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ABSTRACT. Let F' be a field with char F' # 2. We show that there
are two groups of order 32, respectively 64, such that a field F' with
char F' # 2 is nonrigid if and only if at least one of the two groups
is realizable as a Galois group over F. The realizability of those
groups turns out to be equivalent to the realizability of certain
quotients (of order 16, respectively 32). Using known results on
connections between rigidity and existence of certain valuations,
we obtain new Galois-theoretic criteria for the existence of these
valuations.

1. INTRODUCTION

Let F be a field with char F' # 2. The goal of this paper is to identify
basic Galois groups that must occur if F'is not a rigid field. It is well
known from Galois cohomology that rigidit is a Galois-theoretic prop-
erty, reflected in teh absolute Galois group of a field. Here we present,
using elementary methods, explicit finite groups whose realizability is
a criterion for nonrigidity. If |F//F?| > 8 then it is known that F is
not rigid if and only if a certain group (often denoted DC') of order 16
occurs as a Galois group over F' ([MS]). It has also been shown ([LS],
simplifying an earlier proof in [AGKM]) that F' is rigid if and only if
F®) = F3} (all notation defined below). In this paper we identify two
groups, denoted G and Gy, where |G| = 32, |G| = 64, with the prop-
erty that a field F' is nonrigid if and only if at least one of G; and G5
is realizable as a Galois group over F'. In each case the corresponding
Galois extension lies in F{3} but not in F®). Moreover, it is shown that
extensions realizing GGy and G5 correspond, respectively, to extensions
realizing the groups D A C and D A D, which lie inside F®). This
correspondence gives new nontrivial “automatic realizability” results
for Galois groups. We also point out how to detect nonrigid elements
in F' using the groups G; and G3. Finally, since rigidity conditions
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on field elements are known to correspond to the existence of certain
valuations ([W]), we can provide a Galois-theoretic interpretation of
valuation-theoretic results.

It is well known that there exist Galois-theoretic characterizations of
fields which admit non-dyadic, not 2-divisible valuations. See, for ex-
ample, [EN], [Ef] and [EK]. These characterizations are, however, sub-
stantially different from our characterization, as we use Galois groups
of small orders while the characterizations above use the Galois groups
of maximal p-extensions and their abelian subgroups.

We begin in the following section with necessary notation and termi-
nology, as well as an explanation of the extensions F'®) and F} and
properties of their Galois groups. In section 3 we examine the group
D A C and its associated group G, and in section 4 the groups D A D
and Gy are considered. Section 5 gives the main theorems connecting
nonrigidity to the realizability of the groups D A C, G1, D A D and
G5, as well as the Galois-theoretic interpretation of the existence of a
nonrigid element. We conclude in section 6 with a detailed analysis of
the situation when |EF'/F?| = 4. This is the case where the group DC
is not realizable as a Galois group over F', and yet F' may be nonrigid.

2. NOTATION, TERMINOLOGY AND PRELIMINARIES

We let F' = F\{0}, the group of nonzero elements of F'. Ifay,... ,a, €
F', the notation (as,... ,a,) denotes the quadratic form a;z? + - - - +
a,z?. If q is a quadratic form defined over F', the notation Dr(q) de-
notes the set of elements in F represented by ¢q over F. Basic results
on quadratic forms can be found in [La].

If G is a group and 0,7 € G, then [0, 7] denotes the commutator
o lrlor.

The notion of a rigid field and a rigid element are important in what
follows. An element a € F\ &+ F? is rigid if Dp((1,a)) = F?>UaF? and
is nonrigid otherwise. An element a € F \ & F? is double rigid or birigid
if @ and —a are both rigid. A field F is rigid if each a € F\ & F? is

rigid and is nonrigid otherwise.

Lemma 2.1. The following are equivalent.
1. F' s nonrigid.
2. There exists a € F\F? such that |Dp((1, —a))/F?| > 4.
3. There exists a € F\ & F? such that |Dp((1,—a))/F?| > 4.

Proof. 1t is clear that (1) and (3) are equivalent and that (3) implies (2).
Now assume that (2) holds but that each element in F\ + F? is rigid.
Then we can assume a = —1 in (2) and that —1 ¢ F?. Then there
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exists b € F'\ & F? such that b € Dp((1,1)). Then —1 € Dp((1,—b)) =
F?2 U —bF?, which is a contradiction. O

An element a € F is basic if either a € £F? or a is not double rigid.
The set of all basic elements in F is denoted B(F). Thus F' = B(F)U
{double rigid elements} is a disjoint union and B(F) = F? U —F? if
and only if F is a rigid field.

Let v : F — I"'U {oo} be a valuation on F' with valuation ring A,
maximal ideal M, residue field k = A/M and value group I', where
[ is an ordered abelian group. Let U = A\M be the group of units
of A. Then I' 2 F/U. The valuation v is called 2-henselian if v has
a unique extension to the quadratic closure of F'. If char F' # 2 and
1+ M C F?, then v is 2-henselian ([W], Lemma 4.3). The valuation v
is called 2-divisible if T is a 2-divisible group. Since F2U is the set of
elements in F' whose valuation lies in 2I", it follows that v is 2-divisible
if and only if F' = F2U.

The following theorem first appeared in [W], Theorem 4.4 (3).

Theorem 2.2. Suppose F' is nonrigid. Then there exists a valuation
v on F such that 1 + M C F? and B(F) = F*U.

Corollary 2.3. Suppose F' is nonrigid. The following are equivalent.

1. There exists a valuation v on F such that 1 + M C F?, B(F) =
F2U and v is not 2-divisible.
2. F' contains a double rigid element.

In particular, if v is a valuation on F' such that 1 + M C F? and
B(F) = F?U, then an element f € F is double rigid if and only if
o(f) ¢ 2.

Proof. Since F' is nonrigid, there exists a valuation v on F' such that
1+ M C F? and B(F) = F?U. We have v is not 2-divisible if and
only if F2U C F, which is equivalent to B(F) C F, in other words, F
contains a double rigid element. O

We now define some of our main objects of study.

1. Let F® = F(v/F), the maximal multiquadratic extension of F.
Then Gal(F® /F) is an elementary abelian 2-group isomorphic to
[1,Z/2Z where |I| = dimgsy F/F?. We denote Gal(F®/F) by
a.

