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Abstract. We consider the CSLs of 4-dimensional hy-
percubic lattices. In particular, we derive the coincidence
index S and calculate the number of different CSLs as
well as the number of inequivalent CSLs for a given S.
The hypercubic face centered case is dealt with in detail
and it is sketched how to derive the corresponding results
for the primitive hypercubic lattice.

1. Introduction

Coincidence site lattices (CSL) for three-dimensional lat-
tices have been studied intensively since they are an impor-
tant tool to characterize and analyze the structure of grain
boundaries in crystals ([1, 2] and references therein). For
quasicrystals these concepts have to be adapted. Since a lot
of quasiperiodic structures can be obtained by the well-
known cut and projection scheme [3, 4] from a periodic
structure in superspace, it is natural to also investigate
CSLs in higher dimension. An important example are the
four-dimensional hypercubic lattices, which shall be dis-
cussed here. Four-dimensional lattices are particularly inter-
esting since they are the first ones that allow 5-fold, 8-fold,
10-fold and 12-fold symmetries which are actually ob-
served in quasicrystals. In particular the four-dimensional
hypercubic lattices allow 8-fold symmetries, from which
we can obtain e.g. the prominent Ammann-Beenker tiling [4].

Since rotations in four-dimensional space can be para-
meterized by quaternions, one has a strong tool to investi-
gate the CSLs of the hypercubic lattices. In particular, one
knows all coincidence rotations [5] and thus all CSLs can
be characterized. But one can go much further and this will
be done in the present paper. We first calculate the coinci-
dence index S and then we try to find all CSLs for a given
index S. It turns out that one can calculate the total number
of different CSLs for a given S and furthermore, we can
derive even the number of inequivalent CSLs and for each
CSL we can calculate the number of equivalent CSLs.

These calculations are facilitated by the fact that the
four-dimensional rotations are closely related to the their
three-dimensional counterparts. In particular we exploit the
fact that SOð4Þ ’ SUð2Þ � SUð2Þ=C2, i.e. we can make
use of the results of the three-dimensional cubic case that
have been published recently [6]. Thus the results of the
hypercubic case are quite similar to the three-dimensional
results, although proofs are a bit more lengthy and the re-
sulting formulas are a bit more complex. However, there is
one big difference between three and four dimensions:
Whereas all important quantities like S, number of CSLs
etc. are equal for all three kinds of cubic lattices, this is no
longer true for four dimensions. For a given coincidence
rotation R, the coincidence indices for the primitive and the
face centered hypercubic lattice are in general not the same,
which is not surprising since the point groups are different,
too. Thus we must deal with both cases separately. How-
ever, one can derive the results of the primitive lattice from
the corresponding results of the face centered lattice. Thus
we concentrate on the latter and sketch how these results
can then be used for the primitive hypercubic lattice.

Now let us recall some basic facts and fix the notation.
Let L � Rn be an n-dimensional lattice and R a rotation.
Then LðRÞ ¼ L \ RL is called a coincidence site lattice (CSL)
if it is a sublattice of finite index of L, the corresponding
rotation is called a coincidence rotation [5]. The coinci-
dence index SðRÞ is defined as the index of LðRÞ in L. By
index we mean the group theoretical index of LðRÞ in L,
where we view LðRÞ and L as additive groups.

Any rotation in 4 dimensions can be parameterized by
two quaternions p ¼ ðk; ‘;m; nÞ and q ¼ ða; b; c; dÞ in the
following way [7–9]:

Rðp; qÞ ¼ 1

j pqj Mð p; qÞ ; ð1Þ

Mð p; qÞ ¼

hp j qi hpu1 j qi hpu2 j qi hpu3 j qi
hp j u1qi hpu1 j u1qi hpu2 j u1qi hpu3 j u1qi
hp j u2qi hpu1 j u2qi hpu2 j u2qi hpu3 j u2qi
hp j u3qi hpu1 j u3qi hpu2 j u3qi hpu3 j u3qi
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Here, ui are the unit quaternions u0 ¼ ð1; 0; 0; 0Þ,
u1 ¼ ð0; 1; 0; 0Þ, u2 ¼ ð0; 0; 1; 0Þ and u3 ¼ ð0; 0; 0; 1Þ and
jpj2 ¼ k2 þ ‘2 þ m2 þ n2 is the norm of p. Furthermore
we have made use of the inner product hp j qi :¼ ak
þ b‘þ cmþ dn. If we identify the quaternions with the
elements of Z4 (or R4) in the obvious way, then the ac-
tion of Mð p; qÞ on a vector x 2 Z4 can be written as
Mð p; qÞx ¼ px�qq. Here �qq ¼ ða;�b;�c;�dÞ denotes the
conjugate of q. By an integral quaternion we mean a qua-
ternion with integral coefficients. If the greatest common
divisor of all coefficients is 1, we call the quaternion pri-
mitive. In the following, all quaternions will be either pri-
mitive or normalized to unity. It will always be clear from
the context which convention has been chosen. Obviously
Rð p; qÞ is a rational matrix if p and q are integral quatern-
ions such that j pqj is an integer. In this case we call the
pair ð p; qÞ admissible [5]. On the other hand any rational
orthogonal matrix R can be parameterized by an admis-
sible pair of integral quaternions. Furthermore recall

p�1 ¼ 1

j pj2
�pp.

2. The CSLs and their S-values

In 4 dimensions there are only two different hypercubic
lattices, namely the primitive and the centered hypercubic
lattices. They are equivalent to LP ¼ Z4 and LF ¼ D4, re-
spectively. D4 � Z4 is of index 2 and consists of all inte-
ger vectors n with jnj2 even. It is known that R is a coin-
cidence rotation of Z4 or D4, if and only if all its entries
are rational [5], i.e. R ¼ Rð p; qÞ for some admissible pair
of primitive quaternions ð p; qÞ. In order to analyze the
CSLs it is often convenient to find some appropriate sub-
lattices of the CSLs. To this end we define the denomina-
tor

denðRÞ ¼ gcdfk 2 N j kRL � LðRÞg ; ð4Þ

where gcd denotes the greatest common divisor. Since
denðRÞ � L is a sublattice of LðRÞ it follows that

denðRÞ � SðRÞ � denðRÞn ; ð5Þ

where n ¼ 4 is the dimension of L. In case of the primi-
tive cubic lattice this definition coincides with [5]

denPðRÞ ¼ gcdfk 2 N j kR integer matrixg ; ð6Þ

whereas for the centered lattice we find

denFðRÞ ¼ 2�‘ denPðRÞ ; ð7Þ

where ‘ ¼ 0; 1 is the maximal power such that 2‘ divides
denPðRÞ. In particular we find for any admissible pair p; q

denFðRðp; qÞÞ ¼ 2�‘jpqj ; ð8Þ

where ‘ ¼ 0; 1; 2 is the maximal power such that 2‘ di-
vides jpqj.

It follows from Eq. (5) that R is a symmetry operation
of L if and only if denðRÞ ¼ 1. Thus Rðp; qÞ is a symme-
try operation of the centered lattice D4 if and only if jpj2 ¼
1, 4 and jqj2 ¼ 1; 4 or jpj2 ¼ jqj2 ¼ 2. This gives the well
known 576 pure symmetry rotations of D4. Note that not

all of them are integer matrices, which reflects the fact
that the symmetry group of D4 is larger than those of Z4.
In fact only 192 rotations are integer matrices, namely the
pure symmetry rotations of Z4. These are the rotations
corresponding to the pairs ð p; qÞ such that j pj2 ¼ jqj2 ¼ 1
or j pj2 ¼ jqj2 ¼ 2 with h p j qi even or j pj2 ¼ jqj2 ¼ 4
with h p j qi divisible by 4.

We consider the face centered lattice first, formulating
and proving a result that was first stated (without proof) in
[5], Eq. (3.21).

