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908 MARC LEVINE

INTRODUCTION

We continue our investigation, begun in [12], of the slice filtration on the bi-
graded homotopy sheaves II, . (&) for objects £ in the motivic stable homotopy
category SH (k). We refer the reader to {Il for the notation to be used in this
introduction.

Let k be a perfect field, let SH (k) denote Voevodsky’s motivic stable homotopy
category of T-spectra over k, SH the classical stable homotopy category of
spectra. For a spectrum E € SH, the Postnikov tower of F,

. B gy R

consists of the n — 1-connected covers E(™ — E of E, that is, mn E™ — 1, E
is an isomorphism for m > n and m,, E( = 0 for m < n. Sending E to E(™)
defines a functor from SH to the full subcategory £"SH/ of n — 1-connected
spectra that is right adjoint to the inclusion S"SH/ — SH.

Replacing X"SH/ with a certain triangulated subcategory S:SH Y (k) of
SH(k) that measures a kind of “P!-connectedness” (in a suitable sense, see
[30L 3T], [23} 24]) or §2 of this paper), Voevodsky has defined a motivic analog
of the Postnikov tower; for an object £ of SH(k) this yields the Tate-Postnikov
tower (or slice tower)

ciie = o1& = fR€E— ... =€
for £. For integers a, b, we have the stable homotopy sheaf I, ;(£), defined as
the Nisnevich sheaf associated to the presheaf
U eSm/kw [S4358 SFPUL, Elsuk)
and the Tate-Postnikov tower for £ gives rise to the filtration
FilToe o (E) := im(Il, 4 fr.€ — 1L, 4E).

Let SHan(k) € SH(k) be the thick subcategory of SH (k) generated by the
objects X7.X¥ X1, with X smooth and projective over k, n € Z. For example,
the motivic sphere spectrum Sy, := 33 Spec k is in SHsn (k).

Voevodsky has stated the following conjecture:

CoNJECTURE 1 ([30, conjecture 13]). Let k be a perfect field. Then for £ €
SHen(k), the Tate-Postnikov tower of € is convergent in the following sense:
for all a,b,m € Z, one has

M Egeella b fm€ = 0.

The cases £ = EémSk, a = m = 0 gives some evidence for this conjecture, as
we shall now explain.

For k a perfect field, Morel has given a natural isomorphism of IIy _,(S;) with
the Milnor- Witt sheaf IC;)WW; this is a certain sheaf on Sm/k with value on
each field F' over k given by the Milnor-Witt group Ké\l W(F )E For F a field,
KMW(F) is canonically isomorphic to the Grothendieck-Witt group GW(F)

2A presentation of the graded ring KMW (F) may be found in [14} definition 3.1].
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CONVERGENCE OF VOEVODSKY’S SLICE TOWER 909

of non-degenerate symmetric bilinear forms over F' [I4, lemma 3.10]. More
generally, Morel has constructed a natural isomorphisnﬁ for p,q € Z

Moy (25, Se) = KT
The isomorphism KMW (F) = GW(F) makes KMW (F) a GW(F)-module; let
I(F) C GW(F) denote the augmentation ideal. Our main result of loc. cit. is

THEOREM 2 ([12] theorem 1]). Let F be a perfect field extension of k of char-
acteristic # 2. Then

Fil'}y,, Mo p (S8 Sk)(F) = I(E)YM KV (F) € KT (F) = o, (5% Se)(F)
where M =0 ifn <porn<gq, and M =min(n—p,n—q) ifn >p andn > q.

The following consequence of theorem [ gives some evidence for Voevodsky’s
convergence conjecture:

PROPOSITION 3. Let k be a perfect field with char.k # 2. For all p,q > 0, and
all perfect field extensions F of k, we have

m’ﬂF%ateHOvPEg}mSk(F) = 0.

Proof. In light of theorem [2] this is asserting that the I(F')-adic filtration on
K%‘;V(F) is separated. By [16], théoréme 5.3], for m > 0, KMW (F) fits into a
cartesian square of GW (F')-modules

KW (F) ———— K/(F)

J lpf

I(F)" —— I(F)™ /I(F)™*,

where KM (F) is the Milnor K-group, ¢ is the quotient map and Pf is the map
sending a symbol {uy, . .., um, } to the class of the Pfister form <<uq, ..., um>>
mod I(F)™*!. For m < 0, KMW(F) is isomorphic to the Witt group W (F)
of F, that is, the quotient of GW(F') by the ideal generated by the hyperbolic
form 22 — y2. Also, the map GW(F) — W (F) gives an isomorphism of I(F)"
with its image in W (F') for all » > 1. Thus, for n > 1,

. _JIFE)r cw(F) form <0
I(F) K%W(F){I(F)”"‘mCW(F) for m > 0.

The fact that N, I(F)" = 0 in W(F) is a theorem of Arason and Pfister [I]
Korollar 1]. O

Remarks. 1. The proof in [I6] that KMW (F) fits into a cartesian square as
above relies on the Milnor conjecture.

2. As pointed out to me by Igor Kriz, Voevodsky’s convergence conjecture in
the generality as stated above is false. In fact, take £ to be the Moore spectrum

3This follows from |14, theorem 6.13, theorem 6.40], using the argument of [14] theorem
6.43).
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910 MARC LEVINE

Sk /¢ for some prime ¢ # 2. Since I, ;S = 0 for a < 0, proposition below
shows that Il, 4 f,Sr = 0 for a < 0, and thus we have the right exact sequence
foralln>0

I
o0 fnSk —— o,0fnSk — o0 fu€ — 0.
In particular, we have

Fratello o€ (k) = im (Fryello,oSk (k) — o,0Sk(k)/€) =
— im (I(k)" — GW(k)/0).

Take £ = R. Then I(R) € GW(R) is isomorphic to Z via the virtual negative
index, and I(R)" = (2"7') € Z = I(R). Thus Iy o€ = Z/¢{ & Z/{ and the
filtration F}, o o€ is constant, equal to Z/¢ = I(R)/¢, and is therefore not
separated.

The convergence property is thus not a “triangulated" one in general, and there-
fore seems to be a subtle one. However, if the I-adic filtration on GW(F) is
finite for all finitely generated F over k (possibly of varying length depending on
F), then the augmentation ideal in GW(F) is two-primary torsion. Our compu-
tations (at least in characteristic # 2) show that the filtration F,, Io , X% G)?
is in this case at least locally finite, and thus has better triangulated properties.
In particular, for ¢ # 2,

HO7O(S[€/€) = Z/f, F{«lateno,o(gk/f) =0 for n > 0.

One can therefore ask if Voevodsky’s convergence conjecture is true if one
assumes the finiteness of the I(F)-adic filtration on GW(F') for all finitely
generated fields F' over k. The main theorem of this paper is a partial answer
to the convergence question along these lines.

THEOREM 4. Let k be a perfect field of finite cohomological dimension and let
p denote the exponential characteristicl] Take £ in SHen(k) and take z € X €
Sm/k with X irreducible. Let d = dimy X. Then for every r,q,m € 7Z, there
is an integer N = N(E,r,d,q) such that

(Fil7te I g fm&)a[1/p] = 0

for allm > N. In particular, if F is a field extension of k of finite transcendence
dimension d over k, then Fil'p, 1L, o fm&(F)[1/p) = 0 for alln > N.

For a more detailed and perhaps more general statement, we refer the reader
to theorem [7.3l

Remarks. 1. The proof of theorem @ relies on the Bloch-Kato conjecture.

2. As we have seen, Voevodsky’s convergence conjecture is not true for all
base fields k. An interesting class of fields strictly larger than the class of
fields of finite cohomological dimension is those of finite virtual cohomological
dimension (e.g., R). We suggest the following formulation:

4That is, p = char. k if char. k > 0, p = 1 if char. k = 0.
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CONVERGENCE OF VOEVODSKY’S SLICE TOWER 911

Congecture 5. Let k be a field of finite virtual 2-cohomological dimension. Then
the I(k)-completed slice tower is weakly convergent: after I(k)-completion, the
filtration Fily,,, I, o fim & is stalkwise separated for each € in SHan(k) and each
r,q,m.

This modified conjecture is equivalent to Voevodsky’s convergence conjecture
in case k has finite 2-cohomological dimension, as in this case I(k) is nilpotent.
One could also ask for a weaker version, in which one assumes that k has finite
p-cohomological dimension for all odd primes p.

3. It would be interesting to be able to say something about the p-torsion in
(Fﬂ'}ate HT,QE)JC'

The paper is organized as follows: We set the notation in §I1 In §2] we recall
some basic facts about the slice tower, the truncation functors f,, in SH(k) and
SHs1(k), and the associated filtration FilT,, II, 5. We recall the construction
and basic properties of the homotopy coniveau tower, a simplicial model for
the slice tower in SHgi(k), in §8 In §4 we use the simplicial nature of the
homotopy coniveau tower to analyze the terms in the slice tower. This leads to
the main inductive step in our argument (lemmal40]), and isolates the particular
piece that we need to study. This is analyzed further in §5l where we more
precisely identify this piece in terms of a MW _-module structure on the bi-
graded homotopy sheaves (see theorem [B3). In §0l we use a decomposition
theorem of Morel and results of Cisinski-Déglise to prove some boundedness
properties of the homotopy sheaves II, ;& and their Q-localizations 11, ,Eq
for £ in SHean(k), under the assumption that the base-field & has finite 2-
cohomological dimension. In the final section[7, we assemble all the pieces and
prove our main result. We conclude with two appendices; the first collects
some results on norm maps for finite field extensions that are used throughout
the paper and the second assembles some basic facts on the localization of
compactly generated triangulated categories with respect to a collection of
non-zero integers.

I am grateful to the referee for a number of comments and suggestions for
improving an earlier version of this paper and to S. Kelly for discussions on
aspects of localization.

1. BACKGROUND AND NOTATION

Unless we specify otherwise, k will be a fixed perfect base field, without restric-
tion on the characteristic. For details on the following constructions, we refer
the reader to [5] [7, 8 14l 15 17, [18].

We write [n] for the set {0,...,n} with the standard order (including [—1] =
#) and let A be the category with objects [n], n = 0,1,..., and morphisms
[n] — [m] the order-preserving maps of sets. Given a category C, the category
of simplicial objects in C is as usual the category of functors A°? — C, and the
category of cosimplicial objects the functor category C2.