2. Let FU3 = FA(VF®) = (F®)®. Then F1} is a Galois exten-
sion of F and we denote Gal(F®}/F) by G
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3. Let F® denote the subfield of F13} generated by all fields F*)(,/g)
such that g € F® and F®(,/g)/F is a Galois extension. Denote
Gal(F® /F) by GE.

Thus FF C F® C FO C FB and F@/F, F® /F FB}/F are each

Galois extensions. The groups GE], GE are quotients of G}g}.

For the connection between GE] and the Witt ring of quadratic forms
over F, see [MSp].

Lemma 2.4. 1. The group G}g} has exponent dividing 4.
2. For each o,7 € Gg’}, the commutator [o, 7] has order dividing 2,
and [o, 7| = |1, 0].
3. All commutators and squares in Gg’} commute with each other.

Proof. Let 0,7 € G%?’}. Then 02|p@ = 1 since GE has exponent di-
viding 2 and [0, 7]|pe = 1 since G[}g} is abelian. Thus o2, [0, 7] €

Gal(F13/F®) a group of exponent dividing 2. Therefore o* = 1 and
[0, 7]*> = 1. Note that [r,0] = [o,7]"! = [0, 7] This proves (1) and (2).

For (3), we have from above that each commutator and square in G}g}
lies in Gal(F {3 /F®)) which is an abelian group of exponent dividing
2. [

Lemma 2.5. For every o,7 € G{F?’}, the commutator [[o, ], o] com-
mutes with both o and 7.

Proof. In any group, we have the identity
[a, be] = [a, dJ[a; bl[[a, 0], ¢].

Let b = ¢ and assume that a,b € G}g}. Then [a,b*] = [[a,b], b] by
Lemma 2.4. Let a = [0,7] and b = 0. We have [[o,7], 0] = 1 by
Lemma 2.4. Therefore, [[[o, 7], 0], o] = 1. This implies [[o, 7], o]

commutes with o.

Now let a = 02 and b = 7. Since [0?,72] = 1 by Lemma 2.4, we have

[[02,7], 7] = 1 and so [0?, 7] commutes with 7. But [¢?, 7] = [[o, 7], 0]

by the following argument. Let a = 7 and b = ¢ in the identity to see
[02’7] = [7—7 02] = HT’ 0]7 U] = [[077—]7 0]'
O

Remark 1. The results in Lemmas 2.4, 2.5 hold in any homomorphic
image of G}?’}.

Proposition 2.6. Every square and commutator of elements in G[;]
lies in Z(G[Fg}), the center of GEE].
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Proof. Let 0,7, € G[F3]. We must show ¢? and [0, 7] commute with
. Since F® is the compositum of all fields F®(,/g) where g € F®?)
and F®)(,/g)/F is a Galois extension, it is sufficient to prove the re-
sult for elements of the group Gal(F®(,/g)/F) whenever F?(,/g)/F

is a Galois extension. Since GE is an abelian group of exponent divid-
ing 2, it follows 02 and [0, 7] both lie in Gal(F®(,/g)/F®), a group
of order dividing 2. As F (2)(\/§) /F is a Galois extension, the group
Gal(F®(,/g)/F®) is a normal subgroup of Gal(F®(,/g)/F) of order
1 or 2 and thus lies in the center of Gal(F®(,/g)/F). Therefore o2
and [0, 7] lie in Z(Gal(F®(,/9)/F)). O

Remark 2. In Lemma 2.4(3) and Proposition 2.6, the result for com-
mutators is a consequence of the result for squares since the identity
[o,7] = (671)?(o771)272 shows that a commutator is a product of three
squares.

Proposition 2.7. Let Gy be a group with generators x,y and assume
Lat=y'=1,
2. [z 9] =[[w,yl,x]? = [ [z, 9]y =1,
3. [ [z,y],x] and [ [z,y],y] each commute with x and y.

Then the following identities hold in G, and |Go| < 128.

(a) yz = zylz,y),

(b) [z, ylz = z[z,y][ [z, y], 2],

(c) [z yly = ylz. ][ [z, 9], y].
If in addition one assumes

4. y* =1,
then [ [x,y],y] =1 and |Go| < 32.

Proof. Since [z,y] = [z,y]™! = [y, z], we have yz = zyly, x| = xy[x, ],

which is (a). For (b), let z = [z,y] in the identity zz = zz[z,x] and
prove (c) similarly.

We will next show that each element g € Gy can be written in the
form

€1,,€62

g =%y eyl oyl 2 1 2yl v ],
where e1, ey € {0,1,2,3} and ez, e4,e5 € {0,1}. This will show |G| <
4-4-2.2-2=128. Let g € Gy. Since z* =1 and | [z, y], x| commutes
with z, (a) and (b) allow us to write ¢ in the form g = x 2 where
e; € {0,1,2,3} and z involves factors of the type v, [z,y], [ [z,y],z].
Since y* = 1 and | [z,y],z] and [ [x,y],y] both commute with y, (c)
allows us to write g = x“y“>w where e; € {0,1,2,3} and w involves
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factors of the type [z,y],| [z,y],z],[ [x,y],y]. We now use (2) and (3)
to show ¢ has the required form.
Now assume (4) also holds. Then

[z, yly =27y lay® = 27 yr = a7 (aylr,y]) = ylo,y)
and so [ [z,y],y] = 1. In this case we may assume ey € {0,1} and
es = 0, and therefore |G| <4-2-2-2-1=32. O

Remark 3. The proof that [ [z,y],y] = 1 in (4) holds in any group
where y? = [z,y]? = 1.

Corollary 2.8. 1. Any subgroup of G{FP’} or any subgroup of a ho-
momorphic image of G’g’} that is generated by two elements x,y
satisfies (1)-(3) of Proposition 2.7.

2. Any subgroup of G[g} or any subgroup of a homomorphic image of
G[FB’] that is generated by two elements x,y has order at most 32.

Proof. (1). Lemmas 2.4, 2.5 imply (1)-(3) hold in G?}, and these
properties are preserved in any homomorphic irnage of G}?’}.
(2). As GY 5 is a homomorphic image of G’ ' we know (1)-(3

hold. Since [z,y] € Z(G[ ]) by Proposition 2.6, it follows [ [z,y], =
[ [z,y],y] = 1. Therefore the subgroup has order at most 4-4-2-1-
32.