Theorem 2.1 Let p; q be an admissible pair of primi-
tive integer quaternions and let Sð pÞ ¼ 2�‘j pj2, where
‘ ¼ 0; 1; 2 is the maximal power such that 2‘ divides j pj2.
Then, for the fcc-lattice, the rotation Rðp; qÞ has coinci-
dence index

SFð p; qÞ :¼ SFðRð p; qÞÞ ¼ lcm ðSð pÞ; SðqÞÞ : ð9Þ
Proof: Let us write j pj2 ¼ a2g, jqj2 ¼ b2g, where g ¼
gcd ðj pj2; jqj2Þ. Further let pðiÞ ¼ pui and �qqðiÞ ¼ �uui �qq. Then
bpðiÞ and a�qqðjÞ are integer vectors with integer pre-images.
Thus they are in LPðRÞ and hence certainly 2bpðiÞ and
2a�qqðjÞ are in LFðRÞ.1 Thus if i 6¼ j and k 6¼ ‘ the four vec-
tors 2bpðiÞ; 2bpðjÞ; 2a�qqðkÞ; 2a�qqð‘Þ span a sublattice of LFðRÞ.
Since

det bpðiÞ; bpðjÞ;aqðkÞ;aqð‘Þ
� �

¼ a2b2ðh pðiÞjqðk0Þih pðjÞjqð‘0Þi�h pðiÞjqð‘0Þih pðjÞjqðk0Þi; ð10Þ

where k0; ‘0 are chosen such that ðk0; ‘0; k; ‘Þ is an even
permutation of ð0; 1; 2; 3Þ.

Hence we conclude that SFðRÞ divides 8a2b2c, where c is
the greatest common divisor of cijk‘ ¼ h pðiÞj�qqðkÞih pðjÞj�qqð‘Þi
�h pðiÞj�qqð‘Þih pðjÞj�qqðkÞiÞ. Using the expansion

j pj2a ¼
P3
i¼ 0
h pðiÞ j ai pðiÞ ; ð11Þ

we see that c divides

P3
i¼ 0

cijk‘h pðiÞ j ai ¼ jpj2ðha j �qqðkÞi h pðjÞ j �qqð‘Þi

� ha j qð‘Þi h pðjÞ j qðkÞiÞ ; ð12Þ
for any integral quaternion a. We now choose a such that
ha j �qqðkÞi ¼ 0, in particular if k ¼ 0 we choose a ¼ q‘u0

þ q0u‘ and a ¼ �qqð‘Þ � q‘u0 � q0u‘. Hence c must divide

j pj2ðq2
m þ q2

nÞhpðjÞ j �qqi. Now �qq is primitive so that the
greatest common divisor of all combinations q2

m þ q2
n is at

most 2. Thus c divides 2j pj2h pðjÞ j �qqi. Similarly one proofs
that c divides 2j pj2h pðjÞ j �qqðkÞi for arbitrary k, and hence c

must divide 8j pj2 because q and p are both primitive. In the
same way one shows that c divides 8jqj2. Thus c divides 8g

and SFðRÞ divides 64a2b2g. But SFðRÞ divides denFðRÞ4,
which is odd. So SFðRÞ divides lcm ðSðpÞ;SðqÞÞ.

It remains to show the converse statement,
lcm ðSð pÞ; SðqÞÞ � SFðRÞ. To this end, we count the vec-
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1 Unless j pj2 and j qj2 are both odd, even bpðiÞ and aqðiÞ are
elements of LFðRÞ. In any case bðpðiÞ þ pðjÞÞ 2 LFðRÞ and
aðqðkÞ þ qð‘Þ 2 LFðRÞ:
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tors y 2 LFðRÞ contained in the hypercube Hð2bpðiÞÞ
spanned by 2bpðiÞ. If there are nF of them then SFðRÞ ¼
8b4j pj4=nF ¼ 8a4jqj4=nF . Now LFðRÞ is a sublattice of
LPðRÞ, so that SFðRÞ is a multiple of 8b4j pj4=nP if nP

denotes the number of vectors y 2 LPðRÞ contained in the
hypercube Hð2bpðiÞÞ. Now nP ¼ 16n0P, where n0P is the
number of the vectors y 2 LPðRÞ contained in the smaller
hypercube HðbpðiÞÞ spanned by bpðiÞ. Equivalently we can
count their pre-images x ¼ R�1y lying inside the hyper-
cube HðauiqÞ. In the following we identify HðauiqÞ with
the factor group LP=Lq, where Lq denotes the Z-span of
the vectors auiq.

Observe that any vector x of HðauiqÞ can be expressed as

x ¼ 1

jqj2
P3
i¼ 0
hx j uiqi uiq ; ð13Þ

such that 0 � hx j uiqi < ajqj2. Now x is in LPðRÞ if its
image

Rðp; qÞ x ¼ 1

j pqj
P3
i¼ 0

pðiÞhx j uiqi ; ð14Þ

is an integral vector. Since

hpðiÞ jRxi ¼ j pjjqj hx j uiqi ¼
a

b
hx j uiqi ; ð15Þ

all coefficients hx j uiqi must be divisible by b. In order to
determine the vectors that satisfy this condition we first
observe that there exists a vector x such that hx j qi ¼ 1
since q is primitive. Regarding x as an element of the
abelian group LP=Lq we see that it has order ajqj2.
Among all vectors x0 with hx0 j qi ¼ 0 there exists one of
order ajqj2=2 or ajqj2, depending on whether jqj2 is divi-
sible by 4 or not.2 Hence x and x0 generate a subgroup of
order a2jqj4 or a2jqj4=2 of LP=Lq. Condition (15) is satis-
fied by a2jqj4=b2 or a2jqj4=ð2b2Þ of them, respectively.
Thus LP=Lq contains at most a4jqj4=b2 vectors satisfying
condition (15) and hence n0P is a divisor of a4jqj4=b2. Let
Lb

P denote the subgroup of LP=Lq that is formed by the
vectors satisfying cond. (15) and assume x 2 Lb

P in the
following. We can rewrite Eq. (14) as

Rðp; qÞx ¼ 1

j pqj
P3
i¼ 0

uihx j �ppuiqi ¼
P3
i¼ 0

ui
hx j �ppuiqi

abg
;

ð16Þ
i.e. j pqj must divide hx j �ppuiqi By assumption, b divides
hx j �ppuiqi. On the other hand, since denðRÞ ¼ j pqj=2‘,
there exists an element x of order ag=2‘ or higher. Thus
at most 2‘jLb

Pj=ðagÞ vectors x 2 LP=Lq satisfy condition (14)

and hence n0P divides 2‘þ 1a3jqj4=ðb2gÞ ¼ 2‘þ 1a3jqj2.
From this we infer that SFðRÞ is a multiple of ajqj2=2‘þ 2

and hence a multiple of SðqÞ. Analogously we prove that
SFðRÞ is a multiple of SðpÞ. Thus lcm ðSðpÞ;SðqÞÞ
� SFðRÞ and the claim follows. &

From this result we can easily infer the coincidence
index SPðRÞ for the primitive lattice. Since LF is a sublat-

tice of index 2 of LP, SPðRÞ must divide 2SFðRÞ and
SFðRÞ must divide 2SPðRÞ [5]. Since SFðRÞ is odd we
have SPðRÞ ¼ SFðRÞ or SPðRÞ ¼ 2SFðRÞ. Due to Eq. (5)
the index SPðRÞ is odd if denðRÞ is odd and even if
denðRÞ is even. Hence we have proved:

Theorem 2.2 Let p; q be an admissible pair of primi-
tive integer quaternions and let SðqÞ ¼ 2�‘jqj2, where
‘ ¼ 0; 1; 2 is the maximal power such that 2‘ divides jqj2.
Then, for the primitive lattice, the rotation Rð p; qÞ has
coincidence index

SPðp; qÞ :¼ SPðRð p; qÞÞ
¼ lcm ½Sð pÞ;SðqÞ; den ðRð p; qÞÞ� : ð17Þ

This was first stated, without proof, in [5].

3. Equivalent CSLs

Different coincidence rotations may generate the same
CSL or rotated copies of each other. It is natural to group
these rotations and CSLs in appropriately chosen equiva-
lence classes. The natural way is to call two coincidence
rotations equivalent if they are in the same double coset of
the symmetry group of the lattice [6, 10, 11]. To be pre-
cise, let GP and GF denote the symmetry groups of the
primitive and the face-centered hypercubic lattice. Then
we call two coincidence rotations R, R0 P-equivalent (F-
equivalent) if there exist two rotations Q;Q0 2 GP

(Q;Q0 2 GF) such that R ¼ QR0Q0. Accordingly, we call
two CSLs P-equivalent (F-equivalent) if the corresponding
coincidence rotations are P-equivalent (F-equivalent). In
particular, R and RQ, Q 2 GP;F give rise to the same CSL.

