ESSENTIAL DIMENSION
IN MIXED CHARACTERISTIC
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ABSTRACT. Let R be a discrete valuation ring with residue field
k and fraction field K. We say that a finite group G is weakly
tame at a prime p if it has no non-trivial normal p-subgroups. By
convention, every finite group is weakly tame at 0. We show that if
G is weakly tame at char(k), then edx (G) > edi(G). Here edp(G)
denotes the essential dimension of G over the field F.. We also
prove a more general statement of this type, for a class of étale
gerbes 2~ over R.

As a corollary, we show that if G is weakly tame at p, then
edg G > edy G for any field K of characteristic 0 and any field
k of characteristic p, provided that k contains Fp. We also show
that a conjecture of A. Ledet, asserting that edy(Z/p"Z) = n for
a field k of characteristic p > 0 implies that edc(G) > n for any
finite group G which is weakly tame at p and contains an element
of order p™. To the best of our knowledge, an unconditional proof
of the last inequality is out of the reach of all presently known
techniques.

1. INTRODUCTION

Let R be a discrete valuation ring with residue field k£ and frac-
tion field K, and let G be a finite group. In this paper we will com-
pare edg (G) and edy(G). More generally, we will compare edx(Z) to
edi(Z") for an étale gerbe 2 over R. For an overview of the theory of
essential dimension, we refer the reader to [BRV11] Mer13, Reil0].
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To state our main result, we will need some definitions.

Suppose S is a scheme. By an étale gerbe & — S we mean an
algebraic stack that is a gerbe in the étale topology on S. Furthermore,
we will always assume that there exists an étale covering {S; — S},
such that the pullback Z, is of the form %g, G;, where G; — S; is a
finite étale group scheme.

We say that a finite group G is tame (resp. weakly tame) at a prime
number p if p 1 |G| (resp. G contains no non-trivial normal p-subgroup).
Equivalently, G is tame at p if the trivial group is the (unique) p-Sylow
subgroup of GG, and G is weakly tame at p if the intersection of all p-
Sylow subgroups of G is trivial. By convention we say that every finite
group is both tame and weakly tame at 0.

By a geometric point of S, we mean a morphism Spec ) — S with
() an algebraically closed field. We say that a finite étale group scheme
G over S is tame (resp. weakly tame) if, for every geometric point
Spec) — S, the group G(f) is tame (resp. weakly tame) at char ().
Similarly, we say that an étale gerbe 2~ — S is tame (resp. weakly
tame) if, for every object & over a geometric point Spec Q2 — S, the
automorphism group Autg £ is tame (resp. weakly tame) at char €.

A key result of [BRV1I] is the so called Genericity Theorem for
tame Deligne-Mumford stacks, [BRV11, Theorem 6.1]. The proof of
this result in [BRV1I] was based on the following.

Theorem 1.1 ([BRV1I, Theorem 5.11}). Let R be a discrete valuation
ring (DVR) with residue field k and fraction field K, and let

2 — Spec R
be a tame étale gerbe. Then edx Zx = edy 2.

Here 2% and %} are respectively the generic fiber and the special
fiber of 2~ — Spec R.

Unfortunately, the proof of [BRVI1I, Theorem 5.11] contains an er-
ror in the case when char K = 0 and chark > 0. This was noticed
by Amit Hogadi, to whom we are very grateful. (See Remark for
an explanation of the error.) For the applications in [BRV11] only the
equicharacteristic case was needed, so this mistake in the proof of The-
orem [[T] does not affect any other results in [BRVII] (the genericity
theorem, in particular). However, the assertion of Theorem [[T]in the
mixed characteristic case remained of interest to us, as a way of relating
essential dimension in positive characteristic to essential dimension in
characteristic 0. In this paper, our main result is the following strength-
ened version of Theorem [L.1]
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Theorem 1.2. Let R be a DVR with residue field k and fraction field
K, and let
2 — Spec R

be a weakly tame étale gerbe. Then edg Zx > edy 2.