II\_/

]
1

Ol

The next proposition and corollary are needed in section 4.

Proposition 2.9. Let G be a metabelian group. If x,y,z € G then
[ [z,9], 2][ [y, 2], 2] [z,2], y] = L.

Proof. Since G is metabelian, there is a normal subgroup H such that
H and G/H are abelian. Thus every commutator of G lies in H and
any two commutators commute.

After completely expanding | [z,v], 2|[ [v, 2], =]] [z, z], y] and mak-
ing obvious cancellations, one is left with

y lo yry ey Nz y e (yazy e ) 2.

The two expressions in parentheses commute since they are the com-

mutators [z7 y71z7!] and [y~1, z7'27!]. After transposing these ex-
pressions and cancelling the remaining terms, one is left with the iden-
tity. [

Corollary 2.10. Let o,7,9 € G}?’} and assume [T,9] = 1. Then
7, lo,¢]] = [, lo,7]].
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Proof. Since G?} is metabelian, Proposition 2.9 implies

L= T[lo, 7], ¥l [, ¢], o]l ¥, 0], 7] = [ o, 7], ¥][ [¥, 0], 7].

Since all commutators have order dividing 2 by Lemma 2.4, the last
expression equals [¢, [o,7]][7, [0,%]] and the result follows. O

3. THE GROUPS D A C AND (G; AS GALOIS GROUPS

Let D denote the dihedral group of order 8 and let C' denote the
cyclic group of order 4. Let A : D — 7Z/27 be a group homomorphism
with ker(\) = Z/2Z x Z/2Z and let nn : C — Z/2Z be the unique
nontrivial group homomorphism. We let D A C' denote the pullback of
this pair of homomorphisms. Thus D A C' is the subgroup of D x C
of order 16 consisting of elements (u,v) such that A(u) = n(v). Note
that the subgroup D A C projects onto both D and C' with maps
m D AC — D and my: D A C' — (' such that A om = nom,.

Let a,b € F and let E = F(y/a,Vb). Assume [E : F] = 4. We let
D*? denote a Galois extension of F (if one exists) such that F' C E C
D*t Gal(D**/F) = D, and Gal(D*"/F(v/ab)) = C.

We let C'* denote a cyclic quartic extension of F' (if one exists) such
that F' C F(y/a) C C.

It is known that D®? exists if and only if the quaternion algebra
(a,b)p = 0 in the Brauer group Br(F'), and this is equivalent to a €
im(Np(5),r) Where Np( /) p is the norm map from F(v/b) to F. The
field C* exists if and only if the quaternion algebra (a,a)r = 0, which
is equivalent to a € im(Np(,/z)/r) and also equivalent to a being a sum
of two squares in F.

Now assume C® and D*® exist, and let K denote a composite of C'®
and D**. We have F(y/a) = C*N D%’ since D does not admit C' as a
quotient group. Thus K/F is a Galois extension and [K : F| = 16.

Proposition 3.1. Gal(K/F)= D A C.

Proof. Let r : Gal(K/F) — D x C be the group homomorphism
defined by r(c) = (0| pas,c|ca). Then r is injective since K = D**Ce.
Since F(v/a) = C* N D* and Gal(D**/F(\/a)) = Z/2Z x T/2Z, it
follows that r(0) € D A C. Since |Gal(K/F)| = 16 = |D A (], it
follows that r maps Gal(K/F') isomorphically onto D A C. O

Proposition 3.2. The following statements are equivalent.

1. There is a Galois extension K/F such that Gal(K/F) = D x C.
2. There exist elements a,b € F such that [F(y/a,Vb) : F] = 4 and
(a,a)p = (a,b)p = 0 in the Brauer group Br(F).
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Proof. We have that (2) implies (1) by Proposition 3.1 since (2) implies
that D®* and C* exist. Now suppose (1) holds and let Gal(K/F) &
D A C'. The kernel of A o m; = 1o my has order 8 and thus the subfield
of K corresponding to ker(\ o m) is a quadratic extension of F' that
we denote F'(y/a). It follows that ker(m;) is a subgroup of D A C' of
order 2 which corresponds to a subfield of K of the form D’ for some
b € F and ker(mg) is a subgroup of D A C of order 4 which corresponds
to a subfield of K of the form C® The existence of both D** and C®
implies (2). O

See [GSS] and [GS] for more information on the realizability of D A C
as a Galois group.

Corollary 3.3. Let K/F be a Galois extension with Gal(K/F) = D A
C. Then K contains a unique quadratic extension of F' that imbeds into
a cyclic quartic extension contained in K/F. This quadratic extension
imbeds into two different cyclic quartic extensions contained in K/F.

Proof. This follows from the observation that D A C' has just two normal
subgroups Ny, Ny with the property that (D A C)/N; is a cyclic group
of order 4 and that |N; N Ny| = 2. Indeed if D A C/N = C, then N
contains the commutator subgroup (D A C)’. Since (D x C)’ has order
2, it follows that (D A C')" has order 2 and D AC/(D AC) = C % Z/27.
One checks that C' x Z/27 has exactly two subgroups M of order 2
such that (C' x Z/2Z)/M = C. Then N is one of the two inverse
images of M in D A C. Since [Ny N No| = |(D A C)'| = 2, the subfields
corresponding to N; do not generate K, and so they must intersect in
a quadratic extension of F'. O

Now we consider a group G; (defined below) of order 32 and study
how to contruct a Galois extension with Galois group isomorphic to

G.
Definition 3.4. Let G be the group generated by two symbols x,y
subject to the relations

Lat=y?*=1, [z,y?=1, [ [z,y],2]* =1

2. [[z,y],x] commutes with x and y.

Proposition 3.5. |G| < 32.

Proof. Since [ [x,y],y] = 1 by Remark 3 after Proposition 2.7, the
result now follows from Proposition 2.7. O

We now give a construction of a Galois extension L/F with [L : F] =
32 and Gal(L/F) = G. So, in particular, |G| = 32. Let a,b € F, let
E = F(y/a,V/b) and assume [E : F] = 4. Assume in addition that D®®
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and C* exist. Then a € im(Np )/ p) MM(Np(/a)/r) and so there exist
o € F(y/a) and 8 € F(v/b) such that Npayr(@) = Npsyp(8) = a.
Then [Wd], Lemma 2.14, implies there exist v € £ and d € F such that
Ng/p(ya)(y) = ad and NE/F(\/E)(’Y) = fd. Let L = E(Vad,/B3d,\/7)
and K = E(Vad,~/fd).