Hence two coincidence rotations are equivalent if they
belong to the same double coset GPRGP or GFRGF. These
double cosets can be calculated if one knows the sub-
groups HiðRÞ :¼ Gi \ RGiR�1, i ¼ P;F. In order to deter-
mine these groups we make use of the fact that
SUð2Þ � SUð2Þ is a double cover of the 4-dimensional
rotation group SOð4Þ, which is reflected in the parameter-
ization Eq. (2). Although the corresponding double cover
of GF and GP is not a direct product but a subdirect prod-
uct, we can make use of this special property and reduce
the 4-dimensional case to the 3-dimensional one.

In order to do this we recall that the 3-dimensional
rotations can be parameterized by quaternions as well [7–
9]. The group G of order jGj ¼ 48 generated by the quater-

nions ð�1; 0; 0; 0Þ, 1ffiffiffi
2
p ð�1;�1; 0; 0Þ, 1=2ð�1;�1;�1;�1Þ

and permutations thereof is a double cover of the cubic
symmetry group O of order jOj ¼ 24. Based on the notion
of equivalence of 3-dimensional coincidence rotations we
introduce the following equivalence notion for quater-
nions: Two quaternions q and q0 are equivalent (q 	 q0) if
there exist quaternions s; s0 2 G such that q0 ¼ sqs0. Their
equivalence classes are known [6] and the different types
are summarized in Table 1. Here HðqÞ :¼ G \ qGq�1.
Furthermore the number of inequivalent CSLs for a given
S is known [6, 11]. These numbers are summarized in
Table 2 for all special quaternions q. The number of in-
equivalent CSLs for a general q can be obtained by con-
sidering the total number of CSLs [6].

Coincidences of hypercubic lattices in 4 dimensions 107

2 Consider the vectors q‘u0 � q0u‘ and u‘qþ q‘u0 � q0u‘. Their
orders are multiples of ajqj2= gcdðajqj2; q2

‘ þ q2
0) and an appropriate

combination thereof gives the desired vector x0.
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Table 1. Equivalence classes of quaternions: Any primitive quaternion is equivalent to one of the quaternions in the first column. The second
column gives a set of generators of HðqÞ. The third column gives the order of jHðqÞj and the forth column states the number of equivalent q,
which is 48 times the number of equivalent 3-dimensional CSLs.

q HðqÞ jHðqÞj jGqGj

(1, 0, 0, 0) G 48 48

ð0; 1; 1; 1Þ 	 ð3; 1; 1; 1Þ H1 ¼ ½ð�1; 0; 0; 0Þ; ð1; 1; 1; 1Þ; ð0; 1;�1; 0Þ� 12 4 � 48 ¼ 192

ðm; n; n; nÞ H2 ¼ ½ð�1; 0; 0; 0Þ; ð1; 1; 1; 1Þ� 6 8 � 48 ¼ 384

ðm; n; 0; 0Þ H3 ¼ ½ð�1; 0; 0; 0Þ; ð1; 1; 0; 0Þ� 8 6 � 48 ¼ 288

ðm; n; n; 0Þ H4 ¼ ½ð�1; 0; 0; 0Þ; ð0; 1; 1; 0Þ� 4 12 � 48 ¼ 576

otherwise H5 ¼ ½ð�1; 0; 0; 0Þ� 2 24 � 48 ¼ 1152

Table 2. Number of inequivalent cubic CSLs/coincidence rotations for a fixed value S. The last column gives the condition under which these
values hold. If this condition is not satisfied, the corresponding number of inequivalent CSLs is 0 for the particular type of q.

q inequiv. CSLs condition

ð1; 0; 0; 0Þ 1 S ¼ 1

ð0; 1; 1; 1Þ 1 S ¼ 3

ðm; n; n; nÞ 2k�1 p ¼ 1 mod 6 for all prime factors p 6¼ 3 of S > 3, the factor p ¼ 3 occurs at most once and k is the
number of different prime factors p ¼ 1 mod 6 of S.

ðm; n; 0; 0Þ 2k�1 p ¼ 1 mod 4 for all prime factors p of S and k is the number of different prime factors of S.

ðm; n; n; 0Þ 2k�1 p ¼ 1 or 3 mod 8 for all prime factors p of S, where k is the number of different prime factors of S > 3.

Table 3. F-Equivalence classes of admissible pairs. For each admissible pair the corresponding group HFðp, qÞ and its order is listed. The last
column gives the number of equivalent coincidence rotations Rðp, qÞ. By dividing these numbers by 576 we obtain the number of equivalent
CSLs. In order to save space we have omitted some pairs. These can be easily obtained by interchanging the role of p and q and by adapting the
subgroup HF correspondingly.

p q HFðp; qÞ jHFðp; qÞj jGFRðp; qÞ GF j

ð1; 0; 0; 0Þ ð1; 0; 0; 0Þ GF 1152 576 gF00 ¼ 576

ð1; 0; 0; 0Þ ðm; n; n; nÞ G0 
 H02 144 576 gF02 ¼ 8 � 576

ð1; 0; 0; 0Þ ðm; n; 0; 0Þ G0 
 H03 [
1ffiffiffi
2
p ð1; 1; 0; 0Þ; 1ffiffiffi

2
p ð1; 1; 0; 0Þ

� �
G0 
 H03 192 576 gF03 ¼ 6 � 576

ð1; 0; 0; 0Þ ðm; n; n; 0Þ G0 
 H04 [
1ffiffiffi
2
p ð1; 1; 0; 0Þ; 1ffiffiffi

2
p ð0; 1; 1; 0Þ

� �
G0 
 H04 96 576 gF04 ¼ 12 � 576

ð1; 0; 0; 0Þ general G0 
 H05 48 576 gF05 ¼ 24 � 576

ð0; 1; 1; 1Þ ð0; 1; 1; 1Þ H01 
H01 [
1ffiffiffi
2
p ð0; 1;�1; 0Þ; 1ffiffiffi

2
p ð0; 1;�1; 0Þ

� �
H01 
H01 72 576 gF11 ¼ 16 � 576

ð0; 1; 1; 1Þ ðm; n; n; nÞ H01 
H02 36 576 gF12 ¼ 32 � 576

ð0; 1; 1; 1Þ ðm; n; 0; 0Þ H01 
H03 [
1ffiffiffi
2
p ð0; 1;�1; 0Þ; 1ffiffiffi

2
p ð1; 1; 0; 0Þ

� �
H01 
H03 48 576 gF13 ¼ 24 � 576

ð0; 1; 1; 1Þ ðm; n; n; 0Þ H01 
H04 [
1ffiffiffi
2
p ð0; 1;�1; 0Þ; 1ffiffiffi

2
p ð0; 1; 1; 0Þ

� �
H01 
H04 24 576 gF14 ¼ 48 � 576

ð0; 1; 1; 1Þ general H01 
H05 12 576 gF15 ¼ 96 � 576

ðm; n; n; nÞ ðm0; n0; n0; n0Þ H02 
H02 36 576 gF22 ¼ 32 � 576

ðm; n; n; nÞ ðm0; n0; 0; 0Þ H02 
H03 24 576 gF23 ¼ 48 � 576

ðm; n; n; nÞ ðm0; n0; n0; 0Þ H02 
H04 12 576 gF24 ¼ 96 � 576

ðm; n; n; nÞ general H02 
H05 12 576 gF25 ¼ 96 � 576

ðm; n; 0; 0Þ ðm0; n0; 0; 0Þ H03 
H03 [
1ffiffiffi
2
p ð1; 1; 0; 0Þ; 1ffiffiffi

2
p ð1; 1; 0; 0Þ

� �
H03 
H03 32 576 gF33 ¼ 36 � 576

ðm; n; 0; 0Þ ðm0; n0; n0; 0Þ H03 
H04 [
1ffiffiffi
2
p ð1; 1; 0; 0Þ; 1ffiffiffi

2
p ð0; 1; 1; 0Þ

� �
H03 
H04 16 576 gF34 ¼ 72 � 576

ðm; n; 0; 0Þ general H03 
H05 8 576 gF35 ¼ 144 � 576

ðm; n; n; 0Þ ðm0; n0; n0; 0Þ H04 
H04 [
1ffiffiffi
2
p ð0; 1; 1; 0Þ; 1ffiffiffi

2
p ð0; 1; 1; 0Þ

� �
H04 
H04 8 576 gF44 ¼ 144 � 576

ðm; n; n; 0Þ general H04 
H05 4 576 gF45 ¼ 288 � 576

general general H05 
H05 4 576 gF55 ¼ 288 � 576
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Let G0 � G be the group generated by the quaternions
ð�1; 0; 0; 0Þ, 1=2ð�1;�1;�1;�1Þ and permutations there-

