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Abstract. Following up on our earlier work and the work of N. Karpenko
and A. Merkurjev, we study the essential p-dimension of linear algebraic
groups G whose connected component G0 is a torus.
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1. Introduction

Let p be a prime integer and k a base field of characteristic 6= p. In
this paper we will study the essential dimension of linear algebraic k-groups
G whose connected component G0 is an algebraic torus. This is a natural
class of groups; for example, normalizers of maximal tori in reductive linear
algebraic groups are of this form. We will use the notational conventions of
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[LMMR]. For background material and further references on the notion of
essential dimension, see [Re2].

For the purpose of computing ed(G; p) we may replace the base field k

by a p-special closure k(p). A p-special closure of k is a maximal directed
limit of finite prime to p extensions over k; for details see Section 2. The
resulting field k = k(p) is then p-special, i.e. every field extension of k has p-
power degree. (Some authors use the term “p-closed” in place of “p-special”.)
Furthermore, the finite group G/G0 has a Sylow p-subgroup F defined over

k = k(p); see [LMMR, Remark 7.2]. Since G is smooth we may replace G by
the preimage of F without changing the essential p-dimension; see [LMMR,
Lemma 4.1]. It is thus natural to restrict our attention to the case where
G/G0 is a finite p-group, i.e., to those G which fit into an exact sequence of
k-groups of the form

(1.1) 1 → T → G
π
−→ F → 1 ,

where T is a torus and F is a smooth finite p-group. Note that F may be
twisted (i.e. non-constant) and T may be non-split over k. Moreover, the
extension (1.1) is not assumed to be split either.

To state our main result, recall that a linear representation ρ : G→ GL(V )
is called generically free if there exists a G-invariant dense open subset U ⊂
V such that the scheme-theoretic stabilizer of every point of U is trivial. A
generically free representation is clearly faithful but the converse does not
always hold; see below. We will say that ρ is p-generically free (respectively,
p-faithful) if ker ρ is finite of order prime to p, and ρ descends to a generically
free (respectively, faithful) representation of G/ ker ρ.

Theorem 1.1. Let G be an extension of a (possibly twisted) finite p-group
F by an algebraic torus T defined over a p-special field k of characteristic
6= p. Then

min dim ρ− dimG ≤ ed(G; p) ≤ mindimµ− dimG ,

where the minima are taken over all p-faithful linear representations ρ of G
and p-generically free representations µ of G, respectively.

If G = G0 is a torus or G = F is a finite p-group then the upper and
lower bounds of Theorem 1.1 coincide (see, [LMMR, Lemma 2.5] and [MR1,
Remark 2.1], respectively). In these cases Theorem 1.1 reduces to [LMMR,
Theorems 1.1 and 7.1], respectively. In the case of constant finite p-groups
this result is due to N. Karpenko and A. Merkurjev, whose work [KM] was
the starting point for both [LMMR] and the present paper. We will show
that the upper and lower bounds of Theorem 1.1 coincide for a larger class
of groups, which we call tame; see Definition 1.2 and Theorem 1.3(b) below.

In general, groups G of the form (1.1) may have faithful (respectively,
p-faithful) representations which are not generically free (respectively, p-
generically free). This phenomenon is not well understood; there is no clas-
sification of such representations, and we do not even know for which groups
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G they occur 1. It is, however, the source of many of the subtleties we will
encounter.

To give the reader a better feel for this phenomenon, let us briefly con-
sider the following “toy” example. Let k = C, p = 2 and G = O2, the
group of 2× 2 orthogonal matrices. It is well known that G ≃ Gm ⋊ Z/2Z,
where G0 = SO2 = Gm is a 1-dimensional torus. It is easy to see that
the natural representation i : G →֒ GL2 is the unique 2-dimensional faith-
ful representation of G. However this representation is not generically free:
the stabilizer StabG(v) of every anisotropic vector v = (a, b) ∈ C

2 is a
subgroup of G = O2 of order 2 generated by the reflection in the line
spanned by v. Here “anisotropic” means a2 + b2 6= 0; anisotropic vectors
are clearly Zariski dense in C

2. On the other hand, the 3-dimensional rep-
resentation i⊕ det is easily seen to be generically free. Here det denotes the
one-dimensional representation det : O2 → GL1. Since dimG = 1, Theo-
rem 1.1 yields 1 ≤ ed(O2; 2) ≤ 2. The true value of ed(O2; 2) is 2; see [Re1,
Theorem 10.3].

We now proceed to state our result about the gap between the upper
and lower bounds of Theorem 1.1. The group C(F ) which appears in the
definition below is the maximal split p-torsion subgroup of the center of F ;
for a precise definition, see Section 4.

Definition 1.2. Let G, T := G0 and π : G → F := G/T be as in (1.1).
Consider the natural (conjugation) action of F on T . We say that G is tame
if C(F ) lies in the kernel of this action. Equivalently, G is tame if T is central
in π−1(C(F )).

For any group G as in (1.1) over a p-special field k, we define gap(G; p)
to be the difference between the dimensions of a minimal p-faithful G-
representation, and a minimal p-generically free G-representation. This is
precisely the “gap” between the upper and lower bounds in Theorem 1.1.

Theorem 1.3. Let k be a p-special field of characteristic 6= p and G be as
in (1.1). Then

(a) gap(G; p) ≤ dim T − dim TC(F ).

(b) If G is tame then gap(G; p) = 0, i.e.

ed(G; p) = mindim ρ− dimG,

where the minimum is taken over all p-faithful k-representations of G.

In many cases the lower bound of Theorem 1.1 is much larger than dimT ,
so Theorem 1.3(a) may be interpreted as saying that the gap between the
lower and upper bounds of Theorem 1.1 is not too wide, even if G is not
tame.

As a consequence of Theorem 1.1, we will also prove the following “Ad-
ditivity Theorem”.

1More is known about faithful representations which are not generically free in the case
where G is connected semisimple. For an overview of this topic, see [PV, Section 7].
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Theorem 1.4. Let k a p-special field of characteristic 6= p and G1, G2 be
groups such that gap(G1; p) = gap(G2; p) = 0. Then gap(G1 × G2; p) = 0
and ed(G1 ×G2; p) = ed(G1; p) + ed(G2; p).

The rest of this paper is structured as follows. In Section 2 we discuss the
notion of p-special closure k(p) of a field k and show that passing from k to
k(p) does not change the essential p-dimension of any k-group. In Section 3
we show that if G→ Q is an isogeny of degree prime to p then the essential p-
dimensions of G and Q coincide. Sections 4, 5 and 6 are devoted to the proof
of our Main Theorem 1.1. In Sections 7 and 8 we prove Theorem 1.3 and
in Section 9 we prove the Additivity Theorem 1.4. In Section 10 we classify
central extensions G of p-groups by tori of small essential p-dimension.

2. The p-special closure of a field

A field L is called p-special if every finite extension of L has degree a
power of p. By [EKM, Proposition 101.16] there exists for every field K
an algebraic field extension L/K such that L is p-special and every finite
sub-extension of L/F has degree prime to p. Such a field L is called a p-

special closure of K and will be denoted by K(p). The following properties
of p-special closures will be important for us in the sequel.

