WITT GROUPS OF HERMITIAN FORMS OVER A BRAUER SEVERI
VARIETY

S. PUMPLUN

ABSTRACT. Let X be a Brauer Severi variety over a field k of characteristic not 2 and
let D be a division algebra over k with a k-linear involution. We investigate Witt groups

of certain hermitian forms over D ®; Ox.

INTRODUCTION

Let k be a field. For any Brauer Severi variety over k with structure morphism 7: X —
Spec(k), the base change morphism 7* : W (k) — W(X) between the Witt rings of & and of
X was shown to be surjective in [Pu 2, 3], provided that chark # 2. The Witt groups of
symmetric bilinear forms over X with values in a line bundle which generates Pic X were
calculated in [Pu4, 5]. In the present paper, we see that the method involved in both proofs,
i.e. the killing of certain cohomology groups, carries over to the setting of hermitian forms
over finite separable field extensions of k with a k-linear involution. Moreover, the method
employed in [Pul] to prove that 7* : W(k) — W(X) is an isomorphism if X is the Brauer
Severi variety associated to a central simple algebra of odd index, generalizes to Witt groups
of e-hermitian forms.

The content of the paper is as follows. Let A be an algebra over k together with a k-linear
involution o. After the preliminaries in Section 1, Section 2 deals with the injectivity and
surjectivity of the group homomorphism U, : W¢(A4) — W¢(A ®; Ox) in certain special
cases. The Extension Theorem in Section 3 generalizes [A, Erster Schritt] to hermitian
spaces and Theorem 8 generalizes Horrock’s Theorem [B-H], proved in Section 4. Together
with the results on extension groups in Section 5 the extension theorem is used to prove
that for a separable field extension [/k with a k-linear involution o, char k # 2,

Uy : W) — Wl @ Ox)

is surjective. This result can be found in Section 6. We finish with a brief look at the case
that X = P}C, k a field of characteristic not 2 and D a division algebra over k with a k-linear
involution ¢ in Section 7. Then U, : W¢(D) — W¢(D ® Ox) is bijective for e = £1. A
strategy for a possible proof of the same result for X = P} is discussed in 7.2.

For the basic terminology and results on extension groups, the reader is referred to [H]
and [Hi-S].
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1. BASIC TERMINOLOGY

1.1. Let X be a scheme. By an “Ox-algebra” we will always mean an associative Ox-
algebra which is unital and locally free of finite constant rank as Ox-module. Let A be an
Ox-algebra with an Ox-linear involution o. Let e € H°(X, A) be an element of the center
of A such that eo(e) = 1. Let M be a vector bundle over X which is locally free of finite
rank as a right A-module. Put M* = Hom 4(M, A) for the dual sheaf considered as a right
A-module ma = o(a)m through the involution o for all @ in A, m in M. Then * is an exact
contravariant duality functor [K, p. 75]. We canonically identify M and M**.

A isomorphism h : M — M* is called a (nondegenerate) e-hermitian form if h = eh* and
(M, h) is called an e-hermitian space over A. Two e-hermitian spaces (M, h) and (M’ 1)
over X are isometric, written as (M, h) = (M’,h') if there is an Ox-linear isomorphism
f i+ M — M such that f*hf = h'. For two e-hermitian spaces (M;,h;), i = 1,2, the
orthogonal sum (M1, h1) L (Ma, ha) of (My,h1) and (Ma, ha) is defined as the e-hermitian

space

(M ® Mo, l };1 0 ]),

hy O

o

denoted by hy L hg. Given an e-hermitian space (M, h) and a right A-submodule N’ C M,
always assumed to be locally a direct summand of M which is locally free of finite rank as

with the element

& HOIIl(Ml &P MQ,Ml* &b M;)

a right A-module, with inclusion ¢ : N — M,
At = ker(M NV LN*)

is a right A-submodule of M, the orthogonal complement of N in (M, h). A e-hermitian
space (M, h) is called metabolic if M contains a subbundle A/ which is locally free of finite
rank as a right A-module such that ' = N+, making the short exact sequence

0—N-S M A 0

exact. Given a locally free right .A-module of finite rank P,

H¢(P)=(Pa&P

€

is a metabolic space, the hyperbolic space of P. An e-hermitian space (M, h) is hyperbolic
if (M, h) =2 H*(P) for a suitable P. Two e-hermitian spaces (M,h) and (M’ ') over X
are Witt equivalent, written as (M, h) ~ (M’ ') if there exist metabolic e-hermitian spaces
(M, hq) and (Ma, he) such that

(M, h) L (M, h) = (M) L (M2, hs).
Witt-equivalence is an equivalence relation and the set of equivalence classes

We(A) = { [M,h)]] (M,h) an e-hermitian space }
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together with the addition canonically induced by the orthogonal sum is a group, the Witt

group of e-hermitian spaces.

1.2. Let Y be a scheme and 7 : Y — X a morphism of schemes. For a vector bundle F
over X, 7" F &2 F ®n, Oy is a vector bundle over Y, 7" A &2 A ®p, Oy is an algebra
over Y with involution o ® 1, and for every locally free right A-module M of finite rank,
T*MEM Qp, Oy is a locally free right 7*.4-module of finite rank. Given an e-hermitian
space (M, h) over A, 7*(M, h) = (7* M, 7*h) is an 7*e-hermitian space over 7*A. 7 induces

a group homomorphism
Uy : W (A) — W (ABox Oy), (M, h) = (M, h) ©4 (AR0x Oy)
where ¢/ = 7*¢. If 7 : Z — Y is another morphism of schemes then U, o, = Uy, o U..

1.3. Affine schemes. Let X = Spec R be an affine scheme. Under the usual categorical
equivalence, vector bundles over X can be identified with finitely generated projective R-
modules. For an algebra A over R with an R-linear involution o, A always assumed to be
finitely generated projective of constant rank as an R-module, W¢(A) canonically identifies
with We (Z), the Witt group of e-hermitian forms over the Ox-algebra g, the sheaf of

Ox-algebras associated to A. Under this identification, the base change homomorphism
We(A) — WA @0, Oy)
for a morphism Y = Spec R" — X = Spec R, corresponds to the base change
We(A) — We(A®g R)
from R to the R-algebra R’

1.4. Brauer Severy varieties. Let k be a field. If B is a central simple algebra over k of
dimg B = n?, then B = Mat,(D) for a central division algebra D over k. Let r = exp A be
the order of B in the Brauer group Brk. Let k'/k be a finite separable field extension which
is a maximal subfield of D, so [k’ : k] = d. Let X be the Brauer Severi variety associated
with B and X’ = X x, k’. Then X’ = IP’Z,_l. We know that Pic X = Z and that there is an
element £ generating Pic X with £ ®o, Ox/ = Ox/(r). X = P! if and only if r = 1, if
and only if X has a rational point [A-V]. In that case £L = Ox(1). We define £(0) = Ox,
L(m)=L®: --®L (m-times) for m > 0 and L(m) = LV®---@ LY ((—m)-times) for m < 0,
m € Z.