Proposition 3.6. 1. K/F is a Galois extension with Gal(K/F) =
DC.
2. L/F is a Galois extension with Gal(L/F) = G.
3. KCF®, LCFB LgF®,

Proof. The extensions F'(Vad)/F and E(/fd)/F are Galois with
Gal(F(Vad)/F) = C, Gal(E(\/Bd)/F) = D,
because Np(/a),r(ad) = ad® and Ny 5, p(8d) = ad®. We also note

that Gal(E(y/Bd)/F(vab)) = C because F(vab) C F(Vab)(y/a) =
E C E(VBd) and Np . as (Bd) = Ny p),r(8d) = ad?. We see that
K is the composite of F(vad) and E(v/Bd), so K/F is Galois and
Proposition 3.1 implies Gal(K/F) = D A C.

We have K C F® since F(vVad) = F(ya)(Vad) € F® and
E(v/Bd) C F®. This proves (1) and the first part of (3).

Since L = K(,/7), in order to show L/F is Galois, it is sufficient to
show vo(y) € K? for all 0 € Gal(K/F). Since v € E, we need only
consider o € Gal(E/F). This is clear for o = 1, and the others follow
from the calculations Np/p(/a)(7) = ad € K?, N rs)(7) = Bd € K?
and
_ Ne/r(1)7 _ oy

Nisrva(V)Ngpp(y)  adBd
Therefore L/F is a Galois extension.

We have L C F¥ since ad, 3d, v € E C F®. To show L ¢ F®
it is sufficient to show F' (2)(ﬂ) /F is not a Galois extension. There
exists o € Gal(F® /F) such that vo(y) = Ng/r(/a)(y) = od. But
ad ¢ (F®)? since Gal(F(Vad)/F) 2 C, and thus F®(,/7)/F is not
a Galois extension. This finishes the proof of (3).

We now show Gal(L/F) = G;. We have [L : F] = 32 since [K :
F] =16 and K C L by (3). There exist o,,0, € Gal(L/F) such
that 0,(,/a) = —va, 0.(VB) = Vb, au(va) = va, (V) = —V5
and o,(vVad) = vad. (To see that oy, exists, note that an automor-

phism with this property lies in Gal(K/F") and that it can be extended
to Gal(L/F).) The group generated by o, and o, equals Gal(L/F),

K2,

Np/p(vab) (7)
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otherwise the fixed field of this subgroup would contain a quadratic
extension of F, but none of \/a, /b, vab is fixed by both o, and oy
We will now show that o, and o, satisfy the relations in Definition 3.4.
Since the group generated by o, and o}, has order 32 and |G| < 32,
this will imply that Gal(L/F) = G,

Lemmas 2.4, 2.5 and Remark 1 following these lemmas, along with
the fact that o, and o, generate Gal(L/F), imply that o = [0,,03]? =
[[6a,00),04]* = 1, and [[04, 0], 04] € Z(Gy). Tt remains to prove o = 1.

Since we know Gal(E(\/Bd)/F) = D, Gal( (v/Bd)/F(vab)) = C
and o,(Vab) = —Vab, it follows that oy| p(v@a) has order 2. Thus o[
has order 2. We now show o7 (,/7) = \/_ We have yo,(y) = ad and
thus \/704(,/7) = (—1)*Vad, where € € {0,1}. Then oy(\/7)02(,/7) =
o((—1)Vad) = (—1)*Vad. These equations imply o2(,/7) = /7.

It follows that Gal(L/F') = G since the relations in Definition 3.4
hold and [L : F| = 32. O

Theorem 3.7. The following statements are equivalent.
1. There is a Galois extension K/F such that Gal(K/F) = D A C.
2. There is a Galois extension L/F such that Gal(L/F) = Gy
3. There exist a,b € F such that [F(\/a,V/b) : F] = 4 and (a,a)p =

(a,b)p =0.

4. There exists a € Dp((1, 1>)\F2 such that |Dp ({1, —a))| > 4.

5. F is not rigid and Dp({1,1)) € F?> U —F2.

6. Either —1 € F? and F is not rigid or —1 ¢ F? and Dr((1,1)) €
F?U—F~.

If F is formally real, then statements (1)-(6) hold if and only if F is
not a Pythagorean field.

Proof. We have already seen in Proposition 3.2 and the proof of Propo-
sition 3.6 that (1)-(3) are equivalent. Note that (2) implies (1) because
D i C is a quotient of G;. The equivalence of (3) and (4) is easy to
check. It is clear that (5) implies (6).

(6) = (3): First assume —1 € F? and F is not rigid. Then there
exists a € F with a ¢ +F? such that b € Dp((1,a)) and b ¢ F* U
aF?. Then (3) holds since (a,b)r = 0 and —1 € F? implies (a,a)r =
(a,—a)r = 0. Now assume —1 ¢ F? and Dp((1,1)) € F?U —F2
Let a € Dp({1,1)) with a ¢ £F?. Then [F(/a, \/—) F] = 4 and
(a,a)p = 0. Now (3) holds with b = —a.

(3) = (5): Suppose Dr((1,1)) C F?U—F? We have a € Dp({1,1))
since (a,a)r = 0. Since a ¢ F?, we have a € —F?%. Then (—1,b)r =0
and thus b € Dp((1,1)). This is a contradiction since b ¢ F? U aF? =
F?U—F?. Therefore Dp((1,1)) € F?U—F?. Since (a,a)r = (a,b)p =
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0 implies a,b € Dr((1,—a)), we have 1,a,b,ab € Dgr({1,—a)) and so
Dp((1,—a)) contains at least four square classes. Thus F' is not rigid
by Lemma 2.1.

Now assume F' is formally real. If (6) holds, then —1 ¢ F? and
Dp((1,1)) € F2U—F?. Thus F is not a Pythagorean field. If F' is not
a Pythagorean field, then Dr((1,1)) € F? U —F? since F is formally
real. Thus (6) holds. O

Nondyadic local fields are rigid. Every dyadic local field F' satisfies
conditions (1)-(6). In fact, a can be chosen as any nonsquare element
in Dp((1,1)). All global fields (of characteristic different from 2) also
satisfy conditions (1)-(6).

