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276 Jean Fasel

1 IntroductionLetA be a ommutative noetherian ring of Krull dimension n and P a projetive
A-module of rank d. One an ask the following question: does P admit a freefator of rank one? Serre proved a long time ago that the answer is alwayspositive when d > n. So in fat the �rst interesting ase is when P is projetiveof rank equal to the dimension of A. Suppose now that X is an integral smoothsheme over a �eld k of harateristi not 2. To deal with the above question,Barge and Morel introdued the Chow-Witt groups C̃Hj

(X) of X (alled atthat time groupes de Chow des yles orientés, see [BM℄) and assoiated to eahvetor bundle E of rank n an Euler lass c̃n(E) in C̃H
n
(X). It was provedreently that if X = Spe(A) we have c̃n(P ) = 0 if and only if P ≃ Q ⊕ A(see [Mo℄ for n ≥ 4, [FS℄ for n = 3 and [BM℄ or [Fa℄ for the ase n = 2). Itis therefore important to provide more tools, suh as a ring struture and apull-bak for regular embeddings, to ompute the Chow-Witt groups and theEuler lasses.To de�ne C̃Hp

(X) onsider the �bre produt of the omplex in Milnor K-theory
0 // KM

p (k(X)) //
⊕

x1∈X(1)

KM
p−1(k(x1)) // . . . //

⊕

xn∈X(n)

KM
p−n(k(xn)) // 0and the Gersten-Witt omplex restrited to the fundamental ideals

0 // Ip(k(X)) //
⊕

x1∈X(1)

Ip−1(OX,x1
) // . . . //

⊕

xn∈X(n)

Ip−n(OX,xn) // 0over the quotient omplex
0 // Ip/Ip+1(k(X)) // . . . //

⊕

xn∈X(n)

Ip−n/Ip+1−n(OX,xn) // 0.The group C̃Hp
(X) is de�ned as the p-th ohomology group of this �bre prod-ut. Roughly speaking, an element of C̃Hp

(X) is the lass of a sum of varietiesof odimension p with a quadrati form de�ned on eah variety. We oviouslyhave a map C̃Hp
(X) → CHp(X).Using the funtoriality of the two omplexes we see that the Chow-Witt groupssatisfy good funtorial properties (see [Fa℄). For example, we have a pull-bak morphism f∗ : C̃H

j
(X) → C̃H

j
(Y ) assoiated to eah �at morphism

f : Y → X and a push-forward morphism g∗ : C̃H
j
(Y,L) → C̃H

j+r
(X)assoiated to eah proper morphism g : Y → X, where r = dim(X) − dim(Y )and L is a suitable line bundle over Y . Using this funtorial behaviour, it ispossible to produe a good intersetion theory. This is what we do in this paper
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The Chow-Witt ring 277using the lassial strategy (see for example [Fu℄ or [Ro℄). First we de�ne anexterior produt
C̃H

j
(X) × C̃H

i
(Y ) → C̃H

i+j
(X × Y )and then a Gysin-like homomorphism i! : C̃H

d
(X) → C̃H

d
(Y ) assoiated to alosed embedding i : Y → X of smooth shemes. The produt is then de�nedas the omposition

C̃H
j
(X) × C̃H

i
(X) // C̃H

i+j
(X ×X)

△!

// C̃H
i+j

(X)where △ : X → X × X is the diagonal embedding. To de�ne the exteriorprodut, we �rst note that Rost already de�ned an exterior produt on thehomology of the omplex in Milnor K-theory ([Ro℄). Thus it is enough tode�ne an exterior produt on the homology of the Gersten-Witt omplex andshow that both exterior produts oinide over the quotient omplex. We usethe usual produt on derived Witt groups ([GN℄) and show that this produtpasses to homology using the Leibnitz rule proved by Balmer (see [Ba2℄).The de�nition of the Gysin-like map is done by following the ideas of Rost([Ro℄). It uses the deformation to the normal one to modi�y any losed em-bedding to a nier losed embedding and uses also the long exat sequeneassoiated to a triple (Z,X,U) where Z is a losed subset of X and U = X \Z.The produt that we obtain has the meaning of interseting varieties withquadrati forms de�ned on them. It is therefore not a surprise that the naturalmap C̃Htot
(X) → CHtot(X) turns out to be a ring homomorphism. There ishowever a surprise: the produt that we obtain is a priori neither ommutativenor antiommutative. This omes from the fat that the produt of triangu-lated Grothendiek-Witt groups GW i × GW j → GW i+j does not satisfy anyommutativity property.The organization of this paper is as follows: In setion 2, we reall some ba-si results on triangular Witt groups. This inludes the onstrution of theGersten-Witt omplex, and some results on produts and onsanguinity. Insetion 3, we onstrut the Chow-Witt groups, reall some results and provesome basi fats. The de�nition of the exterior produt takes plae in setion4 and the de�nition of the Gysin-Witt map in setion 5. In this part, we alsoprove the funtoriality of this map. Finally we put all the piees together insetion 6 and prove some basi results in setion 7.I would like to thank Paul Balmer, Stefan Gille and Ivo Dell'Ambrogio forseveral areful readings of earlier versions of this work. I also would like tothank the referee for some useful omments. This researh was supported bySwiss National Siene Foundation, grant PP002-112579.
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278 Jean Fasel

1.1 ConventionsAll shemes are smooth and integral over a �eld k of harateristi di�erentfrom 2, or are loalizations of suh shemes. For any two shemes X and Y wewill always denote by X × Y the �bre produt X ×S p e  (k) Y .
2 Preliminaries

2.1 Witt groupsWe reall here some basi fats on Witt groups of triangulated ategories fol-lowing the exposition of [Ba2℄. We suppose that for any triangulated ategory
C and any objets A,B of C the group Hom(A,B) is uniquely 2-divisible. Wealso suppose that all triangulated ategories are essentially small.
Definition 2.1. Let C be a triangulated ategory. A duality on C is a triple
(D, δ,̟) where δ = ±1, D : C → C is a δ-exat ontravariant funtor and
̟ : 1 ≃ D2 is an isomorphism of funtors satisfying D(̟A) ◦ ̟DA = idDAand T (̟A) = ̟TA for all A ∈ C. A triangulated ategory C with a duality
(D, δ,̟) is written (C,D, δ,̟).Example 2.2. Let X be a regular sheme and P(X) the ategory of loally freeoherent OX -modules. Let Db(P(X)) be the triangulated ategory of boundedomplexes of objets of P(X). Then the usual duality ∨ on P(X) de�ned by
P∨ = HomOX (P,OX) indues a 1-exat duality on Db(P(X)). We also denotethis derived duality by ∨. Moreover, the anonial isomorphism ev : P → P∨∨for any loally free module P indues a anonial isomorphism ̟ : 1 →∨∨in Db(P(X)). More generally, if L is any invertible module over X, then theduality HomOX (_, L) on P(X) also indues a duality on Db(P(X)).
Definition 2.3. Let (C,D, δ,̟) be a triangulated ategory with duality. Forany i ∈ Z, de�ne (D(i), δ(i),̟(i)) by D(i) = T i ◦D, δ(i) = (−1)iδ and ̟(i) =
δi(−1)i(i+1)/2̟. It is easy to hek that (D(i), δ(i),̟(i)) is a duality on C. Itis alled the ith-shifted duality of (D, δ,̟).
Definition 2.4. Let (C,D, δ,̟) be a triangulated ategory with duality, A ∈ Cand i ∈ Z. A morphism ϕ : A→ D(i)A is i-symmetri if the following diagramommutes:

A
ϕ //

̟
(i)
A

��

D(i)A

(D(i))2(A)
D(i)ϕ

// D(i)A.The ouple (A,ϕ) is alled an i-symmetri pair.
Definition 2.5. We denote by Symmi(C) the monoid of isometry lasses of
i-symmetri pairs, equipped with the orthogonal sum.
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The Chow-Witt ring 279
Definition 2.6. An i-symmetri form is an i-symmetri pair (A,ϕ) where ϕis an isomorphism.
Theorem 2.7. Let (C,D, δ,̟) be a triangulated ategory with duality and let
(A,φ) be an i-symmetri pair. Choose an exat triangle ontaining φ

A
φ // D(i)A

α // C
β // TA.Then there exists an (i + 1)-symmetri isomorphism ψ : C → D(i+1)C suhthat the following diagram ommutes

A
φ //

̟(i)

��

D(i)A
α // C

β //

ψ

���
�

�
TA

T̟(i)

��
D(i)(D(i)A)

D(i)φ

// D(i)A
δ(i+1)D(i+1)β

// D(i+1)C
D(i+1)α

// T (D(i)(D(i)A))where the rows are exat triangles and the seond one is the dual of the �rst.Moreover, the (i + 1)-symmetri form (C,ψ) is unique up to isometry. It isdenoted by one(A,φ).Proof. See [Ba1℄, Theorem 1.6.Example 2.8. Let A ∈ C. For any i, the morphism 0 : A→ D(i)A is symmetriand then one(A, 0) is well de�ned.
Corollary 2.9. The above onstrution gives a well de�ned homomorphismof monoids di : Symm(i)(C) → Symm(i+1)(C) suh that di+1di = 0.
Definition 2.10. Let (C,D, δ,̟) be a triangulated ategory with duality. TheWitt groupW i(C) is de�ned as Ker(di)/Im(di+1). Remark that Ker(di) is justthe monoid of isometry lasses of i-symmetri forms.
Definition 2.11. Let (C,D, δ,̟) be a triangulated ategory with duality. TheGrothendiek-Witt group GW i(C) is de�ned as the quotient of Ker(di) by thesubmonoid generated by the elements one(A,φ)−one(A, 0) where A ∈ C and
φ is (i− 1)-symmetri (0 is also seen as an (i− 1)-symmetri morphism).Example 2.12. Let (Db(P(X)),∨ , 1,̟) be the triangulated ategory with du-ality de�ned in Example 2.2. Its Witt groups are the Witt groups W i(X) ofthe sheme X as de�ned in [Ba1℄.
2.2 ProductsGiven a pairing ⊗ : C × D → M of triangulated ategories with duality andassuming that this pairing satis�es some nie onditions, the authors of [GN℄de�ne a pairing of Witt groups. We brie�y reall some de�nitions (see 1.2 and1.11 in [GN℄):
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280 Jean Fasel

Definition 2.13. Let C,D and M be triangulated ategories. A produtbetween C and D with odomain M is a ovariant bi-funtor
⊗ : C × D → Mexat in both variables and satisfying the following ondition: the funtorialisomorphisms rA,B : A⊗TB ≃ T (A⊗B) and lA,B : TA⊗B ≃ T (A⊗B) makethe diagram

TA⊗ TB
lA,TB //

rTA,B

��

T (A⊗ TB)

T (rA,B)

��
T (TA⊗B)

T (lA,B)
// T 2(A⊗B)skew-ommutative.