Lemma 2.1. Let K be a field with charK 6= p and let Kalg be an algebraic

closure of K containing K(p).

(a) K(p) is a direct limit of finite extensions Ki/K of degree prime to p.
(b) The field K(p) is perfect.

(c) The cohomological q-dimension of Ψ = Gal(Kalg/K
(p)) is cdq(Ψ) =

0 for any prime q 6= p.

Proof. (a)The finite sub-extensions K ′/K of K(p)/K form a direct system

with limit K(p). Moreover the degrees [K ′ : K] are all prime to p. (b) Every

finite extension of K(p) has p-power degree. Since charK 6= p it is separable.
(c) By construction Ψ is a profinite p-group. The result follows from [Se,
Cor. 2, I. 3]. �

We call a covariant functor F : Fields /k → Sets limit-preserving if for
any directed system of fields {Ki}, F(lim

→
Ki) = lim

→
F(Ki). For example if

G is an algebraic group, the functor FG = H1(∗, G) is limit-preserving; see
[Ma, 2.1].

Lemma 2.2. Let F be limit-preserving and α ∈ F(K) an object. Denote
the image of α in F(K(p)) by αK(p).

(a) edF (α; p) = edF (αK(p) ; p) = edF (αK(p)).

(b) ed(F ; p) = ed(Fk(p) ; p), where Fk(p) : Fields /k(p) → Sets denotes the

restriction of F to Fields /k(p).
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Proof. (a) The inequalities edF (α; p) ≥ edF (αK(p) ; p) = edF (αK(p)) are clear

from the definition and since K(p) has no finite extensions of degree prime
to p. It remains to prove edF (α; p) ≤ edF (αK(p)). If L/K is finite of degree
prime to p,

(2.1) edF (α; p) = edF (αL; p),

cf. [Me1, Proposition 1.5] and its proof. For the p-special closure K(p) this
is similar and uses (2.1) repeatedly:

Suppose there is a subfield K0 ⊂ K(p) and αK(p) comes from an element

β ∈ F(K0), so that βK(p) = αK(p) . Write K(p) = limL, where L is a direct
system of finite prime to p extensions of K. Then K0 = limL0 with L0 =
{L∩K0 | L ∈ L} and by assumption on F , F(K0) = lim

L′∈L0

F(L′). Thus there

is a field L′ = L ∩K0 (L ∈ L) and γ ∈ F(L′) such that γK0 = β. Since αL

and γL become equal over K(p), after possibly passing to a finite extension,
we may assume they are equal over L which is finite of degree prime to p
over K. Combining these constructions with (2.1) we see that

edF (α; p) = edF (αL; p) = edF (γL; p) ≤ edF (γL) ≤ edF (αK(p)).

(b) This follows immediately from (a), taking α of maximal essential p-
dimension. �

Proposition 2.3. Let F ,G : Fields /k → Sets be limit-preserving functors
and F → G a natural transformation. If the map

F(K) → G(K)

is bijective (resp. surjective) for any p-special field containing k then

ed(F ; p) = ed(G; p) (resp. ed(F ; p) ≥ ed(G; p)).

Proof. Assume the maps are surjective. By Lemma 2.1(a), the natural trans-
formation is p-surjective, in the terminology of [Me1], so we can apply [Me1,
Prop. 1.5] to conclude ed(F ; p) ≥ ed(G; p).

Now assume the maps are bijective. Let α be in F(K) for someK/k and β
its image in G(K). We claim that ed(α; p) = ed(β; p). First, by Lemma 2.2 we
can assume that K is p-special and it is enough to prove that ed(α) = ed(β).

Assume that β comes from β0 ∈ G(K0) for some field K0 ⊂ K. Any
finite prime to p extension of K0 is isomorphic to a subfield of K (cf. [Me1,
Lemma 6.1]) and so also any p-special closure of K0 (which has the same
transcendence degree over k). We may therefore assume that K0 is p-special.
By assumption F(K0) → G(K0) and F(K) → G(K) are bijective. The
unique element α0 ∈ F(K0) which maps to β0 must therefore map to α
under the natural restriction map. This shows that ed(α) ≤ ed(β). The
other inequality always holds and the claim follows.

Taking α of maximal essential dimension, we obtain ed(F ; p) = ed(α; p) =
ed(β; p) ≤ ed(G; p). �
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3. p-isogenies

An isogeny of algebraic groups is a surjective morphism G → Q with
finite kernel. If the kernel is of order prime to p we say that the isogeny is
a p-isogeny. In this section we will prove Proposition 3.1 which says that
p-isogenous groups have the same essential p-dimension.

Proposition 3.1. Suppose G → Q is a p-isogeny of algebraic groups over
a field k of characteristic 6= p. Then

(a) For any p-special field K containing k the natural map H1(K,G) →
H1(K,Q) is bijective.

(b) ed(G; p) = ed(Q; p).

Example 3.2. Let Esc
6 , E

sc
7 be simply connected simple groups of type

E6, E7 respectively. In [GR, 9.4, 9.6] it is shown that if k is an algebraically
closed field of characteristic 6= 2 and 3 respectively, then

ed(Esc
6 ; 2) = 3 and ed(Esc

7 ; 3) = 3.

For the adjoint groups Ead
6 = Esc

6 /µ3, E
ad
7 = Esc

7 /µ2 we therefore have

ed(Ead
6 ; 2) = 3 and ed(Ead

7 ; 3) = 3.

For the proof of Proposition 3.1 will need two lemmas.

Lemma 3.3. Let N be a finite algebraic group over a field k of characteristic
6= p. The following are equivalent:

(a) p does not divide the order of N .
(b) p does not divide the order of N(kalg).

If N is also assumed to be abelian, denote by N [p] the p-torsion subgroup of
N . The following are equivalent to the above conditions.

(a′) N [p](kalg) = {1}.

(b′) N [p](k(p)) = {1}.

Proof. (a) ⇐⇒ (b): Let N0 be the connected component of N and N et =
N/N0 the étale quotient. Recall that the order of a finite algebraic group
N over k is defined as |N | = dimk k[N ] and |N | = |N0||N et|, see, for ex-
ample, [Ta]. If char k = 0, N0 is trivial, if char k = q 6= p is positive, |N0|
is a power of q. Hence N is of order prime to p if and only if the étale al-
gebraic group N et is. Since N0 is connected and finite, N0(kalg) = {1} and
so N(kalg) is of order prime to p if and only if the group N et(kalg) is. Then
|N et| = dimk k[N

et] = |N et(kalg)|, cf. [Bou, V.29 Corollary].
(b) ⇐⇒ (a′) ⇒ (b′) are clear.
(a′) ⇐ (b′): Suppose N [p](kalg) is nontrivial. The Galois group Γ =

Gal(kalg/k
(p)) is a pro-p group and acts on the p-group N [p](kalg). The im-

age of Γ in Aut(N [p](kalg)) is again a (finite) p-group and the size of every
Γ-orbit in N [p](kalg) is a power of p. Since Γ fixes the identity in N [p](kalg),
this is only possible if it also fixes at least p − 1 more elements. It follows
that N [p](k(p)) is non-trivial. �
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Remark 3.4. Part (b′) could be replaced by the slightly stronger statement

that N [p](k(p) ∩ ksep) = {1}, but we will not need this in the sequel.