Proposition 3.8. Suppose Gal(L/F) = Gy. Then there is a unique
quadratic extension F(\/a) of F such that

FCF(a)CECL,

for some subfield E of L where Gal(E/F) = C. The element —a is not
rigid.

Proof. Let K = F® N L. Then Gal(K/F) = D o C. Corollary 3.3
implies there is a unique quadratic extension F(y/a) of F' in K such
that F'is contained in a cyclic quartic extension E lying in K. The con-

struction in Proposition 3.1 along with Proposition 3.2 and Theorem
3.7 imply —a is not rigid. O

In the notation of this section, the two cyclic quartic extensions
that appear in Corollary 3.3 are easily seen to be F(y/a,Vad) and

F(y/a,Vadb).

4. THE GROUPS D A D AND G5 AS GALOIS GROUPS

Let \y : D — Z/2Z be a group homomorphism with ker(\;) =
Z7)27 X 7./27 and let Ny : D — Z/27Z be another group homomorphism
with ker(\y) = Z/27 x Z/2Z. Let D A D denote the pullback of this
pair of homomorphisms. Thus D A D is the subgroup of D x D of
order 32 consisting of elements (u,v) such that A;(u) = Ay(v). Note
that the subgroup D A D projects onto D with maps 7y : D A D — D
and my : D A D — D such that A\; o m; = A\g 0 my.

Proposition 4.1. The following statements are equivalent.

1. There is a Galois extension K/F such that Gal(K/F) = D A D.
2. There exist elements a,b,c € F such that [F(/a,Vb,\/c) : F] =8
and (a,b)p = (a,c)p = 0 in the Brauer group Br(F).
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Proof. First assume that (2) holds. Then there exist Galois extensions
D** and D¢ of F. Let K denote a composite of D** and D*¢. Then
D**ND*¢ = F(y/a) since the intersection is a Galois extension of F' and
the only Galois subextension of D% of degree 4 over F is F(y/a, V).
Therefore, K/F is a Galois extension of F' with [K : F] = 32. Now
a proof that is very similar to the proof of Proposition 3.1 shows that
Gal(K/F)= D A D.

Now assume that (1) holds and let Gal(K/F) = D A D. The kernel of
A o7 = A 0omy has order 16 and thus the subfield of K corresponding
to this kernel is a quadratic extension of F which we denote F(y/a).
Since both m and 79 are surjective, it follows that ker(m) and ker(ms)
are each normal subgroups of D A D of order 4 which correspond to
subfields £, Ey of K which are Galois over F' with Gal(E,/F) = D =
Gal(Ey/F). Since ker(m) N ker(me) = 1, it follows that ker(m;) and
ker(mg) generate a subgroup of order 16. This subgroup is ker(A; o my)
since ker(m;) C ker(A\; o 1) = ker(Ag 0 m3). Thus F; N Ey = F(y/a).
Since ker(\;) & Z/27 x 7./27, it follows E; has the form D%® and F,
has the form D®¢ for some b,¢c € F. Thus (a,b)r = (a,¢)r = 0. We
have [F(y/a, Vb, /c) : F] = 8 since D** N D¢ = F(\/a). O

Proposition 4.2. The group DA D contains a unique abelian subgroup
of order 16. This subgroup equals ker(A;) X ker(Ag) and is isomorphic
to (Z/27,)*.

Proof. We have that ker(\;) x ker(\y) is an abelian subgroup of D A D
of order 16 that is isomorphic to (Z/2Z)*. Now let H be any abelian
subgroup of D A D of order 16. Since m;(H) is an abelian subgroup
of D, we have m;(H) is a subgroup of order at most 4. Since H C
m(H) x my(H) and H has order 16, it follows H = 7 (H) x ma(H).
Since m(H) xm(H) € D A D, it follows 71 (H) = ker(A) and mo(H) =
ker(Aq). O

Corollary 4.3. In the notation of Proposition 4.1,
Gal(K/F(va)) = ker(A; o m) = ker(A\;) x ker(\y) = (Z/27)*.
Proof. The first equality follows from the proof of Proposition 4.1.

Since ker(A;) x ker(Ag) C ker(A; o 1) and each has order 16, we have
equality. O

Now we consider a group G2 (defined below) of order 64 and study
how to construct a Galois extension over a field F' with Galois group
isomorphic to G,.

Definition 4.4. Let G5 be the group generated by three symbols x,y, z
subject to the relations
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Lat=y*=22=1, [,y =[z,2]* =[y,2] = 1.
2. [y, [z, z]] = [z, [x,y]] has order dividing 2 and commutes with z, y
and z

Lemma 4.5. The following identities hold in Gy and |G2| < 64.
1. yzr = xyx,y], zx = xz(x, 2.
2. [z,y] commutes with both x and y and |x,z] commutes with both
x and z.
3. [z, 2ly = ylz, 2lly, [z, 2]] and [z,y]z = z[z, y][z, [z, y]].
4. [z, 2][z,y] = [z, yl[z, 2].
Proof. Statements (1)-(3) are proved as in Proposition 2.7. (See Re-

mark 3 following the proof of Proposition 2.7.) Since [z,y] = xyzxy,
and [y, [z, z]] is in the center, we have

[ZL‘, Z] [ZL‘, y] = [Iv Z]"L‘yxy = :L‘[ZE, Z]yl’y = ny[[E, z] [ya [.Z‘, Z] ]ZL’y
= fL’y[iL’, Z][By[y, [‘T? Z] ] = :L‘y:ljy[l‘, Z} [yv [$, Z] ]2
= [z, y[z, 2],

which proves (4).
To show |G| < 64, it is sufficient to show that each element of G
can be written in the form

xSy 2%z, y|“z, 2]y, [z, 2] ],

where each e; € {0,1}, 1 < i < 6. The relations defining G, and
statements (1)-(4) allow exactly this. O

We now give a construction of a Galois extension L/F with [L : F| =
64 and Gal(L/F) = G,.

