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Abstract. In this paper simply connected twistor spaces Z con-

taining a pencil of fundamental divisors are studied. The Riemannian

base for such spaces is di�eomorphic to the connected sum nC P

2

. We

obtain for n � 5 a complete description of the set of curves intersect-

ing the fundamental line bundle K

�

1

2

negatively. For this purpose

we introduce a combinatorial structure, called blow-up graph. We

show that for generic S 2j �

1

2

K j the algebraic dimension can be

computed by the formula a(Z) = 1 + �

�1

(S). A detailed study of

the anti Kodaira dimension �

�1

(S) of rational surfaces permits to

read o� the algebraic dimension from the blow-up graphs. This gives

a characterisation of Moishezon twistor spaces by the structure of

the corresponding blow-up graphs. We study the behaviour of these

graphs under small deformations. The results are applied to prove the

main existence result, which states that every blow-up graph belongs

to a fundamental divisor of a twistor space. We show, furthermore,

that a twistor space with dim j �

1

2

K j= 3 is a LeBrun space [LeB2].

We characterise such spaces also by the property to contain a smooth

rational non-real curve C with C:(�

1

2

K) = 2� n.
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14M20
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1 Introduction

For a complex manifold with non-positive Kodaira dimension and zero dimen-

sional Albanese torus, the algebraic dimension is the most basic birational

invariant. By de�nition it is the transcendence degree over C of the �eld of

meromorphic functions on the manifold. Because it is often a di�cult task
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128 B. Kreu�ler

to compute this invariant in explicit examples, it is interesting to study the

algebraic dimension in special classes of manifolds. A class where we can �nd

interesting phenomena is the class of twistor spaces. From our point of view,

a twistor space is a compact complex three-manifold Z equipped with

� a proper di�erentiable submersion � : Z �!M onto a real di�erentiable

four-manifold M (called the base), whose �bres are holomorphic curves

in Z which are isomorphic to the complex projective line and have normal

bundle in Z isomorphic to O(1)�O(1) and

� an anti-holomorphic �xed point free involution � : Z �! Z with �� = �.

Usually, such spaces arise in 4-dimensional conformal geometry. The points of

Z correspond to complex structures on the tangent spaces at M , compatible

with the conformal structure. The idea for such a construction traces back

to F. Hirzebruch, H. Hopf [HH] and R. Penrose [Pe]. The twistor construc-

tion in the context of Riemannian geometry was �rst developed by M. Atiyah,

N. Hitchin, I. Singer [AHS]. It plays an important role as a bridge between

conformal Riemannian geometry and complex geometry. Twistor spaces have

always negative Kodaira dimension and trivial Albanese torus [H2]. If a twistor

space has the maximal possible algebraic dimension a(Z) = 3, then it must be

simply connected with base homeomorphic to either S

4

or a connected sum of

C P

2

's [C2]. Compare with Proposition 2.4 below.

The involution � is called a real structure and we designate any �-invariant

geometric object as being \real". For example, the �bres of � are called \real

twistor �bres", a line bundle L 2 PicZ is called real if �

�

L

�

=

L and a sub-

variety D � Z is called real if D := �(D) = D. The degree deg(L) of a

line bundle L 2 PicZ is by de�nition the degree of the restriction L 
 O

F

to a real twistor �bre F � Z. The \type" of a twistor space is by de�nition

the sign of the scalar curvature of a metric with constant scalar curvature in

the conformal class of M . On every twistor space there exists a distinguished

square root K

�

1

2

of the anti-canonical line bundle of Z. This bundle is called

the fundamental line bundle. The divisors in j �

1

2

K j are called fundamental

divisors. The study of the structure of these divisors and of their linear system

played a fundamental role in the study of twistor spaces.

In this paper we study simply connected twistor spaces containing irreducible

fundamental divisors. Some authors start with the assumption that the twistor

space is of positive type, but we don't here. We show in Section 2 that a

simply connected twistor space containing an irreducible fundamental divisor

must necessarily have positive type. For a collection of the basic properties of

such twistor spaces and appropriate references, the reader is referred to [K1,

Sections 2 and 3]. In the �nal three sections of the paper [K1], the case c

3

1

= 0

is studied, whereas the case c

3

1

> 0 is fairly well understood (see [H2], [FK],

[Po1], [KK], [Po4]). Here we focus on the general case: c

3

1

< 0.

The goal of this paper is an understanding of the relationship between the alge-

braic dimension a(Z), the structure of fundamental divisors and the base locus
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and dimension of the fundamental linear system on Z. The results show that

a �nite set of curves with certain numerical properties contains very important

information on the structure of the twistor space. We study the interplay be-

tween curves and surfaces, not merely divisors inside our three-manifolds. The

basic assumption for our study will be dim j �

1

2

K j� 1. Under this assumption,

we develop in Section 3 a clear picture of the possibilities for the base locus and

dimension of the fundamental linear system. We also give a new characterisa-

tion of LeBrun twistor spaces (Theorem 3.6). For LeBrun twistor spaces and

the twistor spaces studied in [CK2] the place among all twistor spaces becomes

quite clear by Theorems 3.6 and 3.7. Curves with certain numerical properties

play an important role for these results.

To compute the algebraic dimension of a simply connected twistor space one

relies on the observation of Y.S. Poon [Po2] that one can compute a(Z) by the

Iitaka dimension of the anti-canonical line bundle �(Z;K

�1

). This can be de-

duced from the fact that K

�1

generates the unique one-dimensional subspace

in PicZ
R which is invariant under the involution, induced by the real struc-

ture on Z. To compute a(Z) one can use the inequality a(Z) � 1+ �(S;K

�1

S

).

But in many cases this is not enough for computing the algebraic dimension.

In Section 4 we improve it (under our assumption dim j �

1

2

K j� 1) to the

equality

a(Z) = 1 + �(S;K

�1

S

)

for generic fundamental divisors S.

This motivates the study of the anti Kodaira dimension �

�1

(S) := �(S;K

�1

S

)

of rational surfaces in Section 5.

To handle the structure of the base locus of the fundamental system (which

is also related to the number of divisors of degree one, see [K1, Proposition

3.7]) we de�ne the notion of a blow-up graph (Section 6). This is a combina-

torial structure which reects numerical properties of the components of anti-

canonical divisors on rational surfaces. These graphs contain also information

on the anti Kodaira dimension.

The existence of new twistor spaces can be shown with the aid of deformation

theory [DonF], [C1], [LeBP], [PP2], [C3]. To be able to state interesting results

on the structure of twistor spaces constructed in such an indirect manner, we

study the behaviour of the blow-up graphs under small deformations in Section

7. These results will then be used in Section 8, where the relationship between

a(Z), dim j �

1

2

K j and the structure of anti-canonical divisors on fundamental

divisors is studied. As a result we see that basic information on the structure

of twistor spaces is already contained in a �nite set of curves in such a space.

We prove in this section a vanishing theorem for the second cohomology of the

tangent sheaf:

H

2

(Z;�

Z

) = 0;

which is necessary to show the existence of twistor spaces related to arbitrarily

prescribed blow-up graphs. Our main existence result (Theorem 8.8) states

that every blow-up graph appears as a blow-up graph of a fundamental divisor
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130 B. Kreu�ler

contained in a twistor space. To prove this we rely on recent results of N.Honda

[Ho], who studies the twistor spaces constructed in [PP3].

2 Consequences of the existence of fundamental divisors

In this section we show that the existence of an irreducible fundamental divisor

in a simply connected twistor space has strong consequences. We see, for

example, that there is no need to assume the twistor space to be of positive

type, because we obtain this from our assumption. As a consequence, we have

Hitchin's vanishing theorem at our disposal. This states for simply connected

twistor spaces of positive type the vanishing of H

1

(Z;L) for any line bundle L

with deg(L) � �2 [H1].

In fact, the topology of simply connected twistor spaces containing an e�ective

divisor can be restricted to a few cases by results of P. Gauduchon [Gau] and

C. LeBrun [LeB1].

First of all, we cite the following lemma from [PP1, Lemma 2.1], which will be

useful in the following.

Lemma 2.1. Let Z be a compact twistor space and S � Z an e�ective divisor

of degree 2 which is irreducible and real, then S is smooth.

This implies, in particular, that each real irreducible fundamental divisor S 2

j �

1

2

Kj is smooth.

From here on, we are only concerned with simply connected twistor spaces.

Without assuming Hitchin's vanishing theorem or the twistor space to be of

positive type, we can study the structure of irreducible fundamental divisors.

Lemma 2.2. Let Z be a compact simply{connected twistor space and S 2 j �

1

2

Kj be real and irreducible. Then there exists a real twistor �bre F � S and

dim jF j = 1. The surface S is smooth and rational.

Proof: From Lemma 2.1 we know smoothness of S. If S would not contain a

real twistor �bre, the twistor �bration would give an unrami�ed covering S !

M of degree two, since Z does not contain real points. This is in contradiction

with �

1

(M) = �

1

(Z) = 0. Similarly, if dim jF j = 0, we obtain an unrami�ed

covering S n F �! M n fptg of degree two. Again, we obtain a contradiction

to �

1

(M n fptg) = �

1

(M) = 0 because S n F is irreducible (being open in the

irreducible surface S). This implies h

0

(O

S

(F )) � 2. The adjunction formula

on S yields (F

2

)

S

= (F:(�K

S

))

S

� 2 = F:(�

1

2

K)� 2 = 0. Hence, we have an

exact sequence 0 �! O

S

�! O

S

(F ) �! O

F

�! 0, implying h

0

(O

S

(F )) �

h

0

(O

S

) + h

0

(O

F

) = 2. Thus jF j is a pencil. On the other hand, ((mF �

K

S

)

2

)

S

= 2m(F:(�K

S

))

S

+ ((�K

S

)

2

)

S

= 4m + ((�K

S

)

2

)

S

> 0 for large

positive m. Therefore, S is a projective algebraic surface ([BPV, IV (5.2)]).

By Noether's lemma ([GH, IVx3]) the existence of the pencil jF j implies the

rationality of S.
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Lemma 2.3. If Z is a compact, simply connected twistor space containing an

irreducible fundamental divisor, then h

i

(K

1

2

) = 0 for all i and h

i

(O

Z

) = 0 for

i > 0.

Proof: By assumption j �

1

2

Kj contains an irreducible member, hence, the

generic member of this linear system is irreducible. Therefore, we can choose

an irreducible real S 2 j �

1

2

Kj, which is smooth and rational by Lemma 2.2.

In particular, we have h

1

(O

S

) = h

2

(O

S

) = 0. Because the restriction de�nes

an isomorphism H

0

(O

Z

)

�

�! H

0

(O

S

), the exact sequence 0 �! K

1

2

�!

O

Z

�! O

S

�! 0 implies h

0

(K

1

2

) = 0 and h

i

(K

1

2

) = h

i

(O

Z

), if i > 0.

Using the Serre duality, this gives the desired vanishing for i 2 f0; 3g and

h

1

(O

Z

) = h

1

(K

1

2

) = h

2

(K

1

2

) = h

2

(O

Z

). The simply connectedness of Z

implies 0 = b

1

(M) = h

1

(O

Z

) (see [ES]) �nishing the proof.

Proposition 2.4. If Z �! M is a compact, simply connected twistor space

containing an irreducible fundamental divisor, then M is di�eomorphic to the

connected sum nC P

2

and M is of positive type.

Proof: Because Z is compact andM self{dual, we obtain (see e.g. [ES, Cor.

3.2]) b

�

(M) = h

2

(O

Z

) which vanishes under our assumptions by Lemma 2.3.

Therefore, the intersection form on H

2

(M;R) is positive de�nite. To see that

the type ofM is positive, we recall a theorem of Gauduchon [Gau] stating that

a twistor space of negative type does not contain e�ective divisors. Hence, in

our case, the type is non{negative. If the type would be zero, we would obtain

(using �

1

(M) = 0) from [Pon, Cor. 4.3], that

�

M is a K�ahler surface. But,

what we have seen above, implies then that the intersection form on H

2

(

�

M;R)

would be negative de�nite. But for a simply connected complex surface this

is impossible by the signature theorem [BPV, IV (2.13.)]. Therefore, M has

positive type. In this situation a theorem of Pedersen and Poon [PP1] states

that M is di�eomorphic to nC P

2

.

From [Gau] and [LeB1] we obtain that a simply connected twistor space, which

contains an e�ective divisor, can only be built over a self-dual four manifoldM

having one of the following properties (M denotes the anti-self-dual manifold

obtained by reversing the orientation of M):

(a) M is a blow{up of P

2

at m > 9 points or

(b) M is a K3{surface with a Ricci{at metric or

(c) M is homeomorphic to nC P

2

with n � 0.

From [Po3] we obtain that in case (a) a(Z) = 0 and in case (b) a(Z) = 1.

The goal of the following sections is to gain more knowledge on the algebraic

dimension and their relation to the geometry of Z in case (c).

