WITT EQUIVALENCE OF FUNCTION FIELDS OVER GLOBAL
FIELDS

PAWEL GLADKI AND MURRAY MARSHALL

ABSTRACT. Witt equivalent fields can be understood to be fields having the
same symmetric bilinear form theory. Witt equivalence of finite fields, local
fields and global fields is well understood. Witt equivalence of function fields
of curves defined over archimedean local fields is also well understood. In the
present paper, Witt equivalence of general function fields over global fields is
studied. It is proved that for any two such fields K, L, any Witt equivalence
K ~ L induces a cannonical bijection v <> w between Abhyankar valuations
v on K having residue field not finite of characteristic 2 and Abhyankar val-
uations w on L having residue field not finite of characteristic 2. The main
tool used in the proof is a method for constructing valuations due to Arason,
Elman and Jacob [1]. The method of proof does not extend to non-Abhyankar
valuations. The result is applied to study Witt equivalence of function fields
over number fields. It is proved, for example, that if k, £ are number fields and
k(zi,...,Zn) ~ €(x1,...,Zn), n > 1, then k ~ ¢ and the 2-ranks of the ideal
class groups of k and ¢ are equal.

1. INTRODUCTION

Let K be a field. Denote by W(K') the Witt ring of (non-degenerate) symmetric
bilinear forms over K; see [26], [28] or [46] for the definition in case char(K) # 2
and [18], [19] or [31] for the definition in the general case. Denote by Q(K) the
quadratic hyperfield of K; roughly speaking this is the same thing as the quadratic
form scheme of K [25] [26]; see Section 3 for the definition. We say two fields K, L
are Witt equivalent, denoted K ~ L, if Q(K) = Q(L) as hyperfields, equivalently,
if W(K) = W(L) as rings; see Proposition 3.2 below. Witt equivalent fields can be
understood as fields having the same symmetric bilinear form theory.

Witt equivalence of finite fields and local fields is well understood. Witt equiv-
alence of global fields is considered in [5], [34], [40], [41], [42]. Witt equivalence of
function fields of curves defined over local and global fields is considered in [12],
[20], [21]. (Note, however, that there is a serious error in the proof of Theorem 1.3
in [20], in the proof of (1.3.1) = (1.3.2).)

It is well-known that any hyperfield isomorphism « : Q(K) — Q(L) carries
orderings of K to orderings of L in the sense that if P C K™ is the positive cone of
an ordering of K then

Q={s€L*:5=a(t) for some t € P}
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is the positive cone of an ordering of L. Here, T denotes the image of x under the
canonical map K* — K*/K*2. This correspondence can also be deduced from the
fact that orderings on K correspond to ring homomorphisms from W (K) to Z.

It is natural to wonder if a similar result holds for valuations, i.e., if the valuations
of a field K can be detected by looking at the quadratic hyperfield Q(K). At this
level of generality the result is false. E.g., C ~ Fy and C((z)) ~ F5. In each of these
examples, the first field has lots of non-trivial valuations, but the second field has
only the trivial valuation. At the same time, there is a detection procedure which
works for certain sorts of fields. E.g., if K, L are global fields of characteristic # 2,
then any hyperfield isomorphism « : Q(K) — Q(L) induces in a cannonical way a
bijection v <+ w between valuations v of K and valuations w of L; see [5], [34], [40],
[41], [42]. The main tool for setting up this bijection is a method of constructing
valuations described in [1], which is based, in turn, on earlier constructions, of a
similar sort, described in [14] and [44].

In the present paper we extend the above-mentioned result for global fields,
proving that if K, L are function fields over global fields then any hyperfield iso-
morphism « : Q(K) — Q(L) induces in a canonical way a bijection v <> w between
Abhyankar valuations v of K having residue field not finite of characteristic 2 and
Abhyankar valuations w of L having residue field not finite of characteristic 2; see
Theorem 7.4.

Our results are applied to study Witt equivalence of function fields over number
fields; see Corollary 8.2, Theorem 8.6 and Corollary 8.8. It is proved, for example,
that if k(x1,...,2,) ~ €(x1,...,2,), where n > 1 and k and ¢ are number fields,
then k ~ ¢ and the 2-ranks of the ideal class groups of k and /¢ are equal.

In Sections 2 and 3 we recall basic terminology which is used throughout the
paper. In Section 4 we establish basic connections between quadratic hyperfields
and valuations. In Section 5 we apply the result in [1] to understand the behavior
of valuations under Witt equivalence; see Theorem 5.3. In Section 6 we recall
the terminology of function fields, global fields and Abhyankar valuations, and we
introduce the idea of nominal transcendence degree.

The main new results in the paper are found in Sections 5,7 and 8.

2. HYPERFIELDS

A hyperfield is an object like a field, but where the addition is allowed to be
multivalued. Hyperfields were introduced by Krasner [22], [23], in connection with
his work on valuations. Hyperfields were also introduced independently in [29]
where they were called multifields.

A hyperfield is a system (H,+,-,—,0,1) where H is a set, + is a multivalued
binary operation on H, i.e., a function from H x H to the set of all subsets of H,
- is a binary operation on H, — : H — H is a function, and 0, 1 are elements of H
such that

I. (H,+,—,0) is a canonical hypergroup, terminology as in Mittas [33], i.e.,
(H)cea+b=acc+(-b),
(2)aecb+0iff a =0,
3) (a+b)+c=a+ (b+¢), and
(4) a+b=0b+a; and

IL. (H,-,1) is a commutative monoid, i.e., (ab)c = a(bc), ab = ba, and al = a for
all a,b,c € A; and
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III. a0 = 0 for all a € H; and
IV. a(b+ ¢) C ab+ ac; and
V. 1# 0 and every non-zero element has a multiplicative inverse.

Hyperfields form a category. A morphism from H; to Hs, where Hy, Hs are
hyperfields, is a function « : H; — Hs which satisfies a(a + b) C a(a) + «(b),
afab) = afa)a(d), a(—a) = —ala), a(0) =0, a(1) = 1.