Assume a,b,c € F such that [F(v/a, /b, /c) : F] = 8 and (a,b)p =
(a,c)p = 0 in the Brauer group Br(F). Then a € im(Np( /4 /r) N
im(Np(e,r) and so there exist 8 € F(vb) and v € F(y/c) such
that Npp,r(8) = Neeyr(y) = a. Let B = F(vb,\/c). Then
(Wd], Lemma 2.14, implies there exist 6 € E and d € F such that

Let E' = E(\/a), K = E'(v/Bd,/7d), and L = K(/3).
Proposition 4.6. 1. K/F is a Galois extension with Gal(K/F') =

D X D.

2. L/F is a Galois extension with Gal(L/F) = G.
3. KCF®, LCFB LgF®,

Proof. We have F(y/a,Vb,/Bd) = D** and F(\/a, /c,/yd) = D%

Since D*® and D¢ are each Galois extensions of F, it follows that
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K = D*"D%¢ is a Galois extension of F'. The reasoning in the proof of
Proposition 4.1 lets us conclude Gal(K/F) = D A D. This proves (1).

We have D* and D*¢ contained in F® and thus K C F®). Since
L = E'(\/Bd,\/vd,\/$) and 3d, vd, 6 € F® it follows L C F}
If L € F®, then FP(/$)/F is a Galois extension. This implies
Ny i) (8) = Bd € (F®)?. But this is impossible since D" ¢ F),
This proves (3).

Since [L : K] = 2 by (3) and [K : F] = 32 by (1), it follows [L :
F] = 64. Since 6 € E and K/F is a Galois extension, in order to show
L/F is a Galois extension, it is sufficient to show o(4)d € K? for all
o € Gal(E/F). This is accomplished as in the proof of Proposition 3.6.

Now we begin to show Gal(L/F') = G,. There exist automorphisms
0, 0p,0. € Gal(L/F) such that o, fixes Vb, /¢ and 0,(y/a) = —/a,
and similarly oy, fixes \/a, /¢, but not v/, and o, fixes v/a, v/, but not
Ve

We want to choose o3, 0. more carefully as follows. Choose o, €
Gal(L/F) such that

O-b’F(\/E,\/E,\/W) = 1, O'g’F(\/a\/am) = 1, \/ﬁd0b<\/ﬁd> = \/ad

To see this is possible, observe that Gal(F(y/a, Vb, v/Bd)/F) = D and

hence there exists o such that the second and third conditions hold.

Since K = F(\/a, Vb, /Bd)F(\/a,/c,/vd), Gal(K/F) = D A D and
oy|p(yay = 1, the first condition can be arranged simultaneously with
the second and third.

Similarly we can choose 0. € Gal(L/F') such that

el panivam = b Oilravevsn =1L Vrdod(v/yd) = Vad.

We now show o, 0y, 0. satisfy the relations in Definition 4.4. Since
o, fixes each element of £ and § € E, it follows that 02(v/§) = V.
Similar reasoning shows that o2 fixes £’ and K elementwise and hence

2
o; = 1.
We have that oZ|x = 02|k = 1. To show o7 = ¢ = 1, it is enough

to show o2(v/8) = /6 and o2(v/9) = V/3. Since
6 04(6) = Np/p(ye(9) = 7d,
we have v/§ 0,(V/6) = (—1)°y/7d and thus
(V) 03 (V) = (=1)°op(v/7d) = (1) /7d.
This implies o7 (v/8) = V3. Since §0,(8) = Ny 13 (8) = Bd, we have
Vo 0.(V0) = (=1)“\/Bd, and a similar proof gives o2(v/§) = V4.
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We have [o,,04)? = [04,0.)*> = 1 since Gal(L/F) is a homomorphic

image of G}?’}. We have [0y, 0.]|x = 1 because o,0. = 0.05, on each
subfield F(y/a, vb,/Bd) and F(v/a,/c,/~d). To show [0y, 0] = 1, it
is enough to show aboc(\/g) = acab(\/(_S).

The equation V6 0,(V6) = (—1)%/7d gives

0.(V8) 7. 04(V8) = (=1) 0.(v/7d),
and the equation v/ 0.(v9) = (=1)\/Bd gives
ob(V3) 7 0.(V8) = (=1)"0(1/5d).

Since /Bd oy(+v/Bd) = /ydo.(v/vd), some routine manipulation gives
000 (V8) = a.03(V5).

We now show [0y, [04,0.] = [0¢, [04,05]] has order dividing 2 and
commutes with o,,04,0.. The two expressions are equal by Corol-
lary 2.10. The order divides 2 by Lemma 2.4. We have [0, 0] in
the center of Gal(F(y/a,vb,/Bd)/F) by Proposition 2.6 and thus
[0cs [0as00] | p(yaviypay = 1 Similarly, [o4,0.] is in the center of

Gal(F(v/a,+/c,\/vd)/F) and thus [0, [04,0c]]|F(va.veyma = 1. Thus,
[O—ba [0_(170-6} ”K =1 and so

04, [04,0.]] € Gal(L/K) C Z(Gal(L/F)).

Therefore [0y, [04,0.]] commutes with o,, 0y, 0.

We have now shown that o,, gy, 0. satisfy the relations in Definition
4.4. Next we show o,, 0y, 0. generate Gal(L/F).

Let H = (04, 0,0.). If H C Gal(L/F), then there exists a quadratic
extension F(y/e) of F in the fixed field of H and F(y/e) € F® n
L = K. An easy check shows that no quadratic extension of F' inside
F(y/a,v/b,+/c) is in the fixed field of H. Then F(y/a, Vb, \/c,/€) C
K and (Z/27)" is a quotient of Gal(K/F) = D A D by a normal
subgroup N of order 2. This implies the commutator subgroup of
D A D is contained in N and this is impossible since the commutator
subgroup of D A D has order 4. Thus (Z/2Z)* is not a quotient of
D A D and therefore H = Gal(L/F'). Since o, 0y, 0. generate Gal(L/F)
and satisfy the relations in Definition 4.4, it follows that Gal(L/F') =
Gs. O

Theorem 4.7. The following statements are equivalent.
1. There is a Galois extension K/F such that Gal(K/F) = D A D.
2. There is a Galois extension L/F such that Gal(L/F) = G,.
3. There ezist a,b,c € F such that [F(y/a,Vb,\/c) : F] = 8 and
(a,b)p = (a,c)p = 0.
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4. There exist a,b,c € F\F2 such that a,b,c are independent mod
squares and b,c € Dp((1,—a)).