In particular, [BRV11, Theorem 5.11] is valid as stated. Moreover,
our new proof is considerably shorter than the one in [BRV11]. And in
Section [3l we will deduce some rather surprising consequences.

We will give two proofs of our main result, one for gerbes of the form
where 2" = #BrG, where G is a (constant) finite group (Theorem [2.4))
and the other for the general case. The ideas in these two proofs are
closely related; the proof of Theorem 2.4] allows us to introduce these
ideas, initially, in the elementary setting of classical valuation theory.
A separate proof of Theorem [2.4] also makes the applications in Section
3 accessible to those readers who are not familiar with, or don’t care
for, the language of gerbes.

2. PROOF OoF THEOREM IN THE CONSTANT CASE

In this section we will prove a special case of Theorem [[L2, where
2 = PrG for G a finite group (viewed as a constant group scheme
over Spec R); see Theorem [2.4]

Throughout this section we will assume that L is a field equipped
with a (surjective) discrete valuation v: L* — Z and K is a subfield of
L such that v(K*) = Z. We will denote the residue fields of L and K
by [ and k, respectively. Similarly, we will denote the valuation rings
by O and Ok.

The following lemma is a special case of the Corollary to Theorem
1.20 in [Vaq06]. For the convenience of the reader, we supply a short
proof.

Lemma 2.1. trdeg(I) < trdegy(L).
Proof. Let uy, ..., u, € [ be algebraically independent over k. Lift each

u; to v; € Oy C L. It now suffices to show that vy,... v, are alge-
braically independent over K. Assume the contrary: f(vi,...,v,) =0
for some polynomial 0 # f(xy,...,x,) € K|x1,...,2,]. After clearing

denominators we may assume that every coefficient of f lies in Ok, and
at least one of the coeflicients has valuation 0. If f; is the image of f in
k[xy, ..., xy) then fo # 0 and fo(us, ..., u,) = 0. This contradicts our
assumption that uq,...,u,, are algebraically independent over k. &

Let L, = v~ (m)U{0} and L.n, = U5, Lj- Note that, by defi-

nition, L>o = O}, is the valuation ring of v, L-; is the maximal ideal,
and Lso/L>; = [ is the residue field.
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Lemma 2.2. Assume that g is an automorphism of L of finite order
d > 1, preserving the valuation v. Let p = char(l) > 0. If g induces a
trivial automorphism on both Lso/Lsy and Ls1/Lss, then

(a) d=1 (i.e., g =1id is the identity automorphism) if p =0, and
(b) d is a power of p, if p > 0.

Part (a) is proved in [BR97, Lemma 5.1]; a minor variant of the
same argument also proves (b). Alternatively, with some additional
work, Lemma can be deduced from [ZS58, Theorem 25, p. 295].
For the reader’s convenience we will give a short self-contained proof
below.

Proof. In case (b), write d = mp", where m is not divisible by p. After
replacing g by ¢, we may assume that d is prime to p. In both parts
we need to conclude that ¢ is the identity.

Let G be the cyclic group generated by g; then G is linearly reductive.
Since the action of G on £ is trivial, the induced action on L;/L>;41 is (-
linear. Furthermore, let ¢ € L; be a uniformizing parameter. By our as-
sumption g(t) =t (mod Ls5). Thus multiplication by ¢~ induces the
(-linear G-equivariant isomorphism (Ls;/L2)®" ~ L+;/L>;;;. Conse-
quently, G acts trivially on Ls;/L~;y, for all i > 0. Since G is linearly
reductive, from the exact sequence

0— Lyi/Lsiy1 — L/Lziy1 — L/Ls; — 0

we deduce, by induction on 7, that G acts trivially on L/L-; for every
7 > 1. Since ﬂ@o L; = 0, this implies that the action of G on L is
trivial. Since G acts faithfully on L, we conclude that G = {1}, and
the lemma follows. ®

Proposition 2.3. Consider a faithful action of a finite group G on L,
such that G preserves v and acts trivially on K. Let A be the kernel
of the induced G-action on l. Then A = {1} if char(k) =0 and A is a

p-subgroup if char(k) = p.