1.5. Some facts on vector bundles over proper schemes. Let X be a proper scheme
over k and [/k an algebraic field extension. The Theorem of Krull-Schmidt holds for vector
bundles over X, i.e., every vector bundle on X can be decomposed as a direct sum of
indecomposable vector bundles, unique up to isomorphism and order of sumands [AEJ,
p. 1324]. Moreover, non-isomorphic vector bundles on X extend to non-isomorphic vector
bundles on X; = X x [, for every separable algebraic field extension I/k [AEJ, p. 1325].

Let I/k be a separable finite field extension of degree s = [l : k]. For a vector bundle N/
on X, the direct image m, N of N/ under the projection morphism 7: X; — X is a vector
bundle on X denoted by tr;/,(N) [AEJ, p. 1362 and p. 1329].
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The canonical projection 7 : X; — X is an affine flat morphism [AEJ, p. 1329] and the
direct image B = m,.0Ox, is an Ox-algebra which is locally free of rank s as an Ox-module,
ie.

tri(Ox,) = mOx, = O%.
The assignment 7 — . JF gives an equivalence of categories from quasi-coherent Ox,-
modules to quasi-coherent Ox-modules that are B-modules at the same time [H, p. 145,
Ex. 5.17]. This equivalence matches locally free Ox,-modules of finite rank with locally free
B-modules of finite rank and, in particular, Pic(X;) with Pic(B).

2. CERTAIN SPECIAL CASES

2.1. On the injectivity of U,. Let A be an algebra over k together with a k-linear

involution o. Let n > 2.

Theorem 1. Let X be a k-scheme with a rational point. Then
Ur : We(A) — W5 (A @ Ox)
18 1njective.
Proof. Pick a k-rational point in X, i.e. a k-morphism ¢ : Speck — X. Then 76 = id on
Spec k, hence UsU, = id on W¢(A ®y Ox), implying that U, is injective. O
A similar trick as used in [Pul] gives us the next result:

Theorem 2. Let X be a Brauer Severi variety associated to a central simple algebra of odd

indezx. Then
Uy : We(A) — We(A R, Ox)
18 1njective.
Proof. Let B = Mat4(D) be the central simple algebra associated to X and k’/k be a finite
separable field extension which is a maximal subfield of the division algebra D, hence of odd

degree. Define X' = X Xy k'. Let (M1, h1) and (Mas, ha) be two e-hermitian spaces over A
such that

(My,h1) @4 (AR, Ox) ~ (Mo, ha) @4 (A Rk Ox).
Then
(M1,h1) @4 (AR Oxr) ~ (M2, he) @4 (A Rk Ox/)
which implies
(My,h1) @4 (A@k k') ~ (Mg, hy) @ (A @4 k)
by Theorem 1. The assertion now follows from [K, (10.3.1), p. 62]. O

Theorem 3. Let X be a Brauer Severi variety associated to a central simple algebra of odd
index. Let A be a division algebra over k and suppose chark # 2. Let (M, h1) and (Ma, ha)

be two e-hermitian spaces over A which become isometric over A @y Ox. Then

(M, hy) & (Ma, hs).
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Proof. Since

(My,h1) ®4 (A®k Ox) = (M2, h2) @4 (AQk Ox)
we have (Mj,h1) ~ (Ma, ha) by Theorem 1. By [K, (10.3.3), p. 63], this yields (M, h1) =
(My, hg). O

2.2. On the surjectivity of U,. Let A be an algebra over k (e.g. quadratic étale or
central simple) together with a k-linear involution o. Let X be a scheme over k and let k'/k
be a separable odd degree field extension. Let X' = X Xy k' and A’ = A ®; k’. Observe
that A’ Q@ Oxr =2 AR Ox.

Theorem 4. If

U, : We(A') — W (A @, Ox)
is surjective, then

Ur : W(A) — W*(A @ Ox)

18 surjective.

Proof. Let try s, : k' — k be the trace of the extension k'/k. Its A-linear extension id ®
tri )+ A®p k' — Ais an involution trace form in the sense of [K, (7.3.2), p. 41]. Both
maps induce group homomorphisms 7y, : W(k") — W(k), try  : W(X') — W(X) and
T:We(ARpK)— We(A), T: We(A®, Ox/) —» We(A®, Ox). Asin [K, p. 62], we can
show that

T(U-(M,h) @ (F, 7)) ~ (M, h) @ try i (F,7)
or, equivalently,

T((M,h) @4 (ARox Ox1)) ® (F,7)) ~ (M, h) @ tre ju(F,7)

for all e-hermitian spaces (M, h) over A = A ®; Ox and symmetric bilinear spaces (F,~)

over X', Analogously,
T(((Ma h) ®A (A ®k k/)) ® (Fa’Y)) ~ (Ma h) & trk’/k(Fa ’Y)

for all e-hermitian spaces (M, h) over A and nonsingular symmetric bilinear spaces (F,~)

over k'. Since [k’ : k] is odd, we get
tri e((Doy ) ~ Loy,
T((M,h) @4 (ARoy Ox:)) ~ (M,h) and T((M,h) @4 (A k') ~ (M, h)
as in [K, p. 62]. For an e-hermitian space (M, h) over A it follows that
(M, h) = (M, h) & (1)oy ~ (M, h) @ try i ((1)oy,)
~T((M,h) @4 (A®ox Ox1)) @ (1)oy,)
~T((M' B) @ar (A @ Ox1)) ~T(M',h) @4 (A® Ox),

for a suitable hermitian space (M’, h') over A’, where the second last equivalence holds by
the assumption that U, : W¢(A') — W*(A ®;, Ox-) is surjective. O
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Corollary 5. Let X be a Brauer Severi variety of odd index. Let Mats(D) be the central
simple algebra associated to X. Let k'/k be a finite separable field extension which is a
maximal subfield of D, such that

U- WE(A/) — WE(A Rk OX/)
is surjective (X' = P}71), then
Ur : We(A) — W (A®, Ox)

18 surjective.