5. There exists a € F\F? such that either |Dp((1,—a))| > 8 or both
|Dp((1,—a))| =4 and a ¢ Dp((1,1)).

Proof. (1) and (3) are equivalent by Proposition 4.1. The construction
in Proposition 4.6 shows (3) implies (2). (2) implies (1) since D A D is
a quotient of G5 (as the construction in Proposition 4.6 shows). It is
straightforward to check that (3)-(5) are equivalent using the observa-
tion a € Dp((1,—a)) if and only if a € Dp((1,1)). O

In the following proposition, DD denotes the central product of two
copies of the dihedral group D. That is, if ¢ denotes the nontrivial
element in the center of D, then DD = (D x D)/{1,(g,¢9)}. Thus DD
is obtained from the direct product D x D by identifying the centers
of the two copies of D.

Proposition 4.8. Suppose Gal(L/F) = G,. Let K = F® N L, so
that Gal(K/F) = D A D. Then there is a unique quadratic extension
F(y/a) of F such that Gal(K/F(\/a)) is an abelian group of order 16.
In addition the following hold.

1. There is a unique subgroup N of G of order 2 such that G5 /N =
D AD.

2. Gal(L/F(y/a)) = DD.

3. Gal(L/F(y/a)) is the unique subgroup of Gy isomorphic to DD.

4. The element —a s nonrigid.

Proof. Using Proposition 4.2, let F(y/a) be the quadratic extension
of F that corresponds to the unique abelian subgroup of Gal(K/F') of
order 16. Any extension K’ of F that lies in L with Gal(K'/F) = DA D
must lie in F®). Thus K is uniquely determined, so this proves (1).

In the notation of Proposition 4.6, let Dy = (o, [04, o)), let Dy
(O, |04, 0p]) and let H = (o, 0¢, [04, 0c), [0a, 0p]). Note that D; = Dy
D since oy, and [0y, 0.] have order 2 and [0y, [04,0.]] is central of order
2. A similar argument holds for D,. We have |H| = 32, by observing
the representation of elements of GG at the end of the proof of Lemma
4.5. We show Gal(L/F(y/a)) = DDy = DD. The groups Dy and Do
commute elementwise by Definition 4.4 and Lemma 4.5. Therefore the
injections Dy — H and D, +— H induce a surjective homomorphism
D, x Dy — H. The element

[Pl

([067 [Ua’UC]]v [UC’ [Uavab”)

lies in the kernel of the map Dy x Dy — H. Since [0y, [04,0.]] and
[0¢, [04, 03] ] are the nontrivial elements in the center of Dy and Ds, it
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follows that H is isomorphic to the central product DD, = DD. It
is clear that H C Gal(L/F(y/a)) and therefore Gal(L/F(y/a)) = H =
DD. This proves (2).

Suppose E is a quadratic extension of F' such that Gal(L/E) = DD.
Then there is a subfield M of L such that [L : M] = 2 and Gal(M/E) =
(Z)27Z,)*. (Note that D x D/({1,g} x {1,9}) = (Z/27Z)*.) Thus M =
E(\/oq,...,\/au), where a; € E. The Galois closure of E(/o;)/F lies
in F® for each i and hence the Galois closure of M/F lies in F'®). Thus
M lies in F® and it follows M = K. Thus Gal(M/F) = Gal(K/F) =
D A D. Since D A D contains a unique abelian subgroup of order 16,
it follows E = F'(y/a) and this proves (3).

We have from before that (a,b)r = (a,¢)r = 0 and this implies —a
is not rigid by Lemma 2.1. O

5. MAIN THEOREMS

Theorem 5.1. F' is not a rigid field if and only if either G, or Gy
occurs as a Galois group over F.

Proof. First assume that F'is not a rigid field. Then Lemma 2.1 implies
there exists a € F\F? such that |Dp((1,—a))/F?| > 4. Then either
the statement in Theorem 3.7(4) holds or the statement in Theorem
4.7(5) holds. Therefore, either G; or Gy occurs as a Galois group over
F.

Now assume that either G; or GGy occurs as a Galois group over F.
Then by Theorems 3.7 and 4.7, there exists an element a € F \F?
such that Dp((1, —a)) contains at least four square classes. Then F' is
nonrigid by Lemma 2.1. O

Theorem 5.2. Let a € F\(F?U —F?). Then the element —a is not
rigid in F if and only if at least one of the following two statements

holds.
1. An imbedding F C F(y/a) C E C L exists such that Gal(E/F) =
C and Gal(L/F) = G.
2. An imbedding F' C F(y/a) C L exists such that Gal(L/F(\/a)) =
DD and Gal(L/F) = G.

Proof. This follows from Proposition 3.8, Proposition 4.8, the construc-
tion in Proposition 3.6 and the construction in Proposition 4.6. O

Corollary 5.3. Assume F is nonrigid. Let v be a valuation on F
satisfying 1+M C F? and B(F) = F2U. Then the following statements
are equivalent.

1. v 1s not 2-divisible.
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2. There exists an element a € F\ + F? such that the two imbedding
problems in Theorem 5.2 have no solutions for both F(\/a) and

F(v—a).

Proof. If v is not 2-divisible, then Corollary 2.3 implies there exists an
element a € F\ + F? such that a is double rigid. Now Theorem 5.2
implies that both statements in Theorem 5.2 fail for both F'(y/a) and
F(y/—a). Conversely, if both statements in Theorem 5.2 fail for both
F(y/a) and F(y/—a), then a and —a are rigid. Thus v is not 2-divisible
by Corollary 2.3. O

6. THE CASE |F/(F)?| =4
Proposition 6.1. Assume |F/(F)?| = 4.

1. The group Gy occurs as a Galois group over F' if and only if F' is
nonrigid.

2. If F is nonreal, then Gy occurs as a Galois group over F if and
only if Bro(F) =0 (i.e., (a,b)p =0 for all a,b € F).

3. If F is formally real, then Gy occurs as a Galois group over F if
and only if F' is uniquely ordered, which in this case is equivalent
to F not being Pythagorean.

Proof. (1). If G occurs as a Galois group over F, then F is nonrigid
by Theorem 3.7. Now assume F' is nonrigid. Then Lemma 2.1 im-
plies there exists a € F\F? such that |[Dp((1,—a))/F?| > 4. Thus
Drp({(1,—a)) = F. There exists b € F such that F' = {1,a,b,ab}F?
and so statement (3) of Theorem 3.7 holds and G occurs as a Galois
group over F'.