Here are some elementary consequences of the hyperfield axioms: (i) —0 = 0 (ii)
—(—a)=a (iii) a+ b # 0 (iv) a(—=b) = —(ab) (v) (—a)(—b) = ab.

Every field is a hyperfield. The simplest non-trivial examples of hyperfields are
the quotient hyperfields. If T is a subgroup of H*, where H is a field or hyperfield,
the quotient hyperfield H/,,,T = (H/.,T,+,-,—,0,1) is defined as follows: H/,,T
is the set of equivalence classes with respect to the equivalence relation ~ on H
defined by a ~ b iff as = bt for some s,t € T. The operations on H/,,,T are
the obvious ones induced by the corresponding operations on H: Denote by @ the
equivalence class of a. Then @ € b+ ¢ iff as € bt + cu for some s,t,u € T, @b = ab,
—@ = —a. Also, 0 =0, and 1 = 1. The group of non-zero elements of H/,,T is
H*/T.

The hyperfield associated to an ordered abelian group I' := (T',-,1,<) is ' U
{0} := T U{0},+,-,—,0,1), where

bifa<bd
a+b:=<aifb<a ,
[0,a] if a=1b

a-0=0-a:=0and —a := a. Convention: 0 < a for all a € T".

A valuation on a field K is just a morphism v : K — I' U {0}, for some ordered
abelian group I' := (T,-,1,<). If T is the value group of v, i.e., if v is surjective,
then v induces an isomorphism v : K/,,U — I"U {0}, where U is the unit group of
vt

See [30] for an example of a hyperfield which is not realizable as a quotient
hyperfield of a field.

If H=(H,+,-,—,0,1) is a hyperfield, the prime addition on H is defined by

a+b if one of a, b is zero
a+'b=<ca+bU{a,b} ifa#0,b#0, b# —a.
H ifa#0, b#0, b= —a

In the next section we use the following result:

Proposition 2.1. For any hyperfield H := (H,+,-,—,0,1), H := (H,+/,-,—,0,1)
is also a hyperfield.

Proof. We make use of the fact that a+b C a+'b. I (1) Suppose ¢ € a+'b. If ¢ € a+b
then a € ¢+ (—=b) C ¢+’ (—b). Otherwise, a,b# 0and c=aorc=bora = —b. In
each of these cases, a € ¢+’ (=b) is clear. (2) Since b+’ 0 = b+ 0 this is clear. (3)
As explained in [29, Lemma 1.3], it suffices to show (a +'b)+' ¢ C a+' (b+'¢), i.e.,
ifz € y+'cfor some y € a+'bthen x € a+'z for some z € b+'¢c. If x € y+c and

IThe foregoing example notwithstanding, in what follows we will always use the more standard
additive notation for valuations, i.e., a valuation is a function v : K — I'U{oo}, for some ordered
abelian group I" := (T', 4+, 0, >).
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y € a+ b this is clear. Otherwise either y,c¢ # 0 and (x =y or x = c or y = —c¢)
ora,b#0and (y=aory=">ora= —b). In the first case, if z = y take 2 = b
ifbo£0and z=cifb=0;if x =ctake z = ¢; if y = —c take z = —a if a # 0
and z = z if a = 0. In the second case, if y = a take z = cif ¢ # 0 and z = b if
c=0;ify=btake z=zxif x #0and z = —a if x = 0; if a = —b take z = b.
(4) is clear. II, IIT and V are clear. IV Suppose & € b+"¢c. If x € b+ ¢ then
ax € a(b+¢) C ab+ ac C ab+' ac. Otherwise, b,c # 0 and x = b or = ¢ or
b = —c. In each of these cases ax € ab +’ ac is clear. O

We refer to H' as the prime of the hyperfield H. Observe that if T' is a subgroup
of H* then H'/,,T = (H/,T)'.

3. QUADRATIC HYPERFIELDS AND WITT EQUIVALENCE

Let K be a field. The quadratic hyperfield of K, denoted Q(K), is defined to be
the prime of the hyperfield K/,,K*2.2 Note that Q(K)* = K*/K*2.

Proposition 3.1. Assume a € Q(K)*. Then
(1) a®=T1.
(2) If @ # —1 then 1+ @ is a subgroup of Q(K)*.3
(3) If K # F3,F5 and char(K) # 2 then Q(K) = K/,, K*?.

Proof. (1) a € K* so a®> € K*2. Tt follows that @> = a2 = 1. (2) If 0 € T +a,
then @ € 0 + (—1), so @ = —1, which contradicts our assumption. This proves
T+aC K*/K*2. Clearly T € T+a. Each b € K*/K*? satisfies bb = b2 = T, so
is its own inverse. Closure of 1 4 @ under multiplication follows from the standard
identity

(21 + ay?) (23 + ay3) = (w122 — ayr1y2)® + a(@1y2 + 22y1)°.

(3) It suffices to show V b € K, b € aK*? — aK*?. Scaling, we are reduced to the
case a = 1. If b # 1, the identity b = (25)? — (252)2 shows that b € K*2 — K*2.
Thus we are reduced to showing +£1 € K*2 — K*2. Scaling, we are reduced further
to showing 1 € K*2 — K*2. Since K # F3,F5, and char K # 2, |K*| > 6, so
there exists b € K*, b®> # 1. Then b? = (1’27"’1)2 — (1727_1)2, so, dividing by b2,
1c K*? - K*2, (I

2This is the same object referred to in [29, page 458]. Roughly speaking, it is the quadratic
form scheme of K, terminology as in [25] or [26], with zero adjoined.