Definition 2.14. Let C,D and M be triangulated ategories with dualities.Where there is no possible onfusion, we drop the subsripts for D, δ and ̟.A dualizing pairing between C and D with odomain M is a produt ⊗ withisomorphisms
ηA,B : DA⊗DB ≃ D(A⊗B)natural in A and B whih make the following diagrams ommute1.
A⊗B

̟A⊗̟B //

̟A⊗B

��

D2A⊗D2B

ηDA,DB

��
D2(A⊗B)

D(ηA,B)
// D(DA⊗DB)2.

T (DTA⊗DB)

δCδMT (ηTA,B)

��

DA⊗DB
lDTA,DBoo

ηA,B

��

rDA,DTB // T (DA⊗DTB)

δLδMT (ηA,TB)

��
TD(TA⊗B) D(A⊗B)

TD(lA,B)
oo

TD(rA,B)
// TD(A⊗ TB).

Theorem 2.15. Let C,D and M be triangulated ategories with duality. Let
⊗ : C × D → M be a dualizing pairing between C and D with odomain M.Then ⊗ indues for all i, j ∈ Z a pairing

⋆ : W i(C) ×W j(D) →W i+j(M).
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The Chow-Witt ring 281Proof. See [GN℄, Theorem 2.9.Example 2.16. Let (Db(P(X)),∨ , 1,̟) be the triangulated ategory with dual-ity de�ned in Example 2.2. The usual tensor produt indues a dualizing pair-ing of triangulated ategories and then a produtW i(X)×W j(X) →W i+j(X).Suppose that L and N are invertible modules over X. Then HomOX (_, L),HomOX (_, N) and HomOX (_, L ⊗ N) give dualities ♯, ♮ and ♭ on Db(P(X)).The tensor produt gives a dualizing pairing
⊗ : (Db(P(X)),♯ , 1,̟) × (Db(P(X)),♮ , 1,̟) → (Db(P(X)),♭ , 1,̟).

2.3 SupportsWe brie�y reall the notion of triangulated ategory with supports following[Ba2℄.
Definition 2.17. Let X be a topologial spae. A triangulated ategory de-�ned over X is a pair (C,Supp) where C is a triangulated ategory and Suppassigns to eah objet A ∈ C a losed subset Supp(A) of X suh that thefollowing rules are satis�ed:(S1) Supp(A) = ∅ ⇐⇒ A ≃ 0.(S2) Supp(A⊕B) = Supp(A) ∪ Supp(B).(S3) Supp(A) = Supp(TA).(S4) For every distinguished triangle

A // B // C // TAwe have Supp(C) ⊂ Supp(A) ∪ Supp(B).When I is a saturated triangulated subategory of C and S is the multipliativesystem of morphisms whose one is in I, then we an onstrut a support onthe ategory S−1C := C/I. This is done in [Ba3℄ when C has a tensor produt.However we will only need some basi fats, so we prove the following lemma:
Lemma 2.18. let C be a triangulated ategory de�ned over a topologialspae X. Let I be a saturated triangulated subategory of C and let Supp(I) =
∪A∈ISupp(A). Suppose that Supp(A) ⊂ Supp(I) implies A ∈ I. Let S be themultipliative system in C of morphisms f suh that one(f) ∈ I and let

I // C // C/Ibe the exat sequene of triangulated ategories obtained by inverting S. Then
C/I is a triangulated ategory de�ned over X ′ = X \Supp(I) (with the induedtopology).
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282 Jean FaselProof. We de�ne SuppS(A) := Supp(A)∩X ′ for any objet A ∈ C/I and showthat SuppS satis�es the properties of De�nition 2.17. It is easy to see that therules (S1), (S2) and (S3) are satis�ed. We only have to prove (S4).First observe that if s : A→ B is a morphism in S and
A

s // B // C // TAis an exat triangle in C ontaining s, then SuppS(A) = SuppS(B) (use (S4)for the ategory C). This shows that SuppS(A) = SuppS(A′) if A ≃ A′ in C/I.By de�nition of the triangulation of C/I, any exat triangle
A

α // B // C // TAin C/I is isomorphi to the loalization of an exat triangle in C. This showsthat SuppS(C) ⊂ SuppS(A) ∪ SuppS(B).Example 2.19. Let Db(P(X)) be the usual triangulated ategory. De�ne thesupport of an objet P ∈ Db(P(X)) as the union of the support of all theohomology groups of P , i.eSupp(P ) =
⋃

i

Supp(Hi(P )).Then it is easy to see that (Db(P(X)),Supp) is a triangulated ategory withsupport. Denote by Db(P(X))(k) the full subategory of Db(P(X)) of objetswhose support is of odimension ≥ k. Then Db(P(X))(k) is a saturated trian-gulated ategory and the following sequene
Db(P(X))(k) → Db(P(X)) → Db(P(X))/Db(P(X))(k)satis�es the onditions of Lemma 2.18. So Db(P(X))/Db(P(X))(k) is a trian-gulated ategory over X ′ = {x ∈ X | odim(x) ≤ k − 1}.The following de�nitions are also due to Balmer (see [Ba2℄):

Definition 2.20. Let (C,Supp) be a triangulated ategory over X and assumethat C has a struture of triangulated ategory with duality (C,D, δ,̟). Thenwe say that C is a triangulated ategory with duality de�ned over X if(S5) Supp(A) = Supp(DA) for every objet A.
Definition 2.21. Let (C,SuppC), (D,SuppD) and (M,SuppM) be triangu-lated ategories de�ned over X. Suppose that

⊗ : C × D → Mis a pairing of triangulated ategories. The pairing ⊗ is de�ned over X if(S6) SuppM(A⊗B) = SuppC(A) ∩ SuppD(B).
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The Chow-Witt ring 283Example 2.22. The triangulated ategory Db(P(X)) with the support de�nedin Example 2.19 and the pairing of Example 2.16 satisfy the ondition (S5) and(S6).
Definition 2.23. The degeneray lous of a symmetri pair (A,α) is de�nedto be the support of the one of α:DegLo(α) = Supp(one(α)).

Definition 2.24. Let (C,Supp) be a triangulated ategory with duality de�nedover X. The onsanguinity of two symmetri pairs α and β is de�ned to bethe following subset of X:Cons(α, β) = (Supp(α) ∩DegLo(β)) ∪ (DegLo(α) ∩ Supp(β)).We are now ready to state the Leibnitz formula:
Theorem 2.25 (Leibnitz formula). Assume that we have a dualizing pairing
⊗ : C × D → F of triangulated ategories with dualities over X. Let α and βbe two symmetri pairs suh that DegLo(α) ∩ DegLo(β) = ∅. Then we havean isometry

δF · d(α ⋆ β) = δC · d(α) ⋆ β + δD · α ⋆ d(β)where δC , δD, δF are the signs involved in the dualities of C,D and F .Proof. See [Ba2℄, Theorem 5.2.
3 Chow-Witt groupsLet (Db(P(X)),∨ , 1,̟) be the triangulated ategory with the usual dualityof Example 2.2 and onsider its full subategory Db(P(X))(i) of objets withsupports of odimension ≥ i (here we use the support de�ned in Example2.19). Then the duality on Db(P(X)) indues dualities on Db(P(X))(i) for any
i ([Ba1℄). It is also lear that Db(P(X))(i+1) ⊂ Db(P(X))(i) for any i.
Definition 3.1. For all i ∈ N, denote by Db

i (X) the triangulated ategory
Db(P(X))(i)/Db(P(X))(i+1).Suppose that (A,α) is an i-symmetri form in Db

i (X). Then there exists an
i-symmetri pair (B, β) suh that the loalization of (B, β) is (A,α) (by loal-ization we mean the map Symmi(Db(P(X))(i)) → Symmi(Db

i (X)) indued bythe funtor Db(P(X))(i) → Db
i (X)). Applying 2.7, we get an (i+1)-symmetriform (C,ψ). By onstrution, C ∈ Db(P(X))(i+1). Loalizing this form we geta form (C,ψ) in W i+1(Db

i+1(X)). At �rst sight, this onstrution depends onsome hoies but in fat this is not the ase (see [Ba1℄, Corollary 4.16). Henewe get a well de�ned homomorphism
di : W i(Db

i (X)) →W i+1(Db
i+1(X)).
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284 Jean Fasel

Theorem 3.2. Let X be a regular sheme of dimension n. Then we have aomplex
0 // W 0(Db

0(X))
d0 // W 1(Db

1(X))
d1 // . . . dn // Wn(Db

n(X)) // 0.Proof. See [BW℄, Theorem 3.1 and Paragraph 8.Let A be a regular loal ring. We denote by W fl(A) the Witt group of �nitelength modules over A (see [QSS℄ for more informations about Witt groups of�nite length modules). The following proposition holds:
Proposition 3.3. We have isomorphisms