3. EXTENSION THEOREM FOR HERMITIAN SPACES

Let X be a scheme such that 2 € H°(X, O%) and A an algebra over X with an Ox-linear
involution 0. An e-hermitian space (M, h) with e = 1 is called a hermitian space. For a
hermitian space (M, h), a subbundle N' C M is called totally isotropic if N' C N'*-. For
a totally isotropic subbundle ' C M, we obtain an induced hermitian space (M,h) by
setting M = N+ /N and writing ¢ : N+ < M for the inclusion, 7 : Nt — M for the
projection. Then & is uniquely determined by t* o hot = n* o how. We get a short exact

sequence

0 NE L Mam BDPEN zrie g

with k = (7,id) implying that (M, h) L (M, —h) is metabolic. Since (M,h) L (M, —h) is
metabolic as well, (M, h) and (M, h) are Witt equivalent. We get a short exact sequence

of locally free right A-modules of constant finite rank

0 N —— Nt T M 0:
Analogously as observed in [Pu2, 4], we can reverse this construction as follows:
For a locally free right A-module M of constant finite rank, let {Ext’(M, )} be the right
derived functor of the group of A-module homomorphisms Hom 4 (M, -), which is a universal
contravariant J-functor from locally free right A-modules of constant finite rank to abelian

groups.
Theorem 6. Let (G,b) be a hermitian space over A and

(1) 0 —— N —B—"5G——0

a short exact sequence of locally free right A-modules of constant finite rank. Suppose that
Ext'(N*,N) = Ext?(N*,N) = 0.

Then there exists a hermitian space (M, h) and identifications of N, B in M such that

B=N"*in(M,h) and (G,b) = (M, h). In particular, (G,b) and (M, h) are Witt equivalent.

Moreover, for (M, h) as in Theorem 6, we have B = A, hence the sequence

v h B* 0

(2) 0 N M
is exact, with ¢ being the inclusion B — M.

For the proof of this result, we need the following elementary results which we state here

for the convenience of the reader:
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Lemma 7. (a) Let (P) and (Q) be two extensions of of locally free right A-modules of

constant finite rank such that
(P) 0 M M M 0

od ]

@ 0 — M T My - MY 0

with o/ : M" — MY an A-linear map. If € € Ext'(M", M") (resp. & € Ext' (MY, M"))
corresponds to the extension (P) (resp. (Q)), then the following statements are equivalent:
(i) There exists an A-linear map o« : M — My making the above diagram commutative.
(i) Ext' (/, M")& = €.

(b) Let

Lol l

Q) 00— M My MY 0

be a commutative diagram of of locally free right A-modules of constant finite rank with exact
rows. Then an A-linear map 3 : M — My makes the diagram commutative as well if and
only if there exists an A-linear map v : M"” — My such that
0 =a-+ 1ym.
In this case v is unique.
The proof of Theorem 6 is now analogous to the proof in [A], Erster Schritt:

Proof. We dualize (1) and replace G* by G via b. This yields the short exact sequence

(3) 0 G ', B N 0.

By applying {Ext’(-, V)} to (3) we obtain a long exact sequence. In particular,

Ext! (7*b,N)
_ 5

(4)  0=Ext"(NV*,N) —— Ext'(B*,N) Ext'(G,N) —— Ext*(N*,N) =0.

Therefore
Ext!(7*b, ) : Ext!(B*, N) — Ext!(G, )

is an isomorphism. Now let £ € Ext! (G, N) correspond to the isomorphism class of extension
(1). Then we thus find a unique & € Ext'(B*,NV) such that Ext'(7*b, N)(&1) = & This
yields an extension of locally free right A-modules of constant finite rank

(5) 0 N M L B 0
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over X, see (2). Using (1) and (5) we obtain the following commutative diagram (Lemma 7

(a)):

0 0
0 N B —= G —— 0
idl K b
(6) 0 N ML B —— 0
L'p L*
N* id N*
0 0

Diagram chasing confirms that the middle column of the above diagram is also exact. Using
that b = b* we dualize and obtain

* *

0 g = B* ——— N* 0
bJ T idT
0 B " M N* 0
T
N N
I |
0 0

By replacing G* with G via b we replace br by m and 7* by 7*b. We obtain

0 0
| |

0 N — B T .G —— 0
id p*l ﬂ*bl

(7) 0 N oM g )
ol
N L N
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Let & € Ext'(B*,N) correspond to the extension

*

8 0 N P e g

Then Ext! (7*b, V)& = ¢ by Lemma 7 (a), thus & = ¢ and the extensions (5) and (8) are
isomorphic. (This step does not generalize to e-hermitian forms with € # 1.) Therefore there

exists an A-linear map h : M — M* which makes the following diagram commutative:

0 N 2 M L2 B 0
9) idl hl idl
0 YN VI SN 0

h is an isomorphism and by Lemma 7 (b) unique up to summands of the form p*.8p with
B € Hom4(B*,N). The diagram

0 N — B ~ . g 0
idl p*,hml ﬂ*bl
0 N P opmr L g 0

is made commutative by both maps written next to the arrow in the middle, since we have
hke = p*t by (9) and k*p* = 7*bm = pk = k*hk by (7), (6) and (9). Lemma 7 (b) implies
that there exists a v € Ext'(G, ) such that hx = p* + p*ym. Since Ext'(N*,N) = 0, (3)
induces the exact sequence

Hom 4 (¢*,N) Hom 4 (7*b,N)
—_— —_—

(10)  Homy(N*,N)
Therefore v = Br*b for some 3 € Hom4(B*, N') which yields

Hom 4(B*,N) Homyu(G,N) —— 0

hk = p* + p*1B7*br = p* + p*LOpk

and so (h — p*tBp)k = p*. Since h is unique up to certain summands, see above, we may
assume that

(11) hk =p*.

Moreover, h is uniquely determined by this equation together with (9), up to summands of
the form p*:3p with 3 € Hom 4(B*,N) such that p*18pk = 0. We also have p*18px = 0 if
and only if p*tf7*br = 0 by (6), if and only if S7*b = 0 (p*¢ is injective, m surjective), if
and ounly if § = au* by (10). Therefore h is uniquely determined up to summands of the
form p*ra*p with @ € Hom 4 (N*, N).

Now h* : M — M* satisfies h*k = (k*h)* = p* by (9), hence (11), and h*ke = p*i,
K*H* = (hk)* = p by (11), hence (9). Therefore the fact that h is uniquely determined
up to summands of the form p*rac*p with a € Hom4(N*,N) even yields a unique o €
Hom 4 (N*, ) satisfying h* = h + p*1ar*p and dualizing implies that « = —a*. Replacing
h by h + %p*bal,*p if necessary, we may assume in addition that

h =h*.
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We have thus obtained a hermitian space (M, h) containing N as a subbundle via k¢ by (6),
such that

N+ =ker(t*k*h) = ker(v* (hk)*) = ker(¢*p) = im(k)
and N = im(xt) C im(k). We conclude that N is totally isotropic and that B, viewed as a
subbundle of M via k, can be identified with N'-. Under these identifications, the diagram

B Ml M
g -]
G LN G

corresponds to the equation displayed in the first paragraph of 3.1, it commutes because
of (7). Hence (G,b) and (M, h) are isometric, as claimed. The last assertion now follows

easily. O

Note that our assumption that 2 € H%(X,0%) is needed in the proof and cannot be

omitted.