of. Now the group GF ¼ G0 
 G0 [
1ffiffiffi
2
p ð1; 1; 0; 0Þ;
�

1ffiffiffi
2
p ð1; 1; 0; 0Þ

�
G0 
 G0 is a double cover of GF . We call

two pairs of quaternions ð p; qÞ and ð p0; q0Þ F-equivalent if
the corresponding rotations Rð p; qÞ and Rð p0; q0Þ are F-
equivalent. If ð p; qÞ and ð p0; q0Þ are F-equivalent then
p 	 p0 and q 	 q0, but the converse is not true in general.
Let us analyze the converse situation. Let p 	 p0 and
q 	 q0, i.e. there exist r; r0; s; s0 2 G such that p0 ¼ rpr0 and
q0 ¼ sqs0. If both pairs ð p; qÞ and ð p0; q0Þ are admissible,
then ðrr0; ss0Þ must be admissible, too. If ðr; sÞ is admissi-
ble, then so is ðr0; s0Þ, and ðp; qÞ and ð p0; q0Þ are F-equiva-

lent. If ðr; sÞ is not admissible, then ð p; qÞ and ð p0; q0Þ are
F-equivalent only if there exist admissible pairs ðr1; s1Þ
and ðr01; s01Þ such that rpr0 ¼ r1pr01 and sqs0 ¼ s1qs01. This
is possible if and only if HðpÞ or HðqÞ contains one of

the quaternions
1ffiffiffi
2
p ð�1;�1; 0; 0Þ or a permutation there-

of. The latter statement is equivalent to the statement that p
or q is equivalent to one of the following quaternions:
ð1; 0; 0; 0Þ, ð0; 1; 1; 1Þ, ðm; n; 0; 0Þ or ðm; n; n; 0Þ. We can
summarize these considerations as follows: If ð p; qÞ and
ð p0; q0Þ are F-equivalent then p 	 p0 and q 	 q0. Conversely
p 	 p0 and q 	 q0 implies that ð p; qÞ and ð p0; q0Þ are F-
equivalent if p or q is equivalent to one of the following qua-
ternions: ð1; 0; 0; 0Þ, ð0; 1; 1; 1Þ, ðm; n; 0; 0Þ or ðm; n; n; 0Þ.
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Table 4. Number of F-inequivalent CSLs (Part 1). The last column gives the condition under which these values hold. If this condition is not
satisfied, the corresponding number of inequivalent CSLs is 0 for the particular type of ðp, qÞ. In order to save space we have omitted some
pairs. These can be easily obtained by interchanging p and q and reading of the corresponding value nFij ¼ nFji:

p q inequivalent CSLs condition

ð1; 0; 0; 0Þ ð1; 0; 0; 0Þ nF00 ¼ 1 SF ¼ 1

ð1; 0; 0; 0Þ ðm; n; n; nÞ nF02 ¼ 2k�1 k is the number of different prime factors, all prime factors p ¼ 1
mod 6, SF is a square

ð1; 0; 0; 0Þ ðm; n; 0; 0Þ nF03 ¼ 2k�1 k is the number of different prime factors, all prime factors p ¼ 1
mod 4, SF is a square

ð1; 0; 0; 0Þ ðm; n; n; 0Þ nF04 ¼ 2k�1 k is the number of different prime factors, all prime factors p ¼ 1 or
3 mod 8, SF is a square

ð1; 0; 0; 0Þ general nF05 SF is a square

ð0; 1; 1; 1Þ ð0; 1; 1; 1Þ nF11 ¼ 1 SF ¼ 3

ð0; 1; 1; 1Þ ðm; n; n; nÞ nF12 ¼ 2k�1 SF ¼ 3a2, k is the number of different prime factors of a, all prime
factors p ¼ 1 mod 6

ð0; 1; 1; 1Þ ðm; n; n; 0Þ nF14 ¼ 2k�1 SF ¼ 3a2, k is the number of different prime factors of SF , all
prime factors p ¼ 1 or 3 mod 8

ð0; 1; 1; 1Þ general nF15 SF ¼ 3a2

ðm; n; n; nÞ ðm0; n0; n0; n0Þ nF22 ¼ 2 � 4k�1
Q
‘

t‘ � d 2k SF ¼ 3ra; r ¼ 0; 1, k is the number of different prime factors of a,
which is not divisible by 3, all prime factors p ¼ 1 mod 6, d ¼ 1 if
a is a square and d ¼ 0 otherwise

ðm; n; n; nÞ ðm0; n0; 0; 0Þ nF23 ¼ 2k1þk2 4k3�1
Q
‘

t‘

�d12k2þk3�2 � d22k1þk3�2

SF ¼
Q

i
p2ri

i

Q
j

p0j
2r0j
Q
‘

qt‘
‘ ; pi ¼ 1 ðmod 4Þ 6¼ 1 ðmod 6Þ; p0j ¼ 1 ðmod

6Þ 6¼ 1 ðmodÞ 4; q‘ ¼ 1 ðmod 4Þ ¼ 1 ðmod 6Þ; k1; k2; k3 denote the
number of different prime factors of type pi, p0j and q‘, respectively.
d1 ¼ 0 unless all t‘ are even and k1 ¼ 0, where d1 ¼ 1. An analo-
gous definition applies for d2 with k1 ¼ 0 replaced by k2 ¼ 0.

ðm; n; n; nÞ general nF25

ðm; n; n; nÞ ðm0; n0; n0; 0Þ nF24 ¼ 2k1þk2 4k3�1
Q
‘

t‘

� 1=2ðnF02 þ nF12 þ nF04 þ nF14Þ
SF ¼ 3s

Q
i

p2ri
i

Q
j

p0j
2r0j
Q
‘

qt‘
‘ ; pi ¼ 1 ðmod 6Þ 6¼ 1 or 3 ðmod 8Þ;

p0j ¼ 1 or 3 ðmod 8Þ 6¼ 1 ðmodÞ 6; q‘ ¼ 1 ðmod 6Þ ¼ 1 or 3 ðmod 8Þ,
there must be at least one prime factor ¼ 1 (mod 6) and one ¼ 1 or
3 (mod 8). k1, k2 denote the number of different prime factors of
type pi and p0j, respectively. k3 is the number of prime factors of
type q‘ if s ¼ 0 and the number of prime factors of type q‘ plus 1 if
s > 1.

ðm; n; 0; 0Þ ðm0; n0; 0; 0Þ nF33 ¼ 4k�1
Q
‘

t‘ � d 2k�1 k is the number of different prime factors of SF , all prime factors
p ¼ 1 mod 4, d ¼ 1 if SF is a square and d ¼ 0 otherwise

ðm; n; 0; 0Þ ðm0; n0; n0; 0Þ nF24 ¼ 2k1þk2 4k3�1
Q
‘

t‘

� 1=2ðnF02 þ nF12 þ nF04 þ nF14Þ
SF ¼

Q
i

p2ri
i

Q
j

p0j
2r0j
Q
‘

qt‘
‘ ; pi ¼ 1 ðmod 4Þ 6¼ 1 or 3 ðmod 8Þ,

p0j ¼ 3 ðmod 8Þ, q‘ ¼ 1 ðmodÞ 8, there must be at least one prime
factor ¼ 1ðmod 4Þ and one ¼ 1 or 3 ðmod 8Þ. k1, k2, k3 denote the
number of different prime factors of type pi, p0j, and ql , respectively

ðm; n; 0; 0Þ general nF35

ðm; n; n; 0Þ ðm0; n0; n0; 0Þ nF44 ¼ 4k�1
Q
‘

t‘ � d 2k�1 k is the number of different prime factors of SF , all prime factors
p ¼ 1; 3 mod 8, d ¼ 1 if SF ¼ a2; 3a2 and d ¼ 0 otherwise

ðm; n; n; 0Þ general nF45

general general nF55
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Assume now that p 	 ðm; n; n; nÞ and q 	 ðm0; n0; n0; n0Þ.
Then we may not conclude that the admissible pair ðp; qÞ
is F-equivalent to ððm; n; n; nÞ; ðm0; n0; n0; n0ÞÞ. However,
we may conclude that ðp; qÞ is F-equivalent either to
ððm; n; n; nÞ;ðm0; n0; n0; n0ÞÞ or ððm; n; n; nÞ; ðm0;�n0;�n0;
�n0ÞÞ. Note that the latter pairs are not F-equivalent.
Nevertheless, they are of the same type.