3IF G = (G,—1,V) is an (abstract) quadratic form scheme, terminology as in [25], then H =
(H,+,+,—,0,1), where H := G U {0},

aifb=0

bifa=0

a-V(ab) if a,b#0,b # —a
Hifa,b#0,b=—a

a+b:=

a-0=0-a:=0and —a:= (—1) - a, is hyperfield satisfying (1) and (2) of Proposition 3.1, i.e.,
for all @ € H* (1) a® = 1 and (2) if a # —1 then 1 + a is a subgroup of H*. Conversely, every
hyperfield H satisfying (1) and (2) arises in this way, from some unique quadratic form scheme G.
See [25, Theorem 1.4] for some equivalent descriptions of quadratic form schemes. The question
of whether every quadratic form scheme is realized as the quadratic form scheme of a field appears
to be still open.
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The interest in Q(K) stems from its connection to symmetric bilinear forms over
K. One is mainly interested in the characteristic # 2 case. In this case, symmetric
bilinear forms and quadratic forms are the same thing.

Denote by W (K) the Witt ring of non-degenerate symmetric bilinear forms over
K; see [26], [28] or [46] for the definition in case char(K) # 2 and [18], [19] or [31]
for the definition in the general case.

A (non-degenerate diagonal) binary form over K is just an ordered pair (a, 5>,
@,b € K*/K*2. The value set of such a form, denoted by Dy (@,b), is the set of
non-zero elements of @ + b, i.e., Dx (@, b) is the image under K* — K*/K*2 of the
subset D (a,b) of K* defined by
{K* if —abe K*2

Dg{a,b) =
x(a,b) {z € K*:2z=ax?+by? x,y € K} otherwise

Two binary forms (@, b) and (G, E_} are considered to be equivalent, denoted (@, b) ~
(¢,d), if ¢ € D (a,b) and ab = ¢d.
In terms of generators and relations, W (K) is the integral group ring Z[K*/ K*?

factored by the ideal generated by [1] + [—1] and all elements
[a] + [b] — [c] — [d] such that @,b,e,d € K*/K*?, (a,b) ~ (¢,d).

See [19, Theorem 1.16 (iv) and Corollary 1.17] for the proof. Here, [x] denotes the
image of T under the canonical embedding K*/K*? — Z[K*/K*?].

A hyperfield isomorphism « : Q(K) — Q(L), where K, L are fields, can be
viewed as a group isomorphism « : K*/K*? — L*/L*? such that a(—1) = —1 and

a(Dx(@,b)) = Dr.(a(@), a(b)) for all 3,5 € K*/K*2,

or, equivalently, as a group isomorphism « : K*/K*? — L*/L*? which induces a
ring isomorphism between W (K) and W (L). We say two fields K and L are Witt
equivalent, denoted K ~ L, to indicate that Q(K) and Q(L) are isomorphic as
hyperfields. For completeness and clarity we record the following:

Proposition 3.2. K ~ L iff W(K) and W(L) are isomorphic as rings.

Proof. See [13] for the characteristic # 2 case. As remarked in [4], the Hauptsatz
in [2] holds for all characteristics. The general case follows from this fact; see [28,
Proposition 4.6]. O

For fields of characteristic # 2, Witt equivalence is also characterized in terms
of Galois groups; see [32, Theorem 3.8].

It is well-known that the Witt ring of a field K encodes the theory of symmetric
bilinear forms over K. Witt equivalent fields can be understood as fields having
the same symmetric bilinear form theory. The quadratic hyperfield Q(K) encodes
exactly the same information as the Witt ring W(K). At the same time, it is
a much simpler and easier object to deal with. Consequently, we will avoid all
mention of Witt rings in what follows.

4. QUADRATIC HYPERFIELDS AND VALUATIONS

Let Hy, Hy be hyperfields. Each morphism ¢ : H; — Hs induces a morphism
T: Hi/mA — Hy where A := {z € H{ : «(x) = 1}. The morphism ¢ is said to
be a quotient morphism if T is an isomorphism, equivalently, if ¢ is surjective, and
t(c) € t(a) + ¢(b) iff cs € at + bu for some s,t,u € A. A morphism ¢ : H; — Hs
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is said to be a group extension if ¢ is injective, every © € H3\¢(H7) is rigid in the
sense that 1 +2 C {l,z},*and y € Hy, y # —1 = (1 +y) = 1+ 1(y).

We assume now that K is a field. For a valuation v on K, I, denotes the value
group, A, denotes the valuation ring, M, the maximal ideal, U, the unit group,
and K, the residue field. = =, : A, — K, denotes the canonical homomorphism,
ie, m(a) = a+ M,. We say v is discrete rank one if T',, = Z. See [9], [11], [35] for
background material on valuations.

We will be interested in the subgroup T = (1 + M,)K*? of K*.

Proposition 4.1. Suppose v is non-trivial and 7' = (1 + M, )K*2. Then:
(1) TUzT C T+ 2T for all z € K*;
2)T-T=K;
(3) The map Q(K) — K/,»T defined by T +— 2T is a quotient morphism.

Proof. (1) Pick p € K* so that v(p?) > max{v(z), —v(z)}. Since we are assuming
v is non-trivial this is always possible. Then t =1+ p?z € T, so 1 = %(1 +p%x) €

T+ 2T, and, similarly, p? +x = z(1+ %) caT,sox € T+xT. (2) Suppose y € K.
Pick p € K* so that v(p?) < v(y). Theny =p*(1+ %) —p? € T —T. (3) In view
of (1) and (2), K/»T = (K/mT)’, so this is clear. O

Propositions 4.2 and 4.3 below are variants of old results of Springer [38], [39]
couched in the language of quadratic hyperfields. Consider the canonical group
isomorphism « : U, K*?/(1+ M,)K** — K} /K}? induced by x € U, + m(z) € K.
Define ¢ : Q(K,) — K/»T by 1(0) =0 and t(a) = a~(a) for a € K} /K2

Proposition 4.2. Suppose v is non-trivial and 7' = (1 + M, )K*2. Then:
(1) ¢ is a morphism;
(2) ¢ is a group extension.

Note: The cokernel of the group embedding a1 : K*/K}?* — K*/T is equal
to K*/U,K*? = T,/2T,. For this reason we sometimes say that K/,,T is a group
extension of Q(K,) by the group T, /2T,.

