorem (2)], q(L)(φ) is nonzero in H(L). By Lemma 2.1, we have ed(Pn) ≥ n.
Thus, ed(Pn) = n.


Example 2.3. As G2-torsors is bijective to P3, we have ed(G2) = 3 over a field of
characteristic 2.
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3. A lower bound of ed(PGL4) in characteristic 2


Let F be a field of characteristic 2. For any central simple F -algebra A of degree
n, there exists a quadratic form φA : A → F given by φA(a) = s2(a), the second
coefficient of the reduced characteristic polynomial of A


PrdA,a(x) = xn − s1(a)x
n−1 + s2(a)x


n−2 − · · ·+ (−1)nsn(a).


In [9, Théorème 1] Tignol showed that for any central simple F -algebra A of degree
4 there exist 2-fold Pfister form φ2,A and 4-fold Pfister form φ4,A such that


(1) φA = [1, 1] + φ2,A + φ4,A ∈ Wq(F ).


Moreover, φ2,A is a norm form of Q such that
[


A⊗A
]


=
[


Q
]


in Br(F ) (i.e., φ2,A = φQ)
and φ4,A = 〈〈a1, a2〉〉 ⊗ φ2,A for some a1, a2 ∈ F×.


By a theorem of Kato [5, Theorem (2)], we have an isomorphism


en+1 : I
n+1
q (K)/In+2


q (K) → Hn+1
2 (K)


for any field extension K/F . Therefore, the quadratic form φ2,A (resp. φ4,A) in (1)
defines a cohomological invariant of degree 2 (resp. 4) associated to PGL4-torsors :


(2) q : PGL4-torsors → H given by A 7→ e2(φ2,A) (resp. e4(φ4,A)).


We recall parametrizations of central simple F -algebras of degree 2 and 4. For a
field extension K/F , a ∈ K×, and b ∈ K, we write Q :=


(


a, b
]


K
for the quaternion


algebra K⊕Ki⊕Kj⊕Kji with the multiplication i2 = a, j2+ j = b, and ji = ij+ i.
By a simple calculation, we have φQ = 〈〈a, b]].


For a ∈ K, we write Ka for the quadratic étale K-algebra K[t]/(t2 + t+ a). Let L
be a biquadratic étale K-algebra which is generated by two elements α and β subject
to the relations α2 + α = a, β2 + β = b, αβ = βα for some a, b ∈ K. We shall
denote such an algebra by Ka,b. The automorphism group of Ka,b/K is generated the
automorphisms σ and τ with the following relations:


σ(α) = α, σ(β) = β + 1, τ(β) = β, τ(α) = α + 1.


Let u ∈ K×


a , v ∈ K×


b , and w ∈ K×


a+b satisfying NKa/K(u) ·NKb/K(v) = NKa+b/K(w).
Consider the algebra Ka,b⊕Ka,b ·λ⊕Ka,b · δ⊕Ka,b ·λδ over K with the multiplication


λ2 = u, δ2 = v, (λδ)2 = w, λc = σ(c)λ, δc = τ(c)δ


for all c ∈ Ka,b. We write (Ka,b, u, v, w) for such an algebra. By a theorem of Albert,
every central simple K-algebra A of degree 4 is isomorphic to for some (Ka,b, u, v, w).


Proposition 3.1. Let F be a field of characteristic 2. Then, ed(PGL4) ≥ 4.


Proof. We first show that the cohomological invariant of degree 4 in (2) is nontrivial.
To do this, we slightly modify a generic abelian crossed product algebra given in [9,
4. Exemple] and [1]. Let K = F̄ (x, y) with independent variables x, y. Consider a
division algebra A := (Kx,y, u, v, w) over K such that ind(A) = exp(A) = 4 for some
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u ∈ K×


x , v ∈ K×


y , w ∈ K×


x,y. By a simple modification, we may assume that u = f +α
and v = g + β with nonzero f, g ∈ K.


Let s and t be independent variables over K. Extend the automorphisms σ and
τ of Gal(Kx,y/K) to the automorphisms of Gal(Kx,y(s, t)/K(s, t)) by fixing s and
t. Let B := (Kx,y(s, t), s, t, st) =


(


s, x
]


K(s,t)
⊗


(


t, y
]


K(s,t)
be a biquaternion algebra


over K(s, t). Then, AK(s,t) ⊗ B is Brauer equivalent to a division K(s, t)-algebra
D := (Kx,y(s, t), us, vt, wst) such that ind(D) = exp(D) = 4. In Br(K(s, t)), we have


[


D ⊗D
]


=
[


AK(s,t) ⊗ AK(s,t)


]


=
[(


NKy/K(v), x
]


K(s,t)


]


,


thus, we obtain an anisotropic form φ2,D = 〈〈NKy/K(v), x]] = 〈〈g2 + g + y, x]] over
K(s, t) in the decomposition of φD.


Since φD(λ) = s and φD(δ) = t, it follows from [9, Lemme] and [6, Theorem 2.10]
that φ4,D = 〈〈s, t, g2 + g + y, x]]. As s and t are independent variables over K and
φ2,D is anisotropic over F̄ (x, y, s, t), the form φ4,D is anisotropic over F̄ (x, y, s, t).
Therefore, by [5, Theorem (2)], the invariant q(F̄ (x, y, s, t))(φ4,D) in (2) is nonzero in
H(F̄ (x, y, s, t)). Finally, by Lemma 2.1 we obtain ed(PGL4) ≥ 4. �


Remark 3.2. As ed(PGL4) ≤ 5, we have ed(PGL4) is either 4 or 5. When
char(F ) 6= 2, it was shown by Rost that ed(PGL4) = 5.
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