W i(Db
i (X)) ≃

⊕

x∈X(i)

W fl(OX,x).Proof. See [BW℄, Theorem 6.1 and Theorem 6.2.Remark 3.4. Sine we use the isomorphism of the above proposition, we brie�yreall how to obtain a symmetri omplex from a �nite length module. For moredetails, see [BW℄ or [Fa℄, Chapter 3. Choose a point x ∈ X(i), a �nite length
OX,x-module M and a symmetri isomorphism φ : M → ExtiOX,x(M,OX,x).Let P• be a resolution of M by loally free oherent OX,x-modules. Then P•an be hosen of the form

0 // Pi // . . . // P0
// M // 0.Dualizing this omplex and shifting i times gives the following diagram

0 // Pi //

∃

���
�

�
. . . // P0

//

∃

���
�

�
M //

φ

��

0

0 // P∨
0

// . . . // P∨
i

// ExtiOX,x(M,OX,x) // 0.Using φ we get a symmetri morphism ϕ : P• → (P•)
∨. Thus we have on-struted an i-symmetri pair in the ategoryDb(P(OX,x)) from the pair (M,φ).SineDb

i (X) ≃
∐

x∈X(i)

Db(P(OX,x)) ([BW℄, Proposition 7.1), we an see the pair
(P•, ϕ) as a symmetri pair in Db

i (X).
Definition 3.5. The omplex
0 // W fl(k(X)) //

⊕

x1∈X(1)

W fl(OX,x1
) // . . . //

⊕

xn∈X(n)

W fl(OX,xn) // 0is alled the Gersten-Witt omplex of X. We denote it by C(X,W ).
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The Chow-Witt ring 285This omplex is obtained by using the usual duality ∨ on the triangulatedategory Db(P(X)) (Example 2.2). For any invertible module L over X, wehave a duality derived from the funtor ♯ = HomOX,x(_, L) and we an applythe same onstrution to get a Gersten-Witt omplex.
Definition 3.6. Let X be a regular sheme and L an invertible OX -module.We denote by C(X,W,L) the Gersten-Witt omplex obtained from the dual-ity ♯.
Theorem 3.7. Let A be a regular loal k-algebra and X = Spe(A). Then forany i > 0 we have Hi(C(X,W )) = 0.Proof. See [BGPW℄, Theorem 6.1.Let A be a regular loal ring of dimension n. Denote by F the residue �eldof A. Then any hoie of a generator ξ ∈ ExtnA(F,A) gives an isomorphism
αξ : W (F ) → W fl(A). Reall that I(F ) is the fundamental ideal of W (F ). If
n ≤ 0, put In(F ) = W (F ).
Definition 3.8. For any n ∈ Z let Infl(A) be the image of In(F ) by αξ.Remark 3.9. It is easily seen that Infl(A) does not depend on the hoie of thegenerator ξ ∈ ExtnA(F,A).
Proposition 3.10. The di�erential d of the Gersten-Witt omplex satis�es
d(Imfl (OX,x)) ⊂ Im−1

fl (OX,y) for any m ∈ Z, x ∈ X(i) and y ∈ X(i−1).Proof. See [Gi3℄, Theorem 6.4 or [Fa℄, Theorem 9.2.4.
Definition 3.11. Let L be an invertible OX -module. We denote by
C(X, Id, L) the omplex
0 // Idfl(k(X)) //

⊕

x1∈X(1)

Id−1
fl (OX,x1

) // . . . //
⊕

xn∈X(n)

Id−nfl (OX,xn) // 0.Remark 3.12. In partiular, we have C(X, I0, L) = C(X,W,L).
Theorem 3.13. Let A be an essentially smooth loal k-algebra. Then for any
i > 0 we have Hi(C(X, Id)) = 0.Proof. See [Gi3℄, Corollary 7.7.Of ourse, there is an inlusion C(X, Id+1, L) → C(X, Id, L) and therefore weget a quotient omplex.
Definition 3.14. Denote by C(X, I

d
) the omplex C(X, Id, L)/C(X, Id+1, L).Remark 3.15. For any invertible module L the omplexes C(X, Id)/C(X, Id+1)and C(X, Id, L)/C(X, Id+1, L) are anonially isomorphi (see [Fa℄, CorollaryE.1.3), so we an drop the L in C(X, I
d
).
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286 Jean FaselRemark 3.16. The omplex C(X, I
d
) is of the form

0 // Idfl(k(X))/Id+1
fl (k(X)) //

⊕

x1∈X(1)

Id−1
fl (OX,x1

)/Idfl(OX,x1
) // . . . .Remark 3.17. As a onsequene of Theorem 3.13, we immediately see that

Hi(C(X, I
d
)) = 0 for i > 0 if X = Spe(A) where A is an essentially smoothloal k-algebra.Let F be a �eld and denote by KM

i (F ) the i-th Milnor K-theory group of F .If i < 0 it is onvenient to put KM
i (F ) = 0.

Definition 3.18. Let X be a sheme. Then for any d we have a omplex
0 // KM

d (k(X)) //
⊕

x1∈X(1)

KM
d−1(k(x1)) // . . . //

⊕

xn∈X(n)

KM
d−n(k(xn)) // 0.We denote it by C(X,KM

d ).Proof. See [Ka℄, Proposition 1 or [Ro℄, Paragraph 3.We also have the exatness of this omplex when X is the spetrum of a smoothloal k-algebra:
Theorem 3.19. Let A be a smooth loal k-algebra. Then for all i > 0 we have
Hi(C(X,KM

d )) = 0.Proof. See [Ro℄, Theorem 6.1.If F is a �eld, reall that we have a homomorphism due to Milnor
s : KM

j (F ) → Ij(F )/Ij+1(F )given by s({a1, . . . , aj}) =< 1,−a1 > ⊗ . . .⊗ < 1,−aj >. The following istrue:
Lemma 3.20. The homomorphisms s indue a morphism of omplexes

s : C(X,KM
d ) → C(X, I

d
).Proof. See [Fa℄, Proposition 10.2.5.

Definition 3.21. Let C(X,Gd, L) be the �bre produt of C(X,KM
d ) and

C(X, Id, L) over C(X, I
d
):
C(X,Gd, L) //

��

C(X, Id, L)

π

��
C(X,KM

d ) s
// C(X, I

d
).
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Definition 3.22. Let X be a smooth sheme and L an invertible OX -module. The j-th Chow-Witt group C̃H

j
(X,L) of X twisted by L is thegroup Hj(C(X,Gj , L)).Remark 3.23. Denote by GW j(Db

j(X), L) the j-th Grothendiek-Witt group ofthe ategoryDb
j(X) with the duality derived from HomOX (_, L) (see De�nition2.11). It is not hard to see that C(X,Gj , L) is isomorphi to GW j(Db

j(X), L)and therefore the omplex C(X,Gj , L) is
. . . // C(X,Gj , L)j−1

// GW j(Db
j(X), L)

dj // W j+1(Db
j+1(X), L) // . . .Hene C̃H

j
(X,L) is a quotient of Ker(dj) and a subquotient of

GW j(Db
j(X), L).We also have the exatness of the omplex C(X,Gd, L) in the loal ase:

Theorem 3.24. Let A be a smooth loal k-algebra and X = Spe(A). Then
Hi(C(X,Gj)) = 0 for all j and all i > 0.Proof. As C(X,Gj) is the �bre produt of the omplexes C(X,KM

j ) and
C(X, Ij) over C(X, I

j
), we have an exat sequene of omplexes

0 // C(X,Gj) // C(X, Ij) ⊕ C(X,KM
j ) // C(X, I

j
) // 0induing a long exat sequene in ohomology. It follows then from Theorem3.13 and Theorem 3.19 that Hi(C(X,Gj)) = 0 if i > 1. For i = 1, we have anexat sequene

H0(C(X, Ij)) ⊕H0(C(X,KM
j )) // H0(C(X, I

j
)) // H1(C(X,Gj)) // 0.The exat sequene of omplexes

0 // C(X, Ij+1) // C(X, Ij) // C(X, I
j
) // 0shows that H0(C(X, Ij)) maps onto H0(C(X, I

j
)).

Definition 3.25. Let X be a smooth sheme and L an invertible OX -module.We de�ne the sheaf GjL on X by GjL(U) = H0(C(U,Gj , L)).We have:
Theorem 3.26. Let X be a smooth sheme of dimension n. Then for any iwe have

Hi
Zar(X,G

j
L) ≃ Hi(C(X,Gj , L)).
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288 Jean FaselProof. De�ne sheaves Cl by Cl(U) = C(U,Gj , L)l for any l ≥ 0. It is lear thatthe Cl are �asque sheaves. We have a omplex of sheaves over X
0 // GjL

// C0
// C1

// . . . // Cn // 0.Theorem 3.24 shows that this omplex is a �asque resolution of GjL. Thus thetheorem is proved.Suppose that f : X → Y is a �at morphism. Sine it preserves odimensions,it indues a morphism of omplexes
f∗ : C(Y,Gj , L) → C(X,Gj , f∗L)for any j ∈ N and any line bundle L over Y ([Fa℄, Corollary 10.4.2). Hene wehave:

Theorem 3.27. Let f : X → Y be a �at morphism and L a line bundle over
Y . Then, for any i, j we have homomorphisms

f∗ : Hi(C(Y,Gj , L)) → Hi(C(X,Gj , f∗L)).In partiular, if E is a vetor bundle over Y and π : E → Y is the projetion,we have isomorphisms
π∗ : Hi(C(Y,Gj , L)) → Hi(C(E,Gj , π∗L)).Proof. We have a morphism of omplexes f∗ : C(Y,Gj , L) → C(X,Gj , f∗L)whih gives the indued homomorphisms in ohomology. For the proof of ho-motopy invariane, see Corollary 11.3.2 in [Fa℄.