3 The fundamental linear system of a twistor space

We consider a simply connected twistor space Z. In this section we study the

fundamental linear system j �

1

2

K j. Under the assumption that it is at least a
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132 B. Kreu�ler

pencil, we obtain information on its dimension and the base locus. In Section

8 we study the algebraic dimension a(Z) in more detail.

In the case where an irreducible fundamental divisor exists, Proposition 2.4

shows that the Riemannian base of such a twistor space is di�eomorphic to the

connected sum nC P

2

and the conformal class contains a metric with positive

scalar curvature. If n � 3 it is well-known (and follows easily from the Riemann-

Roch formula and Hitchin's vanishing theorem) that we have a(Z) = 3. The

case n = 4 was studied in [K1]. Since a twistor space of positive type over

nC P

2

with n � 4 contains always a pencil of fundamental divisors, the picture

is in this case fairly satisfactory. If, however, n > 4 (which is equivalent to

c

1

(Z)

3

< 0) the situation is much more rich and less understood.

In the rest of this section we denote by Z a twistor space ful�lling:

(3.0) It is simply connected, contains an irreducible fundamental divisor and

satis�es h

0

(K

�

1

2

) � 2 and c

1

(Z)

3

< 0.

We have seen in Section 2 that such a twistor space is of positive type and is

built over nC P

2

with n > 4. Furthermore, Pic(Z) is a free abelian group of

rank n+ 1 and (�

1

2

K)

3

= 2(4� n) (see [K1, Section 2]).

Lemma 3.1. Let D � Z be an e�ective divisor of degree one.

(a) If D \D 6= ; then D:D = F is a real twistor �bre.

(b) If h

0

(D) � 2, then dim j D j= 1, dim j �

1

2

K j= 3, the base locus of the

pencil j D j is a smooth rational curve B which is disjoint to its conjugate B.

The surface D is rational and intersects the conjugate surface D. The base

locus of the fundamental linear system j �

1

2

K j is the curve B[B and we have

B:(�

1

2

K) = 2� n.

Proof: This lemma can be deduced from [Ku] and [Po4] but we prefer to

give a direct proof here.

(a) Assume D \ D 6= ;. Consider a point z 2 D \ D and denote by F the

real twistor �bre containing z. But F and D \ D are real, hence z 2 F \ D.

Using that D is of degree one we conclude F � D \ D. As D is smooth and

irreducible we have for every real twistor �bre F � D an exact normal bundle

sequence:

0 �! N

F jD

�! N

F jZ

�! O

Z

(D)
O

F

�! 0:

Using N

F jZ

�

=

O

F

(1)

�2

and O

Z

(D)
O

F

�

=

O

F

(1), we obtain N

F jD

�

=

O

F

(1),

which means (F

2

)

D

= 1. As in the proof of Lemma 2.2 this implies that D

is algebraic and rational. Since any two real twistor lines are disjoint we infer

from the Hodge index theorem that F is the unique real twistor �bre contained

in D. This implies D\D = F because the intersection D \D would contain a

second twistor �bre if it contains a point outside F . We even have D:D = F ,

since D:D = rF implies r = ((D:D):F )

D

= D:F = 1.

(b) If we have O

Z

(D � D)

�

=

O

Z

, then c

1

(O

Z

(D)) would be invariant under

the involution on H

2

(Z;Z). This would imply O

Z

(4D)

�

=

K

�1

Z

, which is only

possible if n = 0. In this case Z = P

3

by [H2] and [FK]. But we assumed n > 4.
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Hence, O

Z

(D�D) is not the trivial line bundle. This impliesH

0

(O

Z

(D�D)) =

0 because there is no e�ective divisor of degree zero. If D and D would be

disjoint, we would have O

Z

(D)
O

D

�

=

O

D

. Considering the exact sequence

0 �! O

Z

(D �D) �! O

Z

(D) �! O

Z

(D)
O

D

�! 0

we would obtain a contradiction to the assumption h

0

(O

Z

(D)) � 2. Therefore,

we must have D \D 6= ;, hence D:D = F .

Let now D

0

2j D j nfDg and de�ne B := D:D

0

. We obtain B:D = D:D

0

:D =

(D:D):D

0

= F:D

0

= 1. Since j D j is at least a pencil, this implies B is smooth.

This computation shows furthermore (B:F )

D

= B:D = 1. In particular B \

B = ;, because B � D and Z does not contain a real point.

Let I

B

� O

Z

be the ideal of B � Z and denote by s; s

0

2 H

0

(O

Z

(D)) sections

de�ning the divisors D;D

0

. By V � H

0

(O

Z

(D)) we denote the vector space

generated by s; s

0

. This pair of sections de�nes the exact Koszul complex

0 �! O

Z

(�2D) �! V 
O

Z

(�D) �! I

B

�! 0: (1)

Since deg(�2D) = �2 we obtain from Hitchin's vanishing h

1

(O

Z

(�2D)) =

0 and h

2

(O

Z

(�2D)) = 0. Hence, H

1

(O

Z

(�D)) 
 V

�

=

H

1

(I

B

). But the

exact sequence 0 �! O

Z

(�D) �! O

Z

�! O

D

�! 0 and H

1

(O

Z

) = 0

imply H

1

(O

Z

(�D)) = 0. Hence, H

1

(I

B

) = 0, showing that the restriction

H

0

(O

Z

) �! H

0

(O

B

) is surjective. Thus, B is connected, hence irreducible.

The linear system j F j on D is of dimension two and does not have base

points which can be seen from the exact sequence 0 �! O

D

�! O

D

(F ) �!

O

F

(F ) �! 0. Since (B:F )

D

= 1 we see that B is the strict transform of a line

in C P

2

under the blow up D �! C P

2

, de�ned by j F j. In particular, B is

smooth and rational.

Now we can compute B:(�

1

2

K) = B:(D+D) = D:D

0

:D+B:D = D

3

+1 = 2�n,

and this is negative since we assumed n > 4. In particular B and B are

contained in the base locus of j �

1

2

K j. By a lemma of Poon [Po4, Lemma 1.4],

we can conclude h

0

(K

�

1

2

) � 4.

To determine the base locus of j �

1

2

K j consider a base point z of this linear

system. This point is contained in every divisor of the formD+D of which there

exist an in�nite number. Thus there exists a pair of e�ective linearly equivalent

divisors of degree one D;D

0

such that z 2 D \ D

0

= B or z 2 D \ D

0

= B.

This shows that the base locus of j �

1

2

K j is contained in B [B, hence B [B

is the base locus.

Finally, we have to compute the dimension of the fundamental linear system.

For this purpose we tensor the exact sequence (1) with O

Z

(D + D)

�

=

K

�

1

2

and obtain an exact sequence

0 �! O

Z

(D �D) �! V 
O

Z

(D) �! I

B


O

Z

(D +D) �! 0:

If we use H

0

(O

Z

(D � D)) = 0 we obtain an injection H

0

(V 
 O

Z

(D)) =

V 
H

0

(O

Z

(D)) � H

0

(I

B


K

�

1

2

) � H

0

(K

�

1

2

). Since V 
V � V 
H

0

(O

Z

(D))
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134 B. Kreu�ler

we obtain 4 � h

0

(K

�

1

2

) which implies by the above inequality dim j K

�

1

2

j= 3

and hence dim j D j= 1.

Lemma 3.2. Assume Z contains only �nitely many divisors of degree one. If

A � Z is an irreducible and reduced curve with A:(�

1

2

K) < 0, then there exists

a smooth real fundamental divisor S 2j �

1

2

K j containing a real twistor �bre

F with 2 � F:A � 1. We have A:F = 2 if and only if A is real.

Proof: Let x 2 A be a point and x 2 F � Z the real twistor �bre containing

this point. Since j �

1

2

K j is at least a pencil, there exists a divisor S 2 j�

1

2

Kj

containing a given point y 2 F nfx; �xg. Because F:S = 2 and S \F � fy; x; �xg

the twistor �bre F is contained in S. So the real subsystem j�

1

2

Kj

F

� j�

1

2

Kj

of divisors containing F is not empty. Because S contains at most a real

one-parameter family of real twistor �bres, the intersection points of A with

real twistor �bres contained in S form at most a real one-dimensional subset

of points z on A. Therefore, we obtain at least a one-parameter family of

surfaces S containing a real twistor �bre F with F:A � 1. Since we assumed

that there are only �nitely many divisors of degree one, we can choose an

irreducible real fundamental divisor among them, which is smooth by Lemma

2.1. Since (A:(�K

S

))

S

= A:(�

1

2

K) < 0 each real anti-canonical divisor C 2j

�K

S

j contains A and A. Since F is nef this implies (F:A)

S

� (F:(�K

S

))

S

=

F:(�

1

2

K) = 2. If A 6= A there even holds (F:(A + A))

S

� (F:(�K

S

))

S

= 2

implying (F:A)

S

= (F:A)

S

= 1. If A = A, we must have (F:A)

S

6= 1 since S

does not contain real points, hence (F:A)

S

= 2 in this case.

Lemma 3.3. If Z is a twistor space satisfying condition (3.0), then:

(a) There exists a reduced irreducible curve A � Z with A:(�

1

2

K) < 0.

(b) If we have A:(�

1

2

K) > 2� n for every reduced irreducible curve A � Z,

then dim j �

1

2

K j= 1.

Proof: Let S be a smooth real fundamental divisor. We haveK

�1

S

�

=

K

�

1

2




O

S

and dim j �

1

2

K j= dim j �K

S

j +1, hence j �K

S

j6= ;. Since ((�K

S

)

2

)

S

=

(�

1

2

K)

3

= 2(4� n) < 0 we obtain (a). To show (b) we recall from [K1, Prop.

3.6] that there exists a succession of blow-ups � : S ! P

1

� P

1

such that the

anticanonical system j �K

S

j contains a real member C mapped onto a curve

C

0

on P

1

� P

1

having one of the following four types :

(0) C

0

2 jO(2; 2)j is a smooth elliptic curve,

(1) C

0

has four components C

0

= F

0

+ F

0

+ G

0

+G

0

where F

0

2 jO(0; 1)j and

G

0

2 jO(1; 0)j are not real,

(2) C

0

has two components C

0

= F

0

+ C

0

0

where F

0

2 jO(0; 1)j is real and

C

0

0

2 jO(2; 1)j is real, smooth and rational,

(3) C

0

has two distinct components C

0

= A

0

+A

0

where A

0

; A

0

2 jO(1; 1)j.

At each step of blow-up a conjugate pair of points, lying on the image of C, is

blown up. The pencil j F j generated by a real twistor �bre F � S is mapped

to the pencil jO(0; 1)j on P

1

�P

1

. It was shown in [K1, Prop. 3.3] that none of
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the blown up points lies over a real member of jO(0; 1)j. This implies in case

(2) that there is a component C

0

of C with (C

0

:(�K

S

))

S

= 6� 2n < 2� n. In

case (0) we have (C

2

)

S

= (C:(�K

S

))

S

= 8�2n < 0 and C is irreducible, hence

j �K

S

j= fCg. If in case (3) all the blown up points lie over smooth points of

C

0

= A

0

+ A

0

, then C = A +A with (A:(�K

S

))

S

= (A:(�K

S

))

S

= 4� n < 0.

Hence, j �K

S

j= fCg. If, however, in case (3) the conjugate pair of singular

points A

0

\ A

0

is blown up, then we can choose the succession of blow-ups �

such that C is mapped to a curve of type (1) in P

1

� P

1

. This is done by an

elementary transformation (see [K1, Cor. 4.3]).

To deal with case (1) we choose an irreducible reduced curve G � Z with

G:(�

1

2

K) < 0. By Lemma 3.1 the assumption of (b) implies that there does

not exist a pencil of divisors of degree one. Hence we can apply Lemma 3.2

and can �nd a smooth real fundamental divisor S with (F:(G + G))

S

= 2

for twistor �bres F � S. Take C � S as above in the description of type

(1), then G is a component of C, hence smooth rational and not real. This

implies (F:G)

S

= (F:G)

S

= 1. Thus, the curves G and G are mapped to the

components G

0

and G

0

of C

0

. Since G:(�

1

2

K) = G(�

1

2

K) < 0, at least three

of the blown up points are lying over G

0

and their conjugates over G

0

. Since

we assumed G:(�

1

2

K) > 2 � n, at most n � 1 blown-up points lie over G

0

.

Hence, a nonempty set of blown-up points lies over a conjugate pair F

0

, F

0

of

members of jO(0; 1)j. This implies that these curves are not movable, hence

j �K

S

j= fCg.

Proposition 3.4. Let Z be a twistor space satisfying condition (3.0) and let

A � Z be an irreducible reduced curve.

(a) If A is not real, then A:(�

1

2

K) � 2� n.