4. A GENERALIZATION OF HORROCK’S THEOREM

Let k be a field and D be a division algebra over k. Let X =P} and 7 : P}} — Speck be
the structure morphism. Let D =7*D = D ®;, Ox.

Given a locally free right D-module &, let £(m) = Ox(m) ®o, € for any integer m. For
a locally free right D-module £ define

Ext(D, £(x)) = @ Ext(D, £())
jez
for integers 5 > 0.
We generalize Horrock’s Theorem [B-H, Sect. 5, Lemma 1] which was an important

ingredient in the proofs of [A] and [Pu2]:
Theorem 8. A locally free right D-module £ satisfies
EXD(my)®---®D(my)
if and only if
(12) Ext'(D,£(x)) =0 (i €Z,0<i<n).

Proof. By the cohomology of projective space, the condition (12) is necessary.
We prove that it is sufficient by induction on n. For n = 1 every locally free right
D-module £ is of the form
EXD(my)®---®D(my)
[K, p. 407, VII.(3.1.1)], so there is nothing to prove. So suppose n > 1 and assume that the
assertion holds for n — 1 in place of n. Z = ]P’Z_1 is a closed subscheme of X with inclusion

i: Z — X. Via identification with the hyperplane z,, = 0, we obtain a short exact sequence

0 —— Ox(—l) OX i*OZ 0.
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Let € be a locally free right D-module satisfying (12), then tensor the above sequence with
&(j) to obtain

(13) 0 —— &G -1 £3j) i+[(€]2)(4)] — 0.
By (12) this yields
Ext’(D, (£]z)(x)) =0for 0 <i<n—1,
so, by the induction hypothesis, €|z is a direct sum of locally free right D|z-modules of
rank one of the kind D|z(m): there are integers si,...,8:, F = D(s1) ®...D(s:) and an
isomorphism
v ]'—|Z i 5|Z
of locally free right D|z-modules. Put j = 0 in (13) then

0 —— &(-1) £ i(El7) — 0.

is a short exact sequence of locally free right D-modules, where & — i, (€] z) is the canonical
restriction map. Applying Homp(F, ) to this yields the exact sequence

Homp(]:,é') — HOmD(f,i*(5|Z)) = HOmD(f|Z,5|Z) — Eth(f,g(fl))

and since we assume that & satisfies (12),
t t
Ext!(F,€(-1)) = @ Ext'(D(s;), £(-1)) = P Ext' (D, E(~s; — 1)) = 0.
j=1 j=1

Therefore the natural map Homp (F, ) — Homp(F|z, £|z) is surjective, so that ¥ extends
to a D-linear homomorphism ¢ : F — £. Now view ¢ as an Ox-linear map between vector
bundles F and & over X: then

det ¢ € Homp, (det F,det £) = H(X, (det F)¥ @ (det £)) = H(X, Ox(m))

for some integer m. Restricting this to Z shows that m = 0 and thus det ¢ € k*. Hence ¢

is an isomorphism. O

5. KILLING EXTENSION GROUPS FOR X = P}~!

The proof of surjectivity of the base change morphism 7* : W (k) — W (X) between the
Witt rings of k and a Brauer Severi variety X in [A], [Pu 2, 3], used the killing of cohomology
groups. In our setup, this corresponds to the following observations we phrase in terms of
extension groups. We phrase the proofs in a general setting in order to see if and where they
could be used in a more general setup.

Let k be a field of characteristic not 2 and D be a division algebra over k. Let X = szl,
D=7"D=D®;0O0x and F(m) = Ox(m) ® F for any integer m and any locally free right
D-module F.

Every right D-module W may be viewed as a right module over Spec D, so for a right
D-module F, the notation 7 @p W = F Qoq,.., W used in the following makes sense and
is a D-module.

Let 2 = Qx/; be the sheaf of relative differentials of X over k and Q! = A'Q the sheaf of
I-forms over k. Define QY = Q! @0, D.
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5.1. Let X be a scheme and A an algebra over X. Let o : F1 — F2 be an A-linear map of
right A-modules. For any right A-module G and i € Ny we get an induced homomorphism

Ext’(a, G) : Ext'(F,,G) — Ext'(F1,0)
and
{Ext’(a, -)} : {Ext'(F2, )} — {Ext'(F1,-)}
is a homomorphism of é-functors.

Lemma 9. Assume that D is a field extension of k. Letl € Z with 0 <l <n —2 and F
a locally free D-module. Then there ezists a finite dimensional D-vector space W as well as

an extension

0 F P (" @ D)®p W —— 0.

of locally free D-modules such that the connecting homomorphism
¢ : Homp(QY, QY @p W) — Ext'(Q, F)
s an tsomorphism.

Proof. Let W be an arbitrary free D-vector space of finite dimension. Multiplication by
x € W yields a D-linear map

7 Qp — Qb ep W, s—s®u.
For a locally free D-module F, the map
0 = 0 : Homp(Q), @p W, F) — Homp (W, Hom(Q,, F))
defined by
[0(0))(2) = o
for ¢ € Homp (QlD ®p W, F), x € W is an isomorphism with inverse satisfying
[0~H(D)](s @ x) = ¥(x)s

for ¥ € Homp (W, Hom(QL,, F)), s € QY), x € W. 0 is functorial in F and since the functor

Homp (W, ) is exact for a fixed D-vector space W, we get an induced isomorphism
{6°} - {Ext (@) ®p W, )} — {Homp (W, Ext'(Qp, )}

of universal §-functors.

Now
{Ext’ (1, )} : {Ext/(QY @p W, )} — {Ext'(Q), )}

is a homomorphism of d-functors by 5.1. Let V be a finite dimensional D-vector space, then

the evaluation map

€z = €5,z : Homp(W, V) — V, a— alx)
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is functorial in V. We obtain a diagram of é-functors
{Ext' (@) ©p W, )} — 1 {Homp (W, Ext'(€, )}
{Exti(rm,‘)}l {fz,ExtimlD,})}l
(Ext'(Qb), )} = = {Ext' (2}, )}
which commutes since it commutes in degree zero:
€, Hom(at,7)0() = [0(¢)](z) = ¢ o 7z = Hom(7z, F) ().
This implies that
(4)  [(QO)x) = e0(Q) = Ext (72, €)(¢)
for all i € N, ¢ € Ext'(Q), @p W, F) and = € W.