Proposition 3.28. Let f : X → Y and g : Y → Z be �at morphisms. Then
(gf)∗ = f∗g∗.Proof. See [Fa℄, Proposition 3.4.9.Suppose that f : X → Y is a �nite morphism with dim(Y ) − dim(X) = r.Consider the morphism of loally ringed spaes f : (X,OX) → (Y, f∗OX)indued by f . If X is smooth, then L = f

∗ExtrOY (f∗OX ,OY ) is an invertiblemodule over Y ([Gi2℄, Corollary 6.6) and we get a morphism of omplexes (ofdegree r)
f∗ : C(X,Gj−r, L⊗ f∗N) → C(Y,Gj , N)for any invertible module N over Y ([Fa℄, Corollary 5.3.7).
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Proposition 3.29. Let f : X → Y be a �nite morphism between smoothshemes. Let dim(Y ) − dim(X) = r and N be an invertible module over Y .Then the morphism of omplexes f∗ indues a homomorphism

f∗ : Hi−r(C(X,Gj−r, L⊗ f∗N)) → Hi(C(Y,Gj , N)).In partiular, we have ([Fa℄, Remark 9.3.5):
Proposition 3.30. Let f : X → Y be a losed immersion of odimension rbetween smooth shemes. Then f indues an isomorphism

f∗ : Hi−r(C(X,Gj−r, L⊗ f∗N)) → Hi
X(C(Y,Gj , N))for any i, j and any invertible module N over Y .Important remark 3.31. If f : X → Y is a losed immersion, then f∗ will alwaysbe the map with support:

f∗ : Hi−r(C(X,Gj−r, L⊗ f∗N)) → Hi
X(C(Y,Gj , N))The transfer for �nite morphisms is funtorial ([Fa℄, proposition 5.3.8):

Proposition 3.32. Let f : X → Y and g : Y → Z be �nite morphisms. Then
g∗f∗ = (gf)∗.Remark 3.33. Let X be a smooth sheme and D be a smooth e�etive Cartierdivisor on X. Let i : D → X be the inlusion and L(D) be the line bundleover X assoiated to D. Then there is a anonial setion s ∈ L(D) (see [Fu℄,Appendix B.4.5) and an exat sequene

0 // OX
s // L(D) // i∗OD

// 0.Applying HomOX (_, L(D)) and shifting, we obtain the following diagram
0 // OX

s //

≃

��

L(D) //

≃

��

i∗OD
//

���
�

�
0

0 // HomOX (L(D), L(D))
s
// HomOX (OX , L(D)) // Ext1OX (i∗OD, L(D)) // 0whih shows that Ext1OX (i∗OD,OX) ⊗ L(D) ≃ i∗OD. Proposition 3.30 showsthat we then have an isomorphism

i∗ : Hi−1(C(D,Gj−1, i∗L(D))) → Hi
D(C(X,Gj)).

Lemma 3.34. Let g : X → Y be a �at morphism and f : Z → Y a �nitemorphism. Consider the following �bre produt
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V
f ′

//

g′

��

X

g

��
Z

f
// Y.Then (f ′)∗(g

′)∗ = g∗f∗.Proof. See [Fa℄, Corollary 12.2.8.Remark 3.35. Of ourse, in the above �bre produt we suppose that V is alsosmooth and integral. Suh a strong assumption is not neessary in general, butthis ase is su�ient for our purposes.Remark 3.36. It is possible to de�ne a map f∗ when the morphism f is proper(see [Fa℄) but we don't use this fat here.
4 The exterior productLet X and Y be two shemes. The �bre produt X × Y omes equipped withtwo projetions p1 : X × Y → X and p2 : X × Y → Y .
Lemma 4.1. For any i, j ∈ N, the pairing

⊠ : Db
i (X) ×Db

j(Y ) → Db
i+j(X × Y )given by P ⊠ Q = p∗1P ⊗ p∗2Q is a dualizing pairing of triangulated ategorieswith duality.Proof. Straight veri�ation.

Corollary 4.2. For any i, j ∈ N, the pairing
⊠ : Db

i (X) ×Db
j(Y ) → Db

i+j(X × Y )indues a pairing
⋆ : W i(Db

i (X)) ×W j(Db
j(Y )) →W i+j(Db

i+j(X × Y )).Proof. Clear by Theorem 2.15.
Corollary 4.3. Let ψ ∈W j(Db

j(Y )). Then we have a homomorphism
µψ : W i(Db

i (X)) →W i+j(Db
i+j(X × Y ))given by µψ(ϕ) = ϕ ⋆ ψ.Reall that we have isomorphisms W i(Db

i (X)) ≃
⊕

x∈X(i)

W fl(OX,x) (Proposi-tion 3.3).
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Definition 4.4. For any s ∈ Z, denote by Is(Db

i (X)) the preimage of⊕

x∈X(i)

Isfl(OX,x) under the above isomorphism.
Proposition 4.5. For any m, p ∈ N the produt

⋆ : W i(Db
i (X)) ×W j(Db

j(Y )) →W i+j(Db
i+j(X × Y ))indues a produt

⋆ : Im(Db
i (X)) × In(Db

j(Y )) → Im+n(Db
i+j(X × Y )).Proof. Let x ∈ X(i) and y ∈ Y (j). It is lear that the produt an be omputedloally (use [GN℄, Theorem 3.2). So we an suppose that X = Spe(A) and

Y = Spe(B) where A and B are loal in x and y respetively. Reall that wehave the following diagram
X × Y

p2 //

p1

��

Y

��
X // Spe(k).Let P be an A-projetive resolution of k(x) and Q be a B-projetive resolutionof k(y). Consider a symmetri form ρ : k(x) → ExtiA(k(x), A) and a symmet-ri form µ : k(y) → ExtjB(k(y), B). Then p∗1(ρ) is a symmetri isomorphismsupported by the omplex P ⊗k B and p∗2(µ) is a symmetri isomorphism sup-ported by the omplex A⊗kQ. The omplex (P ⊗kB)⊗A⊗kB (A⊗kQ) (whihis isomorphi to P ⊗k Q) has its homology onentrated in degree 0, and thishomology is isomorphi to k(x)⊗k k(y). Let u be a point of Spe(k(x)⊗k k(y)).Then the restrition of p∗1ρ⊗p∗2µ to u is a �nite length moduleM whose supportis on u with a symmetri form

M → Exti+j(A⊗B)u
(M, (A⊗B)u).Taking its lass in the Witt group, we obtain a k(u)-vetor spae V with asymmetri form ψ : V → Exti+j(A⊗B)u

(V, (A ⊗ B)u). Now hoose a unit a ∈

k(x)×. Consider the image au of a under the homomorphism k(x) → k(u).The lass of p∗1(aρ) ⊗ p∗2(µ) is the symmetri form
auψ : V → Exti+j(A⊗B)u

(V, (A⊗B)u).As the same property holds for any unit b ∈ k(y)×, we onlude that
p∗1(< 1,−a1 > ⊗ . . .⊗ < 1,−an > ρ) ⊗ p∗2(< 1,−b1 > ⊗ . . .⊗ < 1,−bm > µ)is equal to < 1,−(a1)u > ⊗ . . .⊗ < 1,−(bm)u > ψ.
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292 Jean FaselReall that for any sheme X we have a Gersten-Witt omplex (De�nition 3.5)
C(X,W ) : . . . // W r(Db

r(X))
drX // W r+1(Db

r+1(X)) // . . .and a omplex C(X, Id):
. . . //

⊕

xr∈X(r)

Id−rfl (OX,xr ) //
⊕

xr+1∈X(r+1)

Id−r−1
fl (OX,xr+1

) // . . . .The above proposition gives:
Corollary 4.6. The produt

⋆ : C(X,W ) × C(Y,W ) → C(X × Y,W )indues for any r, s ∈ N a produt
⋆ : C(X, Ir) × C(Y, Is) → C(X × Y, Ir+s).Now we investigate the relations between ⋆ and the di�erentials of the om-plexes.

Proposition 4.7. Let ψ ∈ W j(Db
j(Y )) be suh that djY (ψ) = 0. Then thefollowing diagram ommutes

W i(Db
i (X))

diX //

(−1)jµψ

��

W i+1(Db
i+1(X))

µψ

��
W i+j(Db

i+j(X × Y ))
di+j
X×Y

// W i+j+1(Db
i+j+1(X × Y )).Proof. Let ϕ ∈W i(Db

i (X)). Let X(≥i+1) be the set of points of X of odimen-sion≥ i+1, Y (≥j+1) the points of Y of odimension≥ j+1 and (X×Y )(≥i+j+1)the set of points of X × Y of odimension ≥ i + j + 1. By Lemma 2.18, thetriangulated ategories Db
i (X),Db

j(Y ) and Db
i+j(X × Y ) are de�ned over thetopologial spaes X \X(≥i+1), Y \Y (≥j+1) and (X×Y )\(X×Y )(≥i+j+1). Let

α ∈ Symmi(Db(P(X))(i)) and β ∈ Symmj(Db(P(Y ))(j)) be symmetri pairsrepresenting ϕ and ψ. By de�nition, DegLo(α) is of odimension ≥ i + 1,DegLo(β) is of odimension ≥ j + 1 and dβ is neutral. It is easily seen thatSupp(dp∗1α)∩Supp(dp∗2β) = ∅ in the topologial spae (X×Y )\(X×Y )(≥i+j+1).Theorem 2.25 implies that
(−1)i+jd(p∗1α ⋆ p

∗
2β) = (−1)idp∗1α ⋆ p

∗
2β + (−1)jp∗1α ⋆ dp

∗
2β.
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The Chow-Witt ring 293Using Theorem 2.15, we see that we have in W i+j(Db
i+j(X × Y )) the equality

(−1)jdi+jX×Y (p∗1ϕ ⋆ p
∗
2ψ) = p∗1d

i
X(ϕ) ⋆ p∗2ψ.The following orollary is obvious.