Spc will denote the category of simplicial sets, Spc, the category of pointed
simplicial sets, H := Spc[W E~1] the classical unstable homotopy category and
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912 MARC LEVINE

He := Spc,[WE~1] the pointed version; here WE is the usual class of weak
equivalences, that is, morphisms A — B that induce an isomorphism on all 7,
for all choice of base-point. Spt is the category of spectra, that is, spectrum
objects in Spc, with respect to the left suspension functor Egl = ST A (-).
With sW E denoting the class of stable weak equivalences, that is, morphisms
f: E — F in Spt that induce an isomorphism on all stable homotopy groups,
SH := Spt[sW E~1] is the classical stable homotopy category.

For a simplicial object in Spc, resp. Spc,, resp. Spt, S : A°®? —
Spc, Spc,, Spt, we let |S| € Spe, Spc, , Spt denote respective homotopy col-
imit hocolimpaor S.

The motivic versions are as follows: Sm/k is the category of smooth finite type
k-schemes. Spc(k) is the category of Spc-valued presheaves on Sm/k, Spc, (k)
the Spc,-valued presheaves, and Sptg: (k) the Spt-valued presheaves. These
all come with “motivic” model structures as simplicial model categories (see
for example [§]); we denote the corresponding homotopy categories by H(k),
He(k) and SHg1(k), respectively. Sending X € Sm/k to the sheaf of sets on
Sm/k represented by X (which we also denote by X) gives an embedding of
Sm/k to Spc(k); we have the similarly defined embedding of the category of
smooth pointed schemes over k into Spc, (k). Sending a (pointed) simplicial
set A to the constant presheaf with value A (also denoted by A) defines an
embedding of Spc in Spc(k) and of Spe, in Spc, (k).

Let G,, be the pointed k-scheme (A'\0,1). We let T := A'/(A*\ {0}) and let
Spty (k) denote the category of T-spectra, i.e., spectra in Spc, (k) with respect
to the left T-suspension functor ¥4 := T' A (=). Spt;(k) has a motivic model
structure (see [8]) and SH(k) is the homotopy category. We can also form
the category of spectra in Sptgi (k) with respect to EKT; with an appropriate
model structure the resulting homotopy category is equivalent to SH(k). We
will identify these two homotopy categories without further mention.

For each A € Spc,(k), the suspension functor ¥4 : Spc,(k) — Spc,(k),
Y 4(B) := BAA, extends to the suspension functor ¥ 4 : Sptgi (k) — Sptge: (k)
or X4 : Spty(k) — Spty(k). For A cofibrant, this gives the suspension func-
tors ¥4 : He(k) = He(k), Xa : SHs1(k) = SHsi(k) and 4 : SH(k) —
SH(k) by applying ¥ 4 to a cofibrant replacement.

Both SHs1 (k) and SH(k) are triangulated categories with translation functor
Ys1. On He(k), SHsi (k) and SH(k), we have X1 = g1 0%, ; the suspension
functors Xr and Xg,, on SH(k) are invertible. For A € Spc,(k), we have an
enriched Hom on Sptg: (k) and Spt, (k) with values in spectra; we denote the
enriched Hom functor by Hom(A, —). This passes to the homotopy categories
He(k), SH1 (k) and SH(k) to give for A € Hq(k) an enriched Hom Hom(A, —)
with values in SH. For X € Sm/k, E € Sptgi(k), Hom(X4, E) = E(X).
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CONVERGENCE OF VOEVODSKY’S SLICE TOWER 913

We have the triangle of infinite suspension functors ¥°° and their right adjoints
QOO

%9 Q5
Ho(k) —= SHg1 (k)  He(k) +—— SHg (k)

pIpag QF
nge l T Qs° T T

SH(K) SH(K)

both commutative up to natural isomorphism. These are all left, resp. right
derived versions of Quillen adjoint pairs of functors on the underlying model
categories.

For X € Ho(k), we have the bi-graded homotopy sheaf II, X, defined for
a,b > 0, as the Nisnevich sheaf associated to the presheaf on Sm/k

U + Homy,, (1) (S8 2%, Uy, X);

note the perhaps non-standard indexing. We have the bi-graded homotopy
sheaves I,y E for E € SHgi(k), b > 0, a € Z, and II, € for £ € SH(k),
a,b € Z, by taking the Nisnevich sheaf associated to

U~ Homsy,_, (1) (5632, 31Uy, E) or U — Homsy ) (3658, 57U, ),

as the case may be. We write m, for I, o; for E € Sptg: (k) fibrant, 7, F is
the Nisnevich sheaf associated to the presheaf U — m,(E(U)).
SH(k) has the set of compact generators

{ZLE7PE8 X4, n,m € Z, X € Sm/k}
and SHg1(k) has the set of compact generators
{ZLE7ER X, n€Z,m>0,X € Sm/k}.

For SH(k), this is [4, theorem 9.2]; the proof of this result goes through without
change to yield the statement for SHg1 (k). As these triangulated categories
are both homotopy categories of stable model categories, both admit arbitrary
small coproducts.

For F a finitely generated field extension of k, we may view Spec F' as the
generic point of some X € Sm/k (since k is perfect). Thus, for a Nisnevich
sheaf S on Sm/k, we may define S(F) as the stalk of S at SpecF € X.
For an arbitrary field extension F of k (not necessarily finitely generated over
k), we define S(F') as the colimit over S(F,), as F, runs over subfields of F’
containing k and finitely generated over k. For a finitely generated field F' over
k, we consider objects such as Spec F', or AL as pro-objects in Spc(k) by the
usual system of finite-type models; the same holds for related objects such as
Spec Iy in He(k) or £ Spec Fy in SH g1(k), etc. We extend this to arbitrary
field extensions of k by taking the system of finitely generated subfields. We
will usually not explicitly insert the “pro-” in the text, but all such objects, as
well as morphisms and isomorphisms between them, should be so understood.
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914 MARC LEVINE

2. VOEVODSKY’S SLICE TOWER

We begin by recalling definition and basic properties of the Tate-Postnikov
tower in SHgi (k) and in SH (k). We then define the main object of our study:
the filtration on the bi-graded homotopy sheaves of a T-spectrum or an S'-
spectrum induced by the respective Tate-Postnikov towers.

For n > 0, we let £7.8H s1(k) be the localizing subcategory of SHg1 (k) gen-
erated by the (compact) objects X71333 Xy, with X € Sm/k and m > n. We
note that X9.8H g1 (k) = SHs1 (k). The inclusion functor i, : X2SHe1 (k) —
SHsi(k) admits, by results of Neeman [21] theorem 4.1], a right adjoint rp,;
define the functor f, : SHsi1 (k) = SHs1(k) by fn := in o rn. The co-unit for
the adjunction gives us the natural morphism

pn i foll = FE

for E € SHg1(k); similarly, the inclusion X' SH g1 (k) C L0.SHg1(k) forn <m
gives the natural transformation f,,E — f,E, forming the Tate-Postnikov
tower

coo = foE— fME— ... — foE = E;
we define f,, := id for n < 0. We complete f, 1 1E — f,F to a distinguished
triangle
fn+1E — an — SnE — fn+1E[1],
this distinguished triangle actually characterizes s, up to unique isomor-
phism, hence this defines a distinguished triangle that is functorial in E. The

object s, E is the nth slice of E.
There is an analogous construction in SH(k): For n € Z, let

YRSHI (k) ¢ SH(k)

be the localizing category generated by the T-suspension spectra LY X,
for X € Sm/k and m > n; write SH*// (k) for £9.SH// (k). As above, the
inclusion i, : Y2SH (k) — SH(k) admits a right adjoint r,, giving us the
truncation functor f,, n € Z, and the Tate-Postnikov tower

ciie = frap1&E = € — ... €&

We define the layer s,& by a distinguished triangle as above. For integers
N > n, welet p, N : fv — fn and p, @ fr, = id denote the canonical natural
transformations. We mention the following elementary but useful result.

LEMMA 2.1. For integers N,n, the diagram of natural endomorphisms of SH (k)

n(fN)
fno fn 2 fn

fn(pN)J le

fnTld
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CONVERGENCE OF VOEVODSKY’S SLICE TOWER 915

commutes. Moreover, for N > n, the map p.(fn) is a natural isomorphism,
and for N < n, the map fn(pn) is a natural isomorphism. The same holds
with SHg1(k) replacing SH(k).

Proof. The first assertion is just the naturality of p,, with respect to the mor-
phism py : fny — id.

Suppose N > n. Then SNSHY/ (k) ¢ £2S8HT (k) and thus for all
E € SH(k), id : fNé — fnE satisfies the universal property of p,(fnE) :
fulfNE) — fnE, namely, fn& is in SESH (k) and id : fn€ — fn€ is
universal for maps T — fy& with T € Y2SHII (k). Thus, p,(fnE) is an
isomorphism.

If N < n, then for & € SH(k), fu(fnE) is in LESH (k) and p,(fnE)
fulfNE) — fnE is universal for maps T — fy& with T € 22.SH/ (k). Since
SESH (k) ¢ SNSHY(k), the universal property of pn(€) : fnE — &
shows that pn (&) o pn(fNE) ¢ fu(fNE) — &€ is universal for maps T — &
with T € 2.8H/ (k), and thus f,(pn(£)) is an isomorphism. The proof for
SHsi(k) is the same. O

LEMMA 2.2. For n € 7Z, there is a natural isomorphism
(2.1) [aQFE 2 QP fLE.

Proof. First suppose that n > 0. It follows from [10, theorem 7.4.1] that Q° f,€
is in ¥}SHs1(k) and thus we need only show that Q%p, : QF f,€ — QFE
satisfies the universal property of f,Q°E — QFE. EESHsi(k) is generated
as a localizing subcategory of SHg:1(k) by objects 4G, G € SHg1(k), so it
suffices to check for objects of this form. We have

Homsyy, (1) (717G, QF fn€) = Homsy ) (EF X7G, frE)
2 Hom sy () (S5 55 G, fn€) —= Homsyy () (SF55°G, €)

= Homsy k) (57 X7G, €) = Homsy,, () (517G, QT E).

It is easy to check that this sequence of isomorphisms is induced by (Q5° pr, )«
Now suppose that n < 0. Then f,QFE = foQFE = QF fu€, so it suffices to
show that the map fo& — f,€ induces an isomorphism QF fo€ — QF f,.€.
But for F € SHgi(k), £ F is in SH*/ (k) and

Homsy, , (k) (F, QF fo&) = Homgsyy ) (ST F, fof)
L Homgn) (SFF, fuf) & Homsyy, (k) (£, QF fn€).
O
For E € SHg1(k), we have (by [10, theorem 7.4.2]) the canonical isomorphism

(2.2) O faB = fu O B
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916 MARC LEVINE

for r > 0. As Qg
an equivalence

: SH(k) — SH(k) is an auto-equivalence, and restricts to

m

g, : DPSHI (k) — S0 SH (k),
the analogous identity in SH (k) holds as well, for all r € Z.