Proof. (1) t(ab) = t(a)i(b), t(—a) = —t(a), ¢(0) = 0 and ¢(1) = 1 are clear. It
remains to show t(a + b) C t(a) + ¢(b). This is clear if one of a,b is zero, so we
can assume a,b # 0. Scaling, we are reduced to showing ¢(1 + a) C 1+ i(a)
for all a € K*/K}?. Represent a by an element 7(z), z € U,. Suppose 7(y) =
7(p)? + 7(q)*n(z), p,q € Uy, y € Ay,. Then y = p? + ¢®x + z, v(z) > 0, so
y=p?(1+ =)+ ¢*x € T+ Tz. In view of parts (1) and (2) of Proposition 4.1, this
proves (1).

(2) Clearly ¢ is injective. Suppose y = t1 + tox, t1,to € T, x ¢ U,K*2. Then
v(t1) # v(tex). If v(t1) < v(tex), then y = t1(1 + tf—f”) e T. If v(ty) > v(taz),
then y = tox(1 + ti—lz) € Txz. This proves the rigidity assertion. Suppose now
that y = t1 + tox, t1,t2 € T, z € U, n(z) ¢ —K}?. We want to show 3 3 €
Ty N U, such that 7(y') € K*? + K?w(x) or 7(y') € K}? or 7(y') € K:?m(x).
If v(y) > min{v(t1),v(t2x)} then x € —T, which contradicts 7(z) ¢ —K}2. Thus
v(y) = min{o(t1),v(t22)}. If v(t1) < v(t2) take y' = L. If v(t1) > v(t2) take

t
v =4 O

Ty

4We are interested here in the case where the groups Hj, H5 have exponent 2. In this situation,
1+zC{l,z} & 14+z={1,z}.



WITT EQUIVALENCE OF FUNCTION FIELDS 7

Proposition 4.3. Suppose v is non-trivial, char(K,) # 2, and T = (1 + M, )K*?.
Then K/,,T is naturally identified with Q(K, ), where K, denotes the henselization
of (K,v).

Note: The conclusions of Propositions 4.1, 4.2 and 4.3 also hold when v is trivial,
provided K # F3,F5 and char(K) # 2.

Proof. Denote by o the extension of v to K,. Since (K,,?) is henselian and
char(K,) # 2, 1 + My C K*2. Tt follows that the embedding K «— K, induces a
group homomorphism 7 : K*/T — K*/K*2. Since (K,,?) is an immediate exten-
sion of (K, v), one sees that 7 is an group isomorphism. The image of Q(K,)* in
K*/T under the group extension ¢ : Q(K,) — K/, T is identified via 7 with the
image of Q(K,)* in Q(f(v)* under the group extension ¢ : Q(K,) — Q(f(v) The
conclusion follows from this. O

If v is discrete rank one, one can replace henselization by completion in Propo-
sition 4.3. The assumption in Proposition 4.3 that char(K,) # 2 is crucial. One
says that v is dyadic if char(K) = 0, char(K,) = 2. The structure of Q(kK,) when
v is dyadic is complicated; see [26] or [28] for the case where K is a number field
and [15] and [16] for the case where K is arbitrary.

Remark 4.4. Suppose v, v’ are valuations on K with v < v/, i.e., v is a coarsening
of v, i.e., A, C A,. Then M, C M, so (1 + M,)K*? C (1 + M,)K*?. Denote
by ¥ the valuation on K,  induced by v, i.e., O(m, (a)) = v(a), for a € U,. Note
that 7 and v have the same residue field. See [35, Chapter C] for background.
Assume now that v,v” are non-trivial and that v’ is a proper coarsening of v. Then
K/m(1+ M,)K*? is a group extension of the hyperfield K,/ /,,,(1 + Mz)K}? in a
natural way, and the following diagram of hyperfields and hyperfield morphisms is
commutative:

(4.1) QK) — K/m(1 + My)K*? — K/, (1 + M,)K*?

T

|

Q(Ky)

Here, the horizontal arrows are quotient morphisms and the vertical arrows are
group extensions.

Let T be a subgroup of K*. Wesay x € K* is T-rigid if T +Tax CT UTx.
B(T) :={x € K" : either z or — x is not T-rigid}.
Elements of B(T') are said to be T-basic. Note that if x € K* is T-rigid and y = tz,
t € T, then y is T-rigid. Consequently, B(T') is a union of cosets of T. —1 is
not T-rigid (because 0 € T'—T'), so £T C B(T'). We say that T is ezceptional if

B(T') = £T and either —1 € T or T is additively closed.
We recall the result of Arason, Elman and Jacob alluded to in the introduction:

Theorem 4.5. Let T C K* be a subgroup and H C K* be a subgmup _containing
B(T). Then there exists a subgroup H of K* such that H C H and (H H) <2
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and a valuation v of K such that 1 + M, C T and U, C H. Moreover, H=H
works, unless T' is exceptional.

Proof. See [1, Theorem 2.16]. O

We will apply Theorem 4.5 to study Witt equivalence of function fields over local
fields and global fields. We make frequent use of the following:

Proposition 4.6.

(1) B(K*?) is a subgroup of K*.

(2) Suppose T' = (1 + M,)K*? for some non-trivial valuation v of K. Then
B(T) C U,K*? and

B(T) ={z € K*:% = 1(y) for some y € B(K}?)},

where ¢ : Q(K,) — K/, T is the morphism in Proposition 4.2. B(T) is a group
and the group isomorphism ¢ : K}/ K*?> — U,K*?/T induces a group isomorphism
B(K;?)/K}* — B(T)/T. T is exceptional iff K}? is exceptional.

Proof. (1) This is due to L. Berman. See [28, Theorem 5.18] for the proof. (2)
The fact that B(T') is a group follows from the fact that B(K}?) is a group. The
remaining assertions in (2) are a straightforward consequence of Proposition 4.2.