Having this in mind we can use Table 1 to calculate all
types of possible F-equivalence classes. Instead of calculat-
ing the groups HFðRð p; qÞÞ directly we compute their cor-
responding double covers HFð p; qÞ. It turns out that they
are simply given by HFð p; qÞ ¼ ðHð pÞ 
 HðqÞÞ \ G0. The
results are listed in Table 3. In order to save space we
have omitted some pairs. These can be easily obtained by
interchanging the role of p and q and adapting the corre-
sponding subgroup HF . In addition, we have used the de-
finition H0i :¼ Hi \ G0.

The fact that GF is a special subgroup of G � G enables
us to derive the number of different and inequivalent
CSLs from the 3-dimensional case. First, we consider the
total number of different CSLs fFðSÞ. Recall that the total
number of different CSLs f ðSÞ for a given S in the 3-
dimensional case is given by [5, 6]

f ð1Þ ¼ 1 ; ð18Þ
f ð2Þ ¼ 0 ; ð19Þ
f ðprÞ¼ ðpþ1Þ pr�1 if p is an odd prime; r� 1; ð20Þ
f ðmnÞ ¼ f ðmÞf ðnÞ if m; n are coprime : ð21Þ

The multiplicativity of f ðSÞ is due to the uniqueness of
the (left) prime factorization of the integer quaternions [8].
The same reasoning holds true in four dimensions, too, so
we only need to calculate fFðprÞ. To this end we note that
there are precisely f ðSðpÞÞ f ðSðqÞÞ different CSLs for giv-
en SðpÞ and SðqÞ. Summing up all admissible combina-
tions of ðSðpÞ;SðqÞÞ that give a fixed pr we obtain [5]

fFðprÞ ¼ pþ 1

p� 1
pr�1ð prþ 1 þ pr� 1 � 2Þ: ð22Þ

In a similar way we can calculate the number of inequiva-
lent CSLs of a certain type, say ðp; qÞ � ðð0; 1; 1; 1Þ; ð0; 1;
1; 1ÞÞ or ððm; n; n; nÞ; ðm0; n0; n0; n0ÞÞ. These results are
summarized in Table 4.

Let us discuss some of them. Consider pairs of type
ðð1; 0; 0; 0Þ; ðm; n; n; nÞÞ first. Then Sð p; qÞ ¼ SF implies
SðqÞ ¼ SF . Hence the number of inequivalent CSLs is
equal to the number of inequivalent quaternions q ¼ ðm;
n; n; nÞ, which can be read off directly from Table 2. Thus
there are precisely 2k�1 inequivalent CSLs if p ¼ 1 mod 6
for all the k different prime factors of SF . Note that a
prime factor 3 cannot exist, since SF must be a square as
ð p; qÞ must be an admissible pair.

Consider now pairs of type ððm; n; n; nÞ; ðm0; n0; n0; n0ÞÞ.
Such pairs can only exist if SFð p; qÞ ¼ 3t

Q
i

p2ri
i

Q
j

q
2sj þ 1
j

where all prime factors pi; qj ¼ 1 mod 6 and t ¼ 0; 1. This

implies that Sð pÞ ¼ 3t
Q

i
p

2r0i
i

Q
j

q
2s0j þ 1

j and SðqÞ ¼

110 P. Zeiner

Table 5. Splitting of F-equivalence classes into P-equivalence classes. The last column gives the decomposition of the F-equivalence class
GFðp, qÞ GF into double cosets of GP. Here, s1 ¼ ðu0;

1=2 ð1; 1; 1; 1ÞÞ, s2 ¼ ðu0;
1=2 ð�1; 1; 1; 1ÞÞ. In order to save space we have omitted some

pairs. These can be easily obtained by interchanging p and q and adapting the decomposition correspondingly, i.e. we have to interchange the
corresponding quaternions of the pairs gs1, s1g, . . . as well.

g ¼ ðp, qÞ double coset decomposition of GFgGF

ðð1; 0; 0; 0Þ, ð1; 0; 0; 0ÞÞ GP [ s1GP

ðð1; 0; 0; 0Þ, ðm; n; n; nÞÞ GPgGP [ GPgs1GP [ GPgs2GP

ðð1; 0; 0; 0Þ, ðm; n; 0; 0ÞÞ GPgGP [ GPgs1GP

ðð1; 0; 0; 0Þ, ðm; n; n; 0ÞÞ GPgGP [ GPgs1GP

ðð1; 0; 0; 0Þ, ðm; n; p; qÞÞ GPgGP [ GPgs1GP [ GPgs2GP

ðð0; 1; 1; 1Þ, ð0; 1; 1; 1ÞÞ GPgGP [ GPgs1GP

ðð0; 1; 1; 1Þ, ðm; n; n; nÞÞ GPgGP [ GPgs1GP [ GPgs2GP

ðð0; 1; 1; 1Þ, ðm; n; 0; 0ÞÞ GPgGP [ GPgs1GP

ðð0; 1; 1; 1Þ, ðm; n; n; 0ÞÞ GPgGP [ GPgs1GP

ðð0; 1; 1; 1Þ, ðm; n; p; qÞÞ GPgGP [ GPgs1GP [ GPgs2GP

ððm; n; n; nÞ, ðm0; n0; n0; n0ÞÞ GPgGP [ GPgs1GP [ GPgs2GP

ððm; n; n; nÞ, ðm0; n0; 0; 0ÞÞ GPgGP [ GPgs1GP [ GPgs2GP

ððm; n; n; nÞ, ðm0; n0; n0; 0ÞÞ GPgGP [ GPgs1GP [ GPgs2GP

ððm; n; n; nÞ, ðm0; n0; p0; q0ÞÞ GPgGP [ GPgs1GP [ GPgs2GP

ððm; n; 0; 0Þ, ðm0; n0; 0; 0ÞÞ GPgGP [ GPgs1GP [ GPs1gGP [ GPs1gs1GP [ GPs1gs2GP

ððm; n; 0; 0Þ, ðm0; n0; n0; 0ÞÞ GPgGP [ GPgs1GP [ GPgs2GP [ GPs1gGP [ GPs1gs2GP

ððm; n; 0; 0Þ, ðm0; n0; p0; q0ÞÞ GPgGP [ GPgs1GP [ GPgs2GP [ GPs1gGP [ GPs2gGP [ GPs1gs1GP [ GPs1gs2GP [ GPs2gs1GP [ GPs2gs2GP

ððm; n; n; 0Þ, ðm0; n0; n0; 0ÞÞ GPgGP [ GPgs1GP [ GPs1gGP [ GPs1gs1GP [ GPs1gs2GP

ððm; n; n; 0Þ, ðm0; n0; p0; q0ÞÞ GPgGP [ GPgs1GP [ GPgs2GP [ GPs1gGP [ GPs2gGP [ GPs1gs1GP [ GPs1gs2GP [ GPs2gs1GP [ GPs2gs2GP