(b) If A:(�

1

2

K) < 2 � n, then A is real (i.e. A = A) and it is the unique

irreducible reduced curve having negative intersection number with K

�

1

2

.

Only the following two cases are possible:

(i) A:(�

1

2

K) = 8 � 2n, n > 6 and A is smooth elliptic. In this case

dim j �

1

2

K j= 1.

(ii) A:(�

1

2

K) = 6 � 2n and A is smooth rational. In this case dim j

�

1

2

K j= 2.

(c) If A:(�

1

2

K) = 2 � n, then fA;Ag is the set of all irreducible reduced

curves in Z with negative intersection number with K

�

1

2

and either

(i) n = 6 and A = A smooth and elliptic and dim j �

1

2

K j= 1, or

(ii) A is smooth rational and not real. In this case dim j �

1

2

K j= 3.

Proof: If a pencil of divisors of degree one exists, all the statements are clear

by Lemma 3.1. Therefore, we assume that there exists only a �nite number of

divisors of degree one. This allows us to apply Lemma 3.2.
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If A:(�

1

2

K) � 0 nothing is to prove. Assume A:(�

1

2

K) < 0 and choose a

smooth fundamental divisor S as in Lemma 3.2. Let, furthermore, be � : S !

P

1

� P

1

a succession of blow-ups as in the proof of Lemma 3.3. Using the

notation of that proof, we obtain that A must be a component of C. Since

every curve on P

1

� P

1

has nonnegative self-intersection number, (a) is clear

from the description of the types (0) { (3).

The assumption of (b) implies that we are in types (0) or (2) which correspond

to the cases (i) and (ii) respectively. In type (0), the irreducible curve C

has negative intersection number with �K

S

, hence j �K

S

j= fCg, implying

dim j �

1

2

K j= 1 in case (i) of (b). In type (2) we obtain j �K

S

j= C

0

+ jF j

yielding dim j �

1

2

K j= 2 in case (ii) of (b). Finally, if A:(�

1

2

K) = 2 � n we

can have type (0) only if n = 6, giving the case (i) of (c). Otherwise, we are

in type (1) and n blown-up points are over G

0

. The conjugate set of blown-up

points lies over G

0

, hence the components F

0

and F

0

of C

0

are movable. This

yields dim j �

1

2

K j= 3 and A + A is mapped to G

0

+G

0

giving the statement

(ii) of (c).

Now we are ready to give new characterisations of the Moishezon twistor spaces

introduced by LeBrun [LeB2] and studied by Kurke [Ku]. Recall the following

result of Kurke [Ku] and Poon [Po4]:

Theorem 3.5. If Z contains a pencil of divisors of degree one, then it is one

of the Moishezon twistor spaces introduced by LeBrun [LeB2] and studied by

Kurke [Ku].

The following theorem provides new characterisations for these twistor spaces.

Theorem 3.6. If Z is a twistor space satisfying condition (3.0) then the fol-

lowing properties are equivalent:

(a) Z contains a pencil of divisors of degree one.

(b) dim j �

1

2

K j= 3.

(c) dim j �

1

2

K j� 3.

(d) There exist exactly two reduced irreducible curves in Z having negative

intersection number with K

�

1

2

. These two curves are smooth rational,

form a conjugate pair fA;Ag and A:(�

1

2

K) = 2� n.

(e) There exists a smooth rational curve A � Z with A:(�

1

2

K) = 2� n.

Proof: The implication (a) ) (b) was shown in Lemma 3.1. (c) ) (d)

follows from Lemma 3.3(a) and Proposition 3.4. (d) ) (e) is obvious. (e) )

(a) can be shown by the same proof as in the case n = 4 given in [K1, Prop.

5.3.], therefore we omit it here.

Theorem 3.7. If Z is a twistor space satisfying condition (3.0) then the fol-

lowing properties are equivalent:
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(a) dim j �

1

2

K j= 2.

(b) There exists a smooth irreducible real rational curve C

0

� Z with the

property C

0

:(�

1

2

K) = 2(3 � n). This is the unique irreducible reduced

curve in Z having negative intersection number with K

�

1

2

.

(c) There exists a smooth real rational curve C

0

� Z with C

0

:(�

1

2

K) < 0.

Proof: This follows from Lemma 3.3(a) and Proposition 3.4. For (c) ) (a)

see also [K2, Thm. 2.1].

4 Computation of the algebraic dimension

The computation of the algebraic dimension of a speci�c compact complex

manifold Z is often a very di�cult task. It is known that in general there

exists a line bundle A 2 PicZ whose Iitaka dimension �(Z;A) is equal to a(Z).

It is an observation of Y.S. Poon [Po2], [Po3] that we can choose A = K

�

1

2

if Z

is a simply connected twistor space and �(Z;K

�

1

2

) 6= �1. If S 2j �

1

2

K j is an

irreducible smooth fundamental divisor on a twistor space, then the inequality

a(Z) � 1 + �(S;K

�1

S

) is easy to see. But this will in general not su�ce to

compute a(Z). The following theorem improves this situation a lot.

Theorem 4.1. Let Z be a compact complex manifold, F and A line bundles

on Z, � �j F j a one-dimensional linear system. Assume a(Z) = �(Z;A)

and that the general member of � is irreducible and reduced. Then, for general

S 2 �, the following formula holds:

a(Z) = 1 + �(S;A
O

S

):

Proof: The linear system � does not have a �xed component since it contains

an irreducible reduced member. Let ' : Z 9 9 KP

1

be the meromorphic map

de�ned by the pencil � �j F j. By B � Z we denote the set of indeterminacy

of ', that is the base locus of �. Using Hironaka's theorem on resolutions

of singularities in the complex analytic case (see [AHV]), we can resolve the

singularities of the graph space of ' to obtain a proper modi�cation � :

e

Z �! Z

and a holomorphic map e' :

e

Z �! P

1

such that:

e

Z is a smooth compact complex

manifold, e' is proper and surjective, � induces an isomorphism

e

Z n�

�1

(B) �!

Z nB and e' = ' � � on

e

Z n �

�1

(B).

In particular, the generic �bre of e' is smooth (see [U, Cor. 1.8]). Since

e

Z is

irreducible and reduced and e' maps

e

Z onto a smooth curve, the map e' is at.

But �

�1

(B) has at least codimension one in Z and the general member S of �

is, by assumption, an irreducible smooth divisor in Z, hence the generic �bre of

e' is connected. This implies, the general �bre

e

S of e' is smooth and irreducible

and � induces a proper modi�cation � :

e

S �! S = �(

e

S) 2 �. By [U, 5.13] we

obtain:

�(

e

S; �

�

(A
O

S

)) = �(S;A
O

S

)
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and �(

e

Z; �

�

A) = �(Z;A).

Letm be a positive integer and consider the projective �bre space P(e'

�

�

�

A


m

)

over P

1

. We have meromorphic maps �

m

:

e

Z �! P(e'

�

�

�

A


m

) compatible

with the maps to P

1

. The restriction of �

m

to a generic �bre

e

S �

e

Z of e' is

the map given by the line bundle (�

�

A


m

) 
O

e

S

(see [U, (2.8){(2.10)]). This

implies for m� 0:

dim�

m

(

e

Z) = 1 + �(

e

S; �

�

A
O

e

S

):

Since P

1

and hence P(e'

�

�

�

A


m

) are projective, we have a(�

m

(

e

Z)) =

dim�

m

(

e

Z) and obtain

a(Z) = a(

e

Z) � a(�

m

(

e

Z)) = 1 + �(

e

S; �

�

A
O

e

S

):

Finally, since we assumed �(Z;A) = a(Z) � 0, implying h

0

(A


m

) > 0 for m�

0, we can apply [U, Thm. 5.11] to the proper holomorphic map e' :

e

Z �! P

1

to obtain

�(

e

Z; �

�

A) � �(

e

S; �

�

A
O

e

S

) + 1:

All the inequalities together yield

a(Z) � 1 + �(

e

S; �

�

A
O

e

S

) � �(

e

Z; �

�

A) = �(Z;A) = a(Z)

which gives the claim.

Definition 4.2. The anti Kodaira dimension of a compact complex variety

X is the number �

�1

(X) := �(X;K

�1

X

).

Corollary 4.3. Let Z be a compact, simply connected twistor space contain-

ing an irreducible fundamental divisor. If h

0

(K

�

1

2

) � 2 and S 2j �

1

2

K j is

generic, then:

a(Z) = 1 + �

�1

(S):

Proof: Our assumptions imply that there exists a pencil � �j �

1

2

K j whose

general member is irreducible and reduced. The general fundamental divisor of

Z is contained in such a pencil. By Poon's theorem we have a(Z) = �(Z;K

�

1

2

)

and by the adjunction formula we obtain K

�1

S

�

=

K

�

1

2


 O

S

. Application of

Theorem 4.1 gives the result.

5 Anti Kodaira Dimension of Rational Surfaces

The results of the previous section motivate the study of the anti Kodaira

dimension of rational surfaces. Such studies were made by Sakai [Sa] but we

are interested in a more detailed knowledge on the relationship between the

anti Kodaira dimension and the numerical properties of the components of

anti-canonical divisors. The desired results can also not be found in the papers
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of E. Looijenga [Lo] and B. Harbourne [Hb] who studied surfaces containing

e�ective anti-canonical divisors.

In contrast to the Kodaira dimension, the anti Kodaira dimension is not a

birational invariant. Its behaviour under blow-ups becomes more transparent

by the following results.

Lemma 5.1. Let S

0

be a smooth surface, P

0

2 S

0

a point and C

0

2 j �K

S

0

j an

anti-canonical divisor. By � : S �! S

0

we denote the blow{up with centre P

0

.

Then we have:

(a) �

�1

(S) � �

�1

(S

0

) and

(b) if mult

P

0

(C

0

) � 2, then �

�1

(S) = �

�1

(S

0

).

Proof: Let E � S be the exceptional divisor of �. Then �

�

K

�1

S

0

�

=

K

�1

S




O

S

(E). Because E is e�ective and �

�

O

S

�

=

O

S

0

we obtain with m � 1:

h

0

(S;K

�m

S

) � h

0

(S;K

�m

S


 O

S

(mE)) = h

0

(S; �

�

K

�m

S

0

) = h

0

(S

0

;K

�m

S

0

). This

proves (a).

Assume now mult

P

0

(C

0

) � 2, then

~

C := �

�

C

0

� 2E is e�ective. This is true

for non-reduced C

0

. Using K

�2

S

�

=

�

�

K

�2

S

0


 O

S

(�2E)

�

=

�

�

K

�1

S

0


 O

S

(

~

C),

we obtain h

0

(S

0

;K

�m

S

0

) = h

0

(S; �

�

K

�m

S

0

) � h

0

(S; �

�

K

�m

S

0


 O

S

(m

~

C)) =

h

0

(S;K

�2m

S

). This implies �

�1

(S

0

) � �(S;K

�2

S

) = �

�1

(S) and we obtain

(b).

Theorem 5.2. Let S

0

be a smooth rational surface and C

0

2j �K

S

0

j an anti-

canonical divisor. The irreducible components (with reduced structure) are de-

noted by C

0

1

; : : : ; C

0

r

. Assume that among the C

0

�

there is no smooth rational

(�1){curve. Then we have:

(a) 9� : (C

0

�

:(�K

S

0

))

S

0

> 0) �

�1

(S

0

) = 2

(b) 8� : (C

0

�

:(�K

S

0

))

S

0

= 0) �

�1

(S

0

) 2 f0; 1g

(c) 8� : (C

0

�

:(�K

S

0

))

S

0

� 0 and 9� : (C

0

�

:(�K

S

0

))

S

0

< 0) �

�1

(S

0

) = 0

In the case (b) we have �

�1

(S

0

) = 0 () 8m � 1 : h

0

(C

0

; N


m

) = 0, with the

abbreviation N := K

�1

S

0


O

C

0

.

Proof: We start with the observation that the exact sequence 0 �! K

S

0

�!

O

S

0

�! O

C

0

�! 0 and the rationality of S

0

imply h

0

(O

C

0

) = 1. As a conse-

quence we obtain that C

0

is connected.

Recall that for arbitrary D 2 Pic(S

0

) and e�ective D

0

2 Pic(S

0

) one always has

�(S

0

; D) � �(S

0

; D +D

0

). If D is nef (i.e. for each e�ective divisor D

0

one has

(D:D

0

)

S

0

� 0), then (D

2

)

S

0

> 0 if and only if �(S

0

; D) = 2.

To show (a) we assume �rst the existence of a component C

0

�

with (C

0

�

2

)

S

0

> 0.

Such a divisor is nef and �(S

0

; C

0

�

) = 2, but �K

S

0

� C

0

�

is e�ective, hence

�

�1

(S

0

) = 2.