Proof of Proposition 3.1. (a) Let N be the kernel of G → Q and K be a
p-special field over k. Since Ksep = Kalg (see Lemma 2.1(b)), the sequence
of Ksep-points 1 → N(Ksep) → G(Ksep) → Q(Ksep) → 1 is exact. By
Lemma 3.3, the order of N(Ksep) is not divisible by p and therefore coprime
to the order of any finite quotient of Ψ = Gal(Ksep/K). By [Se, I.5, ex. 2]
this implies that H1(K,N) = {1}. Similarly, if cN is the group N twisted
by a cocycle c : Ψ → G, cN(Ksep) = N(Ksep) is of order prime to p and
H1(K, cN) = {1}. It follows that H1(K,G) → H1(K,Q) is injective, cf. [Se,
I.5.5].

Surjectivity is a consequence of [Se, I. Proposition 46] and the fact that the
q-cohomological dimension of Ψ is 0 for any divisor q of |N(Ksep)| (Lemma
2.1(c)).

This concludes the proof of part (a). Part (b) follows from part (a) and
Proposition 2.3. �

4. Proof of the Main Theorem: an overview

We will assume throughout this section that the field k is p-special of
char k 6= p, and G is a smooth affine k-group, such that G0 = T is a torus
and G/G0 = F is a finite p-group, as in (1.1).

The upper bound in Theorem 1.1 is an easy consequence of Proposi-
tion 3.1. Indeed, suppose µ : G → GL(V ) is a p-generically free represen-
tation. That is, Kerµ is a finite group of order prime to p and µ descends
to a generically free representation of G′ := G/Ker µ. By Proposition 3.1
ed(G; p) = ed(G′; p). On the other hand,

ed(G′; p) ≤ ed(G′) ≤ dimµ− dimG′ = dimµ− dimG;

see [BF, Lemma 4.11] or [Me1, Corollary 4.2]. This completes the proof of
the upper bound in Theorem 1.1.

The rest of this section will be devoted to outlining a proof of the lower
bound of Theorem 1.1. The details (namely, the proofs of Propositions 4.2
and 4.3) will be supplied in the next two sections. The starting point of
our argument is [LMMR, Theorem 3.1], which we reproduce as Theorem 4.1
below for the reader’s convenience.

Theorem 4.1. Consider an exact sequence of algebraic groups over k

1 → C → G→ Q→ 1

such that C is central in G and is isomorphic to µrp for some r ≥ 0. Given a
character χ : C → µp denote by Repχ the class of irreducible representations
φ : G→ GL(V ), such that φ(c) = χ(c) Id for every c ∈ C.

Assume further that

(4.1) gcd{dimφ |φ ∈ Repχ} = min{dimφ |φ ∈ Repχ}



8 R. LÖTSCHER, M. MACDONALD, A. MEYER, AND Z. REICHSTEIN

for every character χ : C → µp. Then

ed(G; p) ≥ min dimψ − dimG ,

where the minimum is taken over all finite-dimensional representations ψ of
G such that ψ|C is faithful.

To prove the lower bound of Theorem 1.1, we will apply Theorem 4.1 to
the exact sequence

(4.2) 1 → C(G) → G→ Q→ 1 .

where C(G) is a central subgroup of G defined as follows. Recall from
[LMMR, Section 2] that if A is a k-group of multiplicative type, Splitk(A)
is defined as the maximal split k-subgroup of A. That is, if X(A) is the
character Gal(ksep/k)-lattice of A then the character lattice of Splitk(A) is
defined as the largest quotient of X(A) with trivial Gal(ksep/k)-action.

If G be an extension of a finite p-group by a torus, as in (1.1), denote
by Z(G)[p] the p-torsion subgroup of the center Z(G). Note that Z(G)
is a commutative group, which is an extension of a p-group by a torus.
Since char k 6= p it is smooth. Moreover Z(G)(kalg) consists of semi-simple
elements. It follows that Z(G) is of multiplicative type. We now define
C(G) := Splitk(Z(G)[p]).

In order to show that Theorem 4.1 can be aplied to the sequence (4.2),
we need to check that condition (4.1) is satisfied. This is a consequence of
the following proposition, which will be proved in the next section.

Proposition 4.2. Let

1 → T → G→ F → 1

be an exact sequence of (linear) algebraic k-groups, where F is a finite p-
group and T a torus. Then the dimension of every irreducible representation
of G over k is a power of p.

Applying Theorem 4.1 to the exact sequence (4.2) now yields

ed(G; p) ≥ min dim ρ− dimG ,

where the minimum is taken over all representations ρ : G → GL(V ) such
that ρ|C(G) is faithful. This resembles the lower bound of Theorem 1.1; the
only difference is that in the statement of Theorem 1.1 we take the minimum
over p-faithful representations ρ, and here we ask that ρ|C(G) should be
faithful. The following proposition shows that the two bounds are, in fact,
the same, thus completing the proof of Theorem 1.1.

Proposition 4.3. A finite-dimensional representation ρ of G is p-faithful
if and only if ρ|C(G) is faithful.

We will prove Proposition 4.3 in Section 6.
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Remark 4.4. The inequality min dim ρ− dimG ≤ ed(G; p) of Theorem 1.1,
where ρ ranges over all p-faithful representations of G, fails if we take the
minimum over just the faithful (rather than p-faithful) representations, even
in the case where G = T is a torus.

Indeed, choose T so that the Gal(ksep/k)-character lattice X(T ) of T is a
direct summand of a permutation lattice, but X(T ) itself is not permutation
(see [CTS1, 8A.] for an example of such a lattice).

In other words, there exists a k-torus T ′ such that T × T ′ is quasi-split.
This implies that H1(K,T × T ′) = {1} and thus H1(K,T ) = {1} for any
field extension K/k. Consequently ed(T ; p) = 0 for every prime p.

On the other hand, we claim that the dimension of the minimal faithful
representation of T is strictly bigger than dimT . Assume the contrary. Then
by [LMMR, Lemma 2.6] there exists a surjective homomorphism f : P →
X(T ) of Gal(ksep/k)-lattices, where P is permutation and rankP = dimT .
This implies that f has finite kernel and hence, is injective. We conclude that
f is an isomorphism and thus X(T ) is a permutation Gal(ksep/k)-lattice, a
contradiction. �

5. Dimensions of irreducible representations

The purpose of this section is to prove Proposition 4.2. Recall that G0

is a torus, which we denote by T and G/G0 is a finite p-group which we
denote by F . The case, where T = {1}, i.e., G = F is an arbitrary (possibly
twisted) finite p-group, is established in the course of the proof of [LMMR,
Theorem 7.1]. Our proof of Proposition 4.2 below is based on leveraging this
case as follows.