13

Let A : W — Ext'(Q%,, F) be a D-linear map, put ¢ = (6*)~*(\) € Ext’(Q}, @p W, F)

and write
(B) 0 F P QL) ®p W —— 0.
for the extension of (Q2},) ®p W by F corresponding to ¢ [H, III, Ex. 6.1]. Use the canonical
maps
s Hom (2, Qh) @p W — Hom(Qh, QL @p W), @1 — 7, 0 ¢
and

k: W — Hom(QY,, Q%) @p W,z — id ® x,

the diagram
%% — Ext!(Q%,, F)

| |

Hom(Q%,, QL) @p W —— Hom(QL,), Q4 @p W)

commutes, where 0 is the connecting homomorphism arising from (B). Indeed, given x € W,

{Ext (2, )} + {Ext (@ @p W, )} — {Ext'(Q, )}
is a homomorphism of §-functors by 5.1. Thus the diagram
Hom(Q, @p W, QL @p W) —2— Ext'(Q, @p W, F)
Hom(Tm,Qb(@DW)l Extl('rm,]-')l

Hom(Q%,, QL @p W)  —>—  Ext'(QY,F)

commutes, yielding
pr(z) = opidg ® x) = 6(7z) = dHom(7,, Qb @p W) =

Ext’ (r, F) 6 (idoy gw) = Ext' (72, F)(¢) = [01(O))(z) = A(z)

by (A). k is an isomorphism since Hom(Q!, Q') = k (see for instance [Pu, 3.3(b)]), thus

Hom(QY), Q%) = D. p is functorial in W and commutes with direct sums. Hence it is an

isomorphism as well since it obviously is so for V. = D. Taking W = Extl(QlD,]: ) and

A = idw, the map § behaves a desired.

O
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Note that in this last step of the proof, we need W = Ext*(Q4,, F) to be a free D-module
which is guaranteed if D is a field extension. It is not clear how to generalize this proof if
D is not a field extension, even if we assume that every finitely generated projective right

D-module is free. The result is needed to prove both Lemma 10 and Proposition 11.

5.2. In the ensuing lemma we will use the following property of Ext-functors: Let

0 M; 7 N; 0

for 7 = 1,2 be two short exact sequences of locally free right D-modules. Then the diagram
Ext!(Ma, N7) —— Ext™!(Ma, M)
| -]
Ext™ 1 (Na, Vi) —>— Ext™2(Na, M)
commutes for all 4 > 0 ([H-S, IV.9.9] or just adapt [N, Satz 3.6]).

Lemma 10. Assume that D is a field extension of k. Let l € Z with0 <l <n—2, m=0
and F a locally free D-module such that

Ext'(D,F(x)) =0 (0<i<l+1),
Ext™™ (D, F(j)) =0 (j >m).
Then, in the situation of Lemma 9, the connecting homomorphism
5 : Ext!(D, Q) @ W, F) — Ext't1(D, F)
is an isomorphism.

Proof. For [ = 0 this is shown in Lemma 9, thus we assume [ > 0. Let £ be a D-module,
i,7,p € Z such that : > 0,1 <p <!l and

0 Q! Ox(~1)(1) Q-1 0
be the extended Euler sequence of X [Pu2, (3.1)]. Tensoring by D yields the short exact

sequence

00— Q) —— D(-1)(7) 0! 0
of D-modules and twisting it by Ox(j) the short exact sequence
0 —— 0h(j) —— D(-1+)H —— o) —— 0
of D-modules.
This induces a long exact Ext-sequence, part of it looking as follows:

Ext™P(D(—p+4),6)0) ——  Ext™tr(0(j),€)()
517 i+l—(p— — . il— .
—— Ext™ T U(@Q(5),€) —— ExttTPTHQ()), €).
Combining for p =1,...,l we get a homomorphism
§:01...0 : Ext'(Q(4), €) — Ext™TH(D(4), €)
which is injective, resp. surjective, if each d, is injective, resp. surjective. This is the case if

Ext P (D(—p + j), &) = Bt (D, E(-p + j) = 0
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resp.
Ext™ PN D(—p + j),E) = Ext M PTHD, E(—p +4)) = 0

for1 <p<lI.
Applying this to the special cases i =j =0, & = QlD pWandi=1,j=0,E=F, we
obtain that the diagram

Hom(Q%,, QY @p W) s, Eth(D, Qb @p W)

| |
Ext'(QL,F)  —2—  Ext"*}(D,F)
commutes up to a sign by 5.2. For 1 < p <, we have
Ext'""TH(D, Q) @p W ® Ox(p)) = Ext'**(D, 0}, ® Ox (p))™™ " =0
since Ext' P (O, Q' (p)) = 0 by [Pu2, 3.3 (c)] and also
Ext'™"*(D,Qf, @ p W ® Oz(p)) = Ext'"7"*(D, 0}, @ Ox (p))™* " =0

since Ext'™?T2(Ox, Q! (p)) = 0 by [Pu2, 3.3 (d)], so the upper map 4 is injective.
For 1 < p <, we have

Ext'=?TY(D, F(p)) =0
and also

Ext'"""(D, F(p)) = 0

by the hypothesis on F, so the lower map ¢ is an isomorphism. The left-hand map ¢ is an
isomorphism by Lemma 9, therefore also the right-hand side map é must be an isomorphism,
as desired. g

We can now prove:

Proposition 11. Assume that D is a field extension of k.
Letl,m € Z with 0 <1 <n—2 and let F be a locally free D-module such that

Ext'(D,F(x)) =0 (0<i<l+1),

Ext'™N(D, F(j)) =0  (j >m).

Then there is a finite dimensional D-vector space W and an extension

0 F P QZD(—TI’L) Qp W —— 0.

such that
Ext'(D,P(j)) =0  (i,j€Z,0<i<Il+1),

Ext™™(D,P(j)) =0  (j €Z,j>m),

Ext™(D,P(j)) 2 Ext""N(D, F(5)) (G €Zj<m).
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Proof. By twisting by Ox (m) we may assume that m = 0.
Twisting the short exact sequence of Lemma 9 by Ox (j) yields the short exact sequence

0 —— 7(j) —— PU) —— Qp@p W)(j) —— 0.