5. MATCHING VALUATIONS

For any abelian group T', the rational rank of I', denoted rkg(I"), is defined to be
the dimension of the Q-vector space I' ®z Q.

We apply Theorem 4.5 to obtain useful results concerning the behaviour of val-
uations under Witt equivalence; refer to Theorem 5.3 below. We begin with two
lemmas.

Lemma 5.1. IfT is a torsion free abelian group and |I'/2T| = 27, then rkg(T') > r.

This is well known. Observe that if ' 2 Z x - -- x Z (r factors) then |I'/2T"| = 27,
so rkg(T') = r holds in this case. On the other hand, if I' = Q for example then
tko() =1, r=0.

Proof. We claim that if oy, ..., a, € I" are such that the cosets a; +2I', i = 1,...,r
are Fs-linearly independent, then the oy, @ = 1,...,r are Q-linearly independent.
Suppose not. Then 3 k; € Z not all zero such that > k;o; = 0. Dividing by a
suitable power of 2, we can assume at least one of the k; is odd. This contradicts
the assumption. O

Lemma 5.2. Suppose v, w are non-comparable valuations on a field K and T, is
finitely generated as an abelian group. Then (1 + My)K*2 € (1 + M,)K*?.

Note: Since the abelian group I',, is torsion free, the assumption that I';, is finitely
generated is equivalent to 'y £ Z X - -+ X Z, r times, for some r > 0.

Proof. Denote by u the finest common coarsening of v and w and by v and w the
valuations on K, induced by v and w respectively. Since I'y is a subgroup of ',
I'z is also finitely generated. Replacing K by K, and v and w by v and w, we are
reduced to the case where v and w are independent. Fix p € K* with v(p) ¢ 2T,,.
By the approximation theorem there exists @ € K such that v(z — p) > v(p) and
w(z —1) > 0. Then z € 1+ M,, and v(z) = v(p) ¢ 2Ty, so x ¢ U,K*?. Since
(1+ M,)K*? C U,K*? this implies z ¢ (1 + M,)K*?. O
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Theorem 5.3. Suppose K, L are fields, a: Q(K) — Q(L) is a hyperfield isomor-
phism and v is a valuation on K such that T, is finitely generated as an abelian
group. Suppose either (i) the basic part of (1+M,)K*? is U, K*? and (1+M,)K*? is
unexceptional, or (ii) the basic part of (14+M,)K*? is (14+M,)K*? and (1+M,)K*?
has index 2 in U,K*2. Then there exists a valuation w on L such that the image of
(1+ M,)K*?/K*? under « is (14 M,)L*?*/L*? and (L* : U,L*?) > (K* : U,K*?).
If (i) holds, then the image of U, K*?/K*? under o is U, L*?/L*2.

Proof. Let r := rkg(I'y). If » = 0 then v is the trivial valuation on K, and we
take w to be the trivial valuation on L in this case. Assume now that r > 0. Set
T:=(1+M,)K*? S:={seL*:5=at) for some t € T}. U,K*? has index 2.
In case (i) T is unexceptional and B(T') = U,K*?, so B(T) has index 2". In case
(ii) B(T) = T has index 2" "1, The results for 7" and B(T') carry over to S and B(S)
via «, i.e., in case (i), S is unexceptional and B(S) is a group of index 2" and, in
case (ii), S has index 2"+! and B(S) = S. Applying Theorem 4.5 to the subgroup
S of L*, there exists a valuation w of L with (1 + M,)L**> C S, and U, L*? has
index > 2". In case (i) we can also assume U, L*? C B(S). Let S" = (1 + M,,)L*?,
T'={te K*: a(f) =5 for some s € S'}. Note that B(S") C U,L*? so the group
B(9’) has index > 2", and, consequently, the group B(T") has index > 2". If §' = S,
equivalently, 7" = T', we are done. Suppose now that 7" & T' (so, in particular, 7"
has index > 2"2). Applying Theorem 4.5 one more time, there exists a valuation
v" of K with (1+ M,/ )K*?> C T’ and U, K*? has index > 2". (If T is unexceptional
this is clear. If T is exceptional this is also clear, since then B(T”) = £7T" has index
> 2r+1) Then (1+ M, )K*2 S (14 M,)K*2. Since (1 + M, )K*2 C (14 M,)K*,
v,v’ are comparable, by Lemma 5.2. Since (1 + M,)K** Z (1 4+ M, )K*?, v £ v.
Consequently, v 2 v/, so I,y is a proper quotient of I',. This contradicts the fact
that U, K*? has index > 2" (so rkg(I'y) > 7). O

Proposition 5.4.

(1) Suppose K, L are fields and « : Q(K) — Q(L) is a hyperfield isomorphism
such that the image of (1 + M,)K*?/K*? under « is (1 + M,,)L*?/L*?. Then «
induces a hyperfield isomorphism K/, (1 + M,)K*? — L/,,(1+ M,,)L*? such that
the obvious diagram

(5.1) Q(K) QL)

| |

K/m( + M)K*?> —— L/ (1 + M,)L*?

commutes.

(2) If, in addition, the image of U,K*?/K*? under « is U,L*?/L*? then «
induces a hyperfield isomorphism Q(K,) — Q(L,) and a group isomorphism
r,/2r, —I,/2T, such that the obvious diagrams

(5.2) K/m(1+ M,)K*?> — L/,,(1 + M,,)L*?

T T

Q(Ky) Q(Lw)
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and

(5-3) QK) ——=Q(L)"

L

r,/2r, ——rT,/2Ty,
commute. We are assuming here that v, w are non-trivial.