Corollary 4.8. Let ψ ∈ Im(Db
j(Y )) be suh that dYj (ψ) = 0. Then thefollowing diagram ommutes

Ip(Db
i (X))

diX //

(−1)jµψ

��

Ip−1(Db
i+1(X))

µψ

��
Ip+m(Db

i+j(X × Y ))
di+j
X×Y

// Ip+m−1(Db
i+j+1(X × Y )).We now have to deal with the omplex in Milnor K-theory. Let C(X,KM

r ),
C(Y,KM

s ) and C(X×Y,KM
r+s) be the omplexes in Milnor K-theory assoiatedto X,Y and X × Y . In [Ro℄, Rost de�nes a produt

⊙ : C(X,KM
r )i × C(Y,KM

s )j → C(X × Y,KM
r+s)

i+jas follows: Let u ∈ (X×Y )(i+j), x ∈ X(i), y ∈ Y (j) be suh that x and y are theprojetions of u. Let ρ = {a1, . . . , ar−i} ∈ KM
r−i(k(x)) and µ = {b1, . . . , bs−j} ∈

KM
s−j(k(y)). Then

(ρ⊙ µ)u = l((k(x) ⊗k k(y))u){(a1)u, . . . , (ar−i)u, (b1)u, . . . , (bs−j)u}where the (al)u and (bt)u are the images of the al and bt under the inlusions
k(x) → k(u) and k(y) → k(u), and l((k(x) ⊗k k(y))u) is the length of themodule k(x) ⊗k k(y) loalized in u.
Lemma 4.9. For any ρ ∈ C(X,KM

r )i and µ ∈ C(Y,KM
s )j we have

d(ρ⊙ µ) = d(ρ) ⊙ µ+ (−1)jρ⊙ d(µ).Proof. See [Ro℄, Paragraph 14.4.
Corollary 4.10. Let µ ∈ C(Y,KM

s )j be suh that dµ = 0. Then the followingdiagram ommutes:
C(X,KM

r )i
diX //

⊙µ

��

C(X,KM
r )i+1

⊙µ

��
C(X × Y,KM

r+s)
i+j

di+j
X×Y

// C(X × Y,KM
r+s)

i+j+1.
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294 Jean FaselProof. Obvious.Now we ompare the produts ⋆ and ⊙.
Proposition 4.11. The following diagram ommutes:

C(X,KM
r )i × C(Y,KM

s )j
⊙ //

s(r−i)×s(s−j)

��

C(X × Y,KM
r+s)

i+j

s(r+s−i−j)

��

C(X, I
r
)i × C(Y, I

s
)j ⋆

// C(X × Y, I
r+s

)i+j .Proof. Let {a1, . . . , ar−i} ∈ KM
r−i(k(x)) and {b1, . . . , bs−j} ∈ KM

s−j(k(y)). Let
ρ′ be a symmetri isomorphism

ρ′ : k(x) → ExtiOX,x(k(x),OX,x)and µ′ a symmetri isomorphism
µ′ : k(y) → ExtjOY,y (k(y),OY,y).We then have ρ := s(r−i)({a1, . . . , ar−i}) =< 1,−a1 > ⊗ . . .⊗ < 1,−ar−i > ρ′and µ := s(s−j)({b1, . . . , bs−j}) =< 1,−b1 > ⊗ . . .⊗ < 1,−bs−j > µ′. Choosea point u in (X × Y )(i+j) lying over x and y. The proof of Proposition 4.5shows that

(ρ ⋆ µ)u = s(r+s−i−j)({(a1)u, . . . , (ar−i)u, (b1)u, . . . , (bs−j)u})ϕwhere ϕ : M → Exti+jOX×Y,u
(M,OX×Y,u) is a symmetri isomorphism and Mis a k(u)-vetor spae. But dimk(u)M ≡ l((k(x) ⊗ k(y))u) (mod 2) where ldenotes the length. So we have in C(X × Y, I

r+s
)i+j the equality

(ρ ⋆ µ)u = s(r+s−i−j)({(a1)u, . . . , (ar−i)u, (b1)u, . . . , (bs−j)u})l((k(x)⊗ k(y))u).The right hand term is equal to s(r+s−i−j)({a1, . . . , ar−i} ⊙ {b1, . . . , bs−j}) byde�nition.
Corollary 4.12. The produts

⋆ : C(X, Ir) × C(Y, Is) → C(X × Y, Ir+s)and
⊙ : C(X,KM

r ) × C(Y,KM
s ) → C(X × Y,KM

r+s)give a produt
⋄ : C(X,Gr) × C(Y,Gs) → C(X × Y,Gr+s).
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Corollary 4.13. Let µ ∈ C(Y,Gs)j suh that djY µ = 0. Then µ indues aprodut _ ⋄ µ : Hi(C(X,Gr)) → Hi+j(C(X × Y,Gr+s)).Proof. This a diret onsequene of Proposition 4.11, Corollary 4.8 and Corol-lary 4.10.Next we have to hek that _ ⋄ µ is well de�ned on the ohomolgy lass of µ.
Lemma 4.14. Let γ ∈ C(Y,Gs)j−1 and µ = dj−1

Y γ. Then _ ⋄ µ = 0.Proof. Suppose that α is suh that diXα = 0. By Corollary 4.8 and Corollary4.10 we have up to signs di+j−1
X×Y (α ⋄ γ) = α ⋄ dj−1γ = α ⋄ µ. So α ⋄ µ is trivialin Hi+j(C(X × Y,Gr+s)).Finally:

Theorem 4.15. Let X and Y be smooth shemes. Then for any i, j, r, s ∈ Nthe produt
⋄ : C(X,Gr) × C(Y,Gs) → C(X × Y,Gr+s)indues an exterior produt

× : Hi(C(X,Gr)) ×Hj(C(Y,Gs)) → Hi+j(C(X × Y,Gr+s)).This exterior produt an also be de�ned with omplexes twisted by invertiblemodules.
Theorem 4.16. Let X and Y be smooth shemes. Let L and N be invertiblemodules over X and Y respetively. For any i, j, r, s ∈ N, the pairing

⋄ : C(X,Gr, L) × C(Y,Gs, N) → C(X × Y,Gr+s, p∗1L⊗ p∗2N)indues an exterior produt
× : Hi(C(X,Gr, L))×Hj(C(Y,Gs, N)) → Hi+j(C(X × Y,Gr+s, p∗1L⊗ p∗2N)).Proof. Left to the reader.If i = r and j = s, we obtain the following orollary:
Corollary 4.17. Let X and Y be smooth shemes. Then for any i, j ∈ N theprodut

⋄ : C(X,Gi) × C(Y,Gj) → C(X × Y,Gi+j)gives an exterior produt
× : C̃H

i
(X) × C̃H

j
(Y ) → C̃H

i+j
(X × Y ).
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296 Jean FaselNext we prove some properties of this exterior produt:
Proposition 4.18. The exterior produt × is assoiative.Proof. It learly su�es to prove that the exterior produts ⋆ and ⊙ are asso-iative. For ⋆ this is lear beause of the assoiativity of the tensor produt(up to isomorphism). For the seond, see (14.2) in [Ro℄.Now we deal with the ommutativity. Let X and Y be smooth shemes andlet τ : X × Y → Y ×X be the �ip. We have:
Lemma 4.19. Let µ ∈ Hi(C(X,KM

r )) and η ∈ Hj(C(Y,KM
s )). Then we have

τ∗(η ⊙ µ) = (−1)(r−i)(s−j)(µ⊙ η).Proof. This is lear from the de�nition.
Lemma 4.20. Let µ ∈ Hi(C(X, Ir)) and η ∈ Hj(C(Y, Is)). Then we have
τ∗(η ⋆ µ) = (−1)ij(µ ⋆ η).Proof. It is lear by the skew-ommutativity of the produt of Witt groups([GN℄, Theorem 3.1).Remark 4.21. Of ourse, the assoiativity and the antiommutativity of theexterior produt are also true for the twisted produt of Theorem 4.16.
5 Intersection with a smooth subscheme

5.1 The Gysin-Witt mapThe goal of this setion is to de�ne for any losed embedding i : Y → X ofsmooth shemes a Gysin-Witt map i! : Hr(C(X,Gj)) → Hr(C(Y,Gj)). Inorder to de�ne suh a map, we adapt the ideas of Rost ([Ro℄, Paragraph 11).First we brie�y reall the properties of the deformation to the normal one.For more details, see [Fu℄ (Chapter 5) or [Ro℄ (Chapter 10). Let Y be a losedsubsheme of a smooth sheme X. Then there is a smooth sheme D(X,Y ), alosed imbedding j : Y ×A
1 →֒ D(X,Y ) and a �at morphism ρ : D(X,Y ) → A

1suh that the following diagram ommutes
Y × A

1
j //

pr
%%LLLLLLLLLLL

D(X,Y )

ρ

��
A

1and(1) ρ−1(A1−0) = X× (A1−0) and the restrition of j is the losed imbedding
i× Id : Y × (A1 − 0) →֒ X × (A1 − 0).
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The Chow-Witt ring 297(2) ρ−1(0) = NYX, where NYX is the normal one to Y in X and the restri-tion of j is the embedding as the zero setion s0 : Y → NYX.The sheme D(X,Y ) an be obtained as follows: Consider the blow-up M of
X × A

1 along Y × 0 and the blow-up X̃ of X × 0 along Y × 0. Then de�ne
D(X,Y ) to be M \ X̃.If Y is smooth in a smooth sheme X, then it is loally of omplete intersetionand NYX is a vetor bundle over Y of rank dim(X) − dim(Y ). Moreover,
NYX is Cartier divisor on D(X,Y ). If A