By hypotheses on F, Ext"(D, F(x)) = 0 for 0 < i < I+ 1. Moreover, Ext'(D, Q}, (j)@p W) =
0, unless i = 1 and j = 0 [Pu2, 3.3(d)], forcing Ext’(D,P(j)) =0for 0 <i <l+1,i#1or

7 #0. In case t = [ and j = 0, the exact sequence
0 — Ext!(D,P) —— Ext!(D, 5, @p W) —2— Ext*(D, F)
together with Lemma 10 shows that Ext'(D,P) = 0. Summing up, Ext’(D,P(j)) = 0 for

0<e<i+1.
Now consider the exact sequence

Ext! (D, 2, @p W(j)) —>— BExt'*!(D, F(j))
Extl+1(D,P(j)) - Extl+1('l), (@ ©p W)(4)) =0,

the last extension group being zero by [Pu2, 3.3 (d)]. If j # 0, also Ext'(D, (Q}, @ p W)(j)) =
0 which implies Ext'™ (D, P(j)) = Ext'™ (D, F(j)) = 0 for j > 0. If j = 0, § is an
isomorphism by Lemma 10 which shows Ext'™(D, P) = 0 and completes the proof. O

Lemma 12. Let D be a field extension of k. Let l,m € Z with 0 <1 < an —1 and
m>—l—1 forl = "T_l — 1. Given any finite dimensional D-vector space W, put R =
Q% (—m) ®@p W. Then

Ext'(R,R*) = Ext?*(R,R*) = 0

Proof. Ext® is additive in both variables, so we may assume that W = D and have to show
that

Ext’(Qp (=m), (2p(=m))*) =0
for i = 1,2. Put j = —m, F = QY (—m)*, then as in the proof of Lemma 10 we obtain a

homomorphism
8+ Ext’ (@ (=m), (2 (=m))") — Ext'™(D, (2 (~2m))").

Sincen—1 > 2l+1wehavel <n—1—i—Il+pforallp=1,...,[. By Serre-duality, we know
that H*H=P(X, Q! (—m)Y(p +m)) = 0, therefore also Ext™™~7(D, QL (—=m)*(p 4+ m)) = 0,
which together with [Pu2, 3.3 (d)] proves injectivity of J as in the proof of Lemma 10.
Using Serre-duality and [Pu2, 3.3 (d)], we can check that H*+!(X,Q!(—2m)") = 0 therefore
Ext™ (D, Qb (—2m)*) = 0 for i = 1,2. Hence J is surjective as well. O

6. HERMITIAN FORMS OVER FIELD EXTENSIONS OF k

6.1. Let k£ be a field of characteristic not 2 and X a Brauer Severi variety over k. Let
I/k be a separable field extension with a k-linear involution . Put ¥ = X xj [ and
X=X xp ks & ]P’Z:l for ks a separable closure of k. Recall from [Pu2, 5.2] that every line
bundle Ox, (m) has a G-invariant isomorphism class, where G = Gal (ks/k) is the Galois
group of ky/k. That means Ox_(m) = Ox_ (m)” for all 7 € G. We look at (o-)hermitian
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spaces (M, h) over D = | ®; Ox, pointing out that | ®; Ox = 7Oy, see 1.5. In other
words, Y is affine over X and defined by the sheaf of Ox-algebras | ®; Ox:

Y = Spec, (Il ® Ox)

[H, IL. Ex. 5.17].
Let M be a right D-module which is locally free of finite rank. Then M canonically is
an Ox-module and we denote the associated Oy-module by M as in [H, II. Ex. 5.17].

Proposition 13. Suppose Y = ]P’?_l. Then every hermitian space (M, h) over | ® Ox
such that M splits into a direct sum of line bundles is Witt equivalent to a hermitian space

extended from .

Proof. If M splits into the direct sum of line bundles, then
t
M = @ Oy (Si)
i=1

as Oy-module. We have Oy (m) = Oy (m)* if and only if m = 0 [Pu2, 5.2]. Hence there is
no non-trivial line bundle over Y which is selfdual with respect to *. By the Krull-Schmidt
Theorem for hermitian spaces [K, (6.3.1), p. 98] and by [K, (6.4.1), p. 99],

(M, h) = (M, ho) @ (I®Oy) L ahyperbolic space.

Theorem 14. Suppose X = PZ‘l. Then
Uy - WHl) — Wl @y Ox)
1§ surjective.
The proof is similar to the one given in [A] or in [Pu2, 5.1]:

Proof. If n =2, for every hermitian space (M, h) over | ® Ox the vector bundle M splits
into a direct sum of line bundles, hence surjectivity follows from Proposition 13 and we may
assume n > 3.

We show by induction on a > 0: If (M, h) is a hermitian space over D = [ ® Ox such
that

a=max{i € Z|0<i<n—1Ext""""YD, M(x)) # 0}
then (M, h), up to Witt equivalence, is a hermitian space extended from [. Note that the
set on the right hand side is not empty here.

If a = 0 then Ext" "~ (D,M(x)) = 0 for 0 < i < n — 1, so by the generalization of
Horrocks’ Theorem, M = D(s1) @ - -+ & D(s;) for some s;’s and, by Proposition 13, (M, h)
is Witt equivalent to some hermitian space extended from [. This settles the induction
beginning.

In the induction step, let a > 0 and suppose the induction hypothesis holds for all
nonnegative integers a’ < a.

There is no harm in assuming a <n —1, so if | =n — 2 — a, then

(14) 0<l<n-2.
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It suffices to show that a hermitian space (M, h) with
Ext’(D, M(x)) =0 for 0 < i < 1+1,
up to Witt equivalence is extended from [. This will be done by induction on
s = dim Ext'" (D, M(x)).
If s = 0 then Ext'™ (D, M()) = Ext"*"1(D, M(x)) = 0, therefore
max{i € Z|0 <i <n—1,BExt" "D, M(x)) # 0} < a
and we are done by induction hypothesis on a. If s > 0,
(15) 1 is the least nonnegative integer such that Ext' (D, M(x)) # 0.

By [H, III, Ex. 6.10], ExtY(D, M(j)) = Ext{(Oy, M(j)) = H%Y,]\Z(j)). Thus (15) is
equivalent to saying that

(15') 1 is the least nonnegative integer such that H'™ (Y, M(x)) # 0.
Using that M = M™ and Serre duality we obtain
H'(Y, M(j) = H (Y, MY(j)) = H* 7 (Y, M(=n =2 =)

and may conclude that
n—1

(16) 1+1< =~

Picking m € Z maximal such that Ext'™ (D, M(m)) # 0, we obtain

n—1

2
(This is because for [ + 1 = ”771, m > —n — 2 —m, thus 2m > —n — 2 = —2] — 4 implying

(17) m>—l—1ifl+1=

m > —[ — 1.) In particular,
(18) Ext"™ (D, M(j)) = 0 for j > m.

Because of (14, 15, 18), M satisfies the hypothesis of Proposition 11 and there exists a
locally free D-module £ and an extension

(19) 0 M P £ 0.

such that P satisfies the conditions listed in Proposition 11. Hence
Ext'(£,£*) = Ext'(£,£*) = 0.