Lemma 5.1. Let G be an algebraic group defined over a field k and

F1 ⊆ F2 ⊆ · · · ⊂ G

be an ascending sequence of finite k-subgroups whose union ∪n≥1Fn is Zariski
dense in G. If ρ : G→ GL(V ) is an irreducible representation of G then ρ|Fi

is irreducible for sufficiently large integers i.

Proof. For each d = 1, ...,dim V −1 consider the G-action on the Grassman-
nian Gr(d, V ) of d-dimensional subspaces of V . Let X(d) = Gr(d, V )G and

X
(d)
i = Gr(d, V )Fi be the subvariety of d-dimensional G- (resp. Fi-)invariant

subspaces of V . Then X
(d)
1 ⊇ X

(d)
2 ⊇ . . . and since the union of the groups

Fi is dense in G,

X(d) = ∩i≥0X
(d)
i .

By the Noetherian property of Gr(d, V ), we have X(d) = X
(d)
md

for some
md ≥ 0.

Since V does not have any G-invariant d-dimensional k-subspaces, we

know that X(d)(k) = ∅. Thus, X
(d)
md

(k) = ∅, i.e., V does not have any Fmd
-

invariant d-dimensional k-subspaces. Setting m := max{m1, . . . ,mdimV−1},
we see that ρ|Fm

is irreducible. �
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We now proceed with the proof of Proposition 4.2. By Lemma 5.1, it
suffices to construct a sequence of finite p-subgroups

F1 ⊆ F2 ⊆ · · · ⊂ G

defined over k whose union ∪n≥1Fn is Zariski dense in G.
In fact, it suffices to construct one p-subgroup F ′ ⊂ G, defined over k

such that F ′ surjects onto F . Indeed, once F ′ is constructed, we can define
Fi ⊂ G as the subgroup generated by F ′ and T [pi], for every i ≥ 0. Since
∪n≥1Fn contains both F ′ and T [pi], for every i ≥ 0 it is Zariski dense in G,
as desired.

The following lemma, which establishes the existence of F ′, is thus the
final step in our proof of Proposition 4.2.

Lemma 5.2. Let 1 → T → G
π
−→ F → 1 be an extension of a p-group F

by a torus T over a field k, as in (1.1). Then G has a p-subgroup F ′ with
π(F ′) = F .

In the case where F is split and k is algebraically closed this is proved
in [CGR, p. 564]; cf. also the proof of [BS, Lemme 5.11].

Proof. Denote by Ẽx
1
(F, T ) the group of equivalence classes of extensions of

F by T . We claim that Ẽx
1
(F, T ) is torsion. Let Ex1(F, T ) ⊂ Ẽx

1
(F, T ) be

the classes of extensions which have a scheme-theoretic section (i.e. G(K) →
F (K) is surjective for all K/k). There is a natural isomorphism Ex1(F, T ) ≃
H2(F, T ), where the latter one denotes Hochschild cohomology, see [DG, III.
6.2, Proposition]. By [Sch3] the usual restriction-corestriction arguments can
be applied in Hochschild cohomology and in particular, m · H2(F, T ) = 0

where m is the order of F . Now recall that M 7→ Ẽx
i
(F,M) and M 7→

Exi(F,M) are both derived functors of the crossed homomorphisms M 7→
Ex0(F,M), where in the first case M is in the category of F -module sheaves
and in the second, F -module functors, cf. [DG, III. 6.2]. Since F is finite and
T an affine scheme, by [Sch1, Satz 1.2 & Satz 3.3] there is an exact sequence
of F -module schemes 1 → T → M1 → M2 → 1 and an exact sequence

Ex0(F,M1) → Ex0(F,M2) → Ẽx
1
(F, T ) → H2(F,M1) ≃ Ex1(F,M1). The

F -module sequence also induces a long exact sequence on Ex(F, ∗) and we
have a diagram

Ẽx
1
(F, T )

&&MMMMMMMMMMM

Ex0(F,M1) // Ex0(F,M2)

88qqqqqqqqqqq

''NNNNNNNNNNN
Ex1(F,M1)

Ex1(F, T )

77ppppppppppp?�

OO
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An element in Ẽx
1
(F, T ) can thus be killed first in Ex1(F,M1) so it comes

from Ex0(F,M2). Then kill its image in Ex1(F, T ) ≃ H2(F, T ), so it comes

from Ex0(F,M1), hence is 0 in Ẽx
1
(F, T ). In particular, multiplying twice

by the order m of F , we see that m2 · Ẽx
1
(F, T ) = 0. This proves the claim.

Now let us consider the exact sequence 1 → N → T
×m2

−−−→ T → 1, where
N is the kernel of multiplication by m2. Clearly N is finite and we have an
induced exact sequence

Ẽx
1
(F,N) → Ẽx

1
(F, T )

×m2

−−−→ Ẽx
1
(F, T )

which shows that the given extension G comes from an extension F ′ of F
by N . Then G is the pushout of F ′ by N → T and we can identify F ′ with
a subgroup of G. �

6. Proof of Proposition 4.3

We will prove Proposition 6.1 below; Proposition 4.3 is an immediate
consequence, with N = Ker ρ. Recall that G is an algebraic group over a
p-special field k of characteristic 6= p such that G0 is a torus, G/G0 is a finite
p-group, as in (1.1), and C(G) is the split central p-subgroup of G defined
in Section 4.

Proposition 6.1. Let N be a normal k-subgroup of G. Then the following
conditions are equivalent:

(i) N is finite of order prime to p,

(ii) N ∩ C(G) = {1},

(iii) N ∩ Z(G)[p] = {1},

In particular, taking N = G, we see that C(G) 6= {1} if G 6= {1}.

Proof. (i)=⇒ (ii) is obvious, since C(G) is a p-group.
(ii) =⇒ (iii). Assume the contrary: A := N ∩Z(G)[p] 6= {1}. By [LMMR,

Section 2]

{1} 6= C(A) ⊂ N ∩ C(G) ,

contradicting (ii).
Our proof of the implication (iii) =⇒ (i) will rely on the following asser-

tion:

Claim: Let M be a non-trivial normal finite p-subgroup of G such that
the commutator (G0,M) is trivial. Then M ∩ Z(G)[p] 6= {1}.

To prove the claim, note that M(ksep) is non-trivial and the conjuga-
tion action of G(ksep) on M(ksep) factors through an action of the p-group
(G/G0)(ksep). Thus each orbit has pn elements for some n ≥ 0; consequently,
the number of fixed points is divisible by p. The intersection (M∩Z(G))(ksep)
is precisely the fixed point set for this action; hence, M ∩ Z(G)[p] 6= {1}.
This proves the claim.
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We now continue with the proof of the implication (iii) =⇒ (i). For nota-
tional convenience, set T := G0. Assume that N ⊳G and N ∩Z(G)[p] = {1}.
Applying the claim to the normal subgroup M := (N ∩ T )[p] of G, we see
that (N ∩ T )[p] = {1}, i.e., N ∩ T is a finite group of order prime to p. The
exact sequence

(6.1) 1 → N ∩ T → N → N → 1 ,

where N is the image of N in G/T , shows that N is finite. Now observe that
for every r ≥ 1, the commutator (N,T [pr]) is a p-subgroup of N ∩ T . Thus
(N,T [pr]) = {1} for every r ≥ 1. We claim that this implies (N,T ) = {1}.
If N is smooth, this is straightforward; see [Bo, Proposition 2.4, p. 59]. If
N is not smooth, note that the map c : N × T → G sending (n, t) to the
commutator ntn−1t−1 descends to c : N × T → G (indeed, N ∩ T clearly
commutes with T ). Since |N | is a power of p and char(k) 6= p, N is smooth
over k, and we can pass to the separable closure ksep and apply the usual
Zariski density argument to show that the image of c is trivial.