DEFINITION 2.3. For a € Z, b > 0, E € SHg1(k), define the filtration
Fio Ty B of T, o E by
Fricldo = 1m(I, p fn B — , pE); n € Z.
Similarly, for & € SH(k), a,b,n € Z, define
Frowello b€ == 1m(I1, 4 fn€ — 1o 5E).

The main object of this paper is to understand F7,, I, s & for suitable E. For
later use, we note the following:

LEMMA 24. 1. For E € SHs1(k), n,p,a,b € Z with p,b,b —p > 0, the
adjunction isomorphism 1, , B =2 Ha7b_p9émE induces an isomorphism

~ n—
F%atena,bE = FTatSHa,b*pQ%mE'

Similarly, for € € SH(k), n,p,a,b € Z, the adjunction isomorphism IL, ,E =
I,y p QG € induces an isomorphism

Frarellan€ = Frpellap Qg €.

2. For & € SH(k), a,b,n € Z, with b > 0, we have a canonical isomorphism
veabn  apfrn€ = Lap fuQTE,

inducing an isomorphism Fi,, M, &€ = Fi, o QFE.

Proof. (1) By ([22), adjunction induces isomorphisms

F’flatena,bE ZZim(Ha,ban — Ha7bE)
gim(ﬂa’b,pQém an — Hayb,pﬂélémE)
=im(a,p—p fo-pQG, E = Map—pQe E) = Fr 0T p-p Qg E.
The proof for £ € SH(k) is the same.

For (2), the isomorphism ¢g 4., arises from (ZI)) and the adjunction isomor-
phism

Homgy, (1) (5138, S5 U+, fuQFE)
= HomSHSI (k) (Eg«l 2%7”2%? U+a Q%jfng)
= HOI’HSH(k) (E%l E&m E%OUJH fng)
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CONVERGENCE OF VOEVODSKY’S SLICE TOWER 917

3. THE HOMOTOPY CONIVEAU TOWER

Our computations rely heavily on our model for the Tate-Postnikov tower in
SHg1(k), which we briefly recall (for details, we refer the reader to [10]).

We start with the cosimplicial scheme n — A", with A™ the algebraic n-simplex
Speck[to, ..., tn]/ Y ;ti — 1. The cosimplicial structure is given by sending a
map g : [n] = [m] to the map A(g) : A™ — A™ determined by

Alg)"(t) = {Zj,gm:i gl A0

0 else.

A face of A™ is a closed subscheme F' defined by equations ¢;, = ... =1¢; =0;
we let OA™ C A™ be the closed subscheme defined by H?:o t; =0, i.e., OA™ is
the union of all the proper faces.

Take X € Sm/k. We let Sg?) (m) denote the set of closed subsets W C X x A™
such that

codimxxrpWNX x F >gq

for all faces FF C A™ (including F' = A™). We make 8§?) (m) into a partially
ordered set via inclusions of closed subsets. Sending m to Sgg) (m)and g : [n] —
[m] to A(g)~!: Sg?) (m) — Sg?) (n) gives us the simplicial poset Sg?).

Now take E' € Sptgi (k). For X € Sm/k and closed subset W C X, we have the
spectrum with supports E" (X)) defined as the homotopy fiber of the restriction
map F(X) — E(X \ W). This construction is functorial in the pair (X, W),
where we define amap f: (Y,T) — (X, W) as a morphism f : Y — X in Sm/k
with f=1(W) c T. We usually denote the map induced by f : (Y, T) — (X, W)
by f*: EW(X) — ET(Y), but for f = idy : (X,T) = (X, W), i : W — T the
resulting inclusion, we write i, : EW (X) — ET(X) for id%.

Define

EYW(X,m):= hocolim EV (X x A™).
wes{? (m)

The fact that m — Sﬁg) (m) is a simplicial poset, and (Y,T) — ET(Y) is
a functor from the category of pairs to spectra shows that m — E(@ (X,m)
defines a simplicial spectrum. We define the spectrum E(9) (X) by

E(Q)(X) =|m— E@ (X,m)| := hogolimE(q) (X,-).
For ¢ > ¢’, the inclusions Sgg) (m) C Sg?/) (m) induce a map of simplicial posets

Sgg) C Sggl) and thus a morphism of spectra iy, : B@(X) — E(@)(X). Since
E©)(X,0) = E(X), we have the canonical map

ex : B(X) = EO(X),

DOCUMENTA MATHEMATICA 18 (2013) 907-941



918 MARC LEVINE

which is a weak equivalence if E is homotopy invariant. Together, this forms
the augmented homotopy coniveau tower

ig—1

EW(X):=... - B (x) % p@(x)
L EW(X) 2 BO(X) <X B(X)

with i4 := 44,4+1. For homotopy invariant £, this gives us the homotopy
coniveau tower in SH

EW(X):=... = B« (x) 4 p@(x)
laot L EO(X) 2y BO(X) = B(X).

Letting Sm//k denote the subcategory of Sm/k with the same objects and
with morphisms the smooth morphisms, it is not hard to see that sending X
to E®)(X) defines a functor from Sm//k°P to augmented towers of spectra.
On the other hand, for E € Sptg: (k), we have the (augmented) Tate-Postnikov
tower

b= .= feriBE—= ffE —...— foE=E
in SHg1(k), which we may evaluate at X € Sm/k, giving the tower f.E(X)
in SH, augmented over E(X).
Call E € Sptgi (k) quasi-fibrant if, for E — E/® a fibrant replacement in the
motivic model structure, the map E(X) — E/®(X) is a stable weak equiv-
alence in Spt for all X € Sm/k. As a general rule, we will represent an
E € SHg: (k) by a fibrant object in Sptg (k), also denoted E, without making
explicit mention of this choice.
As a direct consequence of [I0, theorem 7.1.1] we have

THEOREM 3.1. Let E be a quasi-fibrant object in Sptei(k), and take X €
Sm/k. Then there is an isomorphism of augmented towers in SH

(fE)(X) = EM(X)

over the identity on E(X), which is natural with respect to smooth morphisms
in Sm/k.

In particular, we may use the model E(®(X) to understand (f,E)(X).

Remark 3.2. For XY € Sm/k with given k-points z € X (k), y € Y(k), we
have a natural isomorphism in SHg1 (k)

S(XAY)BIR(XVY) 2 DX (X xY),

using the additivity of the category SHg1 (k). Thus, 325 (XAY) is a canonically
defined summand of X33 (X x Y'). In particular for E a quasi-fibrant object of
Sptg: (k), we have a natural isomorphism in SH

Hom(X ANY, E) = hofib (E(X xY) — hofib(E(X) ® E(Y) — E(k)))
where the maps are induced by the evident restriction maps. In particular, we

may define E(X AY) via the above isomorphism, and our comparison results
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for Tate-Postnikov tower and homotopy coniveau tower extend to values at
smash products of smooth pointed schemes over k.

4. THE SIMPLICIAL FILTRATION

In this section, we study the filtration on 7, f, E(X) induced by the simplicial
structure of the model E(™ (X).

LEMMA 4.1. Let S be a smooth k-scheme, W C S x A a closed subset such
that p : W — S is finite. Let E € Sptgi(k) be quasi-fibrant. Then the map
induced by the inclusion i : W — p~t(p(W)) induces the zero map

iy (BV (S x AY)) = m (BP @V (g % ALY).

Proof. We steal a proof of Morel’s: Let Z = p(W), and let jo : S x Al — S x P!
be the standard open neighborhood of S x 0 in S x P'. Since W is finite over
S, W is closed in S x P!, so we have the following commutative diagram

T

(4.1) T (BV (S x P1)) —— 1, (EZ*F' (§ x P))

- s
Jol ljo

T (EW (S x A1) —— m (EZ¥4 (S x AL)),

where i : W — Z x P! is the inclusion. Let i : S — S x P! be the infinity
section. Since W N S x co = (), the composition

i*

T (B (S x PY)) 25 m (BZXP' (S x PY)) 2= 7, (EZ*(S x o))

is the zero map. Letting joo : S x A — S x P! be the standard open neigh-
borhood of S x oo in S x P!, the restriction map

it (B2 (S x AY)) = o (BZ%°(S x 00))
is an isomorphism, hence
G5 0dy s (EW (S x PY)) = m (BZM (S x AY))

is the zero map. Write j, for the inclusions of S x P!\ {0, 00} into jo(S x A')
and jo for the inclusions of S x P\ {0, 00} into joo (S x A'). Combining (EI)
with the commutativity of the diagram

T (EW (S x PY)) —= 1 (B2 (S x A1)

ja‘l lﬁa‘

m (BW (8 x AY)) — m (BZXF 09} (8 x P {0, 00})

Jae Ot
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we see that j;o o1, = 0. From the long exact localization sequence

o (BZRO(S x AL)) L2 1 (BZXAN (S x AL))

T

Loy m (BZANMOY (S 5 AT\ {0)) — ...
we see that
i (e (EW (S x A1) C gy (mr (EZ70(S x A1) C mp(EZ*A (S x AL)).

But ig. : T (EZX0(S x Al)) — m(EZ*4 (S x Al)) is the zero map, since
the map i} : m.(EZ*4" (S x Al)) — m,.(EZ*1(S x 1)) is an isomorphism and
i 0ige = 0. 0

LEMMA 4.2. Suppose F is infinite.  Take W € SI(:") (p) and suppose
codimar (W) > n. Then the canonical map EW(A?) — E™(Spec F,p) in-
duces the zero map on .

Proof. We identify AP with AP via the barycentric coordinates t1,...,¢,. Sup-

pose W has dimension d < p —n. Then d < p — 1 and, as F is infinite, a
general linear projection L : AP — AP~! restricts to W to a finite morphism

W — AP~1. In addition, W' := L~ (L(W)) is in S;ﬂn) (p) for L suitably general.
Letting ¢ : W — W’ be the inclusion, it suffices to show that the map

iv: T EV(AR) = m BV (AP)

is the zero map. Via an affine linear change of coordinates on AP, we may
identify AP with AP~!x A' and L : A? — AP~! with the projection AP~1 x Al —
AP~1. The result thus follows from lemma FIl O

Let (A2, 0AP)(™ be the set of codimension n points w of AL, such that {w} is
in Sp’(p).