Assume now (C

0

�

2

)

S

0

� 0 for all �. By assumption we have one component

C

0

�

with (C

0

�

:(�K

S

0

))

S

0

> 0. We show (C

0

�

2

)

S

0

= 0 as follows: The genus

formula gives 2p

a

(C

0

�

) � 2 < 2p

a

(C

�

) � 2 + (C

0

�

:(�K

S

0

))

S

0

= (C

0

�

2

)

S

0

� 0,

hence the arithmetic genus p

a

(C

0

�

) vanishes and C

0

�

�

=

P

1

. In turn, this implies
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0 � (C

0

�

2

)

S

0

= (C

0

�

:(�K

S

0

))

S

0

�2 > �2. By assumption, we have (C

0

�

2

)

S

0

6= �1

and conclude (C

0

�

2

)

S

0

= 0. In particular, �K

S

0

is not a multiple of C

0

�

.

Because C

0

is connected, we can choose a component C

0

�

6= C

0

�

with c :=

(C

0

�

:C

0

�

)

S

0

> 0. We de�ne D := c �C

0

�

+ (1� (C

0

�

2

)

S

0

) �C

0

�

which is an e�ective

divisor. Since (D:C

0

�

)

S

0

= c �(C

0

�

2

)

S

0

+(1�(C

0

�

2

)

S

0

) �c = c > 0 and (D:C

0

�

)

S

0

=

c

2

+(1� (C

0

�

2

)

S

0

) � (C

0

�

2

)

S

0

= c

2

> 0, we obtain (D

2

)

S

0

> 0 and D is nef. If we

choose m = maxfc; 1� (C

0

�

2

)

S

0

g, then �

�1

(S

0

) = �(S

0

;K

�m

S

0

) � �(S

0

; D) = 2

and (a) is proved.

If we have (C

0

�

:(�K

S

0

))

S

0

= 0 for all components of C

0

, then �K

S

0

is nef and

((�K

S

0

)

2

)

S

0

= 0, hence �

�1

(S

0

) < 2. Because we assumed that j �K

S

0

j is

non{empty, we have �

�1

(S

0

) � 0 and (b) is shown.

To show (c) we can apply [Lo, (1.3)] which proves that the matrix ((C

0

i

:C

0

j

)

S

0

)

i;j

is negative de�nite. Hence, in the Zariski decomposition C

0

= P

0

+N

0

of the

divisor C

0

we have P

0

= 0 (see [Sa]). This implies �

�1

(S

0

) = �(S

0

; C

0

) =

�(S

0

; P

0

) = 0, hence (c).

To distinguish, in the case (b), anti Kodaira dimensions zero and one, we

consider the exact sequence (m � 1):

0 �! K

�(m�1)

S

0

�! K

�m

S

0

�! N


m

�! 0 (2)

If h

0

(C

0

; N


m

) = 0 for all m � 1, we obtain h

0

(K

�m

S

0

) = 1 for m � 1

and �

�1

(S

0

) = 0. On the other hand, if there exists some m � 1 with

h

0

(C

0

; N


m

) > 0, then we let m

0

be the smallest one with this property.

From the sequence (2) we obtain h

0

(S

0

;K

�m

S

0

) = 1 for 0 � m < m

0

. We

have h

2

(S

0

;K

�m

S

0

) = h

0

(S

0

;K

m+1

S

0

) = 0 for m � 0 (because S

0

is rational)

and ((�K

S

0

)

2

)

S

0

= 0 (in case (b)) and obtain from the Riemann{Roch formula

h

0

(K

�m

S

0

)�h

1

(K

�m

S

0

) = 1. Therefore, h

1

(K

�m

S

0

) = 0 for 0 � m < m

0

. The exact

sequence (2) with m = m

0

implies now h

0

(K

�m

0

S

0

) > 1, thus �

�1

(S

0

) > 0.

Remark 5.3. It is a remarkable fact that the numerical information contained

in an anti-canonical divisor is not su�cient for the computation of the anti

Kodaira dimension, if its components are orthogonal to the canonical class.

This phenomenon also appears in the paper [Sa]. It is the reason that it is

di�cult to construct simply connected twistor spaces of algebraic dimension

two (see [CK1]).

Corollary 5.4. Let S be a smooth rational surface, C 2j �K

S

j an e�ective

anti-canonical divisor with components C

1

; : : : ; C

r

and denote N := K

�1

S


O

C

.

Assume that among the C

�

there is no smooth rational (�1)-curve or that S

cannot be blown-down to a surface with the properties of Theorem 5.2 (b).

Then, the anti{Kodaira dimension �

�1

(S) is determined by the pair (C;N).

Proof: Since (C

2

�

)

S

= 2p

a

(C

�

) � 2 + (C

�

:(�K

S

))

S

and (C

�

:(�K

S

))

S

=

deg(N 
O

C

�

), this follows from Theorem 5.2.
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6 Blow-up graphs

In this section we develop a method to handle the numerical information of

an anti-canonical divisor on a surface obtained by a sequence of blow-ups from

P

1

�P

1

at points lying over an anti-canonical curve with four irreducible com-

ponents.

In view of our application to twistor spaces, we are only interested in blow-ups

of conjugate pairs of points to have real structures on all the blown-up surfaces.

We equip S = P

1

� P

1

with the real structure given by the antipodal map on

the �rst factor and the usual real structure on the second (cf. [K1, Ch. 3]).

Choose an anti-canonical curve C = F + F + G + G with F 6= F 2j O(0; 1) j

and G 2j O(1; 0) j.

Let S

(k)

�! S

(k�1)

�! : : : �! S

(0)

= S be a sequence of blow-ups at each

step of which we blow up a conjugate pair of points lying on the e�ective anti-

canonical divisor C

(i)

which is mapped to C � S. Denote by �

i

: S

(k)

�!

S

(i)

the partial blow-up (0 � i � k). The curve C

(k)

� S

(k)

is a \cycle of

rational curves" as de�ned in [K1, Def. 3.5] with an even number of irreducible

components. Denote its components by C

1

; C

2

; : : : ; C

2m

such that C

i

intersects

C

i�1

and C

i+1

(we consider indices modulo 2m). We have 2 � m � k+2. We

associate the following graph to the given sequence of blow-ups:

The graph contains k+2 vertices, some of which are possibly marked. We let m

of these vertices correspond to the pairs of conjugate curves in S

(k)

: (C

1

; C

m+1

),

(C

2

; C

m+2

), : : : ; (C

m

; C

2m

). We denote these vertices by v

1

; : : : ; v

m

and call

them internal vertices of the graph. Two of these vertices v

i

and v

j

are joined

by one edge if and only if there is an integer 0 � r � k such that �

r

(C

i

) and

�

r

(C

j

) are curves and �

r

(C

i

[ C

m+i

) \ �

r

(C

j

[ C

m+j

) 6= ;.

The graph can also contain external vertices. These vertices v

m+1

; : : : ; v

k

correspond bijectively to conjugate pairs of irreducible smooth rational curves

contracted under �

0

: S

(k)

�! S. These are those strict transforms in S

(k)

of

exceptional curves of the blow-ups which are not components of C

(k)

. Hence,

for every external vertex v there exists an integer 1 � r(v) � k�1 such that the

curves corresponding to v are the strict transforms of the exceptional curves of

the blow-up S

(r(v)+1)

�! S

(r(v))

. The number of components of C

(r(v))

and of

C

(r(v)+1)

are equal and the blown-up points lie on �

r(v)

(C

i

[C

m+i

) for precisely

one i. We denote this index i by i(v). An external vertex is connected with

an other external vertex by an edge if and only if the corresponding pairs of

conjugate curves in S

(k)

have nonempty intersection. Every external vertex v

is connected by an edge with precisely one internal vertex, namely with v

i(v)

.

Finally, we equip an external vertex v with a marking if and only if for every

external vertex w connected with v by an edge we have r(v) � r(w). Internal

vertices are never marked. In our pictures we shall draw the vertices as circles

and indicate the marked vertices by an asterisk inside this circle.

In the description of the following examples the reader should keep in mind

that we consider only blow-ups of conjugate pairs of points. Thus, if there is

written: \if we blow up P 2 F , then : : : ", one should read: \if we blow up
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P 2 F and the conjugate point P 2 F , then : : : ".

Example 6.1. If k = 1 and we blow up the point F \ G then the graph is the

following:

/.-,()*+

/.-,()*+

�

�

�

�

�

�

�

�

�

�

�

�

/.-,()*+

2

2

2

2

2

2

2

2

2

2

2

2

Example 6.2. If we blow up k distinct points on F , which are not contained in

G[G, then we have m = 2 and the graph contains k marked external vertices

which are joined with one of the internal vertices. If k = 3, the graph looks

like:

/.-,()*+

�

/.-,()*+ /.-,()*+

�

�

�

�

�

�

�

�

?

?

?

?

?

?

?

?

/.-,()*+

�

/.-,()*+

�

Example 6.3. If in the previous example we blow up four times the same point

on the strict transforms of F , the resulting graph can be drawn as follows:

/.-,()*+

/.-,()*+ /.-,()*+ /.-,()*+ /.-,()*+

�

/.-,()*+

�

�

�

�

�

�

�

�

�

�

�

�

�

�

/.-,()*+

/

/

/

/

/

/

/

/

/

/

/

/

/

/

�

�

�

�

�

�

�

�

o

o

o

o

o

o

o

o

o

o

o

o

o

o

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

Example 6.4. If k � 2 and we always blow up the unique point over the point

F \G lying on the strict transform of F , we obtain a (k + 2)-gon divided into

triangles by the diagonals from one vertex to all other vertices. All vertices are

internal in this case. If k = 6 the graph looks like:
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/.-,()*+ /.-,()*+

?

?

?

?

?

?

?

?

/.-,()*+

�

�

�

�

�

�

�

�

o

o

o

o

o

o

o

o

o

o

o

o

o

o

T

T

T

T

T

T

T

T

T

T

T

T

T

T

T

T

T

T

T

T

T

?

?

?

?

?

?

?

?

?

?

?

?

?

?

?

?

?

?

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/.-,()*+

/.-,()*+

?

?

?

?

?

?

?

?

/.-,()*+

/.-,()*+ /.-,()*+

�

�

�

�

�

�

�

�

Example 6.5. If k = 3 and we blow up the two points F \ (G [G) and a third

point on F , the graph is the following:

/.-,()*+

/.-,()*+

�

�

�

�

�

�

�

�

?

?

?

?

?

?

?

?

/.-,()*+

?

?

?

?

?

?

?

?

�

�

�

�

�

�

�

�

/.-,()*+

�

/.-,()*+

Definition 6.6. A blow-up graph is a graph consisting of a �nite number

of vertices, and edges connecting distinct vertices. Some of the vertices are

marked. Between two vertices there exists at most one edge. This graph can

be drawn in the real plane such that a subset of at least two non-marked vertices

(called internal vertices) form a regular m-gon such that the edges connecting

them are represented by mutually disjoint diagonals giving a triangulation of

this m-gon. (If m = 2 this means that the two vertices are connected by

one edge.) The remaining vertices are called external vertices. The subgraph

formed by these vertices and the edges among them is the disjoint union of

chains like this:

/.-,()*+ /.-,()*+ /.-,()*+ /.-,()*+ /.-,()*+

�

such that each chain contains precisely one marked vertex. The marked vertex

of such a chain is an endpoint, i.e. is not connected with two other vertices

in that chain. Finally, every external vertex is connected with precisely one

internal vertex in such a way that the vertices of one chain are connected with

the same internal vertex.

If v is a vertex of such a graph, we denote by n(v) the number of edges adjacent

to this vertex v plus the number of its markings (which is zero or one).

Proposition 6.7. The graph associated to a blow-up in the way de�ned above

is always a blow-up graph in the sense of De�nition 6.6. Moreover, the internal

vertices v

1

; : : : ; v

m

form the vertices of the m-gon of the blow-up graph such

that v

i

and v

i+1

are neighbours along the boundary of the m-gon.
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The self-intersection number of each of the curves corresponding to a vertex v

is equal to 1� n(v).

Every blow-up graph appears as a graph associated to a sequence of blow-ups.

Proof: We prove the proposition by induction on k � 0. If k = 0 we obtain

m = 2 and the graph is a 2-gon:

/.-,()*+ /.-,()*+

consisting of 2 internal

vertices. In this case the proposition is clear, because (F

2

)

S

= (G

2

)

S

= 0 on

S.

For the inductive step let � be the graph associated to S

(k)

�! : : : �! S

(0)

.

Let S

(k+1)

�! S

(k)

be a further blow-up of a conjugate pair of points fP; Pg

lying on C

(k)

and denote by �

0

the graph associated to the sequence of blow-

ups S

(k+1)

�! S

(k)

�! : : : �! S

(0)

. Assume that � is a blow-up graph and

the self-intersection numbers in S

(k)

are those given by the claim. Then there

are three possibilities:

(1) P is a singular point of C

(k)

, or equivalently, P is contained in two com-

ponents of C

(k)

. The corresponding internal vertices v

i

and v

i+1

are

neighbours in � along the boundary of the m-gon of internal vertices.