We thus conclude that N ∩ T is central in N . Since gcd(|N ∩ T |, N) = 1,
by [Sch2, Corollary 5.4] the extension (6.1) splits, i.e., N ≃ (N ∩ T ) × N .
This turns N into a finite p-subgroup of G with (T,N ) = {1}. The claim
implies that N is trivial. Hence N = N ∩ T is a finite group of order prime
to p, as claimed.

This completes the proof of Proposition 6.1 and thus of Theorem 1.1. �

7. Faithful versus generically free

Throughout this section we will assume that k is a p-special field of char-
acteristic 6= p and G is a (smooth) algebraic k-group such that T := G0 is a
torus and F := G/G0 is a finite p-group, as in (1.1). As we have seen in the
introduction, some groups of this type have faithful linear representations
that are not generically free. In this section we take a closer look at this
phenomenon.

If F ′ is a subgroup of F then we will use the notation GF ′ to denote the
subgroup π−1(F ′) of G. Here π is the natural projection G→ G/T = F .

Lemma 7.1. Suppose T is central in G. Then

(a) G has only finitely many k-subgroups S such that S ∩ T = {1}.

(b) Every faithful action of G on a geometrically irreducible variety X is
generically free.

Proof. After replacing k by its algebraic closure kalg we may assume without
loss of generality that k is algebraically closed.

(a) Since F has finitely many subgroups, it suffices to show that for every
subgroup F0 ⊂ F , there are only finitely many S ⊂ G such that π(S) = F0

and S ∩ T = {1}.
After replacing G by GF0 , we may assume that F0 = F . In other words,

we will show that π has at most finitely many sections s : F → G. Fix
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one such section, s0 : F → G. Denote the exponent of F by e. Suppose
s : F → G is another section. Then for every f ∈ F (k), we can write s(f) =
s0(f)t for some t ∈ T . Since T is central in G, t and s0(f) commute. Since
s(f)e = s0(f)

e = 1, we see that te = 1. In other words, t ∈ T (k) is an
e-torsion element, and there are only finitely many e-torsion elements in T .
We conclude that there are only finitely many choices of s(f) for each f ∈ F .
Hence, there are only finitely many sections F → G, as claimed.

(b) The restriction of the G-action on X to T is faithful and hence, generi-
cally free; cf., e.g., [Lo, Proposition 3.7(A)]. Hence, there exists a dense open
T -invariant subset U ⊂ X such that StabT (u) = {1} for all u ∈ U . In other
words, if S = StabG(u) then S ∩ T = {1}. By part (a) G has finitely many
non-trivial subgroups S with this property. Denote them by S1, . . . , Sn. Since
G acts faithfully, XSi is a proper closed subvariety of X for any i = 1, . . . , n.
Since X is irreducible,

U ′ = U \ (XS1 ∪ · · · ∪XSn)

is a dense open T -invariant subset of X, and the stabilizer StabG(u) is
trivial for every u ∈ U ′. Replacing U ′ by the intersection of its (finitely
many) G(kalg)-translates, we may assume that U ′ is G-invariant.This shows
that the G-action on X is generically free. �

Proposition 7.2. (a) A faithful action of G on a geometrically irreducible
variety X is generically free if and only if the action of the subgroup GC(F ) ⊆
G on X is generically free.

(b) A p-faithful action of G on a geometrically irreducible variety X is
p-generically free if and only if the action of the subgroup GC(F ) ⊆ G on X
is p-generically free.

Proof. (a) The (faithful) T -action on X is necessarily generically free cf. [Lo,
Proposition 3.7(A)]. Thus by [Ga, Exposé V, Théorème 10.3.1] (or [BF,
Theorem 4.7]) X has a dense open T -invariant subvariety U defined over
k, which is the total space of a T -torsor, U → Y := U/G, where Y is also
smooth and geometrically irreducible. Since G/T is finite, after replacing U
by the intersection of its (finitely many) G(kalg)-translates, we may assume
that U is G-invariant.

The G-action on U descends to an F -action on Y (by descent). Now it is
easy to see that the following conditions are equivalent:

(i) the G-action on X is generically free, and

(ii) the F -action on Y is generically free;

cf. [LR, Lemma 2.1]. Since F is finite, (ii) is equivalent to

(iii) F acts faithfully on Y .

Since k is p-special, Proposition 6.1 tells us that the kernel of the F -action
on Y is trivial iff the kernel of the C(F )-action on Y is trivial. In other
words, (iii) is equivalent to

(iv) C(F ) acts faithfully (or equivalently, generically freely) on Y
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and consequently, to

(v) the GC(F )-action on U (or, equivalently, on X) is generically free.

Note that (iv) and (v) are the same as (ii) and (i), respectively, except that
F is replaced by C(F ) and G by GC(F ). Thus the equivalence of (iv) and
(v) follows from the equivalence of (i) and (ii). We conclude that (i) and (v)
are equivalent, as desired.

(b) Let K be the kernel of the G-action on X, which is contained in T by
assumption. Notice that (G/K)/(T/K) = G/T = F . So part (a) says the
G/K-action on X is generically free if and only if the GC(F )/K-action on
X is generically free, and part (b) follows. �

Corollary 7.3. Consider an action of a tame k-group G (see Definition 1.2)
on a geometrically irreducible k-variety X.

(a) If this action is faithful then it is generically free.

(b) If this action is p-faithful then it is is p-generically free.

Proof. (a) Since G is tame, T is central in GC(F ). Hence, the GC(F )-action on
X is generically free by Lemma 7.1(b). By Proposition 7.2(a), the G-action
on X is generically free.

(b) Let K be the kernel of the action. Note that G/K is also tame. Now
apply part (a) to G/K. �

8. Proof of Theorem 1.3

In this section we will prove the following proposition, which implies The-
orem 1.3(a). Theorem 1.3(b) is an immediate consequence of part (a) and
Theorem 1.1 (or alternatively, of Corollary 7.3(b) and Theorem 1.1).

We continue to use the notational conventions and assumptions on k and
G described at the beginning of Section 7.

Proposition 8.1. Let ρ : G→ GL(V ) be a linear representation of G.
(a) If ρ is faithful then G has a generically free representation of dimen-

sion dim ρ+ dimT − dim TC(F ).

(b) If ρ is p-faithful, then G has a p-generically free representation of

dimension dim ρ+ dimT − dim TC(F ).