LEMMA 4.3. Let F be an infinite field. Then the restriction maps
EV(AR) — Swe(ar, aarymnw E” (Spec Oar )
for W e S%n) (p) defines an injection
(B (F,p)) = @ue(an, onrm T B (Spec Oar )
for each r € Z.

Proof. Take W € Sl(rn) (p). Since A%, is affine, we can find a W’ € S}n) (p) of
pure codimension n with W/ D W: just take a sufficiently general collection of
n functions f1, ..., f, vanishing on W and let W’ be the common zero locus of
the f;. Thus the set of pure codimension n subsets W' of AL with W’ € SI(:") (p)

is cofinal in SU" (p).
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Let W € Sl(vn) (p) have pure codimension n on A%, and let Wy C W be any closed
subset. Then Wy is also in S}n)(p) and we have the long exact localization
sequence

oo EWo(AR) 2 1 EW(ADY) 5 m EV\WO (AR \ W) — ...
Let Sl(pn) (p)o C S;,ﬂn) (p) be the set of all Wy € S;,ﬂn) (p) with codimar Wo > n.
Let
E™ (F,p)o = hocolim EWU(A%).
WUGSI(;L)(P)U
Passing to the limit over the above localization sequences gives us the long
exact sequence

Sy 5l (F,p)o LN ﬂTE(”)(F,p)
— @wG(A%ﬁAp)(n)ﬂTEw((SpeC OAI}’N,UJ)) — ...

By lemma [4.2] the map 7. is the zero map, which proves the lemma. O

Let S : A°? — Spt be a simplicial spectrum, |S| = hocolimaer S € Spt the
associated spectrum, giving us the spectral sequence

E;q =mgS(p) = Tp+ql S|

This spectral sequence induces an increasing filtration Fﬂiim’_’ 7|S| on 7.|S|.
We have the g-truncated simplicial spectrum S<, and Filj""" 7S] is just
the image of m.|S<q| in m.|S|. In particular Fil*" 7. |S| = 0 and
Ugeo Fily"™ 7,.|S| = .S, so the spectral sequence is weakly convergent, and
is strongly convergent if for instance there is an integer g such that S(p) is
qo-connected for all p.

The isomorphism of theorem [3.] thus gives us the weakly convergent spectral
sequence

(4.2) E;,q(X7 E,n)= 7"'qE(n) (X,p) = mpiqfuE(X)

which is strongly convergent if qu(”) (X,p) =0 for ¢ < qp, independent of p.
This defines the increasing filtration Fil;""?(E)m, fnE(X) of 7, f, E(X) with

associated graded gry""?(E)m, fn E(X) = E5,_ .

LEMMA 4.4. Suppose that k is infinite and that I, E(K) =0 for a < 0 and
all fields K over k. Let F D k be a field extension of k. Then

(1) EY,_(F,E,n) = 0 for p > 7+ n and Fil]P(E)7, f,E(F) =
7 fn E(F).

(2) E;,q(F,E,n) is isomorphic to a subgroup of
@we(Ag,aAp)W)Hq+n,nE(F(w))-

(3) The spectral sequence (D) is strongly convergent.

Proof. Since the spectral sequence is weakly convergent, to prove (3) it suffices
to show that E;’q(F7 E,n) =0 for ¢ < —n and for (1) it suffices to show that
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Eé,r—p = 0 for p > r+n. These both follows from (2) as our hypothesis implies
that I, . E(F(w)) =0 for a < 0, w € A%..
For (2), lemma [£.3] gives us an inclusion

E;,q = qu(”)(F,p) C @we(A%ﬁAp)(nqu“’(Spec OAZI),,’LU)'

Take w € (A’},@A”)(”). By the Morel-Voevodsky purity isomorphism [18]
loc.cit.], we have E"(Spec Oz ,,) = Hom (X4 X¢ wy, E), hence

mqE" (Spec ON},w) & gtnnE(F(w)),
which proves (2). O

For a field extension K of k, we write tr. dimy K for the transcendence dimension
of K over k.

LEMMA 4.5. Let E be in SHs:(k) and suppose 11, E(K) = 0 for a < 0 and
all fields K over k. Let p be the exponential characteristic of k. Let r be an
integer. Suppose we have functions

(d7Q)HNJ(d7QaE)ZOa d,qzo,j:O,...,rfl,

such that, for each field extension K of k with tr.dimpiK < d, each j =
0,...,7—1, and all integers ¢, M > 0, m > N,(d, ¢; E), we have

(4.3) Frgellj o fmn E(K)[1/p] = 0.

Let F be a field extension of k with tr. dimyF' < d and fix an integer n > 0.
Forr >0, let N = max;;éNj(r —j+d,n;E); forr <0, set N=0. Then for
all integers m > N, n >0, , we have

T fr (fm E)) (F))[1/p] = FiL™ (frn E)7rr (fr(f E)) (F)[1/p)-

Proof. We delete the “[1/p]" from the notation in the proof, using the conven-
tion that we have inverted the exponential characteristic p throughout.
If k£ is a finite field, fix a prime £ and let k; be the union of all /-power extensions
of k. If we know the result for k,, then using proposition [A-1(2) for each
k C k' C k¢ with k' finite over k proves the result for k, after inverting /.
Doing the same for some ¢ # £, we reduce to the case of an infinite field k.
By [12, proposition 3.2], the hypothesis I, .E(K) = 0 for a < 0 and all K
implies I, « fi E(K) = 0 for a < 0, all K, and all m > 0. In particular,
T (fr(fmE))(F) = 0 for r < 0 and all n,m > 0, so for r < 0, the lemma
is trivially true. We therefore assume r > 0. In addition, it follows from
lemma F.4(1) that the spectral sequence @2), E} .(F, fmFE,n), is strongly
convergent for all m,n > 0 and E;’Pp(F, fmE,n) =0 for p > r +n. Since
Fil"P( f,, EYrt (fu(fin E))(F) is by definition the filtration on 70, (f, (fm E))(F)
induced by this spectral sequence, we need only show that

E;’Pp(F7 fmE,n)=0forn<p<r+mnand m>N.

In particular, the result is proved for » = 0; we now assume r > 0.
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Let p be an integer, n < p <r + n. By lemma [£4(2),
E;zlz,rfp(Fa mean) c @we(A%,aAl’)(")Hrprrn,nme(F(w))'

For w € (AF., 0AP)(™ 1w has codimension n on A%, hence tr. dimp F(w) = p—n
and thus tr. dimg F(w) < p—n+d. We have m > N,_,1,(p—n+d, n; E) since
0 <r—p+n <r, and so our hypothesis (@3] implies

F"ln“zteHT‘—p-‘rn,nme(F(w)) = 0.
But F’ﬂtenavbme(F(w)) - im(Ha,bfmme(F(w))

Iy b fn E(F(w))) by definition, and py,(fmE) is an isomorphism (lemma 271]),
hence

mmE*
pm (fmE)

Fraellapfm E(F(w)) = ap fm E(F(w)).
Thus IT,—pnnfmE(F(w)) = 0 and hence E} ., = 0forn <p <r+n, as
desired. ]

5. THE BOTTOM OF THE FILTRATION

In this section, k will be a fixed perfect base field. We study the subgroup
Fil7"™?(E)r, f, E(F) isolated in lemma

LEMMA 5.1. Let E be in SHg1 (k). Then Fil>"? (E)z, f, E(F) = 0 for all fields
F over k.

Proof. For any X € Sm/k, Filflimp 7, B (X) is by definition the image of

e EM(X, = < g)] = m B (X),
where E(") (X, — < q) is the g-truncation (or g-skeleton) of E(™ (X, —). For
X = Spec F, we clearly have Sl(;n) (p) = 0 for p < n, as A%, has no closed subsets

of codimension > p. Thus |[EM (X, — < q)] is the O-spectrum for ¢ < n and
hence Fil?""? 7, B (F) = 0. 0

To study the first non-zero layer Fil¥"™"(E)r, f,, E(F) in Fil{""?(E)r, f, E(F),
we apply the results of [I2]. For this, we recall some of these results and
constructions.
We let V,, = (AL\ A", The function —t;/ty on A gives an open immersion
pn : Vi, — A% identifying V;, with (AL \ {0,1})".
Suppose that E is an n-fold T-loop spectrum, that is, there is an object
wr"E € Spt(k) and an isomorphism E = Qlw;"E in SHgi(k). Given an
n-fold delooping w;."E of E , we have explained in [I2] §5] how to construct a
“transfer map”

T () F : T (W) = T E(F),
for each closed point w € A}, separable over F.
If now E = QFE for some T-spectrum & € SH(k), then the bi-graded homo-
topy sheaves II, . admit a canonical right action by the bi-graded homotopy
sheaves of the sphere spectrum Sy € SH(k):

Hop B @10y 4(Sk) — Hayp oo
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Hopkins and Morel [1I7, theorem 6.3.3] have defined a graded ring homomor-
phism

(5.1) 0.(F) : @nezEK)"™" (F) = Gnezllo,—nSk(F),

natural in the field extension F of k[ Via 6, (F'), the right II, ,(Sk)-action
gives a right action, natural in F,

M, ,E(F) @ KMY(F) = ., .E(F).
This gives us the filtration Fjy, I s E(F) of I, 3 E, defined by
Fln oy B(F) := im[[y pyn E(F) @ KMW(F) = ., E(F)]; n > 0.

Completing with respect to the transfer maps yields the filtration
Fyr-Hap E(F):

DEFINITION 5.2 (see [12] definition 7.9]). Let E = Q€ for some & € SH(k), F
a field extension of k. Take integers a,b,n with n,b > 0. Let Fy,, +, 11, s E(F)
denote the subgroup of I, , E(F') generated by elements of the form

Tre(w)™(z);  © € FiwllapE(F(w))

as w runs over closed points of A%, separable over F. We write 'y, ,.+. 7 E(F)

for the filtration Fy, . 1. 0 E(F) on 7 E(F) = I, o E(F')

Theorem 7.11 of [I2] expresses the “Tate-Postnikov” filtration Fj,  moE(F)
on moE(F') in terms of the “Milnor-Witt” filtration FjymoE(F), under the
connectivity assumption II, . = 0 for a < 0. With some minor changes, the
proof of this result goes through to show:

THEOREM 5.3. Let € be in SH(k) and let E = QFE. Suppose that I, ,E =0
for a < 0. Let F be a perfect field extension of k. Then for allr > 0, n > 0,
we have an equality of subgroups of 1L, (E(F'):

pn(B)(FilE"™ (B)m, f E(F)) = Fiyrem E(F)

Sketch of proof. We briefly indicate the changes that need to be made in the
arguments for theorem 7.11 loc. cit.: In [I2] prop. 4.3 and thm. 7.6], replace g
with 7, and F, 7o (E)(F) with pn(E)(Filfjmp(E)ﬂ,.an(F)). Also, instead of
using the fact that 6. (F') is an isomorphism, we need only use that 6, (F) is a
ring homomorphism, and that for u € F'*, 61 ([u]) is the element of IIy _ 1Sy (F)
coming from the map u : Spec F' — G, corresponding to u (see [17, theorem
6.3.3]). O

5A result of Morel [14} corollary 6.41] implies that 0.(F) is an isomorphism for all fields
F', but we will not need this.