1 = Spe(k[t]), then the projetion
ρ : D(X,Y ) → A

1 gives a homomorphism k[t] → OD(X,Y )(D(X,Y )). Westill denote by t the image of t under this homomorphism. We have an exatsequene
0 // OD(X,Y )

t // OD(X,Y ) // κ∗ONYX
// 0where κ : NYX → D(X,Y ) is the inlusion. Remark 3.33 shows thatExt1OD(X,Y )

(κ∗ONYX ,OD(X,Y )) ≃ κ∗ONYX with generator the Koszul omplexassoiated to the global setion t.Let U = A
1 − 0 and onsider the form

< 1,−t >: O2
U → O2

Uin W 0(Db(U)). Now let X be a smooth sheme and onsider the projetion
η : X × U → U . Then η∗(< 1,−t >) ∈ W 0(Db(X × U)) and we also denoteit by < 1,−t >. Sine the support of this form is X × U , the tensor produtgives a funtor

< 1,−t > ⊗_ : Db
i (X × U) → Db

i (X × U).Using the fat that < 1,−t > is symmetri, we see that this funtor is dualitypreserving (see [GN℄, De�nition 1.8 and Lemma 1.14) and therefore indues forany i a homomorphism
< 1,−t > ⊗_ : W i(Db

i (X × U)) →W i(Db
i (X × U)).For some sign reasons that will be made learer in Lemma 5.10, we will in fatonsider for any i the homomorphism

mt : W i(Db
i (X × U)) →W i(Db

i (X × U))de�ned by mt(α) = (−1)i+1 < 1,−t > ⊗α.
Lemma 5.1. For any i, j ∈ N the homomorphism mt indues a homomorphism

Ij(Db
i (X × U)) → Ij+1(Db

i (X × U))and the following diagram ommutes
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Ij(Db
i (X × U))

di //

−mt

��

Ij−1(Db
i+1(X × U))

mt

��
Ij+1(Db

i (X × U))
di

// Ij(Db
i+1(X × U)).Proof. The �rst assertion is lear. Now < 1,−t > is a global isomorphism andwe an use Theorem 2.10 in [GN℄ (or Theorem 2.25 in the present paper) tosee that

di(< 1,−t > ⊗α) =< 1,−t > ⊗diαfor any α ∈ Ij(Db
i (X×U)). The �rst term is (−1)i+1di(mt(α)) and the seondone is (−1)i+2mt(d
iα).Now onsider t ∈ O∗
X×U . For any i and any x ∈ X×U , we have a multipliationby t:

nt : KM
i (k(x)) → KM

i+1(k(x))de�ned by nt({a1, . . . , ai}) = {t, a1, . . . , ai}.
Lemma 5.2. For any i, j ∈ N the following diagram ommutes

C(X × U,KM
j )i

di //

−nt

��

C(X × U,KM
j )i+1

nt

��
C(X × U,KM

j+1)
i

di
// C(X × U,KM

j+1)
i+1.Proof. See [Ro℄, Proposition 4.6.

Corollary-Definition 5.3. The homomorphisms mt and nt indue for any
i, j ∈ N a homomorphism

{t} : Hi(C(X × U,Gj)) → Hi(C(X × U,Gj+1)).We all this homomorphism multipliation by t.Proof. It su�es to show that mt and nt give the same operation on the om-plex C(X × U, I
j
). It is straightforward.We will need the following lemma:

Lemma 5.4. Let f : X → Y be a �at morphism of smooth shemes. Then forany i, j the following diagram ommutes
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Hi(C(Y × U,Gj))

{t} //

(f×Id)∗

��

Hi(C(Y × U,Gj+1))

(f×Id)∗

��
Hi(C(X × U,Gj))

{t}
// Hi(C(X × U,Gj+1)).Proof. First observe that (f × Id)∗(< 1,−t >) =< 1,−t > by de�nition. Thenfor any α ∈ Ir(Db

i (X×U)) we have (f×Id)∗(mtα) = mt((f×Id)
∗α) (use [GN℄,Theorem 3.4). On the other hand, we have (f × Id)∗(nt(α)) = nt((f × Id)∗α)for any α ∈ KM

r (k(y)) ([Ro℄, Lemma 4.3). Putting this together, we get theonlusion.Let Y → X be a losed embedding of smooth shemes and onsider the defor-mation to the normal one spae D(X,Y ). Then NYX is a Cartier divisor andits omplement in D(X,Y ) is X×U . We have a long exat sequene assoiatedto this triple ([Fa℄, Corollary 10.4.9):
Hi(C(D(X,Y ), Gj+1)) // Hi(C(X × U,Gj+1))

∂ // Hi+1
NYX

(C(D(X,Y ), Gj+1))Combining the isomorphism of Proposition 3.30 and the isomorphism
ONYX → κ∗Ext1OD(X,Y )

(κ∗ONYX ,OD(X,Y ))mapping 1 to the Koszul omplex assoiated to the global setion t of OD(X,Y ),we �nally get an isomorphism
κ∗ : Hi(C(NYX,G

j)) → Hi+1
NYX

(C(D(X,Y ), Gj+1)).Let q : NYX → Y and π : X × U → X be the projetions and onsider thefollowing omposition:
Hi(C(X,Gj))

π∗

��

//_________________ Hi(C(Y,Gj))

Hi(C(X × U,Gj))
{t}

// Hi(C(X × U,Gj+1))
(κ∗)−1∂

// Hi(C(NYX,G
j)).

(q∗)−1

OO

Definition 5.5. Let Y be a smooth subsheme of a smooth sheme X withinlusion i : Y → X. We denote by i! : Hr(C(X,Gj)) → Hr(C(Y,Gj)) andall Gysin-Witt map the omposition (q∗)−1(κ∗)
−1∂{t}π∗.Remark 5.6. Let i : Y → X be a losed immersion of smooth shemes and let Lbe an invertible OX -module. Then we have a twisted version of the Gysin-Wittmap:

i! : Hr(C(X,Gj , L)) → Hr(C(Y,Gj , i∗L)).
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5.2 FunctorialityThe goal of this setion is to prove that for any inlusions of smooth shemes
Z

i // Y
j // X we have (ji)! = i!j!. The strategy is not new. We followthe exposition of the setions 11, 12 and 13 in [Ro℄. First we prove somelemmas:

Lemma 5.7. Let i : Y → X be a losed immersion and g : V → X be a �atmorphism. Consider the following �bre produt
W

i′ //

g′

��

V

g

��
Y

i
// X.Then we have (g′)∗i! = (i′)!g∗.Proof. Let D(X,Y ) be the deformation to the normal one assoiated to theinlusion i : Y →֒ X andD(V,W ) be the deformation assoiated to i′ : W →֒ V .Let U = A

1 − 0. Beause of the universal properties of blow-ups, we see that
g and g′ give a morphism D(g) : D(V,W ) → D(X,Y ) suh that the followingdiagram ommutes:

D(V,W )

D(g)

��

V × U

g×1

��

ι′oo

D(X,Y ) X × U
ιoowhere ι and ι′ are the inlusions of the respetive open subsets. We also get amorphism N(g) : NWV → NYX suh that these diagrams ommute:

NWV
q′ //

N(g)

��

W

g′

��
NYX q

// Y

NWV
κ′

//

N(g)

��

D(V,W )

D(g)

��
NYX κ

// D(X,Y ).Now use Propositions 3.28 and 3.34, Lemma 5.4, the naturality of the onnet-ing homomorphism ∂ and the diagram
W

g′

��

NWV
κ′

//

N(g)

��

q′oo D(V,W )

D(g)

��

V × U

g×1

��

ι′oo π′

// V

g

��
Y NYX κ

//
q

oo D(X,Y ) X × Uι
oo

π
// X
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The Chow-Witt ring 301to onlude (observe that D(g) and N(g) are �at beause of [Ro℄, Remark10.1).
Lemma 5.8. Let Z

i // Y
j // X be inlusions of smooth shemes. Then wehave inlusions a : NZY → NZX, c : i∗NYX → NYX and isomorphisms

N(i∗NYX)(NYX) ≃ NZY ⊕ i∗NYX ≃ N(NZY )(NZX).Proof. The �rst two assertions are straight omputations (see also [Ne℄). Therelation (2.1) in [Ne℄ shows that we have anonial isomorphisms
N(i∗NYX)(NYX) ≃ NZY ⊕ i∗NYX ≃ N(NZY )(NZX).