The exceptional curves of S

(k+1)

�! S

(k)

are components of C

(k+1)

,

hence correspond to a new internal vertex of �

0

. Therefore, the graph

�

0

contains an (m+1)-gon of internal vertices fv

0

1

; : : : ; v

0

m+1

g and is ob-

tained from � by adding a new internal vertex, which is connected with

v

i

and v

i+1

. The numbering of the vertices in �

0

can be chosen such that

v

0

j

= v

j

if 1 � j � i, v

0

i+1

is the new vertex and v

0

j+1

= v

j

if i+1 � j � m.

If part of � looks like the following picture:

/.-,()*+

v

i

�

�

�

�

�

�

�

�

:

:

:

:

:

:

:

:

:

/.-,()*+

�

�

�

�

�

�

�

�

�

?

?

?

?

?

?

?

?

v

i+1

/.-,()*+

v

i�1

: : :

/.-,()*+

v

i+2

the graph �

0

is of the following kind:

/.-,()*+

v

0

i+1

/.-,()*+

v

0

i

�

�

�

�

�

�

�

�

:

:

:

:

:

:

:

:

:

r

r

r

r

r

r

r

r

r

r

r

r

/.-,()*+

�

�

�

�

�

�

�

�

�

L

L

L

L

L

L

L

L

L

L

L

L

?

?

?

?

?

?

?

?

v

0

i+2

/.-,()*+

v

0

i�1

: : :

/.-,()*+

v

0

i+3

This procedure will be recalled by saying \we added an internal triangle".
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(2) P is a smooth point on C

(k)

. In this case, the conjugate pair of exceptional

curves of the blow-up S

(k+1)

�! S

(k)

is not contained in C

(k+1)

. It

corresponds, therefore, to a new external vertex of �

0

. Assume P lies on

the strict transform E of an exceptional curve of one of the previous blow-

ups, which is not a component of C

(k)

. Since E intersects C

(k)

we must

have E

2

= �1. Hence, by the inductive hypothesis, the corresponding

external vertex w is one end of its chain of external vertices. Moreover,

if this chain consists of more that one vertex, it is the non-marked end,

because this is the only vertex on this chain having n(w) = 2. Let v be

the internal vertex being connected with w. The graph �

0

is obtained

from � by adding a new external vertex which is connected with v and w.

It, therefore, becomes the unmarked end of its chain of external vertices.

For a graph � containing:

/.-,()*+

w

/.-,()*+ /.-,()*+

�

/.-,()*+

�

�

�

�

�

�

�

�

:

:

:

:

:

:

:

:

:

/.-,()*+

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

?

?

?

?

?

?

?

?

?

?

?

?

?

?

?

?

v

/.-,()*+

: : :

/.-,()*+

we obtain a graph �

0

like the following:

/.-,()*+ /.-,()*+

w

/.-,()*+ /.-,()*+

�

/.-,()*+

�

�

�

�

�

�

�

�

:

:

:

:

:

:

:

:

:

/.-,()*+

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

?

?

?

?

?

?

?

?

O

O

O

O

O

O

O

O

O

O

O

O

O

O

?

?

?

?

?

?

?

?

v

/.-,()*+

: : :

/.-,()*+

We call this procedure \adding an external triangle".

(3) P is a smooth point on C

(k)

not lying on a curve corresponding to an

external vertex. Let v be the internal vertex of � corresponding to the

components of C

(k)

containing P . Then we obtain �

0

by adding a marked

external vertex to � and connect it with v. For example, from a graph �

containing:

/.-,()*+

�

�

�

�

�

�

�

�

:

:

:

:

:

:

:

:

:

/.-,()*+

�

�

�

�

�

�

�

�

�

?

?

?

?

?

?

?

?

v

/.-,()*+

�

/.-,()*+

: : :

/.-,()*+
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we obtain �

0

with:

/.-,()*+

�

/.-,()*+

�

�

�

�

�

�

�

�

:

:

:

:

:

:

:

:

:

/.-,()*+

�

�

�

�

�

�

�

�

�

?

?

?

?

?

?

?

?

v

/.-,()*+

�

/.-,()*+

: : :

/.-,()*+

We shall say, we \added a marked (external) vertex".

In each of these three cases it is clear that �

0

is again a blow-up graph and the

self-intersection numbers of the curves corresponding to the vertices decrease by

the number of additional edges at such a vertex. The self-intersection number

of the curves corresponding to a new vertex is�1 since these are the exceptional

curves of the blow-up. Hence, by the inductive hypothesis we obtain that the

self-intersection numbers can be computed as 1� n(v).

To show that every blow-up graph is associated to a sequence of blow-ups, we

�rst observe that we can construct every blow-up graph � in the following way:

� We start with the 2-gon.

� We carry out (m� 2) steps of \adding an internal triangle" and obtain a

triangulated m-gon.

� We add the necessary number of marked vertices.

� We add \external triangles".

As seen above, each step of this procedure corresponds to a blow-up of a conju-

gate pair of points, such that there exists a sequence of blow-ups determining

the given graph �.

Remark 6.8. Observe that every vertex of a blow-up graph is connected with

at least one internal vertex by an edge. For every marked vertex v we have

n(v) 2 f2; 3g. Every vertex v with n(v) > 3 is an internal vertex. The set

of internal vertices is determined by the vertices, their edges and markings.

Therefore, we don't need a special marking for them.

Next we give the interpretation of the results of Section 5 in terms of our graphs

associated to blow-ups of surfaces.

Let � and �

0

be blow-up graphs such that � is obtained from �

0

by adding an

internal triangle. This corresponds to a blow up S �! S

0

of a singular point

(more precisely a conjugate pair of such points) on an anti-canonical divisor

of a rational surface S

0

. By Lemma 5.1(b) these surfaces have the same anti

Kodaira dimension. If for every sequence of blow-ups S �! P

1

� P

1

with
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associated blow-up graph � the anti Kodaira dimension �

�1

(S) is the same,

we de�ne the anti Kodaira dimension of the graph � by �

�1

(�) := �

�1

(S) and

say that the graph determines the anti Kodaira dimension. This property of a

graph is not changed by adding an internal triangle.

Theorem 6.9. Let S �! P

1

�P

1

be a sequence of blow-ups of conjugate pairs

of points as before with anti-canonical divisor C =

P

2m

i=1

C

i

and � the associated

blow-up graph. Assume that (C

2

i

)

S

6= �1 for all i. Then:

(a) The graph � cannot be obtained from an other blow-up graph by adding

an internal triangle.

(b) The graph � determines the anti Kodaira dimension if and only if it

contains an internal vertex v with n(v) 6= 3.

(c) If � contains an internal vertex v with n(v) � 2 then �

�1

(�) = 2.

(d) If for all internal vertices v of � we have n(v) � 3 and for at least one of

these vertices this inequality is strict, then �

�1

(�) = 0.

If m = 2 and n(v

1

) = 2 (that is (C

2

1

)

S

= �1), then

(b') The graph � determines the anti Kodaira dimension if and only if n(v

2

) 6=

5.

(c') If n(v

2

) � 4, then �

�1

(�) = 2.

(d') If n(v

2

) � 6, then �

�1

(�) = 0.

Proof: To be able to apply Theorem 5.2 we recall that the conjugate pairs

of components of the anti-canonical divisor on the surface S correspond to

the internal points of the associated blow-up graph. These components are

irreducible smooth rational curves. By the adjunction formula for such a com-

ponent C

i

we obtain (C

i

:(�K

S

))

S

= 3�n(v

i

). (We keep denoting the internal

vertex of � corresponding to C

i

; 1 � i � m by v

i

.) Therefore almost all state-

ments are purely a translation of the statements of Theorem 5.2. We have to

prove only two things.

First, the assertions (c') and (d'), if m = 2 and (C

2

1

)

S

= (C

2

3

)

S

= �1. This

correspond to n(v

1

) = 2. This case is not covered by Theorem 5.2. Let �l =

(C

2

2

)

S

= (C

2

4

)

S

, then n(v

2

) = l + 1. We can contract C

1

and C

3

to obtain a

smooth rational surface S

0

with C

0

= C

0

2

+ C

0

4

2j �K

S

0

j being the image of

C. Then we have (C

02

2

)

S

0

= (C

02

4

)

S

0

= 2� l and �

�1

(S) = �

�1

(S

0

) by Lemma

5.1 (b). If l = 3 it is easy to see that C

0

is nef and big, hence �

�1

(S

0

) = 2. If

l 6= 3 we can apply Theorem 5.2 and obtain: �

�1

(S) = �

�1

(S

0

) = 2 if l < 4,

�

�1

(S) = �

�1

(S

0

) 2 f0; 1g if l = 4 and �

�1

(S) = �

�1

(S

0

) = 0 if l > 4. This

shows (c') and (d').

Second, we have to prove (b) and (b'). So, we are looking for two sequences of

blow-ups S

0

�! P

1

�P

1

and S

1

�! P

1

�P

1

with same associated graph � but

with �

�1

(S

j

) = j. The graph � is required to ful�ll m = 2; n(v

1

) = 2; n(v

2

) = 5
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or should be a blow-up graph whose internal vertices v all have n(v) = 3. Using

Remark 6.11 below this follows by a similar argumentation as in [CK1, Section

4].

Remark 6.10. A blow-up graph � contains more information than necessary

for computing �

�1

(�). The values for all n(v) at internal vertices would su�ce.

We shall see later (Sections 7, 8) the reason for using such graphs.

Remark 6.11. It is an easy observation that every triangulated m-gon con-

tains at least one vertex with more than three incident edges, provided m � 5.

This implies, together with Theorem 6.9 (b), that a blow-up graph determines

the anti Kodaira dimension, provided it contains at least 5 internal vertices

and it cannot be obtained from an other blow-up graph by adding an internal

triangle. The following �ve blow-up graphs are the only ones with the property

that each internal vertex v has n(v) = 3.

If m (the number of internal vertices) is four, there is only one possibility:

/.-,()*+

/.-,()*+

�

/.-,()*+

�

�

�

�

�

�

�

�

?

?

?

?

?

?

?

?

/.-,()*+

?

?

?

?

?

?

?

?

�

�

�

�

�

�

�

�

/.-,()*+

�

/.-,()*+

If m = 3 the following graph is the unique blow-up graph with precisely three

edges starting at each internal vertex:

/.-,()*+

�

/.-,()*+

�

�

�

�

�

�

�

�

�

�

�

�

2

2

2

2

2

2

2

2

2

2

2

2

/.-,()*+ /.-,()*+

/.-,()*+

�

�

�

�

�

�

�

�

�

/.-,()*+

�

?

?

?

?

?

?

?

?

If m = 2 there exist three possibilities, whose di�erences concern only the

markings and the edges between external vertices:
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/.-,()*+

�

/.-,()*+

�

/.-,()*+

?

?

?

?

?

?

?

?

�

�

�

�

�

�

�

�

/.-,()*+

?

?

?

?

?

?

?

?

�

�

�

�

�

�

�

�

/.-,()*+

�

/.-,()*+

�

/.-,()*+ /.-,()*+

�

/.-,()*+

?

?

?

?

?

?

?

?

�

�

�

�

�

�

�

�

/.-,()*+

?

?

?

?

?

?

?

?

�

�

�

�

�

�

�

�

/.-,()*+

�

/.-,()*+

�

/.-,()*+ /.-,()*+

�

/.-,()*+

?

?

?

?

?

?

?

?

�

�

�

�

�

�

�

�

/.-,()*+

?

?

?

?

?

?

?

?

�

�

�

�

�

�

�

�

/.-,()*+ /.-,()*+

�

All these �ve graphs have six vertices. Such graphs are obtained by blowing

up four pairs of conjugate points.

To obtain a complete understanding of all blow-up graphs not determining the

anti Kodaira dimension, we describe below the graphs mentioned in item (b') of

the above theorem. There are only �ve blow-up graphs with m = 2, n(v

1

) = 2

and n(v

2

) = 5. Again, they di�er only in the markings and edges between the

external vertices:

/.-,()*+

�

/.-,()*+

�

/.-,()*+

�

/.-,()*+

�

/.-,()*+ /.-,()*+

?

?

?

?

?

?

?

?

�

�

�

�

�

�

�

�

/.-,()*+

�

/.-,()*+

�

/.-,()*+ /.-,()*+

�

/.-,()*+

�

/.-,()*+ /.-,()*+

?

?

?

?

?

?

?

?

�

�

�

�

�

�

�

�

/.-,()*+

�

/.-,()*+

�

/.-,()*+ /.-,()*+

/.-,()*+

�

/.-,()*+ /.-,()*+

?

?

?

?

?

?

?

?

�

�

�

�

�

�

�

�

/.-,()*+

�

/.-,()*+

�

/.-,()*+ /.-,()*+

/.-,()*+

�

/.-,()*+ /.-,()*+

?