Proof. (1) Since the image of (1 + M,)K*?/K*? under a is (1 + M,)L*?/L*?, «
induces a unique bijection @ : K/,,,(1 + M,)K*? — L/;(1 + M,,)L*? such that
the diagram (5.1) commutes. Applying Proposition 4.1 (3) one sees that @ is a
hyperfield isomorphism. (2) By our hypothesis the image of U,K*?/(1 + M,)K*?
under @ is U, L*? /(1 + M,,) L*?, so @ induces a bijection o/ : Q(K,) — Q(L,,) such
that the diagram (5.2) commutes. Applying Proposition 4.2 one sees that o is a
hyperfield isomorphism. The last assertion is obvious. (]

6. ABHYANKAR VALUATIONS ON FUNCTION FIELDS OVER GLOBAL FIELDS

Suppose K and k are fields. We say K is a function field over k if K is a finitely
generated field extension of k. If trdeg(K : k) = n we say K is a function field in n
variables over k. The field of constants of K over k (i.e., the algebraic closure of k
in K) is a finite extension of k [27, Chapter 10, Proposition 3]. We do not require
that k is the field of constants of K over k. If K is a function field over k and v is
a valuation on K, the Abhyankar inequality asserts that

trdeg(K : k) > rko(I'y /Ty)x) + trdeg(Ky : kyj),
where v|k denotes the restriction of v to k. We will say the valuation v is Abhyankar
(relative to k) if

trdeg(K : k) = rkq(I'y/Ty)i) + trdeg(Ky : ky|r,).-

In this case it is well known that T,/ [,k is finitely generated and K, is a function
field over k. For a proof of these assertions see [24, Corollary 26].

A global field is a field which is either a number field, i.e., a finite extension of
Q, or a function field of transcendence degree 1 over a finite field.

We are interested here in function fields over global fields, equivalently, function
fields of transcendence degree > 0 over QQ or function fields of transcendence degree
> 1 over F,, for some prime p. If K is any field we define the nominal transcendence

degree of K to be
ntd(K) = trdeg(K : Q) ?f char(K) =0
trdeg(K : Fp) —1 if char(K)=p#0

Thus, if K is a function field over a global field k, then ntd(K) = trdeg(K : k). In
this situation, for any valuation v of K,

rkg(Ly) = rko (Lo /Ty(k) if v|k is trivial
e rko(T'y/Tyx) +1  if v|k is discrete rank 1 ’

and
trdeg(Ky : ki) if v|k is trivial
trdeg(Ky : kyji) — 1 if vk is discrete rank 1 '

ntd(K,) := {
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It follows, for any valuation v of K, the Abhyankar inequality implies
ntd(K) > rko('y) + ntd(K,),
and v is Abhyankar (relative to k) iff
ntd(K) = rko(Ty,) + ntd(K,).
Moreover, if v is Abhyankar (relative to k) then
I'vEZx---X7Z

(with rko(T',) factors) and K, is either a function field over a global field (if
ntd(K,) > 0) or a finite field (if ntd(K,) = —1).

7. WITT EQUIVALENCE OF FUNCTION FIELDS OVER GLOBAL FIELDS

The main result in this section is Theorem 7.4 which explains how a Witt equiv-
alence of function fields over global fields induces a natural bijection between Ab-
hyankar valuations.

We begin with some preliminary results.

Lemma 7.1. Suppose K is a function field over a global field. Then
(1) There are infinitely many discrete rank one Abhyankar valuations v on K.
(2) The group K*/K*? is infinite.
(3) For any x € K*, 3y € K2+ 2K*?, y ¢ K*2UxzK*2. If char(K) # 2 or
x ¢ K*2 one can choose y # 0.
(4) B(K*?) = K*.

All of this seems to be well-known. Anyway, here is a proof.

Proof. (1) This is clear if K is a number field. Otherwise, 3 a subfield Ky C K,
ntd(Kp) = ntd(K) — 1. Fix 2 € K transcendental over Ky. K is a finite exten-
sion of Ko(z). The principal ideal domain Kj[z| has infinitely many irreducibles.
Each irreducible f of Ko[z] defines a discrete rank one valuation vy on Ko(x)
with residue field Ky[z]/(f). The valuation v; extends in some (possibly non-
unique) way to a discrete rank one valuation on K whose residue field is some
finite extension of Ko[z]/(f). (2) is true for any field K having infinitely many
inequivalent discrete rank one valuations. Let vq,...,v, be inequivalent discrete
rank one valuations on K. Use the approximation theorem to produce z; € K*,
i=1,...,n so that v;(x;) = §;; (Kronecker’s delta), for 4,5 = 1,...,n. Then the
2" products z3' ... 2%, e; € {0,1}, belong to distinct square classes. This proves
|K*/K*?| > 2". Since n is can be chosen to be any positive integer, the result
follows. (3) Suppose first that char(K) = 2. If x € K*2 one can choose y = 0.
If 2 ¢ K*2 one can choose y = 1 + x. Suppose now that char(K) # 2. Let v
be a discrete rank one Abhyankar valuation on K with char(K,) # 2. Suppose
first that = € (1 + M,)K*?, say * = uc?, u € 1 + M,, ¢ € K*. By induction on
the transcendence degree, there exists w(z) € K and w(d),n(e) € K such that
7(z) = w(d)? + n(e)?, m(z) ¢ K:?. Take y = c*(d® + ue?) = (ed)? + xe?. Then
y ¢ K*2UxK*2. If such a valuation v does not exist, then there exist inequivalent
discrete rank one valuations v, w on K with x ¢ (1 + M,)K*?, x ¢ (1 + M,)K**.
In this case, use the approximation theorem to choose a € K* so that v(a?) > v(z),
w(a?) < w(z). Define y = a® +x. Then y = :L'(lJr%) cx(1+M,)K*? soy ¢ K*2.
Similarly, y = a*(1+ %) € (1+ M,)K*?, so y ¢ xK*2. (4) This is immediate from
(3). O
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Theorem 7.2. Suppose K is a function field over a global field and v is an Ab-
hyankar valuation on K. Then:

(1) (K* : U,K*?) = 2ke(lw) |
oo if ntd(K,) >0
(2) (U,K**: (1+ M,)K*?) =142 if K, is finite, char(K,) # 2.
1 if K, is finite, char(K,) =2
(3) The basic part of T := (1 + M,)K*? is

U, K*? if ntd(K,) >0
+T =U,K** if K, is finite, char(K,) # 2,—1¢ K;?
T if K, is finite, char(K,)#2,—1¢€ K}?'