Lemma 5.9. Let Z
i // Y

j // X be inlusions of smooth shemes. Let a :
NZY → NZX, c : i∗NYX → NYX be the inlusions and q : NYX → Y ,
r : NZX → Z, s1 : N(i∗NYX)(NYX) → i∗NYX, s2 : N(NZY )(NZX) → NZYthe projetions. Then we have (s1)

∗c!q∗j! = (s2)
∗a!r∗(ji)!Proof. Consider the deformation to the normal one spaes D(Y,Z) and

D(X,Z). Using the universal property of blow-ups, we get a map D(Y,Z) →
D(X,Z) suh that the following diagram ommutes

NZY
a //

��

NZX

��
D(Y,Z) // D(X,Z)

Y × U
j×1

//

OO

X × U

OOwhere the top vertial maps are inlusions of the exeptional �ber in the de-formation to the normal spae and the bottom vertial maps are inlusions ofopen subsets. It is easy to hek that the map D(Y,Z) → D(X,Z) is a losedimmersion. Let D(X,Y,Z) be the deformation to the normal one spae assoi-ated to this losed immersion. Using again the universal property of blow-ups,we see that the above diagram gives a sequene
D(NZX,NZY ) // D(X,Y,Z) D(X,Y ) × Uoowhere the �rst map is a losed immersion and the seond one is an open im-mersion. Consider now the spae D(X,Y,Z). We have an open immersion

D(X,Z) × U → D(X,Y,Z) and a losed immersion (as the speial �ber)
ND(Y,Z)D(X,Z) → D(X,Y,Z). In fat, this exeptional �ber is isomorphito D(NYX, i

∗NYX) (see [Ne℄, paragraph 3.2). So we get a diagram
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NYX
κ // D(X,Y ) X × U

ιoo π // X

NYX × U
κ //

π

OO

ι

��

D(X,Y ) × U

π

OO

ι

��

X × U × U
π //ιoo

π

OO

ι

��

X × U

π

OO

ι

��
D(NYX, i

∗NYX)
κ // D(X,Y,Z) D(X,Z) × U

ιoo π // D(X,Z)

N(i∗NYX)NYX

κ

OO

κ
// D(NZX,NZY )

κ

OO

NZX × U

κ

OO

π
//

ι
oo NZX

κ

OO

where all the lines are deformations to the normal one, the �rst and fourtholumns are also deformations to the normal one. This diagram is ommuta-tive (see [Ne℄, paragraph 3.2). The maps κ denote inlusions of speial �bers, ιdenote the inlusions of the omplement of these speial �bers and π denote therelevant projetions. The map q∗j! is obtained by omposing the operations(in ohomology) of the top row and s∗1b! is obtained by working with the leftolumn. Similarly, r∗(ji)! and s∗2a! are dedued from the right olumn and thebottom row. Now all the squares appearing in this diagram are ommutativeand give ommutative diagrams in ohomology (Proposition 3.28, Proposition3.32, Lemma 3.34 and the naturality of the residual homomorphism ∂). Usingthis and Lemma 5.4, we get the result.
Lemma 5.10. Let V,X and W be smooth shemes. Consider the followingommutative diagram

W
i //

p′   B
B

B
B

B
B

B
B

V

p

��
Xwhere p, p′ are �at and i is a losed immersion. Suppose that the omposition

NWV →W → X is of the same relative dimension as p. Then i!p∗ = (p′)∗.Proof. Let D(V,W ) be the deformation to the normal one assoiated to i and
b : D(V,W ) → V ×A

1 be the blow-down map. We have a ommutative diagram
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W NVW

κ //qoo D(V,W )
b // V × A

1
p×Id // X × A

1

V × U

ι

OO

V × U
p×Id

//

ι

OO

π

��

X × U

π′

��

ι

OO

V p
// X.By de�nition, i!p∗ = (q∗)−1(κ∗)

−1∂{t}π∗p∗. Using Proposition 3.28, we get
i!p∗ = (q∗)−1(κ∗)

−1∂{t}(p× Id)∗(π′)∗. By Lemma 5.4, this gives
(q∗)−1(κ∗)

−1∂{t}(p× Id)∗(π′)∗ = (q∗)−1(κ∗)
−1∂(p× Id)∗{t}(π′)∗.Using Remark 10.1 in [Ro℄, we see that f := (p × Id)b is �at beause theomposition NWV →W → X is of the same relative dimension as p. We havea ommutative diagram

Hi(C(X × A
1, Gj)) //

f∗

��

Hi(C(X × U,Gj))
∂′

//

(p×Id)∗

��

Hi+1
X (C(X × A

1, Gj)) //

f∗

��
Hi(C(D(V,W ), Gj)) // Hi(C(V × U,Gj))

∂
// Hi+1

NVW
(C(D(V,W ), Gj)) //where the �rst line is the loalization long exat sequene assoiated to thetriple (X × U,X × A

1,X × 0) and the seond line is the one assoiated to thetriple (V × U,D(V,W ), NVW ). Then
(q∗)−1(κ∗)

−1∂(p× Id)∗{t}(π′)∗ = (q∗)−1(κ∗)
−1f∗∂′{t}(π′)∗.Consider next the �bre produt

NVW
κ //

p′q

��

D(V,W )

f

��
X

i0
// X × A

1where i0 : X → X×A
1 is the inlusion in 0. Using Lemma 3.34, we �nally �nd

i!p∗ = (p′)∗(i0)
−1
∗ ∂′{t}(π′)∗. It remains to show that (i0)

−1
∗ ∂′{t}(π′)∗ = Id to�nish the proof. At the level of Milnor K-theory, this is Lemma 4.5 in [Ro℄.Thus we only have to prove this result at the level of Witt groups. Let α ∈

W i(Db
i (X)) be suh that dα = 0 ∈ W i+1(Db

i+1(X)). Now DegLo((π′)∗α) ∩DegLo(< 1,−t >) is a losed subset of X × A
1 of odimension ≥ i + 2.Therefore we an use 2.25 to ompute
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(−1)id(< 1,−t > ⊗α) = d(< 1,−t >) ⊗ α+ (−1)i < 1,−t > ⊗dα.By assumption we have dα = 0 in W i+1(Db
i+1(X)) and then

(−1)id(< 1,−t > ⊗α) = d(< 1,−t >) ⊗ α = −dt⊗ αin W i+1(Db
i+1(X)). By de�nition of mt, we �nd d(mt(α)) = dt⊗α. The latteris preisely (i0)∗α (see [GH℄, Lemma 2.8).Now we have all the tools to prove the following theorem:

Theorem 5.11. Let Z
i // Y

j // X be inlusions of smooth shemes. Then
(ji)! = i!j!.Proof. Let q : NYX → Y , p : NZY → Z and r : NZX → Z be theprojetions. Consider also the projetions s1 : N(i∗NYX)(NYX) → i∗NYXand s2 : N(NZY )(NZX) → NZY . Denote by a : NZY → NZX and
c : i∗NYX → NYX the inlusions. We also have a �bre produt

i∗NYX
c //

q′

��

NYX

q

��
Z

i
// Y.Then

(s1)
∗(q′)∗i!j! = (s1)

∗c!q∗j! = (s2)
∗a!r∗(ji)! = (s2)

∗p∗(ji)!where the �rst equality is due to Lemma 5.7, the seond is due to Lemma 5.9and the third to Lemma 5.10. As (s2)
∗p∗ indues an isomorphism in ohomol-ogy and q′s1 = ps2, we get the result.

6 The ring structureLet X be a smooth sheme and let △ : X → X ×X be the diagonal inlusion.For any i, j, r, s we have an exterior produt (Theorem 4.15)
× : Hi(C(X,Gr)) ×Hj(C(X,Gs)) → Hi+j(C(X ×X,Gr+s))and a Gysin-Witt map (De�nition 5.5)

△! : Hi+j(C(X ×X,Gr+s)) → Hi+j(C(X,Gr+s)).

Definition 6.1. We denote by · the omposition △! ◦ ×.
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The Chow-Witt ring 305Remark 6.2. If X is a smooth sheme and L,N are invertible OX -modules,then using Theorem 4.16 and Remark 5.6 we see that there is a produt
· : Hi(C(X,Gi, L)) ×Hj(C(X,Gj , N)) → Hi+j(C(X,Gi+j , L⊗OX N)).Remark 6.3. In partiular, we have for any i, j ∈ N a produt

· : Hi(C(X,Gi)) ×Hj(C(X,Gj)) → Hi+j(C(X,Gi+j))whih by de�nition is a produt C̃Hi
(X) × C̃H

j
(X) → C̃H

i+j
(X).Remark 6.4. It is lear from our onstrution that we also an de�ne a produt

· : Hi(C(X,KM
r )) ×Hj(C(X,KM

s )) → Hi+j(C(X,KM
r+s)).This produt oinide with the one de�ned by Rost ([Ro℄, Chapter 14) and thenatural projetions π : C(X,Gp) → C(X,KM

p ) give a ommutative diagram
Hi(C(X,Gr)) ×Hj(C(X,Gs))

· //

π×π

��

Hi+j(C(X,Gr+s))

π

��
Hi(C(X,KM

r )) ×Hj(C(X,KM
s )) ·

// Hi+j(C(X,KM
r+s)).Remark 6.5. Our tehnique provides also a produt on the ohomology of theGersten-Witt omplex of a sheme. That is, we have a produt

· : Hi(C(X,W )) ×Hj(C(X,W )) → Hi+j(C(X,W )).Now we prove the assoiativity of the produt we have de�ned.
Proposition 6.6. The produt · is assoiative.Proof. First note that the exterior produt is assoiative (Proposition 4.18).We onsider the following �bre produt diagram

X
△ //

△

��

X ×X

Id×△

��
X ×X

△×Id
// X ×X ×X.We see that ((Id×△)△)! = ((△× Id)△)!. Theorem 5.11 shows that we havein fat △!(Id × △)! = △!(△ × Id)!. Sine (Id × △)! is learly Id × △! and

(△× Id)! = △! × Id, the assoiativity is proved.
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306 Jean FaselRemark 6.7. In general, the produt does not satisfy any ommutativity prop-erty. This is due to the fat that × and ⋆ do not ommute with the �ip
τ : X × X → X × X (see 4.19 and 4.20). Moreover, the produt is not anti-ommutative beause the signs in 4.19 and 4.20 are not ompatible. However,let α ∈ C̃H

i
(X) and β ∈ C̃H

j
(X). Then α · β is an element of C̃Hi+j

(X) andis therefore represented by a sum ∑
(Ps, ψs) ∈ Ker(di+j) where

di+j : GW i+j(Db
i+j(X)) →W i+j+1(Db

i+j+1(X))(see Remark 3.23). Using 4.19 and 4.20, we see that β · α =
∑

(Ps, (−1)ijψs).For a more preise statement, the reader is referred to Theorem 7.6.Now remark that there is a anonial lass 1X in C̃H0
(X) given by the sym-metri form < 1 > in GW (k(X)).