Proof. Assume the contrary. Then we can choose an element g € A of
prime order ¢, such that ¢ # char(k). Let M be the maximal ideal of
the valuation ring . Since we are assuming that v(K*) = v(L*) = Z,
we can choose a uniformizing parameter ¢ € K for v. Since g € A, ¢
acts trivially on both [ = & /M and M/M? = [-t. By Lemma 22,
g acts trivially on L. This contradicts our assumption that G acts
faithfully on L. 'y

We are now ready to prove the main result of this section.
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Theorem 2.4. Let (R,v) be a discrete valuation ring with residue field
k and fraction field K, and G be a finite group. If p = char(k) > 0,
assume that G is weakly tame at p. Then edi(G) = edi(G).

Proof. Set d := edg(G). Let R[G] be the group algebra of G and let
Vir = (AR)|G‘ denote the corresponding R-scheme equipped with the
(left) regular action of G. By definition d is the minimal transcen-
dence degree trdeg (L), where L ranges over G-invariant intermediate
subfields K C L C K(Vk) such that the G-action on L is faithful;
see [BRI7]. Choose a G-invariant intermediate subfield L such that
trdegy (L) = d.

We will now construct a G-invariant intermediate subfield k C | C
k(Vi), where Vj is the regular representation of G over k, as follows.
Lift the given valuation v: K* — Z to the purely transcendental ex-
tension K (Vk) of K in the obvious way. That is, v : K(Vg)* — Z is
the divisorial valuation corresponding to the fiber of Vy over the closed
point in Spec R. The residue field of K (Vi) is then k(V}). By restric-
tion, v is a valuation on L with v(L*) = Z. Let [ be the residue field
of L. Clearly k C | C k(V}) and v is invariant under G. By Proposi-
tion 23] G acts faithfully on [. Moreover, by Lemma[2.1] trdeg,({) < d.
Thus edy(G) < d = edg(G), as desired.

3. APPLICATIONS AND EXAMPLES

We begin with the following easy corollary of Theorem 2.4l

Corollary 3.1. Let p be a prime, G a finite group weakly tame at p.
Then

(a) (cf. [ToslT, Corollary 4.2]) edg G = edg, G.
(b) If K is a field of characteristic 0 and k a field of characteristic p
containing Fy, then edg G > ed; G.

Proof. (a) follows directly from Theorem [2.4] by taking R to be the
localization of the ring of integers Z at a prime ideal pZ.

(b) Let K be the algebraic closure of K. Since edy(G) > edw(G),
we may replace that K by K and thus assume that K is algebraically
closed. Note that edx G = edgG and ed;, G = edg, G; see [BRV(T,
Proposition 2.14] or [Tos17, Example 4.10].

Choose a number field E C Q such that edg G = ed@G and let
pC O B a prime in the ring OF of algebraic integers in E lying over p.

Set Ey = Og/p. Since k contains I, there is an embedding £y C k. By
Theorem2.4] edp(G) > edg,(G) and since Ey C k, edg, G > ed;, G. &
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Remark 3.2. One could reasonably conjecture that, under the hy-
potheses of Corollary Bb), edx G = edy G, provided that K is alge-
braically closed.

For our second application, recall the following conjecture of A. Ledet

[Led04].

Conjecture 3.3. If £ is a field of characteristic p > 0, n is a natural
number, and C,» is a cyclic group of order p”™, then ed;(Cyn) = n.

It is known that in characteristic p, ed(Cpn) < n for every n > 1
(see [Led04]) and ed(Cpn) > 2 if n > 2 ([Led07, Theorems 5 and 7]).
Thus the conjecture holds for n = 1 and n = 2; it remains open for
every n = 3.

Conjecture has the following surprising consequence.