T =U,K*? if K, is finite, char(K,) =2

Proof. (1) is immediate from the isomorphism K*/U,K*?> =T, /2I,. For (2) and
(3) one uses the isomorphism U, K*?/(1+ M,)K*? = K /K}? described in Section
4. The assertion in (2) in the case ntd(K,) > 0 follows from Lemma 7.1 (2)
applied to the field K,. The assertions in (2) in the cases where K, is a finite field
are clear. For assertion (3), we apply Proposition 4.6 (2). If ntd(X,) > 0 then
B(K?) = K}, by Lemma 7.1, so B(T) = U,K*2. Suppose now that K, is finite. If
char(K,) = 2 then K} = K% so B(T) =T = U,K*?. If char(K,) # 2, -1 ¢ K2,
then B(K;?) = +K**> = K}, so B(T) = +T = U,K*?. Finally, if char(K,) # 2,
—1€ K*2, then B(K*?) = K2, so B(T) = T. O
Lemma 7.3. Suppose K is a function field over a global field, L is a field, and
a:Q(K) = Q(L) is a hyperfield isomorphism. Then ntd(L) > ntd(K).

Proof. Let n :=ntd(K). Pick any Abhyankar valuation v on K with rkg(T',) = n,
i.e., K, is a global field. Choose w as in Theorem 5.3. By Proposition 5.4, K, ~ L.
By Lemma 7.1 (2), K/K}? = L /L*? is an infinite group, so if char(L,) = p,
p # 0, then trdeg(L,, : Fp) > 1. By Theorem 5.3, |I',/2T",| > 27, so, by Lemma
5.1, tkg(T'y)) > n. The result follows from these two facts and the Abhyankar
inequality. In more detail, if char(L) = p # 0, then w restricted to F,, is trivial and
trdeg(L : Fp,) > rkg(Ty) + trdeg(Ly, : Fp) > n + 1. Similarly, if char(L) = 0, then
trdeg(L : Q) > n+0=mnor (n— 1)+ 1 = n, depending on whether w|q is trivial
or p-adic. O

Theorem 7.4. Suppose K, L are function fields over global fields and o : Q(K) —
Q(L) is a hyperfield isomorphism. Then:

(1) ntd(K) = ntd(L).

(2) For each Abhyankar valuation v of K with K, not finite of characteris-
tic 2 there exists a unique Abhyankar valuation w of L such that o maps (1 +
M,)K*?/K*? onto (1 + My)L*?/L*?. L, is also not finite of characteristic 2,
rkg(T'y) = rko(T'y) and ntd(K,) = ntd(Ly).

(3) o maps U,K*2/K*? onto U,L*?/L** except possibly when K, is finite,
char(K,) # 2 and —1 € K}?.

(4) For v, w non-trivial, o induces a hyperfield isomorphism K/, (14 M,)K*? —
L/m(1 + My)L*? such that diagram (5.1) commutes. If, in addition, o maps
U,K*?/K*? onto U, L*?/L*? then « induces a hyperfield isomorphism Q(K,) —
Q(Ly) and a group isomorphism Ty, /2T, — T, /2T, such that diagrams (5.2) and
(5.8) commute.
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(5) If v corresponds to w and v’ corresponds to w' then v' is coarser than v iff
w' is coarser than w.

Note: One can show that Q(K,) = Q(L,,) as hyperfields, and T, /2T, = T, /2T,
as groups, even in the case where a does not map U,K*?/K*? onto U, L*?/L*?.

Proof. (1) follows from Lemma 7.3 and the symmetry of the hypothesis. (2) Let
n = ntd(K) = ntd(L). Suppose w,w’ are Abhyankar valuations on L and (1 +
My )L*? = (1 + M,,)L*2. If these groups have infinite index, then the basic parts
of these groups are the same, i.e., U, L*? = U, L*?, i.e., tkg(I'y) = rkg(I'y), by
Theorem 7.2. If these groups have finite index then rkg(Tyw/) = n+ 1 = rko(Tw),
again by Theorem 7.2. Since we already know, by Lemma 5.2, that w and w’ are
comparable, this proves w’ = w. This proves the uniqueness of w. Suppose now that
v is an Abhyankar valuation of K, K, not finite of characteristic 2. The valuation
w exists by Theorem 5.3. Let r = rkg(T'y), s = ntd(K,). If s > 0 then « induces
an isomorphism Q(K,) — Q(Ly), by Proposition 5.4, so ntd(L,,) > s, by Lemma
7.3. If s = —1 then ntd(L,) > s holds trivially. Also, |T'y, /21| > |T,/2T,| = 27,
so rkg(T'w) > r. Thus

ntd(L) > rkg(Ty) + ntd(Ly) > r+ s = ntd(K) = ntd(L),

so w is Abhyankar, rkg(I'y) = r, and ntd(L,) = s. In particular, (U,L** :
(1 4+ My)L*?) > 2, so Ly, is not finite of characteristic 2. This proves (2). (3)
and (4) are straightforward. (5) Suppose now that v < w, v/ < w', v < V.
Then (1 + M, )K*? C (1+ M,)K*?, so (1 + M,/)L** C (1 + M,,)L*?. By Lemma
5.2, w and w’ are comparable. If w’ < w then (1 + M,)L** C (1 + M,/)L*? so
(1+ My )L*? = (1 + M,)L**. We already know that w = w’ holds in this case.
Thus w =< w' holds in any case. This proves (5). O

The next two lemmas allow one to distinguish the characteristic 2 case from the
characteristic # 2 case. Denote by € K*/K*? the image of t € K*.