?

?

?

?

?

?

?

�

�

�

�

�

�

�

�

/.-,()*+

/.-,()*+

�

/.-,()*+ /.-,()*+

�

/.-,()*+

�

/.-,()*+ /.-,()*+

?

?

?

?

?

?

?

?

�

�

�

�

�

�

�

�

/.-,()*+

These graphs appear by blowing up �ve conjugate pairs of points, starting with

P

1

� P

1

. But, as seen in the proof of Theorem 6.9, on such a surface we can

contract a pair of (�1)-curves to arrive at a smooth rational surface, having

by Lemma 5.1 (b) the same anti-Kodaira dimension as the surface we started

with. The blown-down surface is obtained by blowing-up four conjugate pairs

of points which are sitting on a conjugate pair of curves of type (1; 1) in P

1

�P

1

.

This situation appears as type (3) at the beginning of Section 8. In the paper

[CK1] we studied a similar situation and showed how to construct twistor spaces

of algebraic dimension one and two by moving the blown-up points a bit.
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Remark 6.12. If � is a graph as in Theorem 6.9 (c) or (c'), then m = 2 or

it contains an internal vertex v with n(v) = 1, since a vertex with n(v) =

2 corresponds to a (�1)-curve. Such a graph contains exactly two internal

vertices (i.e. m = 2) and one of them is connected with at most one external

vertex. If one internal vertex is not connected with an external vertex, we have

no further restrictions:

/.-,()*+

�

/.-,()*+ /.-,()*+

�

�

�

�

�

�

�

�

�

>

>

>

>

>

>

>

>

>

>

�

�

�

If both vertices are connected with an external vertex, then the number of

external vertices is at most four, one of them is connected with one internal

vertex, the remaining at most three with the other internal vertex:

/.-,()*+

�

/.-,()*+

�

/.-,()*+ /.-,()*+

�

�

�

�

�

�

�

�

?

?

?

?

?

?

?

?

/.-,()*+

�

�

�

�

�

�

/.-,()*+

According to Theorems 5.2 and 6.9 the blow-up graphs associated to a sequence

of blow ups resulting in a surface with anti Kodaira dimension two are precisely

those which are obtained by adding a �nite number of internal triangles to one

of the graphs described in this remark. In particular, we �nd among them all

blow-up graphs having no external vertex.

7 Small deformations of blow-up graphs

In this section we study small deformations of rational surfaces obtained by

blowing up P

1

�P

1

. The results will be used in Section 8 to show the existence

of twistor spaces containing fundamental divisors with certain properties. We

study the behaviour of blow-up graphs under small deformations, so that we

can apply the results of the previous sections to the deformed surfaces.

Definition 7.1. Let

S

(k)

�

k

�! S

(k�1)

�

k�1

���! : : :

�

2

�! S

(1)

�

1

�! S

(0)

= S

be a sequence of blow-ups of points P

(i)

2 S

(i)

on surfaces. We call a at family

of surfaces S �! T together with a T -morphism S �! S�T a family of blow-

ups of S, if we are given T -at families S

i

�! T with sections '

i

: T �! S

i
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(0 � i � k � 1) such that S

i+1

�! T is obtained by blowing up S

i

�! T

along '

i

(T ) � S

i

and S

0

= S � T , S = S

k

. We say that this family is a

deformation of the given sequence of blow-ups, if there is a point 0 2 T such

that for 1 � i � k the �bre of the blow-up morphism S

i

�! S

i�1

over 0 2 T

is isomorphic to the given blow-up S

(i)

�! S

(i�1)

.

Proposition 7.2. Let S be a smooth surface and A;B � S smooth curves

intersecting transversally at P 2 S. Consider a sequence of morphisms

S

(k)

�

k

�! S

(k�1)

�

k�1

���! : : :

�

2

�! S

(1)

�

1

�! S

(0)

= S

where �

i+1

is the blow-up of a point P

(i)

2 S

(i)

. Denote by �

(i)

: S

(i)

�! S

the composition �

1

��

2

� : : :��

i

and de�ne inductively A

(0)

= A, B

(0)

= B and

A

(i)

; B

(i)

� S

(i)

to be the strict transforms of A

(i�1)

; B

(i�1)

� S

(i�1)

.

Assume: P

(0)

= P 2 A

(0)

\ B

(0)

and �

(i)

(P

(i)

) = P for all 1 � i � k � 1.

P

(i)

2 A

(i)

if 0 � i � a and P

(i)

2 B

(i)

if a + 1 � i � k � 1 for an integer

0 � a � k � 1.

Let � : f0; 1; : : : ; k�1g �! f1; 2; : : : ; �g be a monotone partition of f0; 1; : : : ; ag

and fa+1; : : : ; k� 1g. This means � is a positive integer and � is a surjective

map with the properties i � j ) �(i) � �(j) and � := �(a) < �(a + 1). The

�bres of � form then the usual partition sets �

i

:= �

�1

(i) � f0; 1; : : : ; k � 1g.

Then there exists a deformation S

�

�! T

�

of the given sequence of blow-ups,

such that every neighbourhood of the special point 0 2 T

�

contains a point t 2 T

�

whose �bre S

t

:= (S

�

)

t

is isomorphic to a sequence of blow-ups

S

t

�

=

S

(k)

t

�! S

(k�1)

t

�! : : : �! S

(1)

t

�! S

(0)

t

= S

at points Q

(i)

2 S

(i)

t

with the following property (where we de�ned A

(i)

t

; B

(i)

t

and �

(i)

t

in the same way as A

(i)

; B

(i)

and �

(i)

):

Q

(i)

2 A

(i)

t

if 0 � i � a,

Q

(i)

2 B

(i)

t

if a < i � k � 1,

�

(i)

t

(Q

(i)

) 6= P for all i and

�

(i)

t

(Q

(i)

) = �

(j)

t

(Q

(j)

) if and only if �(i) = �(j).

In particular, there exists a deformation S �! T of the given sequence of

blow-ups, such that every neighbourhood of the special point 0 2 T contains a

point t 2 T whose �bre S

t

is isomorphic to a blow-up of S at k distinct points

Q

(i)

(0 � i � k � 1) with the property Q

(i)

2 A n fPg for 0 � i � a and

Q

(i)

2 B n fPg for a < i � k � 1.

The proof requires some preparation and will be given after Lemma 7.5.

Definition 7.3. We say that a quadruple (S;A;B; P ) is admissible with pa-

rameters in T , if S �! T is a at family of smooth projective surfaces, A;B � S

are at sub-families of smooth curves and P = A \B is a section of S over T .

Lemma 7.4. Let (S;A;B; P ) be admissible with parameters in T . We de�ne

e

S �! S�

T

A to be the blow-up along the graph �

A

� S�

T

A of the embedding
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A � S, i.e. �

A

is the intersection of S �

T

A with the diagonal of S �

T

S.

By

e

A �

e

S and

e

B �

e

S we denote the strict transform of A �

T

A and B �

T

A

respectively. Let �nally

e

P :=

e

A\

e

B and

e

S �!

e

T := A be the morphism induced

by the projection S�

T

A �! A, then (

e

S;

e

A;

e

B;

e

P ) is admissible with parameters

in

e

T . Furthermore,

e

A �! A �

T

A and

e

P �! P �

T

A are isomorphisms and

e

B �! B�

T

A is the blow-up of P�

T

P , where the morphisms are those induced

by the blow-up

e

S �! S �

T

A.

Proof: Since �

A

� S �

T

A is a section of the projection S �

T

A �! A we

obtain atness of

e

S �!

e

T = A. Since (A �

T

A) \ (B �

T

A) = P �

T

A and

�

A

\ (P �

T

A) = P �

T

P is a divisor in P �

T

A, we obtain an isomorphism

e

P =

e

A \

e

B �! P �

T

A, hence

e

P �

e

S is a section of

e

S �!

e

T . Because

(A�

T

A)\�

A

is the diagonal in A�

T

A and A has relative dimension one over

T , we obtain an isomorphism

e

A �! A �

T

A, which is, hence, a at family of

smooth curves.

On the other hand, �

A

\ (B �

T

A) = P �

T

P , hence

e

B �! B �

T

A is the

blow-up of the sub-scheme of codimension two P �

T

P � B �

T

A. Since

e

B;A

are smooth we obtain atness of

e

B �! A as soon as we have shown that all

�bres are one-dimensional. But this is clear since the �bres of

e

S over

e

T = A

are surfaces which are obtained by the blow-up of precisely one point of the

corresponding �bre of S over T .

In the following we denote the admissible quadruple (

e

S;

e

A;

e

B;

e

P ) constructed

in the lemma by B

A

(S;A;B; P ). Interchanging the role of A and B we obtain

B

B

(S;A;B; P ) with parameters in

e

T = B.

We use this construction to de�ne recursively the deformation which will be

used in the proof of the proposition.

Let T

(0)

be a point, S

(0)

:= S;A

(0)

:= A;B

(0)

:= B and P

(0)

= A

(0)

\B

(0)

= P .

Then (S

(0)

;A

(0)

;B

(0)

;P

(0)

) is admissible with parameters in T

(0)

. We de�ne

(S

(i+1)

;A

(i+1)

;B

(i+1)

;P

(i+1)

) :=

(

B

A

(i)

(S

(i)

;A

(i)

;B

(i)

;P

(i)

) if 0 � i � a;

B

B

(i)

(S

(i)

;A

(i)

;B

(i)

;P

(i)

) if a < i < k:

The following lemma provides more information on the parameter spaces

T

(i+1)

= A

(i)

if i � a and T

(i+1)

= B

(i)

if a < i � k � 1.

The careful reader will observe that we abuse notation a bit by using P to

denote on one hand the point P 2 S and on the other hand the reduced closed

sub-scheme P � S supported by this point. This allows us to write P � A

i

instead of fPg �A

i

and will not cause confusion.

Lemma 7.5. If 0 � i � a+ 1 we have:

(a) A

(i)

�

=

A�A

i

and the structure of a family of curves in S

(i)

is given by the

projection to the last i components (i.e. the �rst component is omitted)

A

(i)

�

=

A�A

i

�! A

(i�1)

�

=

A

i

= T

(i)

.

(b) Under this isomorphism, P

(i)

� A

(i)

corresponds to P �A

i

.
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(c) B

(i)

�! B � A

i

is obtained by successively blowing up �rst P �H

i

and

then the strict transforms of P �H

i�1

; P �H

i�2

; : : : ; P �H

1

, where we

denote by H

m

� A

i

the hyper-surface being the preimage of P 2 A under

the m-th projection A

i

�! A. Again, the projection B �A

i

�! A

i

gives

the structure map B

(i)

�! A

i

= T

(i)

.

If s � 2 and i = a+ s � k � 1 we have:

(d) B

(i)

�! B

s

�A

a+1

is obtained by successively blowing up the sub-varieties

of codimension two H

0

s

�H

a+1

, then the strict transforms of H

0

s

�H

a

; : : : ;

H

0

s

�H

1

followed by the same sequence with H

0

s�1

replacing H

0

s

, etc. up

to H

0

1

�H

1

. Here we let H

0

n

� B

s

be the preimage of P 2 B under the

n-th projection B

s

�! B. The map B

(i)

�! B

(i�1)

= T

(i)

is induced

by the projection which forgets the �rst component B�B

s�1

�A

a+1

�!

B

s�1

�A

a+1

.

(e) For all 1 � i � k the family S

(i)

�! T

(i)

is a family of blow-ups of

the surface S (see De�nition 7.1), which implies in particular that it is

obtained from S � T

(i)

by a succession of i blow ups of one point in

each �bre. If we consider the sequence of blow-ups of S corresponding

to a point t 2 T

(k)

, then the images in S of the blown-up points are

precisely the components of the image of t under the blow-up T

(k)

=

B

(k�1)

�! B

k�1�a

� A

a+1

(if a = k � 1 one has no blow up, namely

T

(k)

= A

(k�1)

�

=

A

k

)

Proof: Assume 0 � i � a+1. Since we use B

A

�

to construct S

(1)

; : : : ;S

(a+1)

the statements (a) and (b) follow by induction from Lemma 7.4, where we use

always (for di�erent T

0

) the natural isomorphism (A �

T

T

0

) �

T

0

(A �

T

T

0

)

�

=

A�

T

(A�

T

T

0

) which forgets the �rst T

0

.

The statement of (c) is clear for i = 0; 1 from the same lemma, which also

implies, that B

(i)

�! B

(i�1)

�

A

(i�2)

A

(i�1)

is the blow-up at P

(i�1)

�

A

(i�2)

P

(i�1)

. Using (a) and (b) this translates by induction to the statement that

B

(i)

�! (B�A

i�1

)�

A

i�1 A

i

�

=

B�A

i

is the succession of the blow-ups of (the

strict transforms of) P �H

i

; P �H

i�1

; : : : ; P �H

2

followed by the blow-up of

the strict transforms of (P �A

i�1

)�

A

i�1
(P �A

i�1

)

�

=

P �P �A

i�1

= P �H

1

.