Proof. (a) TC(F ) is preserved by the conjugation action of G, so the ad-

joint representation of G decomposes as Lie(T ) = Lie(TC(F ))⊕W for some
G-representationW . Since the G-action on Lie(T ) factors through F , the ex-
istence ofW follows from Maschke’s Theorem. Let µ be the G-representation
on V ⊕W . Then dimµ = dim ρ + dimT − dim TC(G). It thus remains to
show that µ is a generically free representation of G.

Let K be the kernel of the GC(F ) action on Lie(T ). We claim T is central
in K. The finite p-group K/T acts on T (by conjugation), and it fixes the
identity. By construction K/T acts trivially on the tangent space at the
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identity, which implies K/T acts trivially on T , since the characteristic is
6= p; cf. [GR, Proof of 4.1]. This proves the claim.

By Lemma 7.1, the K-action on V is generically free. Now GC(F ) acts

trivially on Lie(TC(F )), so GC(F )/K acts faithfully on W . Since GC(F )/K
is finite, this action is also generically free. Therefore GC(F ) acts generically
freely on V ⊕W [MR1, Lemma 3.2]. Finally, by Proposition 7.2(a), G acts
generically freely on V ⊕W , as desired.

(b) By our assumption ker ρ ⊂ T . Set T := T/ ker ρ. It is easy to see that

dim TC(F ) ≤ dim T
C(F )

. Hence, by part (a), there exists a generically free
representation of G/ ker ρ of dimension

dimT − dim T
C(F )

≤ dimT − dim TC(F ) .

We may now view this representation as a p-generically free representation
of G. This completes the proof of Theorem 1.3. �

Remark 8.2. A similar argument shows that for any tame normal subgroup
H ⊂ G over a p-special field k, gap(G; p) ≤ ed(G/H; p).

9. Additivity

Our proof of the Additivity Theorem 1.4 relies on the following lemma.
Let G be an algebraic group defined over k and C be a k-subgroup of G.
Denote the minimal dimension of a representation ρ of G such that ρ|C is
faithful by f(G,C).

Lemma 9.1. For i = 1, 2 let Gi be an algebraic group defined over a field k
and Ci be a central k-subgroup of Gi. Assume that Ci is isomorphic to µrip
over k for some r1, r2 ≥ 0. Then

f(G1 ×G2;C1 × C2) = f(G1;C1) + f(G2;C2) .

Our argument below is a variant of the proof of [KM, Theorem 5.1], where
G is assumed to be a (constant) finite p-group and C = C(G) (recall that
C(G) is defined at the beginning of Section 4).

Proof. For i = 1, 2 let πi : G1 × G2 → Gi be the natural projection and
ǫi : Gi → G1 ×G2 be the natural inclusion.

If ρi is a di-dimensional representation of Gi whose restriction to Ci is
faithful, then clearly ρ1 ◦π1⊕ ρ2 ◦π2 is a d1+ d2-dimensional representation
of G1 ×G2 whose restriction to C1 × C2 is faithful. This shows that

f(G1 ×G1;C1 × C2) ≤ f(G1;C1) + f(G2;C2) .

To prove the opposite inequality, let ρ : G1 ×G2 → GL(V ) be a representa-
tion such that ρ|C1×C2

is faithful, and of minimal dimension

d = f(G1 ×G1;C1 × C2)

with this property. Let ρ1, ρ2, . . . , ρn denote the irreducible decomposition
factors in a decomposition series of ρ. Since C1 × C2 is central in G1 ×G2,
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each ρi restricts to a multiplicative character of C1×C2 which we will denote
by χi. Moreover since C1 × C2 ≃ µr1+r2

p is linearly reductive ρ|C1×C2
is a

direct sum χ⊕d1
1 ⊕ · · · ⊕ χ⊕dn

n where di = dimVi. It is easy to see that the
following conditions are equivalent:

(i) ρ|C1×C2
is faithful,

(ii) χ1, . . . , χn generate (C1 × C2)
∗ as an abelian group.

In particular we may assume that ρ = ρ1 ⊕ · · · ⊕ ρn. Since Ci is isomorphic
to µrip , we will think of (C1 × C2)

∗ as a Fp-vector space of dimension r1
+ r2. Since (i) ⇔ (ii) above, we know that χ1, . . . , χn span (C1 × C2)

∗. In
fact, they form a basis of (C1 × C2)

∗, i.e., n = r1 + r2. Indeed, if they were
not linearly independent we would be able to drop some of the terms in
the irreducible decomposition ρ1 ⊕ · · · ⊕ ρn, so that the restriction of the
resulting representation to C1×C2 would still be faithful, contradicting the
minimality of dim ρ.

We claim that it is always possible to replace each ρj by ρ′j , where ρ
′
j is

either ρj ◦ ǫ1 ◦ π1 or ρj ◦ ǫ2 ◦ π2 such that the restriction of the resulting
representation ρ′ = ρ′1⊕· · · ⊕ ρ′n to C1×C2 remains faithful. Since dim ρi =
dim ρ′i, we see that dim ρ′ = dim ρ. Moreover, ρ′ will then be of the form
α1 ◦ π1 ⊕ α2 ◦ π2, where αi is a representation of Gi whose restriction to Ci

is faithful. Thus, if we can prove the above claim, we will have

f(G1 ×G1;C1 ×C2) = dim ρ = dim ρ′ = dimα1 + dimα2

≥ f(G1, C1) + f(G2, C2) ,

as desired.
To prove the claim, we will define ρ′j recursively for j = 1, . . . , n. Suppose

ρ′1, . . . , ρ
′
j−1 have already be defined, so that the restriction of

ρ′1 ⊕ · · · ⊕ ρ′j−1 ⊕ ρj · · · ⊕ ρn

to C1 × C2 is faithful. For notational simplicity, we will assume that ρ1 =
ρ′1, . . . , ρj−1 = ρ′j−1. Note that

χj = (χj ◦ ǫ1 ◦ π1) + (χj ◦ ǫ2 ◦ π2) .

Since χ1, . . . , χn form a basis (C1×C2)
∗ as an Fp-vector space, we see that (a)

χj◦ǫ1◦π1 or (b) χj◦ǫ2◦π2 does not lie in SpanFp
(χ1, . . . , χj−1, χj+1, . . . , χn).

Set

ρ′j :=

{
ρj ◦ ǫ1 ◦ π1 in case (a), and

ρj ◦ ǫ2 ◦ π2, otherwise.

Using the equivalence of (i) and (ii) above, we see that the restriction of

ρ1 ⊕ · · · ⊕ ρj−1 ⊕ ρ′j ⊕ ρj+1, · · · ⊕ ρn

to C is faithful. This completes the proof of the claim and thus of Lemma 9.1.
�
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Proof of Theorem 1.4. Clearly G1 × G2 is again a p-group extended by a
torus.