DOCUMENTA MATHEMATICA 18 (2013) 907-941



CONVERGENCE OF VOEVODSKY’S SLICE TOWER 925

6. FINITE SPECTRA AND COHOMOLOGICALLY FINITE SPECTRA

In this section we will have occasion to use some localizations of SH (k) with
respect to multiplicatively closed subsets of Z \ {0}. To make our discussion
precise, we have collected notations and some elementary facts concerning such
localizations in Appendix [Bl we will use these without further mention in this
section.

For a field F, let F'*“? denote the separable closure of F' and G the abso-
lute Galois group Gal(F**?/F'). For p a prime, let cd,(Gr) denote the p-
cohomological dimension of the profinite group G, as defined in [26] I, §3.1].
We write cd,(F) for cd,(Gr), and call cd,(F') the p-cohomological dimension
of F. The cohomological dimension of F', cd(F'), is the supremum of the cd,(F')
over all primes p.

We turn to our main topic in this section: the study of finite and cohomologi-
cally finite objects in SH (k).

DEFINITION 6.1. 1. Let SH(k)an(k) be the thick subcategory of SH(k) gener-
ated by objects £7.X7° X for X a smooth projective k-scheme and n € Z.

2. Let SH(k)con.an(k) be the full subcategory of SH (k) with objects those £
such that

(i) there is an integer d such that, for n > d, II,. ,(£)g = 0 for all 7,
(ii) there is an integer ¢ such that II, ,& = 0 for r < ¢, q € Z.

3. For £ € SH(k)con.fin(k), define d(E) to be the infimum among integers d
such that I, ,(€)g = 0 for all » and for all n > d.

4. We say that £ € SH(k) is topologically c-connected if 11, .€ = 0 for r < c.
We let ¢(€) be the supremum among integers ¢ such that &£ is topologically
c-connected.

5. For E € SHg1(k), we say that E is topologically c-connected if II,. , E = 0
for r < c and n > 0; we say that E is c-connected if w.E = 0 for r < c.

Remarks 6.2. 1. SH(k)con.fin(k) is a thick subcategory of SH(k).

2. As X XP X, is compact for all n € Z, X € Sm/k, SH(k)an(k) is contained
in the category SH(k)° of compact objects in SH(k). If k admits resolution
of singularities, it is not hard to show that X2X¥ X is in SH(k)an(k) for
all X € Sm/k, n € Z; as these objects (and their translates) form a set
of compact generators for SH(k), it follows that SH(k)an(k) = SH(k)® if &k
admits resolution of singularities, that is, if & has characteristic zero.

Remark 6.3. For a presheaf A of abelian groups on Sm/k, we have the presheaf
A_; defined by

A_(U) :=ker(if : AU x AM\ {0}) — A(U)).
Let E be in SHgi (k). By [I7, lemma 4.3.11], there is a natural isomorphism
Tn(Qg,, F) = 7, (E)—1. In particular, if E' is c-connected, then so is Qg, E. As

m

My B =1145-190¢,, £ and Il o = 7, we see that £ is c-connected if and only
if F is topologically c-connected.
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LEMMA 6.4. Take £ € SHan(k). Then there is an integer n(E) such that
pn(E) : fu(E) — & is an isomorphism for all n < n(E).

Proof. As f, is exact, it suffices to prove the result for £ = XXX with
X smooth and projective over k and m € Z. As f, o X' = X o fr_,,, we
need only prove the result for £ = ¥PX,. But ¥PX, is in S?-[eff(k), SO
pn (X2 X4) is an isomorphism for all n < 0. g

LEMMA 6.5. Let & be in SH(k)con.fin(k).

1. For U € Sm/k, we have Homgyr), (25,28 EFUL)e,Eg) = 0 for all
pEZL, q>dE).

2. For alln > d(E), (fn€)g =0 in SH(k)g.

Proof. Let i, : YSH T (k) — SH(k) be the inclusion, ,, the right adjoint to
in; recall that f,, := i,or,. By example[B.B] the Q-localization X2.SH/ (k)q of
SSH I (k) is the localizing subcategory of SH(k)g generated by the objects
(3§, 2¥Uys)g, ¢ > n, U € Sm/k, the inclusion SrSHY (k) — SH(K)g is
given by i,g, the right adjoint to i,q is rng and fro(€p) = (fn)g for all
E e SH(k).

Using this, we see that (1) implies (2), as (1) implies that for F €
SpSHE (g, n > d(€),

Homgﬂ(k)@ (]:, EQ) =0.

Since (f,€)g — Eg is universal for maps F — &y with F € S2SH (k)q, it
follows that (f,&)g = 0 for n > d(&).
For (1), by lemma [B.2(2), we have

Homsy ), (55 58, 27U+ )o, €g) = Homsy ) (55 58, 27U+, E)q-

Thus, tensoring the usual Gersten-Quillen spectral sequence with Q gives the
strongly convergent spectral sequence

EYY = @y gral (k(w))g = Homsy ), (S5 "SE SFUL o, &),

concentrated in the range 0 < a < dimU. The assumption ¢ > d(£) implies
that Ef’b = 0 for all a,b, proving (1). O

LEMMA 6.6. Let £ be in SH(k)con.in(k). Then f,€ is in SH(k)con.in(k),
d(fn€) < d(€) and c(fn€) > c(€), for all n € Z.

Proof. We have shown in [I2] proposition 3.2] that, for £ € SHg:i(k), if E is
topologically —1-connected, then f,E is also topologically —1-connected for all
p. For E := Q&’?ngflEémE, we have

Hrfcfl,erqfnJrqE = Hr,erqfnJrqu;mg = Hr,m+q2g;mfn5 = Hr,mfng

for m > —q. Similarly, II,_c_1 m4¢F = I, &€ for m > —q. Thus, if I, ,€ =0
for r < ¢ and m > —q, the same holds for f,£. As g was arbitrary, we see that
if £ is topologically c-connected, so is f,& for all n, that is, ¢(fn.€) > ¢(E).

We have already seen in lemma that f,&q = 0 for n > d(€), hence f,&
is in SH(k)con.in(k) and d(fn,€) = —oo for n > d(€). For n < d(€), take

DOCUMENTA MATHEMATICA 18 (2013) 907-941



CONVERGENCE OF VOEVODSKY’S SLICE TOWER 927

m > d(€) > n. Then I, 1, (fn€) = I, (), hence I, 1, (fn€)o = 0. Thus f,€
is in SH(k)con.fin(k) and d(f,E) < d(E). O

In order to proceed further with our study of SHan (k) and SH(k)con.fin(k), we

need to recall Morel’s decomposition of SH(k)[3]. We recall the ring homo-

morphism (BT

O == 0o(k) : K™ (k) — Endsyr) (Sk).
In addition, Morel [I4] lemma 3.10] has defined an isomorphism of rings
KMW (k) = GW(k), with 14 7 - [u] corresponding to the one-dimensional
form wuz? if char. k # 2.

Morel [T, section 6.1] has considered the action of Z/2 on the sphere spectrum
Sk arising from the exchange of factors

T:TANT —>TANT.

We also write 7 for the induced automorphism of the sphere spectrum Si. Morel
[I7, remark 6.3.5] identifies the corresponding element of End(Sy) (denoted —e
in loc. cit.) as

(6.1) 7= 0, (14+n-[-1]).
After inverting 2, the action of 7 decomposes Si[3] into its +1 and —1
eigenspaces

Sel3] = S{ 8] @S [2];
as Si[3] is the unit in the tensor category SH(k)[1], this induces a decompo-
sition of SH(k)[3] as

SH(K)[2] = SH(k)* x SH(k)™.

This extends to a decomposition of SH(k)g as S’H(k)a x SH(k)q. For an
object £ of SH(k), we write the corresponding factors of &y as 55, &y -

LEMMA 6.7. Suppose that either

(1) char.k =0 and cda(k) < o0, or

(2) char.k > 0.
Then 2N*1 .0 = 0, where in case (1), N = cda(k), and in case (2), N =0 if
char.k =2 or ifchar.k =p is odd andp=1 mod 4, N =1 if p=3 mod 4.
Moreover, letting I C GW (k) be the augmentation ideal, we have I = 0 for
n > cda(k), assuming k has characteristic # 2.

Proof. Suppose that char.k # 2. Sending (ay,...,a,) € (k™)™ to the n-fold
Pfister form <<ay,...,a,>> descends to a well-defined surjective homomor-
phism p, : KM(k)/2 — I"/I""! [13, §4.1]; in particular 21" C I™*! for all
n > 0. By the Milnor conjecture |29, theorem 6.6 and theorem 7.4] and [19]
theorem 4.1], p,, is an isomorphism, and induces an isomorphism

11 ().
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Thus I™ = I™*! for n > N 4 1, where N := cdy k. By the theorem of Arason-
Pfister [1, Korollar 1], N, I"™ = {0}, hence IV*! = 0, and thus 2V*1 kills the
Witt group W (k).

As a K}MW (k)-module, KW (k) is cyclic with generator 1. However,

KMW (k) =W (k)

by [14, lemma 3.10], and thus 2¥*15 = 0. This handles the case (1).

In case k has characteristic p > 0, then as 1 comes from base extension from
the prime field F,,, it suffices to show that 2V*1y = 0 in SH(F,), with N as in
the statement of the lemma.

For p odd, we have GW (F,,) = KW (F,), with 1+ n[—1] corresponding to the
form —z2; the hyperbolic form 22 —y? corresponds to 2+n[—1]. If p=1 mod 4,
then —1 is a square, hence —22 and 2? are isometric forms and 1+ n[—1] =1
in KMW(F,). The relation n(2 + n[—1]) = 0 in KMW(F,) thus simplifies to
2n=0.