Corollary 3.4. Assume that a finite group G is weakly tame at a prime
p and contains an element of order p™. Let K be a field of characteristic

0. If Conjecture holds for Cyn, then edx(G) > n.

Proof. By Corollary BI(b), with k = F,, we have edg(G) > ed(G).
Since G contains Cyn, edi(G) = edg(Cpn), and by Conjecture B3]
edk(cpn> =n. Q

Example 3.5. Let p be a prime and n a positive integer. Choose a
positive integer m such that ¢ < mp™ + 1 is a prime. (By Dirichlet’s
theorem on primes in arithmetic progressions, there are infinitely many
such m.) Let C, be a cyclic group of order g. Then Aut C, = (Z/qZ)*
is cyclic of order mp™; let Cpn C (Z/qZ)* denote the subgroup of order
p". Set G = Cpn x C4. Then

(a) G is weakly tame at p, and
(b) if Conjecture holds, then edx(G) > n for any field K of

characteristic 0.

To prove (a), suppose S C G is a normal p-subgroup. Then S lies
in every Sylow p-subgroup of ¢, in particular, in Cpn. Our goal is to
show that S = {1}. The cyclic group C, of prime order ¢ acts on S
by conjugation. Since g > p™ > |S|, this action is trivial. In other
words, S is a central subgroup of G. In particular, S acts trivially on
C, by conjugation. On the other hand, by the definition of GG, C» acts
faithfully on C, by conjugation. We conclude that S = {1}, as desired.
Part (b) follows from Corollary 341 [ )
Note that the inequality of part (b) is equivalent to

(3.1) edc(Cpn x Cp) =,
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where C is the field of complex numbers (once again, see [BRV07,
Proposition 2.14] or [Tosl7, Example 4.10]). The essential dimension
of Cpn x G, at a prime r is given by

ede(Cpn;p) =1, ifr=p
edc(G;r) = { edc(Cy; q) = 1, if r = ¢, and

edc({1};7) =0,if r #por q.

In this case, the inequality (8.1 can be proved unconditionally (i.e.,
without assuming Conjecture B3)) for n = 2 and 3 by appealing to
the classifications of finite groups of essential dimension 1 and 2 over
C in [BRO7, Theorem 6.2] and [Dunl3, Theorem 1.1] respectively. So,
for n > 2, edc(G;r) is smaller than the (absolute) essential dimension
edc(Cpn X ). Thus, in the language of [Reil(), Section 5], proving the
inequality (3.]) is a “Type 2 problem”. As is explained in [Reil()], such
problems are only accessible by existing techniques in low dimensions.
To the best of our knowledge, an unconditional proof of ([B.]), or even
of the inequality ed¢(Cpn x C,) > 4 for any n > 4, is out of the reach
of all currently available techniques.

Remark 3.6. It is shown in [RV17] that if G is a finite group and k is
a field of characteristic p, then

1, if p divides |G|, and
0, otherwise.

(3:2) edy(Gsp) = {

In particular, Conjecture3.3lis also a Type 2 problem. Note also that in
view of ([B:2), Corollary BI(b) continues to hold if we replace essential
dimension by essential dimension at p, for trivial reasons. Moreover,
under the assumptions of Corollary B, (a') edg(G;p) = edr,(G;p)
and (b') edg (G;p) = edi(G; p), for any finite group G, not necessarily
weakly tame. In (b’) we can also drop the requirement that k& should
contain Fp. Note however that our proof of Theorem 2.4 breaks down
if we replace essential dimension by essential dimension at p.

Example 3.7. The following example shows that Theorem 2.4 fails if
we do not assume that G is weakly tame. Choose R so that char K = 0,
chark = p > 0, and K contains a p?>-th root of 1. Let G = Cj be the
cyclic group of order p?. Since K contains a primitive p-th root of 1,
edg (G) = edg(Cpz) = 1. On the other hand, as we pointed out above,
Conjecture 3.3 is known for n = 2, and thus ed;(G) = ed(C,2) = 2.

Example 3.8. Here is an example showing that Theorem 2.4l fails if we
do not assume that R is a DVR. Let R C C[[t]] be the subring consisting
of power series in t with constant coefficient, whose constant term is
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real. Then R is a one-dimensional complete Noetherian local ring with
quotient field K = C((t)) and residue field £ = R, but not a DVR. In
this situation edx(G) = edg)(Cys) = 1, while edy(G) = edr(Cy) = 2;
see [BF03, Theorem 7.6].