Thus we may apply the Extension Theorem 6 to the dual of (19) with M replaced by M*
via h, i.e., to

(20) 0 & P M 0.

This way we obtain a hermitian space (S, b) Witt equivalent to (M, h) and an exact sequence

of D-modules

(21) 0 fou S P 0.
Since Ext’(D, Q% (—m)*(j)) = 0 for 0 < i <1+ 1 this together with (20) yields
Ext!(D,S(x)) =0for 0 <i<l+1



WITT GROUPS OF HERMITIAN FORMS OVER A BRAUER SEVERI VARIETY 19

and that Ext'™ (D, S(j)) — Ext!™ (D, P(4)) is injective for all j € Z. The latter shows by
using Proposition 11 that

Ext'*1(D, S(j)) = 0 for j > m/,
dim Ext'™(D, 8(5)) < dim Ext'™ (D, M(4)) for j < m/.
Together this yields
dim Ext'"™ (D, §(x)) < s.

Applying the induction hypothesis yields the assertion that (S,b) and hence also (M, h) is
up to Witt equivalence extended from . O

By Theorems 1, 2 and 4, this settles the case where X is associated to a central simple
algebra of odd index:

Corollary 15. (i) Let X =P}~ '. Then
U, : WHI) — Wil @ Ox)
1s bijective.
(i) Let X be a Brauer Severi variety associated to a central simple algebra of odd index.

Then
U, : WHl) — Wil @ Ox)

is bijective.

6.2. Let X be a Brauer Severi variety over k with associated central simple algebra Mat(E),

E a division algebra over k.

Proposition 16. (i) Suppose there is a separable mazimal subfield k' of E containing 1. Let
X' =X xy k'. Then every hermitian space (M, h) over | @, Ox such that M Ox splits
into the direct sum of line bundles is Witt equivalent to a hermitian space (Mo, ho) over .

(i) Suppose there is a separable mazimal subfield k' of E, such that | and k' are linearly
disjoint. Let Y' = X x il withl! =1®yk’. Then every hermitian space (M, h) over [®; Ox
such that M® Oy splits into the direct sum of line bundles is Witt equivalent to a hermitian
space (Mo, ho) over L.

Proof. (i) Obviously, X’ & PZTl. If M ®o, Ox splits into the direct sum of line bundles

t
Mo, Ox: =P Ox(s:),
i=1

then, by the theory developed in [AEJ],

t h
M= L(si) @ Ptr, n(N;)
i=1 Jj=1

as Oy-module with line bundles N over Y; =Y x;[; which are not already defined over Y,

~

1;/1 proper field extensions, and with the tr;, ;;(N;)’s indecomposable. We have Ox(m) =
Ox:/(m)* if and only if m = 0 [Pu2, 5.2]. Hence there is no non-trivial line bundle over

Y which is selfdual with respect to *. Now consider an indecomposable vector bundle
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try, i(Nj). Then try, ;(Nj) = try, 1(N;)* implies that Ox/(m)@--- @& Ox/(m) = Ox/(—m)®
-« @® Ox/(—m) [Pu2, 5.2], hence m = 0 and so there are no indecomposable Oy -modules of
rank > 1 which are selfdual with respect to *. By the Krull-Schmidt Theorem for hermitian
spaces [K, (6.3.1), p. 98],

(Mv, h) = (M,h) ®; (1@ Oy) @ ahyperbolic space

and thus also (M, h) is Witt equivalent to a hermitian space (My, ho) over [ (we canonically
identify hermitian forms over | ®; Ox with hermitian forms over D).

(ii) is proved analogously. (|
Theorem 17. Let E have even index. Then

Uy : W) — W @ Ox)
18 surjective.

Proof. If [ is a finite field extension of k£ with an involution ¢ and invariant field [?, for a
Brauer-Severi variety X over k we may identify {?-algebras and modules over X with Ox,, -
algebras and modules over X;-, analogous to the M — M construction. In particular, we
may identify hermitian forms over [ ® Ox with hermitian forms over { ®;- Ox,, . This way
we may restrict us without loss of generality to the case that [l : k] = 2. In this case, either
there is a separable maximal subfield k¥’ of E containing I, or there is a maximal separable
subfield &’ of E such that %’ is linearly disjoint with [ over k.

(i) Suppose that there is a separable maximal subfield &’ of E containing [. For n = 2,
Y’ = P}, and the assertion is proved in Proposition 16 (i). So we may assume n > 3. Let
M =M ®0oy Oyr.

We show by induction on a > 0: If (M, h) is a hermitian space such that

a=max{i € Z|0<i<n—1,H" YY" M) #0}

then (M, h), up to Witt equivalence, is a hermitian space (M, hg) over .

If @ = 0 then H*~*=1(Y’, M’(5)) = 0 for all j and for 0 < i < n—1, so by Horrocks [B-H,
Sect. 5, Lemma 1], M’ splits into the direct sum of line bundles and, by Proposition 16 (i),
(M, h) is Witt equivalent to some hermitian space (M, hg) over I. This settles the induction
beginning. In the induction step, let a > 0 and suppose the induction hypothesis holds for
all nonnegative integers a’ < a. Then the assertion is proved analogously as Theorem 14
using [Pu3, Proposition 4.1] (there use X; instead of X), [Pu3, Lemma 4.4], Lemma 10 and
the Extension Theorem 6.

(ii) Suppose there is a maximal separable subfield &’ of F such that &’ is linearly disjoint with

I over k. Then the proof is analogous to the one in (i), but working over P! instead. [

Remark 18. Let X = Pz~ ! and let ¢ be the standard involution on C. Then W#(C)
We(C ®g Ox). Since WH(C) = W(C) 2 Z [K, p. 63], this implies

1

WHH(C) = WH(C @ Ox) = Z.
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7. HERMITIAN SPACES OVER DIVISION ALGEBRAS

7.1. Let k be a field of characteristic not 2 and D be a division algebra over k with a k-linear
involution 0. Let X =P}, D =7*D = D ®;, Ox and D(m) = Ox(m) ® D for any integer
m.

The Theorem of Krull-Schmidt holds for locally free right D-modules [K, p. 96] and for
e-hermitian spaces over D if we restrict to € = £1, by [K, p. 99, (6.5.1)].

Proposition 19. Let X =P} and e = £1. Every e-hermitian space (M, h) over D @ Ox
such that

M=D(my) @ - D(my)
is Witt equivalent to an e-hermitian space (Mo, ho) ®p (D ® Ox), where (Mo, ho) is an

e-hermitian space over D.

Note that for the possible extension of these results described in Section 7.2 we would

need this proposition also for X =P} (and e = 1).