If p =3 mod 4, then —1 is a sum of two squares, and hence the quadratic
form 2 4+ 32 + 22 is isotropic. Thus the Pfister form 22 + y? + 22 + w? is
also isotropic and hence hyperbolic, and hence the form —z2 — y? — 22 — w?
is hyperbolic as well. Translating this back to K(I)V[W(IFP) gives the relation
4(1 + n[-1]) = 2(2 + n[-1]) or 2n[—1] = 0. Combining this with relation
n(2 + n[—1]) = 0 yields 4n = 0.

In case k has characteristic 2, —1 = +1. The relation 7(2+n[—1]) = 0 simplifies
to 27 =0 (as [1] = 0 in KMW(F) for all fields F [I4, lemma 3.5]). O

Lemma [6.7] and (&J]) imply:

LEMMA 6.8. Suppose that k has finite 2-cohomological dimension or that
char.k > 0. Then SH(k)[5] = SH(k)T.

PROPOSITION 6.9. Take X € Sm/k. Then

1. IL o (EFX4)=0forr<O0andne€Z

2. Suppose X is smooth and projective over k of dimension d and that k has
finite 2-cohomological dimension or char.k > 0. Then I, (23X} )g = 0 for
n>d, reZ.

8. Suppose k has finite 2-cohomological dimension or char.k > 0. Then each
E in SH(k)sn(k) is also in SH(k)con.fin(k)-

Proof. Noting that SH(k)con.fin(k) is a thick subcategory of SH(k), and that
Hr,n(E?E%OX+) = H7‘—m,n—m(2%oX+)v

we see that (3) follows from (1) and (2).
We first prove (1). We have the S'-spectrum X3 X, € SHgi(k). By [
theorem 10] we have

IL (S X, ) = im 1L, , 50 8% X

—
b
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so it suffices to see that X33 E%M X, is topologically -1 connected for all b > 0.
By remark 6.3, we need only see that X125 Eé’;m X, is -1 connected. This follows
from Morel’s S'-stable Al-connectedness theorem [17) theorem 4.2.10].

For (2), lemma and our assumption on k imply that SH(k)g = S"H(k)a
By a result of Morel (proved in detail by Cisinski-Déglise [3 theorem 15.2.13]),
there is an equivalence of triangulated categories S’H(k)a =~ DM (k)g, and
hence

Homg (1) (Eglzémz?ljﬁzf?}(”@
= HomSH(k)g ((E&E&ILE&’?U_F)(S, (E%OXH&)
= Homp ar(x), (M (U)(b)gla + b], M (X)q),

where M : Sm/k — DM (k) is the canonical functor.
Since M (U)(b) is compact in DM (k), we have

Homp (ko (M (U)(b)gla+bl, M(X)g) = Homp k) (M (U)(b)]a+b], M(X))g-

As X is smooth and projective, we may use duality (via, e.g., duality in Chow
motives over k and |33, V, prop. 2.1.4])

Hom pps iy (M (U)(b)[c], M(X)) = Homp sy (M (U x X), Z(d — b)[2d — ¢])
= H*~°(U x X,Z(d — b)).

But for all Y € Sm/k, HP(Y,Z(q)) = 0 for ¢ < 0, p € Z, by [28| corollary 2|.
Thus the presheaf

U+— HomSH(k) (2%1 2%7,LE%OU+7 E%OXJ,_)Q

is zero for b > d, and hence the associated sheaf II, ,(X¥ Xy )g is zero as
well. O

Remark 6.10. The statement of the result of Cisinski-Déglise [3, theorem
16.2.13] cited above is not the same as given here; Cisinski-Déglise show that
the A'-derived category over a base-scheme S, with Q-coefficients, D1 o(9),
has plus part D1 o(S)T equivalent to the category of “Beilinson motives”
DMy(S). For S geometrically unibranch, they show [3, theorem 16.1.4] that
DMy (S) =2 DM(S)g.

Furthermore, the well-known adjunction between simplicial sets and chain com-
plexes extends to give an equivalence of SH(S)q with Dy1 o(S5) (see e.g. [3}
§5.3.35]). Putting these equivalences all together gives us the equivalence
S’H(k)a =~ DM (k)g we use in the proof of proposition [6:91

Alternatively, one also can repeat the argument used by Cisinski-Déglise,
replacing Dy o(S) with SH(k)g, and DMy (S) with Ho MZ-Modg, where
M7 is the commutative monoid in symmetric motivic spectra over k de-
fined in [25], and representing motivic cohomology in SH(k). This shows
that the forgetful functor Ho MZ-Modg — SH(k)g induces an equivalence
Ho MZ-Modg — S’H(kz)a One can then use the theorem of Réndigs-Ostveer
[25, theorem 1.1, discussion preceding theorem 1.2], which gives an equivalence
of Ho MZ-Modg with DM (k)q for k a perfect field.
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7. THE PROOF OF THE CONVERGENCE THEOREM

The following result combines with lemma to form the heart of the proof
of our main theorem.

LEMMA 7.1. Let k be a perfect field. Suppose that k has finite cohomological
dimension Dy. Let F' be a perfect field extension of k with tr. dimpyF < d. Let
E = QFE for some £ € SHeon.fin(k) and suppose that I, ., E = 0 for a < 0.
Consider the map

pn(fME) : ern(fME)(F) — erME(F)-
Then, for all ry M >0, n > max(Dy, + d, d(£)), we have

pr(frr EYFIL ™ (far E)my fo(frr E)(F)) = 0.

Proof. Let A = max(Dy, + d,d(€)) > 0. By theorem 53] and the definition
of the filtration F}, .7 farE(F), it suffices to show that, for every finite
extension F’ of I, the product

U: I, fn E(F) @ KMW(F') — U, o fr E(F)
is zero if n > A.
We note that fyE = Q¥ fir€ for M > 0 (lemma 22). Thus, by lemma [6.6]

(Il famr E)g = 0 for n > max(d(£), —1) and the image of U is the same as the
subgroup generated by the images of the maps

Un I frr E(F) N —tor @ KMW(F')/N = m.fmE(F"); N €N,

First suppose char.k # 2. By Morel’s theorem [I6 theorem 5.3|, we have a
cartesian diagram

KW (F) ——— KJI(F)

| |

I ——— I(F)"/I(F'y+

But as tr. dimg F’ < d, we have cdz(F) < ¢d(F) < Dy +d [26, 11, §4.2, proposi-
tion 11]. Thus, for n > Dy + d, lemma 6.7 tells us that KMW (F') = KM (F").
Furthermore, for N prime to the characteristic, the Bloch-Kato conjectur
gives the isomorphism

KQ(F) N = HE(F', i),
and hence KM (F’)/N = 0 for n > Dy, +d. For N = p = char. k, it follows from
[2| theorem 2.1] that KM (F")/p = 0, since F” is perfect. Thus, for n > Dy, +d,
KMW(F")/N = 0, and hence the image of U is zero if n > A.
If char.k = 2, then as F’ is perfect, each v € F’ is a square. Thus, by [14,
proposition 3.13|, the quotient map KMW (F’) — KM (F’) is an isomorphism
for n > 0. The remainder of the discussion is the same. O

6Proved by Rost and Voevodsky [32]. For a presentation of some of Rost’s results that go
into the proof of Bloch-Kato, see, e.g., [6l 27].
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Relying on lemma [Tl here is the main step in the proof of theorem [

PROPOSITION 7.2. Let k be a perfect field of finite cohomological dimension
and let p be the exponential characteristic of k. Then there is a function Ny :
73 — 7, with Ni(e,r,d) > 0 for all e,d,r, such that, given an integer e, and
an € in SHeon.fin(k) with ¢(€) > =1 and d(€) < e, we have

Fil T, g fur QF E(F)[1/p] = 0

for all r,M € Z, all N > Ni(e — q,7,d) + q, all ¢ > 0, and all field extension
F of k with tr. dimp I < d.

Proof. For a field F, let FP¢" be the perfect closure of F. By proposition [A1]
Fil} o o s G (F)[1/p] = Fill,, T, 3G (FPer)[1/p] for all G € SH(k), so we may
replace F' with FP" whenever necessary.

From our hypothesis ¢(£) > —1 and lemma follows c(fm€) > —1, so
IL QP f;e€ =1, g fuQFE =0 for r < 0, ¢ > 0. Thus, taking Ni(e,r,d) =0
for r < 0, and all d and e settles the cases r < 0, so we may proceed by induction
on r, defining Ni(e,r, d) recursively. We omit the [1/p] in the notation, using
the convention that we invert p throughout the proof of this proposition.
Assume r > 0 and that we have defined Ni(e,j,d) for j <r —1 (and all e, d)
so that the proposition holds for Fil}¥,, I1; , farQPE(F), j < r; we assume in
addition that Ny/(e, j,d) = 0 for j < 0. Define N;(d, ¢; E) := Ni(e —q,7,d) +¢
for j < r. Then (£3)) is satisfied for ¢, M > 0, m > N;(d,q; E), j =0,...,r—1.
By lemma [£7] it follows that for all n > 0, all fields F' with tr. dimy F < d and
all m > maxg;éNj(r —j+d,n;E) (or m >0 in case r = 0), we have

e (fufmB)(F) = i (f E)re (fufm B) (F).
As the filtration Fil¥"? (G, (f,G)(F) is functorial in G, this implies that
Falpm(E) (@ (fa fnB)(F)) C FiL™ (E)my (fu B)(F)

for n,m, F' as above.
If we take n > max(Dy, + d,d(€)) + 1, then by lemma [[T]

i (FilE™ (B)m, (fE)(FP<) 22 o (B)(FPeT)) = 0.

For m > n, we have fy, fn = fm and p,(E) o fn(pm(E)) = pm(E) (lemma 2.
Thus, for

n=max(Dy +d,e)+1, m > maxg;ile(r —j+dnE),
we have

0= pn(E) © fn(pm(E))(mr (fm fnE)(FP))
= pm (0 (fm E)(FP")) C mp E(FPT).

Let n = max(Dy + d,e) + 1 and define

Ni(e,r,d) :=n+ maxg;ilNk(e —n,j,r—j+d).