Example 3.9. (cf. [Tosl7, Remark 4.5(ii)]) This example shows that
essential dimension does not satisfy any reasonable semicontinuity, even
in characteristic 0. Consider the scheme

S = Spec Q[u, x]/(2* — u) .

The embedding Q[u] € Q[u, ]/(z* — u) gives a finite map S — Ag. If
p is an odd prime, the inverse image of the prime (v — p) C Q[u] in
S consists of a point s, with residue field k(p) = Q[z](z* — p). Then
edyp)(Cs) = 1if —1is a square modulo p, and ed;(y Cy = 2 if —1 is not
a square modulo p; once again, see [BF03, Theorem 7.6]. Equivalently,
edip)(Cs) = 1if p =1 (mod 4), and edyp) Cy = 2 is p = 3 (mod 4).
We conclude that the set of points s € S with edy) C4 = 1 is dense
in S, and likewise for the set of points s € S with edj) C4 = 2 is also
dense in S.

4. PROOF OF THEOREM

We begin by remarking that an étale gerbe 2~ — S is weakly tame
if and only if there exists an étale cover {S; — S} such that each
Zs, — S; is equivalent to HABs,G; — S; with G; weakly tame étale
group schemes over S;.

Our proof of Theorem will rely on the following fact.

Lemma 4.1. Let ZF — Spec F be a finite étale gerbe over a field F .
Suppose that A is a non-zero finite F-algebra, and that the morphism
Spec A — Spec F' has a lifting ¢: Spec A — ZF. Consider the locally
free sheaf ¢.Ospeca on Xp; call V' — Zp the corresponding vector
bundle on Zr. Then ¥ has a non-empty open subscheme U C V.
Furthermore, if k(U) is the field of rational functions on U, the com-
posite Spec k(U) — U C ¥ — Zr gives a versal object of Zr(k(U)).

Proof. Let us show that 7 is generically a scheme. We can extend
the base field I, so that it is algebraically closed; in this case ZF
is the classifying space ZrG of a finite group G, and there exists a
homomorphism of F-algebras A — F. The vector bundle ¥ — .%&
corresponds to a representation V' of GG; by the semicontinuity of the
degree of the stabilizer for finite group actions, it is enough to show that
V has a point with trivial stabilizer. The homomorphism A — F gives
a morphism Spec F' — Spec A, and the composite Spec F' — Spec A —
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BrG corresponds to the trivial G-torsor on Spec F'. If we call # the
pushforward of Ogpecrp to BpG, then # C #. On the other hand
W corresponds to the regular representation of GG, and so the generic
stabilizer is trivial, which proves what we want.

Let us show that the composite Speck(U) — U C ¥ — Zr is
versal; the argument is standard. Suppose that K is an extension of F
that is an infinite field, and consider a morphism Spec K — 2. It is
enough to prove that for any open subscheme U — 7', the morphism
Spec K — ZF factors through u C ¥ — ZF. The pullback Vi —
Spec K of ¥ — ZF is a vector space on K, and the inverse image
Uk C Vi of U C ¥ is a non-empty open subscheme; hence Uy (K) # (),
which ends the proof. 'y

Proof of Theorem[L2 Let R be the ‘completion of R and K be the
fraction field of R. Then clearly K C K and thus ed kK (Zk) > edp (% =

Thus for the purpose of proving Theorem [[.2] we may replace R by R.
In other words, we may (and will) assume that R is complete.

Let R — A be an étale faithfully flat algebra such that 2" (A) # 0;
since R is henselian, by passing to a component of Spec A we can as-
sume that R — A is finite. Consider the lifting ¢: SpecA — Z7;
this is flat and finite. Let ¥ — 2" be the vector bundle correspond-
ing to ¢.O0gpeca. If U — 7 is the largest open subscheme of 7,
the Lemma above implies that U — Spec R is surjective. Denote by
Uk and Uy respectively the generic and special fiber of U — Spec R;
call E and Ej the fields of rational functions on Ug and Uy respec-
tively. Again because of the Lemma, the objects &: Spec B — 2k
and &y: Spec Ey — 2 are versal.