Proposition 6.8. The lass 1X is a left and right unit for the produt ·.Proof. Let p2 : X×X → X be the seond projetion and onsider the followingommutative diagram
X

△ //

Id ##G
GG

GG
GG

GG
X ×X

p2

��
X.By Lemma 5.10, we see that △!(p2)

∗ = (Id)∗ = Id. Consider now
µ ∈ Hi(C(X,Gj)). It is lear that 1X × µ = (p2)

∗(µ) and then 1X · µ = µ.Replaing p2 by p1 shows that 1X is also a right unit.Hene we have:
Theorem 6.9. Let X be a smooth sheme and let C̃H∗

(X) be the total Chow-Witt group of X. Then the produt · turns C̃H∗
(X) into a graded assoiativering with unit.Taking the twists into aount, we get the following theorem:

Theorem 6.10. Let X be a smooth sheme and let ⊕

L∈P i  (X)/2

C̃H
∗
(X,L) bethe total twisted Chow-Witt group of X. Then the produt · turns this groupinto a graded assoiative ring with unit.

Definition 6.11. Let X be a smooth sheme. We all Chow-Witt ring thering C̃H∗
(X) and twisted Chow-Witt ring the ring ⊕

L∈P i  (X)/2

C̃H
∗
(X,L).The following proposition is obvious:
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The Chow-Witt ring 307
Proposition 6.12. Let X be a smooth sheme. Then the natural homomor-phism C̃H

∗
(X) → CH∗(X) is a ring homomorphism.Remark 6.13. The same methods show that the produt of Remark 6.5 givesa graded assoiative antiommutative ring struture on the total ohomologygroup H∗(C(X,W )) of the Gersten-Witt omplex assoiated to X.

7 Basic propertiesWe �rst show that the Chow-Witt ring is a funtorial onstrution.
Definition 7.1. Let X and Y be smooth shemes and f : X → Y a morphism.Consider the graph morphism γf : X → X × Y . We de�ne

f ! : C̃H
∗
(Y ) → C̃H

∗
(X)by f !(y) = γ!

f (1X × y) for any y ∈ C̃H
∗
(Y ).

Proposition 7.2. The map f ! : C̃H
∗
(Y ) → C̃H

∗
(X) is a ring homomor-phism.Proof. We only have to hek that f !(y·z) = f !(y)·f !(z) for any y, z ∈ C̃H

∗
(Y ).Consider the following ommutative diagram:

X
γf //

△X

��

X × Y

△X×Y

��
X ×X

γf×γf
// (X × Y ) × (X × Y ).Theorem 5.11 shows that γ!

f△
!
X×Y = △!

X(γf ×γf )
!. Applying this to the yle

1X × y × 1X × z, we obtain the result.Remark 7.3. The proposition shows that C̃H∗
(_) is a funtor from the ategoryof smooth shemes to the ategory of rings. It is lear that the homomorphisms

C̃H
∗
(X) → CH∗(X) give a natural transformation C̃H∗

(_) → CH∗(_).In the ase where f : X → Y is a �at morphism, we an identify f ! morepreisely.
Proposition 7.4. Let f : X → Y be a �at morphism. Then f ! = f∗.Proof. Consider the following ommutative diagram:

X
γf //

f
##G

G
G

G
G

G
G

G
G X × Y

p

��
Y
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308 Jean Faselwhere p : X × Y → Y is the projetion. Sine NX(X × Y ) is of rank equalto the dimension of Y , we see that the relative dimension of the omposition
NX(X×Y ) → X → Y is the same as the relative dimension of p : X×Y → Y .Therefore we an use Lemma 5.10 to get γ!

fp
∗ = f∗. Sine p∗β = 1X × β forany yle on Y , the result is proved.Let Z ⊂ X be a losed subset of pure odimension i. As Db

Z(X) ⊂ Db(X)(i),we have a homomorphism GW i
Z(X) → GW i(Db(X)(i)). Composing with theloalization, we obtain a homomorphism GW i

Z(X) → GW i(Db
i (X)). As theomposition GW i(Db(X)(i)) → GW i(Db

i (X)) → W i+1(Db(X)(i+1)) is zero(see [Ba1℄), we �nally obtain a homomorphism (Remark 3.23):
αZ : GW i

Z(X) → C̃H
i
(X).Remark 7.5. Let f : X → Y be a �at morphism and Z ⊂ Y be a losed subsetof pure odimension i. The de�nitions of f∗ for the Grothendiek-Witt groupsand the de�nition of f∗ for the Chow-Witt groups show that the followingdiagram ommutes ([Fa℄, Theorem 3.2.2 and Corollary 10.4.2):

GW i
Z(Y )

αZ //

f∗

��

C̃H
i
(Y )

f∗

��
GW i

f−1Z(X)
α(f−1Z)

// C̃H
i
(X).The next theorem shows that our intersetion produt is the expeted one:

Theorem 7.6. Let Z, T ⊂ X be losed subshemes of respetive pure odi-mension i and j. Suppose that Z ∩ T is of pure odimension i + j. Then thefollowing diagram ommutes
GW i

Z(X) ×GW j
T (X)

αZ×αT

��

⋆ // GW i+j
Z∩T (X)

αZ∩T

��

C̃H
i
(X) × C̃H

j
(X) ·

// C̃H
i+j

(X).Proof. Let γ ∈ GW i
Z(X) and δ ∈ GW j

T (X). Consider the deformation to thenormal one spae D(X ×X,X) and the blow down map b : D(X ×X,X) →
X ×X × A

1. We have the following ommutative diagram
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X X

△

��
NX(X ×X)

b′ //

q

OO

κ

��

X ×X

i0

��
D(X ×X,X)

b
// X ×X × A

1 π′

// X ×X (1)

X ×X × U

ι

OO

X ×X × U

ι

OO

π

88pppppppppppwhere i0 is the inlusion in 0, q is the projetion and the two bottom squaresare �bre produts. By de�nition, we have
αZ(γ) · αT (δ) = (q∗)−1(κ∗)

−1∂{t}π∗(αZ(γ) × αT (δ)).Let F = b−1(π′)−1(p−1
1 Z ∩ p−1

2 T ) in D(X × X,X) (where p1 and p2 are theprojetions of X ×X onto X). Observe that ι−1F = F ∩ (X ×X × U) is nonempty and of pure odimension i+ j in X ×X × U . Diagram (1) gives
F ∩NX(X ×X) = κ−1F = κ−1b−1(π′)−1(p−1

1 Z ∩ p−1
2 T ) = q−1(Z ∩ T ).As Z ∩ T is of odimension i + j in X and q is �at, q−1(Z ∩ T ) is also ofodimension i + j in NX(X × X) and hene is of odimension i + j + 1 in

D(X ×X,X). Therefore F itself is of pure odimension i+ j in D(X ×X,X).By ommutativity of the above diagram and Remark 7.5, we have (note that
b∗ is de�ned at the level of the Grothendiek-Witt groups, but not at the levelof the Chow-Witt groups):
π∗(αZ(γ) × αT (δ)) = αι−1F (ι∗b∗(π′)∗(p∗1γ ⊗ p∗2δ)) = ι∗αF (b∗(π′)∗(p∗1γ ⊗ p∗2δ)).We have to ompute (κ∗)

−1∂{t}π∗(αZ(γ)×αT (δ)). By de�nition of ∂, we haveto onsider any element ν ∈ C(D(X ×X,X), Gi+j+1)i+j having the propertythat ι∗ν = {t}π∗(αZ(γ) × αT (δ)) and then ompute dG(ν) where
dG : C(D(X ×X,X), Gi+j+1)i+j → C(D(X ×X,X), Gi+j+1)i+j+1is the di�erential of the omplex C(D(X ×X,X), Gi+j+1). Consider the om-mutative diagram

D(X ×X,X)
b // X ×X × A

1
pr //

A
1

X ×X × U

ι

OO

X ×X × U

ι

OO

η

99sssssssssss
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310 Jean Faseland reall that NX(X × X) is the prinipal Cartier divisor in D(X × X,X)de�ned by f := b∗pr∗(t).Consider the form b∗(π′)∗(p∗1γ ⊗ p∗2δ). Its support is F . Loalizing at thegeneri points of F (whih are on X × X × U), we obtain a form ν0 in
W i+j(Db

i+j(D(X ×X,X))). We also obtain an element ν1 in ⊕

x∈F (0)

K0(k(x)).The above omputation shows that f is a unit in k(x) for any generi point xof F . We get an element
ν := ((−1)i+j+1 < 1,−f > ⊗ν0, {f} · ν1) ∈ C(D(X ×X,X), Gi+j+1)i+jwhih satisfy ι∗ν = {t}π∗(αZ(γ)×αT (δ)). A straightforward omputation (useTheorem 2.25 again) shows that dG(ν) = df ⊗ b∗(π′)∗(p∗1γ ⊗ p∗2δ) in the group

GW i+j+1(Db
i+j+1(D(X ×X,X))). But df = b∗dt and
b∗dt⊗ b∗(π′)∗(p∗1γ ⊗ p∗2δ) = b∗(dt⊗ (π′)∗(p∗1γ ⊗ p∗2δ))([GN℄, Theorem 3.2). Sine dt ⊗ (π′)∗(p∗1γ ⊗ p∗2δ) = (i0)∗(p

∗
1γ ⊗ p∗2δ) ([GH℄,Lemma 2.8), we �nally obtain

(κ∗)
−1∂{t}π∗(αZ(γ) × αT (δ)) = αF∩NX(X×X)((b

′)∗(p∗1γ ⊗ p∗2δ)).We have a ommutative diagram
NX(X ×X)

b′ //

q

��

X ×X

X.

△

88ppppppppppppNow △−1(p−1
1 Z ∩ p−1

2 T ) = Z ∩ T and using the diagram, we see that
αZ(γ) · αT (β) = αZ∩T (△∗(p∗1γ ⊗ p∗2δ)).Hene it only remains to show that △∗(p∗1γ ⊗ p∗2δ) = γ ⋆ δ to �nish the proof.This is lear by [GN℄, Theorem 3.2.
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