DOCUMENTA MATHEMATICA 18 (2013) 907-941



932 MARC LEVINE

Using the isomorphism Ff, m E(F) = FY, m. E(FP), we thus have

Flyem E(F) =0
for N > Ni(e,r,d) and F a field extension of k with tr.dimgF < d.
Fix ¢ > 0 and let &' = QLE, B/ = QFE’. Then I, & = I, 444 for all b € Z,
hence ¢(&') > —1. Also, d(&') = d(€) — ¢ < e — ¢, and we may apply our
result with E’ replacing E, and e — ¢ replacing e. Since m,.E' = II, ,F and
EY n, B = EY, 1, ,E (lemma 23), we thus have

F’IJ’\;teHﬁqE(F) =0

for N > Ni(e — q,r,d) + ¢, ¢ > 0, and F as above.
Now take an integer M. Then ¢(fp€) > —1 and d(fyuE) < d(E) (by
lemma [6.6]), so the same result holds for Ea := Q¥ fy€. By lemma 22
EM = fME , SO

Filell g M E(F)[1/p] = 0
forg > 0, N > Ni(e—q,r,d)+q, and all field extensions F' of k with tr. dimy F’ <

d. As M was arbitrary, the induction thus goes through, completing the proof.
|

Now for the proof of the main theorem. For x € X € Sm/k, and F a sheaf on
Sm/knis, we let F,, denote the Nisnevich stalk of F at .

THEOREM 7.3. Let k be a perfect field of finite cohomological dimension. Let p
be the exponential characteristic of k, let x € X € Sm/k and let d = dimy, X .
Let £ be in SHeon fin(k). Then for all integers r,q, and M, we have

(Filge I g fr€)2[1/p) = 0
forn > Ni(d(€)—q,r—c(E)—1,d)+q, where Ny, is the integer-valued function
given by proposition [Z2.
As SH(k)an is a subcategory of SH(k)con.fin in case k has finite cohomological

dimension (proposition [.9(3)), our main theorem M follows immediately from
theorem [(3] with N(&,r,d, q) := Ni(d(€) —q,7 — c(E) — 1,d) + gq.

Proof of theorem[Z.3. As before, we invert p throughout the proof and omit
the “[1/p]” from the notation.
The proof of [15] lemma 6.1.4] shows that, for x € X € Sm/k, X, := Spec Ox
and U C X, open, the map X, — X, /U in H(k) is equal to the map sending
X, to the base-point of X, /U. This implies that for any F € SH(k), a,b € Z,
the restriction map

(S48, 2% Xoy, Flsu = [£5: 58, E°Us, Flsuww
is injective. Passing to the limit over U, this shows that the restriction map

Hap(F)ae = Hap(F)(k(X))

is injective. From this it easily follows that the restriction map

(Filfage g fm€)w — (Filfyge i g f1rE) (k(X))

DOCUMENTA MATHEMATICA 18 (2013) 907-941



CONVERGENCE OF VOEVODSKY’S SLICE TOWER 933

is injective.
Thus, it suffices to show that Filp, I, ;fmE(F) = 0 for M € Z, for n >
N(d(€) — q,r — ¢(€) — 1,d) + ¢, and for all finitely generated fields F' over k
with tr.dimg F < d.
As

Fﬂ%ate HT+P74221 &= Fﬂ%ate HT#ZE

c(&)—-1

we may replace & with X, & and assume that ¢(£) > —1. Similarly, if

q < 0 we may replace £ with E&ig, since

Filie Mrofa—g B € = Filfyee Tl g fur€

and d(X;? £) = d(€) — q. This reduces us to the case ¢ > 0 and ¢(€) > —1.
Letting £ = QF°E, we have

FilTage g fu€ = FilTyte I QF fu€ = FilTate UrqfmE
forall M € Z, ¢ > 0, n > 0, so the result follows from proposition [T.2l O
COROLLARY 7.4. Take k, x, d and & as in theorem [Z.3. Then for all q € Z,
(IL o fMmE)z[1/p] = 0 for all M > Ni(d(E) — q,r — c(€) — 1,d) +q.
Proof. Indeed, for M > n, fofm = fu, hence Filp, I o firé = I o fmr€.
The result thus follows from theorem [Z.3l O

Remark 7.5. Althoug Nyi(e,r,d) is defined recursively, it has a simple expres-
sion: For Dy +d > 0,

(r+1)(Dp+d) +2(r+1)(r+2) ife<Dyp+dr>0,

Ni(e,rd) =S e+r(Dp+d)+1(r+1)(r+2) if e> Dy +d,r >0,

0 if » < 0.
In particular, Ng(e,r,d) is an increasing function in each variable (assuming
Dy, +d > 0). Thus, one can apply theorem [[3] or corollary [[4] even if one only
has an upper bound for d(£) and a lower bound for ¢(&).
For instance, for Y € Sm/k, we have d(3¥Y,) < dim; Y and ¢(X5Y,) > —1.
Thus, for x € X € Sm/k, r > 0, M € Z, we have (FT]\QteHw MEFY ) =0
for

1
N > max(dim Y — ¢, Dy, + dimg X) + (D + dimg X) + 5(7" +1)(r+2)+q.
We do not know if any of these bounds are sharp.
APPENDIX A. NORM MAPS

Suppose our perfect base-field k has characteristic p > 0. For an abelian group
A, we write A’ for A ®z Z[1/p]. Our task in this section is to prove

PropPoOSITION A.1. 1. Suppose that k is a perfect field of characteristic p > 0.
Take € € SH(k) and let a : F — L be a purely inseparable extension of finitely
generated fields over k. Then the map

o Ha,bE(F)I — H,ng(L)/

DOCUMENTA MATHEMATICA 18 (2013) 907-941



934 MARC LEVINE

18 injective.
2. Suppose that k is a finite field. Take € € SH(k) and let o : k — k' be a
finite extension of degree n, let F be a field extension of k, and let F' = FQk'.
Then the kernel of

o Ha’bg(F) — Haybg(F/)
18 n-torsion.

As one would expect, we construct a quasi-inverse to a* by constructing trans-
fers. We first discuss (1). Take a € F* \ (F*)P and consider the extension
F, := F(a'/?). We have the corresponding closed point p(a) of AL defined by
the homogeneous ideal (X? — a) C F[X]. This gives us the closed point p(a)
of PL. via the standard open immersion = — (1 : x) of Al into P*.

Suppose F' = k(U) for some finite type k-scheme U. Since k is perfect, U has a
dense open subscheme smooth over k; shrinking U and changing notation, we
may assume that U is affine and smooth over k, and also that a is a global unit
on U. Let V C A' x U be the closed subscheme defined by X? — a. Then V
is reduced and irreducible (since a ¢ (F*)P) and is finite over U. Shrinking U
again, we may assume that V' is also smooth and affine over k. Let Iy C k[U][t]
be the ideal defining V in A! x U.

Using X? — a as generator for Iy /I, we have the Morel-Voevodsky purity
isomorphism [I8, theorem 3.2.23]

A xU/(A' x U\ V) =Py
Combining with the excision isomorphism Al x U/(A' x U\ V) 2 P! x U/(P! x
U\ V) and passing to the limit over open subschemes of U gives us the sequence
of maps of pro-objects in He(k):

(Pp,00) = Py /Py \ {p(a)} = (P, , 00);

we denote the composition by Tr,,)/r. Passing to SH(k) gives us the mor-
phism

Trpay/F : Sk ASpec Fy — Si, Ap(a)y = Sk A Spec Fuq,
where we consider these objects as pro-objects in SH (k). Composing with
the map induced by the structure morphism =, : p(a) — Spec F' gives us the
endomorphism 7, o Try,,)/r of S A Spec F;..
Proposition [AJ[(1) is an immediate consequence of

LEMMA A.2. After inverting p, the endomorphism
7q © Trp(ay/F + Sk A Spec Fy. — Si A Spec Fy.
s an isomorphism.

Proof. We consider a deformation of Trp, /p. Let P(a) C Spec F[t][X] be the
closed subscheme defined by the ideal (X? 4+ ¢(X + 1) + (¢t — 1)a). We have

AXP+t(X+1)+(t—1)a)=(X+a+1)dt+tdX € QF[t][X]/F-
Thus the singular locus of P(a) (over F) is given by
(X+a+1=t=0)N(XP+t(X +1)+(t—1)a =0);
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since a & (F*)P, the singular locus is empty, i.e., P(a) is smooth over F. Using
XP+t(X +1)+4 (t—1)a as the generator for Ip(a)/IIQ)(a), we have as above the
map
TrP(a)/F[t] : IP}C A Spec F[t]+ — P,lc A P(a)+

of pro-objects in He(k), and the endomorphism

Tp(a)/Ft] © Ttpa) i © Sk A Spec F[t]y — Sy A Spec F[t] +
of pro-objects in SH(k).
Setting ¢ = 1 gives us the closed subscheme pg of Spec F[X] defined by the

ideal (X? 4+ X +1). Clearly mp : po — Spec F' is finite and étale of degree p.
Using X? + X + 1 as generator of I, /IzO gives us the map

Trp,/r : (Py,00) ASpec Fy — (Py, 00) A pos
of pro-objects in He(k), and the endomorphism

7o © Trp,/F : Sk A Spec Fly — Si A Spec Fy.
of pro-objects in SH(k).
The map mp(.)/r) © Trpa)/rly thus gives us an A'-homotopy between the
maps 7q © Trp(q)/p and mg o Trp, /p. Thus, these maps are equal in SH(k), and
it suffices to show that my o Tr,,, / is an isomorphism after inverting p.

As XP + X + 1 has coefficients in F),, 7 o Trp, , arises as base-extension from
the similarly defined map

o O Trpo/]Fp : S]Fp — S]Fp

in SH(F,), that is, from the corresponding element [my o Trp /r,] €
[S]FP7 S]FP]‘SH(]FP) :

By Morel’s theorem [Sf,, Sg, |sx(r,) = GW(F,) (see [14, lemma 3.10, corollary
6.41]). Since [Fy(po) : Fp] = p, it follows that the image of mp o Trp, /r, €
[Sr,,SF,]s#(F,) under the rank homomorphism GW(IF,) — Z is p. Since the
augmentation ideal I C GW(F,) is nilpotent (in fact I? = 0), it follows that
7o © Trp, /r, is @ unit in GW(F,)[1/p], completing the proof of (1).