ððm; n; p; qÞ, ðm0; n0; p0; q0ÞÞ GPgGP [ GPgs1GP [ GPgs2GP [ GPs1gGP [ GPs2gGP [ GPs1gs1GP [ GPs1gs2GP [ GPs2gs1GP [ GPs2gs2GP
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Table 6. P-Equivalence classes of admissible pairs. The groups HPðp, qÞ are given in terms of their generators listed in the third column, where we always
have to add the trivial generators ðð�1; 0; 0; 0Þ, ð1; 0; 0; 0ÞÞ and ðð1; 0; 0; 0Þ, ð�1; 0; 0; 0ÞÞ. The last column gives the number of P-equivalent coincidence
rotations Rðp, qÞ. By dividing these numbers by 192 we obtain the number of P-equivalent CSLs. In order to save space we have omitted some pairs.
These can be easily obtained by interchanging p and q and adapting the generators correspondingly.

p q non-trivial generators of HPðp, qÞ jHPðp, qÞj jGPRðp, qÞGPj

ð1; 0; 0; 0Þ ð1; 0; 0; 0Þ GP 384 192

ð1; 0; 0; 0Þ ð1; 1; 1; 1Þ ðu1, u0Þ, ðu2, u0Þ, ðu0, u1Þ, ðu0, u2Þ, (1=2 ð1; 1; 1; 1Þ, 1=2 ð1; 1; 1; 1ÞÞ 192 2 � 192

ð1; 0; 0; 0Þ ðm; n; n; nÞ ðu1, u0Þ, ðu2, u0Þ, (1=2 ð1; 1; 1; 1Þ, 1=2 ð1; 1; 1; 1ÞÞ 48 8 � 192

ð1; 0; 0; 0Þ ðm; n; 0; 0Þ ðu1, u0Þ, ðu2, u0Þ,
1ffiffiffi
2
p ð1; 1; 0; 0Þ
�

,
1ffiffiffi
2
p ð1; 1; 0; 0Þ

�
64 6 � 192

ð1; 0; 0; 0Þ m� n

2

�
,

mþ n

2
,

m� n

2
,

mþ n

2

�
ðu1, u0Þ, ðu2, u0Þ, ðu0, u1Þ 32 12 � 192

ð1; 0; 0; 0Þ ðm; n; n; 0Þ ðu1, u0Þ, ðu2, u0Þ,
1ffiffiffi
2
p ð0; 1; 1; 0Þ
�

,
1ffiffiffi
2
p ð0; 1; 1; 0Þ

�
32 12 � 192

ð1; 0; 0; 0Þ m

2
� n

�
,

m

2
þ n,

m

2
,

m

2

�
ðu1, u0Þ, ðu2, u0Þ 16 24 � 192

ð1; 0; 0; 0Þ general ðu1, u0Þ, ðu2, u0Þ 16 24 � 192

ð0; 1; 1; 1Þ ð0; 1; 1; 1Þ (1=2 ð1; 1; 1; 1Þ, 1=2 ð1; 1; 1; 1ÞÞ,
1ffiffiffi
2
p ð0; 1;�1; 0Þ
�

,
1ffiffiffi
2
p ð0; 1;�1; 0Þ

�
24 16 � 192

ð0; 1; 1; 1Þ ð3; 1; 1; 1Þ (1=2 ð1; 1; 1; 1Þ, 1=2 ð1; 1; 1; 1ÞÞ 12 32 � 192

ð0; 1; 1; 1Þ ðm; n; n; nÞ (1=2 ð1; 1; 1; 1Þ, 1=2 ð1; 1; 1; 1ÞÞ 12 32 � 192

ð0; 1; 1; 1Þ ðm; n; 0; 0Þ 1ffiffiffi
2
p ð0; 0; 1;�1Þ
�

,
1ffiffiffi
2
p ð1; 1; 0; 0Þ

�
16 24 � 192

ð0; 1; 1; 1Þ m� n

2

�
,

mþ n

2
,

m� n

2
,

mþ n

2

�
ðu0, u1Þ 8 48 � 192

ð0; 1; 1; 1Þ ðm; n; n; 0Þ 1ffiffiffi
2
p ð0; 1;�1; 0Þ
�

,
1ffiffiffi
2
p ð0; 1; 1; 0Þ

�
8 48 � 192

ð0; 1; 1; 1Þ m

2
� n

�
,

m

2
þ n,

m

2
,

m

2

�
– 4 96 � 192

ð0; 1; 1; 1Þ general – 4 96 � 192

ðm; n; n; nÞ ðm0; n0; n0; n0Þ (1=2 ð1; 1; 1; 1Þ, 1=2 ð1; 1; 1; 1ÞÞ 12 32 � 192

ðm; n; n; nÞ ðm0; n0; 0; 0Þ ðu0, u1Þ 8 48 � 192

ðm; n; n; nÞ ðm0; n0; n0; 0Þ – 4 96 � 192

ðm; n; n; nÞ general – 4 96 � 192

ðm; n; 0; 0Þ ðm0; n0; 0; 0Þ 1ffiffiffi
2
p ð1; 1; 0; 0Þ
�

,
1ffiffiffi
2
p ð1; 1; 0; 0Þ

�
,

1ffiffiffi
2
p ð1; 1; 0; 0Þ
�

,
1ffiffiffi
2
p ð1;�1; 0; 0Þ

�
32 12 � 192

ðm; n; 0; 0Þ ðm0; 0; n0; 0Þ ðu1, u0Þ, ðu0;u2Þ 16 24 � 192

ðm; n; 0; 0Þ m0 � n0

2

�
,

m0 þ n0

2
,

m0 � n0

2
,

m0 þ n0

2

�
ðu1, u0Þ, ðu0, u1Þ 16 24 � 192

ðm; n; 0; 0Þ m0 � n0

2
;
m0 þ n0

2

�
,

m0 þ n0

2
,

m0 � n0

2

�
ðu1, u0Þ, ðu0, u2Þ 16 24 � 192

ðm; n; 0; 0Þ m0 � n0

2

�
,

m0 � n0

2
,

m0 þ n0

2
,

m0 þ n0

2

�
ðu1, u0Þ, ðu0, u3Þ 16 24 � 192

ðm; n; 0; 0Þ ðm0; n0; n0; 0Þ ðu1, u0Þ 8 48 � 192

ðm; n; 0; 0Þ ðm0; 0; n0; n0Þ 1ffiffiffi
2
p ð1; 1; 0; 0Þ
�

,
1ffiffiffi
2
p ð0; 0; 1; 1Þ

�
16 24 � 192

ðm; n; 0; 0Þ m0

2
� n0

�
,

m0

2
þ n0,

m0

2
,

m0

2

�
ðu1, u0Þ 8 48 � 192

ðm; n; 0; 0Þ �m0

2
� n0

�
,

m0

2
,

m0

2
� n0,

m0

2

�
ðu1, u0Þ 8 48 � 192

ðm; n; 0; 0Þ m0

2
� n0

�
,

m0

2
,

m0

2
þ n0,

m0

2

�
ðu1, u0Þ 8 48 � 192

ðm; n; 0; 0Þ general ðu1, u0Þ 8 48 � 192

ðm; n; n; 0Þ ðm0; n0; n0; 0Þ 1ffiffiffi
2
p ð0; 1; 1; 0Þ
�

,
1ffiffiffi
2
p ð0; 1; 1; 0Þ

�
8 48 � 192

ðm; n; n; 0Þ ðm0; 0; n0; n0Þ – 4 96 � 192

ðm; n; n; 0Þ m0

2
� n0

�
,

m0

2
þ n0,

m0

2
,

m0

2

�
– 4 96 � 192

ðm; n; n; 0Þ �m0

2
� n0

�
,

m0

2
,

m0

2
� n0,

m0

2

�
– 4 96 � 192

ðm; n; n; 0Þ m0

2
� n0

�
,

m0

2
,

m0

2
þ n0,

m0

2

�
– 4 96 � 192

ðm; n; n; 0Þ general – 4 96 � 192

general general – 4 96 � 192
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3t
Q

i
p

2r00i
i

Q
j

q
2s00j þ 1

j with ri ¼ max ðr0i ; r00i Þ; sj ¼ max ðs0j; s00j Þ.
For a fixed combination of fr0i; s0jg, there are 2k0�1 inequi-
valent quaternions p, where k0 is the number of different
prime factors pi; qj 6¼ 3 contained in SðpÞ. If we use the
notation nðaÞ ¼ 0; 1 for a ¼ 0, a � 1, respectively, we can

write 2m0�1 ¼ 1=2

Q
i

2nð2r0iÞ
Q

j
2nð2s0jþ 1Þ. In order to get the

number of inequivalent admissible pairs ðp; qÞ we have to
take the sum over all possible combinations of r0i; r

00
i ; s
0
j; s
00
j .