Consider the local ring O of U at the generic point of Uy, which
is a DVR. The residue field of 0% is Ej, and we have a morphism
=: Spec Op — Z whose restrictions to Spec K and Spec k are isomor-
phic to & and & respectively.

Set m = edgx Zx; we need to show that & has a compression of
transcendence degree at most m.

There exists a field of definition K C L C FE for £ such that
trdegy L = m; call 0: Spec L — 2 the corresponding morphism, so

that we have a factorization Spec £ — Spec L S X for ¢. Consider
the intersection @; = Gx N L C E; then 0}, is a DVR with quotient
field L. Call Ly it residue field; we have Ly C Ey. By Lemma 2.1
trdeg;, Lo < trdegy L.

Now it suffices to show that &: Spec By — % factors through
Spec Ly. Assume that we have proved that the morphism #: Spec L —
2 extends to a morphism ©: Spec & — 2 . The composite Spec £ C
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Spec O 5 2 s isomorphic to the composite Spec E — Spec L C
Spec 07, S ¥ ; since 2 is separated, it follows from the valuative cri-

terion of separation that the composite Spec O N Spec O, — X
is isomorphic to Z: Spec 0, — 2. By restricting to the central
fibers we deduce that & : Spec Ey — £ is isomorphic to the composite
Spec Ey — Spec Ly — £, and we are done.

To prove the existence of the extension ©: Spec &p — 2, notice
that the uniqueness of such extension implies that to prove its existence
we can pass to a finite étale extension R C R, where R’ is a DVR; it
is straightforward to check that formation of & and O commutes
with such a base change. Hence we can assume that 2" has a section,
so that 2 = ABrG, where G — Spec R is a finite étale weakly tame
group scheme. By passing to a further covering we can assume that
G — Spec R is constant, that is, the product of Spec R with a finite
group I'. If A is an R-algebra, an action of G on Spec A correspond to
action of T'.

The vector bundle ¥ — 2" corresponds to a vector bundle Vi —
Spec R with an R-linear action of I', such that the induced representa-
tions of I on Vi and V; are faithful. Call E' the function field of Vi and
Ey the function field of V;; then E¥ = E, and therefore ﬁg = Of. The

factorization Spec £ — Spec L — 2~ gives a -torsor Spec L— Spec L
whose lift to Spec F is isomorphic to Spec £ — Spec E; then L is a
-invariant subfield of E. Then O “Ine = is a I-invariant DVR,
and 0 = L' N 6% = 0.

Call mz C 05 the maximal ideal; then 05 /m; = 'EO. If ¢t € R is the
uniformizing parameter, the image of ¢ in 07, which we denote again
by t, is a uniformizing parameter; this is ['-invariant. The action of
I' on 05 descends to an action of I' on ZO. By Proposition 2.3 this
action is faithful.

So the action of " on Spec Ly is free over k; this implies that the
action of I' on Spec 0; — Spec R is free, so Spec 03 — (Spec 0%3)/G =
Spec 0, is a ['-torsor. This gives the desired morphism ©: Spec 0 —
2, and ends the proof of the Theorem. ' Y

Remark 4.2. The problem with the proof of [BRV11, Theorem 5.11]
was in the last sentence of the second paragraph on page 1094. It is
the claim there that we can replace the discrete valuation ring R in
the proof with the ring called W (k(s)). Since the essential dimension
of the generic point can go up when we make this replacement, this is,
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in fact, not allowable. (In effect, our mistake boils down to using an
inequality in the wrong direction.)

Note also that the proof of the characteristic 0 genericity theorem
in [BRVQT7] does not rely on Theorem [Tl For that argument, which
was different from the proof of [BRV11, Theorem 6.1], see [BRVQT,
Theorem 4.1].
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