We assume now s � 2 and i = a + s � k � 1. To prove (d) we �rst observe

(cf. (a)) that the Lemma 7.4 implies that B

(i)

is isomorphic to the s-fold �bre

product B

(a+1)

�

T

(a+1)

B

(a+1)

�

T

(a+1)

: : :�

T

(a+1)

B

(a+1)

and the projection to

B

(i�1)

is by forgetting the �rst factor. But we know from (a) and (c) that

T

(a+1)

= A

a+1

and B

(a+1)

�! B � A

a+1

is the blow-up of P � H

a+1

; P �

H

a

; : : : ; P �H

1

and the projection to A

a+1

gives the map B

(a+1)

�! T

(a+1)

.

Induction on s implies now easily the claim of (d). The statement (e) is clear

by induction since S

(0)

= S and S

(i)

�! S

(i�1)

�

T

(i�1)

T

(i)

is the blow-up of

the section of the projection to T

(i)

given by the inclusion T

(i)

� S

(i�1)

.

Proof: (of Proposition 7.2)

Let S := S

(k)

and T := T

(k)

with the notation of Lemma 7.5. The assumptions

imply that for every 0 � i � k � 1 the surface S

(i)

is the �bre of S

(i)

�! T

(i)

Documenta Mathematica 4 (1999) 127{166



154 B. Kreu�ler

over a point P

(i�1)

2 T

(i)

� S

(i�1)

. The point P

(i)

2 S

(i)

is the intersection

point of the section P

(i)

� S

(i)

with the �bre S

(i)

.

The special point 0 2 T = T

(k)

corresponds to P

(k�1)

2 T

(k)

� S

(k�1)

.

Its image under the sequence of blow-ups T �! B

k�a�1

� A

a+1

is the point

P

k�a�1

� P

a+1

= (P; P; : : : ; P ).

Using the partition � we can de�ne an embedding �

�

: B

���

�A

�

�! B

k�a�1

�

A

a+1

by the formula �

�

(x

�

; x

��1

; : : : ; x

1

) := (x

�(k�1)

; x

�(k�2)

; : : : ; x

�(0)

). This

is a kind of diagonal. The �bre product of the sequence of blow-ups T �!

B

k�1�a

�A

a+1

with �

�

de�nes a variety T

�

together with a morphism T

�

�! T

and a sequence of blow-ups T

�

�! B

���

�A

�

. T

�

� T is the strict transform

of �

�

(B

���

� A

�

) and, therefore, the morphism T

�

�! B

���

� A

�

is the

composition of the blow-ups of H

0

���

� H

�

followed by the blow-up of the

strict transforms of H

0

���

�H

��1

; : : : ; H

0

���

�H

1

; H

0

����1

�H

�

; H

0

����1

�

H

��1

; : : : ; H

0

����1

�H

1

; : : : ; H

0

1

�H

�

; : : : ; H

0

1

�H

1

. TheH

0

i

; H

j

have the same

meaning as above but now as sub-varieties in B

���

and A

�

respectively. The

assumption that the partition � is monotone ensures that we put the H

0

i

�H

j

in the right order.

Since A and B are by assumption smooth irreducible curves, T

�

is smooth

and irreducible. The preimage in T

�

of the union of all two-fold diagonals in

B

���

� A

�

and the set of points with at least one component equal to P is

a Zariski-closed subset of T

�

containing P

(k�1)

and has codimension one in

T

�

. On its complement the blow-up T

�

�! B

���

�A

�

is an isomorphism (by

Lemma 7.5). Hence, each (analytic) neighbourhood of P

(k�1)

2 T

�

contains a

point t, whose image in B

���

� A

�

is a point whose components are distinct

from each other and from P . Hence, the �bre of S �! T over the image of t

in T is a sequence of blow-ups S

(i+1)

t

�! S

(i)

t

of points Q

(i)

2 S

(i)

t

with the

required properties.

The family S

�

�! T

�

obtained by base change via T

�

�! T from S �! T is

the family with the required properties. The particular situation with k distinct

points in S corresponds to the partition � : f0; 1; : : : ; k � 1g �! f1; 2; : : : ; kg

given by �(i) = i+ 1. In this case we have T

�

= T .

Because our main interest is the study of sequences of blow-ups of conjugate

pairs, we need an additional result to make Proposition 7.2 applicable. On the

other hand, we want to patch together deformations of the kind described in

Proposition 7.2 centred around di�erent points P 2 S. For both purposes, we

can apply the following lemma.

Lemma 7.6. Let S be a smooth surface and S

0

�! S�T

0

and S

00

�! S�T

00

be two at families of sequences of blow-ups of S. Hence, we are given sections

'

0

i

: T

0

�! S

0

i

(0 � i � k

0

� 1) of T

0

-at families S

0

i

�! T

0

being the

blow-up of S

0

i�1

�! T

0

along '

0

i�1

(T

0

) � S

0

i�1

and S

0

0

= S � T

0

, S

0

= S

0

k

0

.

By  

0

i

: T

0

�! S we denote the composition of '

0

i

with the projection to S.

Similarly for S

00

�! T

00

. Assume

S

k

0

�1

i=0

 

0

i

(T

0

) \

S

k

00

�1

i=0

 

00

i

(T

00

) = ;.

Then S := S

0

�

S

S

00

�! T := T

0

� T

00

is a at family of blow-ups of S. The

�bre over (t

0

; t

00

) 2 T is isomorphic to the blow-up of S corresponding to t

0

2 T

0
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followed by the sequence of blow-ups corresponding to t

00

2 T

00

.

Proof: By the disjointness assumption we can lift '

00

i

to a section e'

00

i

of

S

i

�! T

0

� T

00

where S

0

:= S

0

� T

00

= S

0

�

S

(S � T

00

) and S

i

�! S

i�1

is the

blow-up of e'

00

i�1

(T

0

� T

00

), that is S

i

�

=

S

0

�

S

S

00

i

. This gives the lemma.

Remark 7.7. We shall apply this lemma in the following situation to obtain

a real structure on the family S �! T . We assume S is a surface with a

real structure (without real points) and S

00

is the conjugate family to S

0

, this

means T

00

= T

0

, S

00

= S

0

and '

00

i

is the conjugate section to '

0

i

. The projection

S

00

�! S is the composition of the corresponding projection S

00

�! S with

the isomorphism S �! S de�ning the real structure. The real structures on

S and T are given by interchanging the components. This is anti-holomorphic

since the identity S

0

�! S

0

is.

We start now the study of small deformations with the aid of the blow-up

graphs of Section 6.

Definition 7.8. We say that a blow-up graph � is a small deformation of

an other blow-up graph �

0

if and only if there exists a at family of surfaces

S �! T with real structures having special �bre S

0

over the real point 0 2 T

such that S

0

is isomorphic to a blow-up of P

1

�P

1

with associated graph �

0

and

every (analytic) neighbourhood of 0 2 T contains a real point t 2 T (R) n f0g

whose �bre S

t

is isomorphic to a blow-up of P

1

� P

1

with associated graph �.

In the following we want to determine blow-up graphs which are small deforma-

tions of a given blow-up graph. We shall not solve the problem of determining

all graphs being a small deformation of a given one, because this includes the

study of di�erent graphs belonging to isomorphic surfaces. The results obtained

here are su�cient for our applications.

Definition 7.9. Let �

0

;� be blow-up graphs with the same set of vertices.

We say � is an elementary deformation of �

0

if we obtain � by removing one

edge from �

0

which connects two internal vertices or two external vertices in

�

0

. We require that one of these vertices, call it v, is marked in � but not

marked in �

0

. All other markings of � and �

0

coincide.

Remark 7.10. Since the number of adjacent edges of the vertex v in � is one

less than in the graph �

0

but it is marked in �, the number n(v) must be the

same for both graphs. If the removed edge connects two external vertices, the

chain of external vertices in �

0

containing this edge splits into two chains in

�. One of these two parts does already contain a marked point. Therefore, the

vertex to be marked is in this case already determined by �

0

. If we remove

an edge connecting two internal vertices, the vertex v must ful�ll n(v) = 2 or

n(v) = 3, since in � it is an external marked vertex. In general, the vertex v

which becomes marked in � is not determined by the graph �

0

.
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Example 7.11. If �

0

is the following graph:

/.-,()*+ /.-,()*+ /.-,()*+

�
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o
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o

o

o

o

o

o

o

o

o

/.-,()*+

we obtain as an elementary deformation by removing a connection of external

vertices the following graph:
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and by removing an edge connecting two internal vertices we obtain the ele-

mentary deformation:
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Example 7.12. The following two graphs are elementary deformations of the

graph �

0

drawn in Example 6.4. Here we see that we have two possibilities for

the additional marking in the graph �. In the �rst example we have m = 6

and in the second m = 3, whereas for the graph �

0

we have m = 8.
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T
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?

?
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/

/

/

/
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Theorem 7.13. Let �

0

;� be two blow-up graphs such that � can be obtained

from �

0

by a �nite number of elementary deformations. Then � is a small

deformation of �

0

.

Proof: Assume �

0

and � have the same set of vertices. If �

0

6= � there is a

certain set V of vertices which are marked in � and not marked in �

0

. Every

vertex v 2 V is contained in precisely one (maximal) chain of external vertices

C(v) in the graph �. By C we denote the union of these sets of external vertices

C =

S

v2V

C(v).

Let �

0

be the graph obtained from � by removing all the vertices in C and

the edges connecting them with internal vertices of �. This means, � can be

obtained from �

0

by adding marked vertices and external triangles. As seen

in the proof of Proposition 6.7 there exist sequences of blow-ups S

1

�

�! S

0

1

�

0

�!

S = P

1

� P

1

such that � (resp. �

0

) is the graph associated to the sequence of

blow ups �

0

�� (resp. �

0

). Furthermore, it is clear from the de�nitions, that we

obtain �

0

from �

0

by adding internal triangles, external triangles and marked

vertices. This implies the existence of a sequence of blow-ups �

0

: S

0

�! S

0

1

such that �

0

is the graph associated to the composition �

0

� �

0

.

The graph obtained from �

0

by removing all the internal vertices of � consists

of certain connected components. We denote by C

i

with 1 � i � c the subsets

of C obtained by intersection with these connected components.

Every set C

i

consists entirely of internal or of external vertices of �

0

, because

in a blow-up graph two marked vertices are not contained in the same chain

of external vertices. If C

i

contains an internal vertex of �

0

, then it contains

exactly one vertex connected with two internal vertices of �. All other vertices

of C

i

are connected with precisely one of these internal vertices of �. If C

i

consists of external vertices of �

0

, then all its vertices are connected with the

same internal vertex in �.

From the relation between blow-ups and the operation of adding a marked

vertex or an external triangle to a graph (described in the proof of Proposition

6.7) it is clear that the sets C

i

are precisely the equivalence classes on C given

by the equivalence relation: w � w

0

if and only if the conjugate pairs of curves

corresponding to w and w

0

are mapped under �

0

: S

0

�! S

0

1

to the same

conjugate pair of points. These points lie on the curves in S

0

1

, corresponding

to the internal vertices of the graph �

0

connected with C

i

.

By Lemma 7.6 it is enough to prove the theorem in the case of only one set C

i

.

But in this case the result is a reformulation of Proposition 7.2 (using Lemma

7.6 to obtain a version of Proposition 7.2 with pairs of blown-up points at each

step, see Remark 7.7). The partition of the set C

i

is de�ned by the chains of

external vertices of � inside C

i

. The following picture gives an example of a

part of a graph �

0

where the edges which are not edges of � are drawn with

broken lines. The vertices of the set V are indicated with bullets.
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In this example we have �ve sets in the corresponding partition (i.e. � = 5),

namely fP

(0)

; P

(1)

g; fP

(2)

g; fP

(3)

; P

(4)

g; fP

(5)

g; fP

(6)

; P

(7)

g.

Corollary 7.14. Every blow-up graph � is a small deformation of a blow-up

graph �

0

with the same number of vertices, but having no external vertices.

Proof: This follows easily by induction from the observation that we obtain a

blow-up graph �

0

by the following procedure: In a blow-up graph � we unmark

a marked external vertex v. Let w be the unique internal vertex connected with

v. Then, we connect v by an edge with one of the internal vertices which are

neighbours of w along the boundary of the m-gon of internal vertices of the

given graph �.

This motivates the following de�nition.

Definition 7.15. A basic blow-up graph is a blow-up graph which does not

contain external vertices.

Remark 7.16. Let us equip the set of blow-up graphs with the partial ordering

generated by the requirement: � � �

0

if � is an elementary deformation of �

0

.

Then the basic blow-up graphs are precisely the minimal elements in this PO-

set.