Note that r0i runs through 0; . . . ; ri if r00i ¼ ri and vice
versa. Hence the number of inequivalent admissible pairs
reads

1=2

P
ðr0i ;r00i ;s0j;s00j Þ

Q
i

2nð2r0iÞþnð2r00i Þ
Q

j
2nð2s0jþ1Þþnð2s00j þ1Þ ð23Þ

¼ 1=2

Q
i

Pri�1

r0i¼ 0

2vð2r0iÞþ vð2riÞ þ
Pri�1

r00i ¼ 0

2vð2riÞþ vð2r00i Þ
 

þ 2f2nð2riÞgþ vð2r0iÞ

!
ð24Þ

�
Q

j

Psj�1

s0j¼ 0

2nð2s0jþ 1Þ þ nð2sj þ 1Þ

 

þ
Psj�1

s00j ¼ 0

2nð2sj þ 1Þþ nð2s00j þ1Þþ 2nð2sjþ1Þþ nð2s00j þ1Þ

!

ð25Þ

¼ 1=2

Q
i
ð8riÞ

Q
j
½4ð2sj þ 1Þ�

¼ 2 � 4k�1Q
i
ð2riÞ

Q
j
ð2sj þ 1Þ ; ð26Þ

where k is the number of different prime factors pi; qj 6¼ 3.

If SFð p; qÞ contains at least one odd prime power q
2sj þ 1
j ,

we have finished. Otherwise we have to take into account
that the sum above includes 2k�1 pairs of the form
ððm; n; n; nÞ; ð1; 0; 0; 0ÞÞ or ððm; n; n; nÞ; ð0; 1; 1; 1ÞÞ. Hence
a term 2k must be subtracted from the sum above. Thus
there exist

nF22 ¼ 2 � 4k�1Q
‘

t‘ � d 2k ð27Þ

inequivalent admissible pairs ððm; n; n; nÞ; ðm0; n0; n0; n0ÞÞ
for a fixed SFð p; qÞ ¼ 3t

Q
‘

pt‘
‘ with p‘ ¼ 1 mod 6 and

t ¼ 0; 1. Here d ¼ 1 if all t‘ are even and d ¼ 0 other-
wise.

Next we consider the case ððm; n; n; nÞ; ðm0; n0; 0; 0ÞÞ,
which is an example where p and q are of different type.
First observe that SðqÞ may only contain prime factors
p ¼ 1 mod 4, whereas Sð pÞ may only contain prime fac-
tors p ¼ 1 mod 6 and p ¼ 3, for the latter only the powers
30 and 31 are allowed. Since the pair must be admissible,
the factor p ¼ 3 is ruled out and the coincidence index
takes the form SFð p; qÞ ¼

Q
i

p2ri
i

Q
j

p0j
2r0j
Q
‘

qs‘
‘ where

pi ¼ 1 mod 4; pi 6¼ 1 mod 6, p0j ¼ 1 mod 6; p0j 6¼ 1 mod 4,

q‘ ¼ 1 mod 4; q‘ ¼ 1 mod 6. Hence SðqÞ ¼
Q

i
p2ri

i

Q
‘

q
s0
‘

‘ ,

Sð pÞ ¼
Q

j
p0j

2r0j
Q
‘

q
s00
‘

‘ where s‘ ¼ max ðs0‘; s00‘ Þ. Again we

have to sum over all possible combinations s0‘; s
00
‘ and fi-

nally obtain the number nF23 of F-inequivalent admissible
pairs

nF23 ¼ 2k1 þ k2 4k3�1 Q
‘

s‘ ; ð28Þ

if k1 � 1 and k2 � 1. Here k1; k2; k3 are the number of
different prime factors pi, p0j, q‘. If k1 ¼ 0; k2 6¼ 0 this ex-
pression includes the pairs of type ððm; n; n; nÞ;
ð1; 0; 0; 0ÞÞ, so that a term 2k2þk3�1 must be subtracted.
Thus

nF23 ¼ 2k2 4k3�1 Q
‘

s‘ � 2k3�2

� �
: ð29Þ

A similar expression is obtained for k2 ¼ 0. Finally, if
k1 ¼ k2 ¼ 0, we get

nF23 ¼ 4k3�1 Q
‘

s‘ � 2k3�1 : ð30Þ

At last, let us consider pairs where at least one quater-
nion is completely general. As an example, we use ððm; n,
n; nÞ; qÞ. In this case, the approach is slightly different from
the previous cases, since we lack a nice formula for the
three-dimensional case. But we can proceed as follows: We
first calculate the number of different admissible pairs
ððm; n; n; nÞ; qÞ, where q is a general or a special quatern-
ion. We then subtract the number of all special combina-
tions ððm; n; n; nÞ; qÞ and finally divide by the number of
equivalent pairs. We first note that Sððm; n; n; nÞ; qÞ must be
of the form S ¼ 3r

Q
i

psi
i

Q
j

q
2tj
j , where pi ¼ 1 ðmod 6Þ

and qj 6¼ 1 ðmod 6Þ and r � 0 and at least one si � 1. We

have to sum over all pairs with Sðm; n; n; nÞ ¼ 3r0
Q

i
p

s0i
i ,

SðqÞ ¼ 3r
Q

i
p

s00i
i

Q
j

q
2tj
j such that r0 � 1; r0 ¼ r ðmod 2Þ;

si ¼ max ðs0i; s00i Þ. For fixed Sðm; n; n; nÞ and SðqÞ we have
the following situation: There are 2k�1 ¼ 1=2

Q
i

2
1�d0;s0

i in-

equivalent quaternions of type ðm; n; n; nÞ (if at least one
s0i > 0, k is the number of different prime factors > 3) and
there are 48 � ð4 � 3r�1Þ1�d0; r

Q
i
ðpi þ 1Þ p

s00i �1
i

Q
j
ðqj þ 1Þ

q
2tj�1
j different (in general not inequivalent) quaternions q.

Note that the product ranges only over those i for which
s00i > 0. If we use Gauss’ symbol ½x� in order to denote the
largest integer n � x we may rewrite this as 48 � ½4 � 3r�1�
�
Q

i
½ðpi þ 1Þ p

s00i �1
i �

Q
j
ðqj þ 1Þq2tj�1

j and take the product

over all i. Hence for fixed Sðm; n; n; nÞ and SðqÞwe have

1=2 � 8 � 48 � 1=2

Q
i

2
1�d0;s0

i � 48 � ½4 � 3r�1�

�
Q

i
½ðpi þ 1Þ p

s00i �1
i �

Q
j
ðqj þ 1Þq2tj�1

j ; ð31Þ

different (in general not inequivalent admissible pairs).
Note that we have added a factor 1=2 taking into account
that only half of the pairs are admissible. Summing over
all possible combinations of Sðm; n; n; nÞ and SðqÞ we
get

112 P. Zeiner
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1152mF2 ¼ 4 � 1152 � ½4 � 3r�1�

�
Q

i

P½si=2�

‘i¼1
21��0;si�2‘i ðpi þ 1Þ psi�1

i

 

þ
P½si=2�

‘i¼0
2½ðpi þ 1Þ psi�2‘i�1

i �
!

�
Q

j
ðqj þ 1Þ q

2tj�1
j ð32Þ

¼ 4 � 1152 � ½4 � 3r�1�

�
Q

i
ðsi þ 1Þ ðpi þ 1Þ psi�1

i þ 2
p

si�1
i �1
pi�1

� �

�
Q

j
ðqj þ 1Þq2tj�1

j ; ð33Þ

different admissible pairs if there is at least one si is odd.
Otherwise we must exclude the term with ‘i ¼ si=2 for all
i in the first sum, i.e.

mF2 ¼ 4 � ½4 � 3r�1�

�
Q

i
ðsi þ 1Þ ðpi þ 1Þ psi�1

i þ 2
p

si�1
i �1
pi�1

� ��

� dF2
Q

i
ðpi þ 1Þ psi�1

i

�

�
Q

j
ðqj þ 1Þ q

2tj�1
j ; ð34Þ

where dF2 ¼ 0; 1 according to whether there exists an odd
si or not. From this expression we subtract all admissible
pairs with special q, divide by the number of equivalent
pairs and obtain the following expression for the number

Coincidences of hypercubic lattices in 4 dimensions 113

Table 7. P-inequivalent admissible pairs. The second column gives the number of inequivalent pairs for odd values of S whereas the third column gives
the same information for even values of S . In order to save space we have omitted some pairs. These can be easily obtained by interchanging p and q.