The proof of proposition [A[2) is similar. Write &' = k(a), let f(z) € k[z]
be the minimal polynomial of a and let p € A,lf be the closed point defined by
the ideal (f(z)). Using f(x) as the generator for I,,/I2, the Morel-Voevodsky
purity isomorphism [18] loc. cit.| defines the map

Tryp ¢ (Prs00) = (Pg,00) Aps
in He(k), and the endomorphism
Tp OTrp/k : Sk — Sg

in SH(k). We can use Morel’s theorem again and identify End(Sy) with GW (k).
Under this identification, 7, o Tr;,/;, corresponds to an element v € GW(k),
mapping to the degree n under the rank homomorphism GW (k) — Z. Since
the augmentation ideal I C GW (k) is nilpotent, this implies that there is an
element 8 € GW (k) with 8-~ = n. Viewing § as an endomorphism of Sy, this
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gives 1, 0 (Tr,/p 0 8) = n xid. As o = 7, Nidgpec P o1 11, ,E(F), this implies
n - ker a* = 0, completing the proof. O

APPENDIX B. INVERTING INTEGERS IN A TRIANGULATED CATEGORY

We collect some notations and elementary facts concerning the localization of a
triangulated category with respect to a multiplicatively closed subset of Z\ {0}.
If every object of the triangulated category is compact, there is no issue about
what such a localization is and how to define it, however for “large" triangulated
categories, there are a number of definitions possible, as well as some questions
involving extending adjoints.

Although this material is quite elementary, these facts on localization do not
appear to be in the literature in the setting of compactly generated triangulated
categories admitting arbitrary coproducts. Some of this material appears in an
appendix to S. Kelly’s doctoral thesis [9]; I am grateful to him for pointing out
these results to me.

In what follows, 7 will be a triangulated category admitting arbitrary small
coproducts.

Remark B.1. Suppose R is a localizing subcategory of T with a set of compact
generators. Then (see e.g. [22) construction 1.6]), the Verdier localization
q:T — T/R exists and admits a right adjoint r : 7/R — 7. r induces an
equivalence of 7 /R with R+, this being the full subcategory of objects X € T
such that Homy(A4,X) =0 for all A € R. If R is a set of compact generators
for R, then R+ = R+.

Let R be a set of compact objects in 7 and R the localizing subcategory of
T generated by R, that is, the smallest localizing subcategory of T containing
R. We recall from [21], theorem 2.1 that R is a set of generators for R, that
is, if X is an object of R such that Homg(A,X) = 0 for all A € R, then
X = 0. Furthermore, the subcategory R¢ of compact objects in R is the thick
subcategory of R generated by R.

Let S be a multiplicatively closed subset of Z\ {0} containing 1. Call an object
X in T S-torsion if n-idx = 0 for some n € S. We let Tg.tor be the localizing
subcategory of T generated by the compact S-torsion objects of 7 and let
Ts-17 denote the Verdier localization T /Tstor- If S is the set of powers of
some integer n, we write Z[%] for ST1Z, Theotor for Tgtor and T[%] for Tg-17.
For an object A of 7 write Ag-15 or A[%] for the image of A in Tg-15 or ’T[%];
for an abelian group or (pre)sheaf of abelian groups M, we write Mg-17 for
M ®7 S~Z. For S = Z\ {0}, we will of course write Q for S~'Z.

If 7 is a compactly generated tensor triangulated category such that the tensor
product of compact objects is compact, then Ts.tor is a tensor ideal (since
n-idagp = (n-ida) ® idp) so Tg-17 inherits a tensor structure from 7T,
and the localization functor 7 — Tg-17 is an exact tensor functor of tensor
triangulated categories.
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For A an object in T, let A®*Z/n denote an object fitting into a distinguished
triangle

A A AR Z/n — AL;

this defines A ®” Z/n up to non-unique isomorphism. In addition, A ®% Z/n
is an n2-torsion object.

LEMMA B.2. Let S be a subset of Z \ {0} containing 1, and suppose T has a
set C of compact generators.

1. The set Cs := {A@VZ/n | A€ C,n € S} is a set of compact generators
f07’ 7?3‘—1&07"-

2. For A, X objects in T with A compact, there is a canonical isomorphism
HOIHT(A, X)S—lZ = HOstilz(AS—lz,XS—lz).

In addition, for A compact in T, Ag-17 is compact in Tg-17, and Tg-17 is
compactly generated, with C° := {Ag-15, A € C} a set of compact generators.
3. Ts-tor is equal to the full subcategory T(S) of T with objects X such that
Homy (A, X)g-17 =0 for all compact A in T .

4. SH(k)s-tor s the full subcategory of SH(k) with objects those K such that
I, (K)g-1z =0 for all a,b € Z.

5 A map f:E — F in SH(k) becomes an isomorphism in SH(k)g-17 if and
only if the induced map on the localized homotopy sheaves

f* 39 id : Ha7b((€)s—1z — Ha7b(.7'-)s—1z

s an isomorphism for all a,b € Z.

6. SH(k)s-tor is a tensor ideal, hence SH(k)s-1z is a tensor triangulated
category and the localization functor SH(k) — SH(k)s-1z is an exact tensor
functor.

Proof. For (1), clearly Cs consists of compact objects of Tg_tor. If X is n-torsion
in 7, then X is a summand of X ®% Z/n, hence the localizing subcategory of
T generated by Cs contains all the compact objects in Tg_tor, hence is equal
to Ts-tor, proving (1)

To prove (2), let Y % A X% Z — Y[1] be a distinguished triangle in 7 with
A compact and Z in Tg_¢or. Then n -u = 0 for some n € S, so there is a map
w:A—Y with vow =n-idg. Thus the category of maps {n-id: A — A}
is cofinal in the category of maps Y — A with cone in Tg_tor, from which the
isomorphism in (2) follows directly.

As the localization functor ¢ : 7 — Tg-1z admits a right adjoint, g preserves
all small coproducts; the isomorphism we have just proved shows that Ag-1y
is compact if A is compact. If Homy(A, X)g-1z = 0 for all A € C, then
clearly X is in Tg.tor hence Xg-17 = 0, completing the proof of (2). (3) follows
immediately from (2).

Clearly (5) follows from (4). To prove (4), let SH(k)% .. C SH(k) be the full
subcategory of objects IC as in (4). We recall that SH (k) has the set of compact
generators {X¢,X55% X, | a,b € Z, X € Sm/k}.
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Take K € SH(k)540r» X € Sm/k, and let f : 4, 355¥ X, — K be a mor-
phism. Using the Gersten spectral sequence on X and the assumption that
K is in SH(k)E,,,, We see there is an n € S such that n- f = 0. Thus
SH(k)5 1or € SH(K)(S); the reverse inclusion follows from the definition of the
homotopy sheaf II, ;,(K) as the Nisnevich sheaf associated to the presheaf

X = 268582 X0 Kl suw)-

By (3), this shows that SH (k)% (o, = SHS-tor-

For (6), we note that XX, A XPY, = XX x Y,. As the subcategory
of compact objects of SH(k) is the thick subcategory generated by C (see
remark [B)), it follows that the A-product of compact objects is compact,
which suffices to prove (6). O

Remark B.3. Lemma [B.2(4)-(6) hold with SH(k) replaced by SHg:(k), with
the obvious modification in the statements.

LEMMA B.4. Let L : T1 — T3 be an exact functor of compactly generated
triangulated categories, with right adjoint R : To — T1; we assume that Ty and
T2 admit arbitrary small coproducts. Suppose that L(A) is compact for A in Ty
compact. Then

1. R is compatible with small coproducts.

2. Let S C Z\ {0} be a multiplicatively closed subset. Then (L, R) descends to
an adjoint pair Lg-17: Tis-17 ——2 Tas-17: Rg-17.

8. Suppose that L is the inclusion functor for a full triangulated subcategory
Ti of Ta. Then Lg-17 : Tig-17 — Tag-17 is an isomorphism of Tig-17 with its
image in Tag—17.

Proof. For (1), it is easy to show that L sends compact objects of 77 to compact
objects of Tz if and only if R preserves small coproducts; we leave the details
of the proof to the reader.

For (2), if C5 is a set of compact generators for 73, and A is in Cy, then for
n €S, R(A)®L Z/n = R(A®L Z/n), hence R maps Cag to Tis.tor- As R is
compatible with small coproducts, it follows that R(Tas-tor) C Tis-tor- As L
is a left adjoint, L is compatible with small coproducts, so the same argument
shows that L(Tistor) C T25-tor, giving the induced functors on the localizations

Lg-1z7:Tig-17 & Tag—17: Rg-17.

To show that (Lg-1z7, Rg-17) is an adjoint pair, we may replace T;5-17 with
the equivalent full subcategory Cig of 7;, i = 1,2. R maps Cyy to Cjg, and
Rg-17 is identified with the functor Rg : Cjy — Ciy induced from R. Letting
f: T2 — Ciy be the left adjoint to the inclusion iz : Cog — T2, Lg-17 is
identified with the restriction Lg of fo L to Cf‘s. Letting 41 : Cf‘s — T1 be the
inclusion, we have

Homgy (Ls(X),Y) = Homy, (L(11.X),i2Y)
= HOIIIT1 (ilX, R(ZQY)) = HOHIC%S ()(7 RS (Y))
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for X € Ci5, Y € Cys.
For (3), as L and Lg-17 are the same on objects, we need only show that
Lg-17 is fully faithful. Let X, Y be objects of 71. If X is compact, then L(X)
is compact by assumption, and thus
Homy, , (Ls-172(Xs-12),Ls-12(Ys-12))
= H0m7’2$71Z(L(X)S—1z, L(Y)S—lz)
= H0m7—2 (L(X)7 L(Y))S*IZ = HomTl (Xa Y)Sle

= Homﬂs—m(XS*lZa YS—IZ).

Furthermore, as Lg-17 is a left adjoint, it preserves small coproducts, hence
for fixed Y, the full subcategory 7?;_% of Xg-17 in T{g-17 such that

(LS—lZ(XS—lZ), LS—lZ(YS—lZ)) = HOI’IlTlelZ(Xs—lz, YS—lZ)

is a localizing subcategory of T{g-17 containing the objects Ag-i; for A a
compact object of 71. As these form a set of compact generators for Tig-17,
we see that 7'12,12 = Tis-17, hence Lg.z is fully faithful. O

Homy

25—1z

Ezample B.5. We consider the example of i,, : SESHT (k) T SH(k) : rn.
Lemma [B4) gives us the full subcategory Y2SH Y (k)g-15 of SH(k)g-17 with
inclusion functor 4,,g-17, the adjoint pair of functors

ins-17 : SESHY (k)51 T SH(k)s-12: Tns-12,

the truncation functor f,g-17 := ipg-17 © Tpg-1z7, and for £ € SH(k), the
canonical isomorphism

(fn€)s—1z2 = fas-12(Es-17)-

In addition, by lemma[B2 X2.SH/ (k)g-17 is equal to the localizing subcate-
gory of SHF (k) g-17 generated by the set of compact objects (Z4X% X | )g-17,
for ¢ > n and X € Sm/k. The analogous results hold for SHg1 (k).
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