Reall that C(G) is defined as the maximal split p-torsion subgroup of the
center of G; see Section 4. It follows from this definition that

C(G1 ×G2) = C(G1)× C(G2) ;

cf. [LMMR, Lemma 2.1]. Lemma 9.1 and Proposition 4.3 show that the mini-
mal dimension of a p-faithful representation is f(G,C(G)) = f(G1, C(G1))+
f(G2, C(G2)), which is the sum of the minimal dimensions of p-faithful rep-
resentations of G1 and G2. For i ∈ {1, 2}, since gap(Gi; p) = 0, there exists a
p-generically free representation ρi of Gi of dimension f(Gi, C(Gi)). The di-
rect sum ρ1⊕ρ2 is a p-generically free representation of G and its dimension
is f(G,C(G)). It follows that gap(G1 ×G2; p) = 0. By Theorem 1.1

ed(G; p) = f(G,C(G)) − dimG ;

cf. Proposition 4.3, and similarly forG1 andG2. Hence the equality ed(G; p) =
ed(G1; p) + ed(G2; p) follows. This concludes the proof. �

Example 9.2. Let T be a torus over a field k. Suppose there exists an ele-
ment τ in the absolute Galois group Gal(ksep/k) which acts on the character
lattice X(T ) via multiplication by −1. Then ed(T ; 2) ≥ dimT .

Proof. Let n := dimT . Over the fixed fieldK := (ksep)
τ the torus T becomes

isomorphic to a direct product of n copies of a non-split one-dimensional
torus T1. Using [LMMR, Theorem 1.1] it is easy to see that ed(T1; 2) = 1.
By the Additivity Theorem 1.4 we conclude that ed(T ; 2) ≥ ed(TK ; 2) =
ed((T1)

n; 2) = n ed(T1; 2) = dimT . �

We conclude this section with an example which shows, in particular, that
the property gap(G; p) = 0 is not preserved under base field extensions. Let
T be an algebraic torus over a field p-special field k of characteristic 6= p
and F a non-trivial p-subgroup of the constant group Sn. Then we can form
the wreath product

T ≀ F := T n
⋊ F,

where F acts on T n by permutations.

Example 9.3. gap(T ≀ F ; p) = 0 if and only if ed(T ; p) > 0. Moreover,

ed(T ≀ F ; p) =

{
ed(T n; p) = n ed(T ; p), if ed(T ; p) > 0,

ed(F ; p), otherwise.

Proof. LetW be a p-faithful T -representation of minimal dimension. By [LMMR,
Theorems 1.1], ed(T ; p) = dimW − dimT .

Then W⊕n is naturally a p-faithful T ≀ F -representation. Lemma 9.1 and
Proposition 4.3 applied to T n tell us that W⊕n has minimal dimension
among all p-faithful representations of T ≀ F .

Suppose ed(T ; p) > 0, i.e., dimW > dimT . The group F acts faithfully
on the rational quotient W⊕n/T n = (W/T )n, since dimW/T = dimW −



18 R. LÖTSCHER, M. MACDONALD, A. MEYER, AND Z. REICHSTEIN

dimT > 0. It is easy to see that the T ≀ F -action on W⊕n is p-generically
free; cf. e.g, [MR1, Lemma 3.3]. In particular, gap(T ≀ F ; p) = 0 and

ed(T ≀F ; p) = dimW⊕n−dim(T ≀F ) = n(dimW−dimT ) = n ed(T ; p) = ed(T n; p) ,

where the last equality follows from Theorem 1.4.
Now assume that ed(T ; p) = 0, i.e., dimW = dimT . The group T ≀ F

cannot have a p-generically free representation V of dimension dimW⊕n =
dimT ≀ F , since T n would then have a dense orbit in V . It follows that
gap(T ≀ F ; p) > 0. In order to compute its essential p-dimension of T ≀ F we
use the fact that the natural projection T ≀ F → F has a section. Hence,
the map H1(−, T ≀F ) → H1(−, F ) also has a section and is, consequently, a
surjection. This implies that ed(T ≀F ; p) ≥ ed(F ; p). Let W ′ be a faithful F -
representation of dimension ed(F ; p). The direct sum W⊕n⊕W ′ considered
as a T ≀F representation is p-generically free. So, ed(T ≀F ; p) = ed(F ; p). �

10. Groups of low essential p-dimension

In [LMMR] we have identified tori of essential dimension 0 as those tori,
whose character lattice is invertible, i.e. a direct summand of a permutation
module, see [LMMR, Example 5.4]. The following lemma shows that among
the algebraic groups G studied in this paper, i.e. extensions of p-groups by
tori, there are no other examples of groups of ed(G; p) = 0.

Lemma 10.1. Let G be an algebraic group over a field k such that G/G0

is a p-group. If ed(G; p) = 0, then G is connected.

Proof. Assume the contrary: F := G/G0 6= {1}. Let X be an irreducible
G-torsor over some field K/k. For example, we can construct X as follows.
Start with a faithful linear representation G →֒ GLn for some n ≥ 0. The
natural projection GLn → GLn /G is a G-torsor. Pulling back to the generic
point Spec(K) → GLn /G, we obtain an irreducible G-torsor over K.

Now X/G0 → Spec(K) is an irreducible F -torsor. Since F 6= {1} is not
connected, this torsor is non-split. As F is a p-group, X/G0 remains non-
split over every prime to p extension L/K. It follows that the degree of every
closed point of X is divisible by p, hence p is a torsion prime of G. Therefore
ed(G; p) > 0 by [Me1, Proposition 4.4]. This contradicts the assumption
ed(G; p) = 0 and so F must be trivial. �

For the remainder of this section we will assume the base field k is of
characteristic 6= p.

Proposition 10.2. Let G be a central extension of a p-group F by a torus
T . If ed(G; p) ≤ p− 2, then G is of multiplicative type.

Proof. Without loss of generality, assume k = kalg. By Theorem 1.1, there
is a p-faithful representation V of G, with dimV ≤ dimT + p− 2.

First consider the case when V is faithful. By Nagata’s theorem [Na] G
is linearly reductive, hence we can write V =

⊕r
i=1 Vi for some non-trivial

irreducible G-representations Vi. Since T is central and diagonalizable it acts
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by a fixed character on Vi, for every i. Hence r ≥ dimT by faithfulness of
V . It follows that 1 ≤ dimVi ≤ p − 1 for each i. But every irreducible G-
representation has dimension a power of p (Proposition 4.2), so each Vi is
one-dimensional. In other words, G is of multiplicative type.

Now consider the general case, where V is only p-faithful, and let K ⊂ G
be the kernel of that representation. Then G/K is of multiplicative type,
so it embeds into a torus T1. Since T is central in G, a subgroup F ′ as in
Lemma 5.2 is normal, so let T2 = G/F ′, which is also a torus. The kernel of
the natural map G→ T1×T2 is contained in K ∩F ′, which is trivial since p
does not divide the order of K. In other words, G embeds into a torus, and
hence is of multiplicative type. �

Example 10.3. Proposition 10.2 does not generalize to tame groups. For
a counter-example, assume the p-special field k contains a primitive p2-root
of unity, and consider the group G = G

p
m⋊Z/p2, where a generator in Z/p2

acts by cyclically permuting the p copies of Gm. The group G is tame,
because C(Z/p2) = Z/p = µp acts trivially on G

p
m. On the other hand, G is

not abelian and hence, is not of multiplicative type.
We claim that ed(G; p) = 1 and hence, ≤ p − 2 for every odd prime p.