Proof. We have D(m) = D(m)* if and only if m = 0 [K, p. 96, (5.4.1)]. Hence D itself is the
only locally free right D-module of rank 1 which is selfdual with respect to *. Any e-hermitian
space with underlying vector bundle of type {D(m), D(m)*} with m # 0 is isometric to a
hyperbolic space [K, p. 99, (6.4.2)]. By the Krull-Schmidt Theorem for e-hermitian spaces
([S, p. 272] or [K, p. 96, p. 99]), M = D(m1) & - - - & D(my) implies that

0 1
(M, h) = (Mo, ho) ®p (D ® Ox) L L}, (D(m;) & D(~m;), [ 0 ] )
€
for a suitable e-hermitian space over D and suitable m; # 0. We conclude that
(M, h) = (My,ho) ®p (D ® Ox) L a hyperbolic space.
O

Corollary 20. Let X =P} and e = £1. Fuvery e-hermitian space (M, h) over D @y Ox is
Witt equivalent to an e-hermitian space (Mg, ho) ®@p (D ® Ox ) with (Mg, ho) an e-hermitian
space over D. In particular,

U, : WD) — WD ® Ox)
is bijective.
Proof. For X = P, every e-hermitian space (M, h) over D ®; Ox satisfies M = D(m1) &
.- @®D(my) [K, p. 407, VIL(3.1.1)]. O

7.2. Let X =P} and chark # 2. It would be desirable to prove that for a division algebra

D with a k-linear involution o the group homomorphism
U, : WHD) — WD ® Ox)

is surjective. However, we will leave this open for now and only briefly discuss the problems

arising in a possible proof.
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First of all, we need to assume that
Ext'™H (D, M(x)).

is of finite rank as a right D-module and that Ext"~'(D, M(x)) # 0.
For n = 1 the assertion has been proved in Corollary 20, so let n > 2. Imitating the
proofs in [Pu2] or [A] we proceed as follows: it would suffice to show by induction on a > 0

that if (M, h) is a hermitian space satisfying
a=max{ i€ Z|0<i<n,Ext"""1(D, M(x)) # 0},

then (M, h) is Witt equivalent to a hermitian space (Mg, ho) ®p (D @ Ox).

If = 0 then Ext" (D, M(j)) =0 for all j, 0 < i < n and M = D(m;)®---HD(m;) by
Theorem 8 (the generalized Horrocks Theorem). If Proposition 19 can be generalized to P},
this would imply that (M, k) is Witt equivalent to a hermitian space (My, ho) ®p (D ® Ox)
and settle the induction beginning.

In the induction step, let @ > 0 and suppose that the induction hypothesis holds for all
nonnegative integers a’ < a. There is no harm in assuming a < n, thus we have 0 <[ =
n—1—a < n— 1. It suffices to show that a hermitian space (M, k) with Ext’(D, M(x)) = 0
for 0 <@ <1+ 1 is Witt equivalent to a hermitian space which is extended from D. This is

done by induction on
s = dim Ext"™H (D, M(x)).

If s = 0 then we are done by the induction hypothesis on a. If s > 0 then [ is the least
nonnegative integer such that ExtH'l(X,M(*)) # 0. We next would have to be able to
conclude that [ +1 < Z. It is not clear if we can show it by using Serre-duality. Let
m € Z be maximal such that Ext'™ (D, M(m)) #0.If I +1 =2, m > —m — 1 — m, hence
2m > -—n—1=-2l-3, forcingm > -l - 1ifl+1= 3.

We would now need to apply a similar result as Proposition 11 in our setting here if we
want to proceed with our proof along the same lines as in Theorem 14. However, it is not
clear how to prove a statement like this, see Section 5. At this point all we can say is that
(M, gp), the quadratic space over X induced by (M, h), is Witt equivalent to a quadratic

space defined over k. We leave it open if it is possible to fix these gaps in the proof.

Acknowledgements: 1 would like to thank R. Parimala for asking me if the techniques
previously used for computing the Witt rings of Brauer Severi varieties also apply to the
Witt groups of hermitian forms over Brauer Serveri varieties and the referee for his or her

valuable comments which greatly helped to improve the paper.

REFERENCES
[A] Arason, J., Der Wittring projectiver Rdume. Math. Ann. 253 (1980), 205 — 212.
[AEJ] Arason, J., Elman, R., Jacob, B., On indecomposable vector bundles. Comm. Alg. 20 (1992),

1323-1351.

[A-V] Artin, M. (Notes by A. Verschoren), Brauer Severy varieties. In: Brauer Groups in Ring Theory
and Algebraic Geometry, Lec. Notes in Math. 917 (1982), Springer-Verlag, Berlin/New York, 85
— 147.



WITT GROUPS OF HERMITIAN FORMS OVER A BRAUER SEVERI VARIETY 23

Barth, W., Hulek, K., Monads and moduli of vector bundles. Manuscripta Math. 25 (1978), 323—
347.

Hartshorne, R., “Algebraic geometry”. Graduate Texts in Mathematics, vol. 52, Springer-Verlag,
Berlin-Heidelberg-New York, 1977.

Hilton, P. J., Stammbach, U., “A course in homological algebra”. Graduate Texts in Mathematics,
vol. 4, Springer-Verlag, Berlin-Heidelberg-New York, 1970.

Knus, M.-A., “Quadratic and hermitian forms over rings”. Springer-Verlag, Berlin-Heidelberg-New
York, 1991.

Neukirch, J., “Klassenkorpertheorie”. BI-Hochschultaschenbuch, Bibl. Inst. Mannheim, 1969.
Pumpliin, S., An extension of Arason’s theorem to certain Brauer-Sever: varieties. Arch. Math.
71 (1998), 368-369.

Pumpliin, S., The Witt ring of a Brauer-Severi variety. Manuscripta Math. 97 (1) (1998), 93-108.
Pumpliin, S., Erratum. The Witt ring of a Brauer-Severi variety. Manuscripta Math. 103 (2000),
409-411.

Pumpliin, S., The Witt group of symmetric bilinear forms over a Brauer-Severi variety with
values in a line bundle. K-Theory J. 18 (1999), 255—265.

Pumpliin, S., Corrigendum: The Witt group of symmetric bilinear forms over a Brauer-Severi
variety with values in a line bundle. K-Theory 23 (2001), 201-202.

Scharlau, W., “Quadratic and Hermitian Forms”. Springer Verlag Berlin-Heidelberg-New York-
Tokyo, 1985.

E-mail address: susanne.pumpluen@nottingham.ac.uk

SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF NOTTINGHAM, UNIVERSITY PARK, NOTTINGHAM
NG7 2RD, UnNiTED KINGDOM