ðp, qÞ # inequiv. pairs SP ¼ SF # inequiv. pairs SP ¼ 2SF

ðð1; 0; 0; 0Þ, ð1; 0; 0; 0ÞÞ 1 –

ð1; 0; 0; 0Þ, ð1; 1; 1; 1Þ – 1

ðð1; 0; 0; 0Þ, ðm; n; n; nÞÞ nF02 2nF02

ðð1; 0; 0; 0Þ, ðm; n; 0; 0ÞÞ nF03 –

ðð1; 0; 0; 0Þ, ðm� n;mþ n;m� n;mþ nÞÞ – nF03

ðð1; 0; 0; 0Þ, ðm; n; n; 0ÞÞ nF04 –

ðð1; 0; 0; 0Þ, ðm� 2n;mþ 2n;m;mÞÞ – nF04

ðð1; 0; 0; 0Þ, ðm; n; p; qÞÞ nF05 2nF05

ðð0; 1; 1; 1Þ, ð0; 1; 1; 1ÞÞ 1 –

ðð0; 1; 1; 1Þ, ð3; 1; 1; 1ÞÞ – 1

ðð0; 1; 1; 1Þ, ðm; n; n; nÞÞ nF12 2nF12

ðð0; 1; 1; 1Þ, ðm; n; n; 0ÞÞ nF14 –

ðð0; 1; 1; 1Þ, ðm� 2n;mþ 2n;m;mÞÞ – nF14

ðð0; 1; 1; 1Þ, ðm; n; p; qÞÞ nF15 2nF15

ððm; n; n; nÞ, ðm0; n0; n0; n0ÞÞ nF22 2nF22

ððm; n; n; nÞ, ðm0; n0; 0; 0ÞÞ nF23 2nF23

ððm; n; n; nÞ, ðm0; n0; n0; 0ÞÞ nF24 2nF24

ððm; n; n; nÞ, ðm0; n0; p0; q0ÞÞ nF25 2nF25

ððm; n; 0; 0Þ, ðm0; n0; 0; 0ÞÞ nF33 –

ððm; n; 0; 0Þ, ðm0; 0; n0; 0ÞÞ nF33 –

ððm; n; 0; 0Þ, ðm0 � n0;m0 þ n0;m0 � n0;m0 þ n0ÞÞ – nF33

ððm; n; 0; 0Þ, ðm0 � n0;m0 þ n0;m0 þ n0;m0 � n0ÞÞ – nF33

ððm; n; 0; 0Þ, ðm0 � n0;m0 � n0;m0 þ n0;m0 þ n0ÞÞ – nF33

ððm; n; 0; 0Þ, ðm0; n0; n0; 0ÞÞ nF34 –

ððm; n; 0; 0Þ, ðm0; 0; n0; n0ÞÞ nF34 –

ððm; n; 0; 0Þ, ðm0 � 2n0;m0 þ 2n0;m0;m0ÞÞ – nF34

ððm; n; 0; 0Þ, ð�m0 � 2n0;m0;m0 � 2n0;m0ÞÞ – nF34

ððm; n; 0; 0Þ, ðm0 � 2n0;m0;m0 þ 2n0;m0ÞÞ – nF34

ððm; n; 0; 0Þ, ðm0; n0; p0; q0ÞÞ 3nF35 6nF35

ððm; n; n; 0Þ, ðm0; n0; n0; 0ÞÞ nF44 –

ððm; n; n; 0Þ, ðm0; 0; n0; n0ÞÞ nF44 –

ððm; n; n; 0Þ, ðm0 � 2n0;m0 þ 2n0;m0;m0ÞÞ – nF44

ððm; n; n; 0Þ, ð�m0 � 2n0;m0;m0 � 2n0;m0ÞÞ – nF44

ððm; n; n; 0Þ, ðm0 � 2n0;m0;m0 þ 2n0;m0ÞÞ – nF44

ððm; n; n; 0Þ, ðm0; n0; p0; q0ÞÞ 3nF45 6nF45

ððm; n; p; qÞ, ðm0; n0; p0; q0ÞÞ 3nF55 6nF55



T
h
is
 a
rtic

le
 is
 p
ro
te
c
te
d
 b
y
 G
e
rm

a
n
 c
o
p
y
rig

h
t la

w
. Y

o
u
 m

a
y
 c
o
p
y
 a
n
d
 d
is
trib

u
te
 th

is
 a
rtic

le
 fo

r y
o
u
r p

e
rs
o
n
a
l u

s
e
 o
n
ly
. O

th
e
r u

s
e
 is
 o
n
ly
 a
llo

w
e
d
 w
ith

 w
ritte

n
 p
e
rm

is
s
io
n
 b
y
 th

e
 c
o
p
y
rig

h
t h

o
ld
e
r. 

of inequivalent admissible quaternions of type ððm; n;
n; nÞ; qÞ:

nF25 ¼
1

96
mF2 �

P4
i¼ 0

gF2inF2i

� �
: ð35Þ

Similar expression are obtained for nF35 and nF45. And
finally we can compute nF55 by recalling the total number
of different quaternions fF given in Eq. (3):

fF ¼
P5

i; j¼ 0
gFijnFij : ð36Þ

Finally let us have a short look on the primitive hyper-
cubic lattice. Similar results can be proved for this case.
The best way to obtain them is to derive them directly
from the previous results. We just have to keep in mind
that the symmetry group GP is a subgroup of index 3 of
GF . In particular, the coset decomposition for the corre-
sponding groups of quaternions reads

GF ¼ GP [ ðð1; 0; 0; 0Þ; 1=2ð1; 1; 1; 1ÞÞ
� GP [ ðð1; 0; 0; 0Þ; 1=2ð1;�1;�1;�1ÞÞ GP : ð37Þ

If we apply this decomposition to the double cosets
GFð p; qÞGF , we get the double cosets of GP, which are
just the P-equivalence classes of admissible pairs,
see Table 5. The corresponding groups HPð p; qÞ can now
be inferred from the corresponding groups HFð p; qÞ. In
particular, we have HPð p; qÞ � HFð p; qÞ \ GP, which sim-
plifies the determination of HPð p; qÞ considerably. The
results are shown in Table 6. Combining these results with
the numbers nFij of F-inequivalent admissible pairs, we
get the number of P-inequivalent admissible pairs, which
are listed in Table 7.

4. Conclusions and outlook

We have calculated the coincidence index S for both
kinds of four-dimensional hypercubic lattices. Moreover,
we have determined all CSLs and their equivalence classes
as well as the total number of different and inequivalent
CSLs for fixed S. Here, equivalence always means equiva-
lence up to proper rotations. But of course there exist re-
flections that leave the hypercubic lattices invariant and
one can be interested in extending the notion of equiva-
lence to the full symmetry group. We briefly sketch how

one can include the improper rotations. First note that the
special reflection m : q! ðq0;�q1;�q2;�q3Þ just corre-
sponds to quaternion conjugation. Now any symmetry op-
eration is a product of this reflection and a rotation, and it
is sufficient to consider this reflection in detail. Since
mRð p; qÞ ¼ Rðq; pÞ m, it follows that the admissible pairs
ð p; qÞ and ðq; pÞ are equivalent. Thus we have two situa-
tions: If ð p; qÞ and ðq; pÞ are not equivalent under proper
rotations, than their equivalence classes merge to form a
single equivalence class. If ð p; qÞ and ðq; pÞ are already
equivalent under proper rotations, than the equivalence
class stays the same and the corresponding symmetry
group Hð p; qÞ contains a symmetry operation which is a
conjugate of m. Thus we know all equivalence classes and
their symmetry groups Hð p; qÞ. It is then straightforward
to calculate the number of inequivalent CSLs.
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