There is a natural p-dimensional faithful representation ρ of G; ρ embeds
G

p
m into GLp diagonally, in the standard basis e1, . . . , ep, and Z/p2 cycli-

cally permutes e1, . . . , ep. Taking the direct sum of ρ with the 1-dimensional
representation χ : G → Z/p2 = µp2 →֒ Gm = GL1, we obtain a faith-
ful p + 1-dimensional representation ρ ⊕ χ which is therefore generically
free by Corollary 7.3 (this can also be verified directly). Hence, ed(G; p) ≤
(p + 1) − dim(G) = 1. On the other hand, by Lemma 10.1, we see that
ed(G; p) ≥ 1 and thus = 1, as claimed. �

Let Γp a finite p-group, and let φ : P → X be a map of ZΓp-modules.
As in [LMMR], we will call φ a p-presentation if P is permutation, and the
cokernel is finite of order prime to p. We will denote by I the augmentation
ideal of Z[Γp], and by X := X/(pX+IX) the largest p-torsion quotient with
trivial Γp-action. The induced map on quotient modules will be denoted

φ̄ : P → X.
In the sequel for G a group of multiplicative type over k, the group Γp in

the definition of “p-presentation” is understood to be a Sylow p-subgroup of
Γ = Gal(ℓ/k), where ℓ/k is a Galois splitting field of G.

Lemma 10.4. Let φ : P → X be a map of ZΓp-modules. Then the cokernel
of φ is finite of order prime to p if and only if φ̄ is surjective.

Proof. This is shown in [Me2, proof of Theorem 4.3], and from a different
perspective in [LMMR, Lemma 2.2]. �

Proposition 10.5. Let G be a central extension of a p-group F by a torus
T , and let 0 ≤ r ≤ p− 2. The following statements are equivalent.

(a) ed(G; p) ≤ r
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(b) G is of multiplicative type and there is a p-presentation P → X(G)
whose kernel is isomorphic to the trivial ZΓp-module Z

r.

Proof. Assuming (a), by Proposition 10.2 G is of multiplicative type. By
[LMMR, Corollary 5.1] we know there is a p-presentation P → X(G), whose
kernel L is of free of rank ed(G; p) ≤ p−2. By [AP, Satz], Γp must act trivially
on L.

(b) ⇒ (a) follows from [LMMR, Corollary 5.1]. �

Proposition 10.6. Assume G is multiplicative type, with a p-presentation
φ : P → X(G) whose kernel is isomorphic to the trivial ZΓp-module Z

r for
some r ≥ 0. Then ed(G; p) ≤ r and the following conditions are equivalent.

(a) ed(G; p) = r,
(b) ker φ is contained in pP + IP ,
(c) ker φ is contained in

{
∑

λ∈Λ

aλλ ∈ P | aλ ≡ 0 (mod p) ∀λ ∈ ΛΓp

}
.

Here I denotes the augmentation ideal in Z[Γp] and Λ is a Γp-invariant
basis of P .

Proof. (a) ⇔ (b): We have a commutative diagram:

1 // Zr //

��

P
φ //

�� !!C
C

C
C

C
C

C
C

X(G)

��
(Z/pZ)r // P

φ̄ // X(G)

with exact rows. By Lemma 10.4, φ̄ is a surjection. Therefore kerφ ⊆ pP+IP
if and only if φ̄ is an isomorphism.

Write P as a direct sum P ≃
⊕m

j=1 Pj of transitive permutation ZΓp-

modules P1, . . . , Pm. Then P/(pP+IP ) ≃
⊕m

j=1 Pj/(pPj+IPj) ≃ (Z/pZ)m.

If φ̄ is not an isomorphism we can replace P by the direct sum P̂ of only
m−1 Pj ’s without losing surjectivity of φ̄. The composition P̂ →֒ P → X(G)
is then still a p-presentation of X(G), by Lemma 10.4. Hence ed(G; p) ≤

rank P̂ − dimG < rankP − dimG = r.
Conversely assume that φ̄ is an isomorphism. Let ψ : P ′ → X(G) be a

p-presentation such that ed(G; p) = rank kerψ. Let d be the index [X(G) :
φ(P )], which is finite and prime to p. Since the mapX(G) → d·X(G), x 7→ dx
is an isomorphism we may assume that the image of ψ is contained in
φ(P ). We have an exact sequence HomZΓp(P

′, P ) → HomZΓp(P
′, φ(P )) →

Ext1
ZΓp

(P ′,Zr) and the last group is zero by [Lor, Lemma 2.5.1]. Therefore

ψ = φ ◦ ψ′ for some map ψ′ : P ′ → P of ZΓp-modules. Since φ̄ is an iso-
morphism and ψ is a p-presentation it follows from Lemma 10.4 that ψ′

is a p-presentation as well, and in particular that rankP ′ ≥ rankP . Thus
ed(G; p) = rank kerψ ≥ rank kerφ = r.
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(b) ⇔ (c): It suffices to show that PΓp ∩ (pP + IP ) consists precisely
of the elements of PΓp of the form

∑
λ∈Λ aλλ with aλ ≡ 0 (mod p) for all

λ ∈ ΛΓp , for any permutation ZΓp-module P . One easily reduces to the case
where P is a transitive permutation module. Then PΓp consists precisely of
the Z-multiples of

∑
λ∈Λ λ and pP + IP are the elements

∑
λ∈Λ aλλ with∑

λ∈Λ aλ ≡ 0 (mod p). Thus for n ∈ Z the element n
∑

λ∈Λ λ lies in pP +IP
iff n · |Λ| ≡ 0 (mod p), iff n ≡ 0 (mod p) or |Λ| ≡ 0 (mod p). Since |Λ| is a
power of p the claim follows. �

Example 10.7. Let E be an étale algebra over a field k. It can be written as
E = ℓ1×· · ·×ℓm with some separable field extensions ℓi/k. The kernel of the

norm map n : RE/k(Gm) → Gm is denoted by R
(1)
E/k(Gm). Let G = n−1(µpr)

for some r ≥ 0. It is a group of multiplicative type fitting into an exact
sequence

1 → R
(1)
E/k(Gm) → G→ µpr → 1.

Let ℓ be a finite Galois extension of k containing ℓ1, . . . , ℓm (so ℓ splits
G), Γ = Gal(ℓ/k), Γℓi = Gal(ℓ/ℓi) and Γp a p-Sylow subgroup of Γ. The
character module of G has a p-presentation

P :=

m⊕

i=1

Z[Γ/Γℓi ] → X(G),

with kernel generated by the element (pr, · · · , pr) ∈ P . This element is fixed
by Γp, so ed(G; p) ≤ 1. It satisfies condition (c) of Proposition 10.6 iff r > 0
or every Γp-set Γ/Γℓi is fixed-point free. Note that Γ/Γℓi has Γp-fixed points
if and only if [ℓi : k] = |Γ/Γℓi | is prime to p. We thus have

ed(G; p) =

{
0, if r = 0 and [ℓi : k] is prime to p for some i,
1, otherwise.
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