(2). Let F = F2UaF?UbF?UabF?. Then [F(y/a,vb): F] = 4. If
Bry(F) = 0, then (a,a)r = (a,b)p = 0. Thus G; occurs as a Galois
group over F' by Theorem 3.7.

Now assume (7 occurs as a Galois group over F. Then there exist
a,b € F such that [F(y/a,vb) : F] = 4 and (a,a)p = (a,b)p = 0. Tt
follows that F' = F2UaF?UbF?>UabF? and thus (a, F)p = 0. Suppose
first that either —1 € F2 or a € —F2. Then (—1,F)r = 0. This
implies (b,b)p = (—1,b)r = 0. Then (b, F')p = 0 (since (b,a)r = 0 and
(b,b)r = 0) and so (ab, F')p = 0. Therefore Bry(F) = 0.

Now assume —1 ¢ F? and a ¢ —F?. Then we can assume b = —1
(since we also have (a,ab)r = 0) and so F = F?U—F?UaF?U—aF?. Tt
is clear that F?UaF? C Dp((1,a)) and we have F?UaF? C Dp((1,1))
since (—1,a)r = 0. Since F? U aF? is not an ordering of F, we must
have either F?> U aF? C Dr((1,a)) or F? UaF? C Dp((1,1)). In
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the first case we have (—a, F)p = 0 and in the second case we have
(=1, F)p = 0. Each case implies Bry(F) =0,

(3). Since F is formally real and |F/(F)?| = 4, there is an ordering
such that a is positive in this ordering and F' = F?U—F?UaF?*U—aF>.
If F' is not Pythagorean then a € Dp((1,1)), and thus F is uniquely
ordered since F2UaF? is contained in the positive cone of any ordering
of F. If F' is Pythagorean, then one checks that —1,a ¢ Dp((1, —a))
and so F2 U —aF? is also the positive cone of an ordering. Thus F is
not uniquely ordered. The result now follows from Theorem 3.7. O

Proposition 6.2. Assume |F/(F)?| = 4, F is formally real and not
Pythagorean. Then [F®) : F| = 16 with Gal(F® /F) = D A C, and
[F3: F) = 32 with Gal(F¥/F) = G;.

Proof. We have F = F?U—F?*UaF?U—aF? and Dr((1,1)) = F?UaF?
where F? U aF? is the positive cone of the unique ordering on F. Let
E = F(y/=1). Then the square class exact sequence ([La], p. 202)
applied to E/F gives |E/(E)?| = 4 since Dp((1,1)) contains exactly
two square classes. Since F?) = E(y/a), the square class exact sequence
applied to F® /E gives |[F® /(F®)?| < %|E/(E)2| = 8. Therefore
[FB} . FO] = [FO/(F®)?| < 8 and so [FB} : F] < 32. Since
G4 occurs as a Galois group for some extension in F{3} it follows
[F3: F] = 32 and Gal(F{3/F) = G,. Since D A C occurs as a Galois
group over F' and F® C F8} it follows Gal(F®/F)~ D x C. O

Proposition 6.3. Assume |F/(F)? =4, F is nonreal and Bry(F) =
0 (so that Gy occurs as a Galois group over F). Then [F®) : F| = 32
and [F13} : F] = 128.

Proof. We have F® = F(y/a,/b) for some a,b € F. Let E = F(\/a).
The square class exact sequence applied to E/F gives |E/(F)?| =
%|F/(F)2| = 8, since u(F) = 2 and so binary quadratic forms over
F are universal. Since F' is nonreal, it is known that u(F) = 2
also and thus the square class exact sequence applied to F( /E gives
|FO/(F@)?| = 1.8 =32, Thus [F¥ : FO] = |F®)/(F?)?| = 32
and so [F® : F] = 128.

An argument in the proof of Proposition 3.6 shows that Gal(F'®) /F)
is generated by any two automorphisms o,, 0, that satisfy o,(y/a) =
—a, 0,(vb) = Vb, oy(v/a) = Va, oy(vVb) = —vb. Then Corollary
2.8(2) implies | Gal(F® /F)| < 32. One can check that C?C® C F®)
and D’ C F®). Since [C*C? : F] = 16, Gal(C*C"/F) is abelian and
Gal(D**/F) is nonabelian, it follows [F®) : F] = 32. O
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Generators and relations for Gal(F{3/F) and Gal(F® /F) can be
found using Proposition 2.7 and Corollary 2.8.

We now briefly consider the case when |F/(F)?| = 4 and F is a
rigid field. Then F® = F{3} by [LS], although when |F/(F)?| = 4,
this is easily obtained by direct calculation. In the proposition belovv7
Qs A C denotes the pullback of the system of nontrivial homomorphisms
Qs +— Z/2Z and C +— Z /27, where Qg is the quaternion group of order
8. The group Qg A C' is also the pullback of the system D +— Z/27Z and
C' +— Z/2Z, where the kernel of D +— Z /27 is the cyclic group of order
4. See [GSS] for more details.

Proposition 6.4. Assume |F/(F)?| =4 and F is a rigid field.
1. If F is formally real, then [ : F] =8 and Gal(F®/F) = D
2. If F is nonreal, then [F{3 : F] = 16.
(a) If =1 € F?, then Gal(F¥}/F) = C x C.
(b) If =1 ¢ F?, then Gal(F¥/F) = Qg A C.

Proof. ( ). We have F is Pythagorean by Proposition 6.1 and F
F(v/—1,+/a) for some a € F. Two apphcatlons of the square class

exact sequence give |F(\/_)/F(\/_) | = 2 and |F ) /(F@)?| = 2
Thus [F1B}: F®)] =2 and [F} : F] = 8. We have Gal(F{3}/F) =
since D*~% is a dihedral extension of F.

(2). When F is nonreal two applications of the square class exact

sequence give |F )/(F@)?| = 4 and thus [F : F] = 16. Part (a)
follows since each quadratic extension of F' can be imbedded in a cyclic
quartic extension of F. One way to show (b) is to see that C~! and
D%~% are extensions of F and that Gal(D%~*/F(y/—1)) = C. Then
Gal(FBY/F) = Qg A C. O
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