Remark 7.17. For every 2 � m � 5 there exists precisely one basic blow-up

graph with m vertices. They are the following:
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All other blow-up graphs with m � 5 are small deformations of them. If m = 6

there exist three di�erent basic blow-up graphs:
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8 Application to twistor spaces

We return to the situation of Section 3. Let Z be a compact, simply con-

nected twistor space containing an irreducible fundamental divisor and satis-

fying c

1

(Z)

3

< 0 and h

0

(K

�

1

2

) � 2.

By Proposition 2.4 we know that the Riemannian base of such a twistor space

is di�eomorphic to the connected sum nC P

2

(with n > 4) and the conformal

class contains a metric with positive scalar curvature.

The existence of such a pencil implies that the algebraic dimension of Z must

be positive. Let S be an irreducible real fundamental divisor, then there exists

a sequence of blow-ups of n � 5 conjugate pairs of points S �! P

1

� P

1

. We

know from [K1, Prop. 3.6] that we can choose this succession of blow-ups such

that the anti-canonical system j �K

S

j contains a real member C mapped onto

a curve C

0

on P

1

� P

1

having one of the following four types :

(0) C

0

2 jO(2; 2)j is a smooth elliptic curve,

(1) C

0

has four components C

0

= F

0

+F

0

+G

0

+G

0

where F

0

2 jO(0; 1)j and

G

0

2 jO(1; 0)j are not real,

(2) C

0

has two components C

0

= F

0

+ C

0

0

where F

0

2 jO(0; 1)j is real and

C

0

0

2 jO(2; 1)j is real, smooth and rational,

(3) C

0

has two distinct components C

0

= A

0

+A

0

where A

0

; A

0

2 jO(1; 1)j.

In the case of type (0) the curve C is smooth elliptic and (C

2

)

S

< 0, hence,

by Theorem 5.2 we have �

�1

(S) = 0. Corollary 5.4 implies that we have for

generic real fundamental divisors �

�1

(S) = 0. Hence, by Corollary 4.3 we

obtain a(Z) = 1.

In the type (2) case we always have �

�1

(S) = 2, because there is no point on F

0

blown up and hence the strict transform F of F

0

is a curve with (F:K

�1

S

)

S

= 2.

Again, by Corollaries 5.4 and 4.3 we obtain a(Z) = 3. This was also obtained

in [K2].

The case of type (3) reduces to type (1) using elementary transformations,

if the intersection points of A

0

and A

0

are blown up. Otherwise, we obtain

(A:(�K

S

))

S

< 0 and C = A + A. In this situation, Theorem 5.2 tells us

�

�1

(S) = 0 and again we compute a(Z) = 1 using the Corollaries 5.4 and 4.3.

It remains to study the situation of type (1). This is precisely the situation

where we can associate to the sequence of blow-ups a blow-up graph �. If

� does not contain one of the ten graphs of Remark 6.11 as a subgraph that

contains all external vertices and all edges between them, then � determines the

anti Kodaira dimension of S by Theorem 6.9. If this is the case, the algebraic

dimension a(Z) is determined by �. This follows from Corollaries 5.4 and 4.3,

because the restriction K

�1

S


O

C

�

=

K

�

1

2


O

C

does not depend on the chosen

fundamental divisor S. For example we can formulate the following theorem:

Theorem 8.1. A simply connected twistor space Z containing at least a pencil

of fundamental divisors is Moishezon if and only if it ful�lls the equivalent
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conditions of Theorem 3.7 or contains a real irreducible fundamental divisor S

possessing an associated blow-up graph that either

� contains one internal vertex which is connected with all external vertices,

or

� contains at most four external vertices and a pair of connected internal

vertices with the property that one of them is connected with precisely one

of the external vertices and the other one with all the remaining external

vertices.

In particular, basic blow-up graphs appear only in Moishezon spaces.

Proof: The observations at the beginning of this section show for n � 5 that

a Moishezon twistor space, not ful�lling the conditions of Theorem 3.7, contains

a real fundamental divisor S possessing a blow-up graph. For n = 4 this follows

from [K1] and in case n � 3 every twistor space contains a fundamental divisor

possessing an associated blow-up graph.

Observe that a blow-up graph with at most �ve vertices always ful�lls the

conditions of the theorem. Since in the case n � 3 all twistor spaces are

Moishezon, nothing is to prove then. In the case n = 4 (corresponding to blow-

up graphs with six vertices) the result follows from previous work [K1] and the

observation, that (in this case) K

�

1

2

is not nef if and only if the corresponding

blow-up graph ful�lls the conditions of the theorem. By a nef line bundle we

mean here one which has non-negative intersection number with all curves in

Z. Let us, therefore, assume n � 5.

In the theorem the conditions on the graph are made to match precisely the

graphs obtained by adding internal triangles to a graph ful�lling condition (c)

or (c') of Theorem 6.9. If dim j �

1

2

K j= 1, we can apply Corollary 5.4 and

Theorem 6.9 to show that the generic S 2j �

1

2

K j has �

�1

(S) = 2. Corollary

4.3 implies that Z is a Moishezon space. If dim j �

1

2

K j� 2, then the result

follows from Theorems 3.6, 3.7 and the observations at the beginning of this

section.

Remark 8.2. A blow-up graph ful�lls the properties of the theorem precisely

when it contains one of the graphs of Remark 6.12 as a subgraph that contains

all external vertices of it.

Remark 8.3. In Corollary 7.14 we saw that every blow-up graph is a small

deformation of a basic blow-up graph. By Theorem 8.1 basic blow-up graphs

appear only in Moishezon twistor spaces. This suggests that one could hope

to be able to construct twistor spaces containing a fundamental divisor associ-

ated to an arbitrarily given blow-up graph by studying small deformations of

Moishezon twistor spaces. We shall see in Theorem 8.8 that this in fact works.

In particular, small deformations of Moishezon twistor spaces need not to be

Moishezon [C1], [LeBP].
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It would be very interesting to obtain a better understanding of a(Z) and

�

�1

(S) if � does not determine the anti Kodaira dimension. This would help

to understand the case a(Z) = 2.

Definition 8.4. A blow-up graph � is called twistorial if there exists a twistor

space Z containing an irreducible fundamental divisor S which is obtained from

P

1

� P

1

by a sequence of blow-ups whose associated graph is �.

Example 8.5. The basic blow-up graphs of Example 6.4 containing one vertex

which is connected with all other vertices are twistorial.

By Proposition 6.7, Theorems 3.6 and 3.5 one should search for a correspond-

ing fundamental divisor in a LeBrun twistor space. Such twistor spaces Z are

birational to conic bundles over P

1

� P

1

whose discriminant is the union of n

irreducible divisors in the linear system j O(1; 1) j. The fundamental linear

system is isomorphic to j O(1; 1) j such that every divisor in j O(1; 1) j cor-

responds to a fundamental divisor in Z. The most degenerate LeBrun spaces

are those where the n components of the discriminant of the conic bundle are

contained in one pencil in j O(1; 1) j. Such a pencil has two base-points on

P

1

� P

1

. Every real member of this pencil, which is di�erent from the n com-

ponents of the discriminant of the conic bundle, has as its associated graph the

basic blow-up graph mentioned above. (Below, the picture for the case n = 6

is drawn.) This degenerate case was not studied in [LeB2]. The details can be

found in [Ku].
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In the sequel we want to study the question which blow-up graphs are twistorial.

For that purpose we have to show the existence of twistor spaces with certain

properties. A very e�cient tool for constructing new twistor spaces is the

following theorem, which has its origin in the paper [DonF].

Theorem 8.6. ([DonF],[LeB3],[PP2],[C3]) Let Z be a Moishezon twistor

space with H

2

(Z;�

Z

) = 0. Then, any real member of a small deformation

of Z is again a twistor space. Furthermore, any small deformation of a real ir-

reducible fundamental divisor S with real structure is induced by a deformation

of Z in the sense that the deformed surfaces are members of the fundamental

system of the deformed twistor spaces.

For LeBrun twistor spaces the vanishing of H

2

(Z;�

Z

) was shown in the papers

[LeBP], [C1] and [C3]. But the authors of these papers do not take care of the
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degenerate case. Therefore we need the following theorem, whose proof grew

out of a discussion with H. Kurke. The author is grateful to him.

Theorem 8.7. If Z is a Moishezon twistor space containing an irreducible

fundamental divisor, then H

2

(Z;�

Z

) = 0.

Proof: The space Z is simply connected [C2] and of positive type by Propo-

sition 2.4 or [Po2]. Let S 2j �

1

2

K j be an irreducible fundamental divisor. By

Lemma 2.2 S is a smooth rational surface. The adjunction formula implies

K

1

2


O

S

�

=

K

S

. The exact sequence

0 �! N

_

SjZ

�! 


1

Z


O

S

�! 


1

S

�! 0

implies H

0

(


1

Z


O

S

) = 0, because H

0

(N

_

SjZ

) = H

0

(O

S

(�S)) = H

0

(K

S

) = 0

and H

0

(


1

S

) = 0 by the rationality of S.

On the other hand, the restriction map PicZ �! PicS is injective by

[K1, Lemma 3.1]. The Fr�ohlicher spectral sequence (which degenerates for

Moishezon varieties [U]) together with the rationality of S, the vanishing

of H

0

(Z;


2

Z

) ([H2]) and Lemma 2.3 induces natural isomorphisms PicZ

�

=

H

1

(Z;


1

Z

) and PicS

�

=

H

1

(S;


1

S

). The corresponding natural injective map

H

1

(Z;


1

Z

) �! H

1

(S;


1

S

) is the composition of the natural maps H

1

(


1

Z

) �!

H

1

(


1

Z


 O

S

) �! H

1

(


1

S

). The �rst morphism, which is hence injective,

appears in the exact cohomology sequence of

0 �! 


1

Z

(�S) �! 


1

Z

�! 


1

Z


O

S

�! 0:

With the vanishing of H

0

(


1

Z


O

S

), shown above, we obtain now: H

1

(


1

Z




K

1

2

) = H

1

(


1

Z

(�S)) = 0.

Using the standard exact sequence 0 �! N

_

SjZ

�! 


1

Z


O

S

�! 


1

S

�! 0 we

obtain, using N

_

SjZ

= O

S

(�S) = K

1

2


O

S

, the exact sequence

0 �! K


2

S

�! 


1

Z


K

1

2


O

S

�! 


1

S


K

S

�! 0:

Since S is a rational surface we have h

0

(K


2

S

) = 0 and h

0

(


1

S


K

S

) = h

2

(�

S

) =

0. Hence, we obtain h

0

(


1

Z


K

1

2


O

S

) = 0. Using the exact sequence

0 �! 


1

Z


K �! 


1

Z


K

1

2

�! 


1

Z


K

1

2


O

S

�! 0;

and the vanishing of h

1

(


1

Z


 K

1

2

), this implies h

1

(


1

Z


 K) = 0. By Serre

duality we obtain the desired vanishing.

The following theorem is the main result of this section.

Theorem 8.8. Every blow-up graph is twistorial.

Proof: Combining Theorems 8.7, 8.6 with Theorem 7.13 and Corollary 7.14

we see that it is enough to show that every basic blow-up graph is twistorial.
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The corresponding twistor spaces are provided by the equivariant version of the

method of Donaldson and Friedman [DonF] to construct self-dual structures on

the connected sum of two self-dual manifolds. Such a method was developed

by Pedersen and Poon in the paper [PP3]. The spaces obtained in the case

of the action of a two dimensional torus are investigated in detail in a recent

preprint of Honda [Ho].

His main result is that the twistor spaces obtained by the equivariant version of

the Donaldson-Friedman construction contain a pencil of fundamental divisors

invariant under the action of the two-dimensional torus. The general member

of this pencil is a smooth toric surface, which is isomorphic to a successive

blow-up of P

1

� P

1

at conjugate pairs of �xed points of the action.

Furthermore, he shows, using the results of Orlik and Raymond [OR], that

every such toric surface appears as a fundamental divisor in a twistor space. But

the �xed points of the torus action are precisely the singularities of the (unique)

torus invariant e�ective anti-canonical divisor on the toric surface. This means

that an arbitrary sequence of blow ups of conjugate singularities of the torus

invariant e�ective anti-canonical divisor, starting at P

1

�P

1

, leads to a surface

which appears as a fundamental divisor in a twistor space. Because every basic

blow-up graph can be obtained in this way, the theorem is proven.

There is another construction of twistor spaces over nC P

2

with the symmetry

of the two-torus, introduced by D. Joyce [J]. It seems to be not clear, whether

these spaces contain a pencil of fundamental divisors or not. But, observe

that D. Joyce associates (in a di�erent way) to each of his spaces one of the

basic blow-up graphs [J, p. 541]. These graphs reect the orbit structure and

isotropy groups of the action of T

2

= S

1

� S

1

on nC P

2

.
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