Lemma 7.5. Suppose K is a field, char(K) = 2, 7,5 € K*/K*2, 2,7 # 1 and
y € Dg(1,%). Then Dk (1,7) = Dk (1,T).

Proof. Suppose Z € Dg(1,7). By our assumptions, x,y,2 € K*, z,y ¢ K*?
y=a?+b%z, 2 = 2+ d?y, a,b,c,d € K. It follows that z = ¢? + d?(a® + b%x) =
(c+ad)?+ (bd)?x, s0 Z € D (1,T). This proves the inclusion D (1,7) C Dg(1,T).
The other inclusion follows from this one, using the symmetry of the hypothesis
(i.e,, using g € Dk (1,T) & T € Dk(1,7)). O

Lemma 7.6. Suppose K is a function field over a global field, char(K) # 2. Then
there exists T,7 € K*/K*?, T, # 1 such thatj € Dx(1,%), Dx{(1,7) € Dg(1,T).

Proof. Fix inequivalent discrete rank one Abhyankar valuations v,w on K with
char(K,), char(K,) # 2. Choose z so that v(xz) = w(x) = 1 and ag, by so that
w(ag) = w(bp) = 0 and the image of ¢ = a3 + bZ in the residue field of w is not
a square. This is possible by Lemma 7.1 (3). Define y = a®> + z, z = b*> + y (so
z = a?+b%+x) where a, b are such that v(a) > 0, w(a—ag) > 0, w(b—bg) > 0. Then
v(y) =v(x) = 1,80 2,y ¢ K** and w(a?+b*—c) > 0s0z = a®>+b*+x € c(1+M,).
Thus z,y,2 € K*,5 € Dx(1,2),Z€ D (1,9), Z# 1,5 # 1. Let T = (1+M,,) K*%.
Thus T+ 2T =T UaT and z ¢ TUxT, so Z ¢ Dk (1,T). O
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Corollary 7.7. Let K, L be function fields over global fields and K ~ L. Then
(1) char(K) = 0 iff char(L) = 0,
(2) char(K) = 2 iff char(L) = 2.

Proof. For (1), assume char(K) = 0. Fix an Abhyankar valuation v of K such
that K, is a number field (so K, possesses a dyadic valuation). Denote by w the
corresponding Abhyankar valuation on L. Thus L,, is a global field and K,, ~ L,,.
Applying [40, Theorem 1.1], L,, also possesses a dyadic valuation so is also a number
field. This proves char(L) = 0. (2) Assume char(K) = 2. Applying Lemma 7.5 and
Lemma 7.6, we see that char(L) = 2. O

Lemma 7.8. If K is a function field over a field k, char(k) = 2, then
[K . KQ] — 2trdeg(K:k) X [k’ . kQ].

Proof. Let n := trdeg(K : k). Fix z1,...,z, in K algebraically independent over

k. Then K is a finite extension of k(x1,...,7,). The map a > a? defines an
isomorphism from K onto K2 which maps k(z1,...,2,) onto k?(z3%,...,22). It
follows that [K? : k*(2%,...,22)] = [K : k(z1,...,2,)]. Thus we are reduced to
showing that [k(z1,...,2,) : k2(22,...,22)] = 2"k : k?]. But this is clear. O
Remark 7.9.

(1) Tt follows from results in [4] (specifically, from [4, Theorem 2.9 and Propo-
sition 2.10]) that (i) if K, L are global fields of characteristic 2 then K ~ L, and
(ii) if K, L are function fields over global fields of characteristic 2 of nominal tran-
scendence degree 1 or more then K ~ L iff K = L. One obtains these results by
applying Lemma 7.8, taking k = Fs.

(2) For K, L global fields of characteristic # 2 the meaning of K ~ L is well
understood; see for example [5, Theorem 3.1 and Corollary 3.2].

The relationship between Abhyankar valuations v on K with K, finite, char(K,) =
2 and Abhyankar valuations w on L with L, finite, char(L,,) = 2 seems to be not
very well understood.

Remark 7.10.

(1) If K and L are number fields and « : Q(K) — Q(L) is a hyperfield iso-
morphism the arguments in [40] show that for each dyadic valuation v of K there
exists a unique dyadic valuation w of L such that a maps (1+ 4M,)K*?/K*? onto
(1+4M,,)L*2/L*2.

(2) Suppose v is a dyadic valuation on a number field K. Denote by K, the
completion of K at v. The natural embedding K < K, induces a hyperfield
isomorphism K/, T Q(f(v), where T := (1 + 4M,)K*2. The structure of Q([(U)
is described in [28, Section 3.6] for example.

(3) Suppose K is a function field over Q and v’ is an Abhyankar valuation on K
such that the residue field K,/ is a number field. Suppose also that v is a valuation
of K such that v < v’ and the induced valuation 7 on K,/ is dyadic. Then M,, C M,
and 4M, = M, (so 1+ M, C1+4M,), K/mm(1 +4M,)K*? is a group extension
of the hyperfield K,/ /(1 4+ 4Mz)K;? in a natural way, and the following diagram
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of hyperfields and hyperfield morphisms is commutative:

(7.1) QK) — K/ (1 + My)K*2 —— K/ (1 + 4M,) K *2

| !

Q(Kv’) Kv’/m(l +4M5)K:’2

Here, the horizontal arrows are quotient morphisms and the vertical arrows are
group extensions.

(4) It follows from (1), (2) and (3) that if K, L are function fields over global fields
and « : Q(K) — Q(L) is a hyperfield isomorphism, then there is a well-defined
bijection v <+ w such that o maps (1 + 4M,)K*?/K*? onto (1 + 4M,,)L*?/L*?
between Abhyankar valuations v of K with K, finite, char(K,) = 2 such that
there exists an Abhyankar valuation v’ with v < v' and K, is a number field and
Abhyankar valuations w of L with L,, finite, char(L,) = 2 such that there exists
an Abhyankar valuation w’ with w < w’ and L, is a number field. The proof is
omitted.

The relationship between non-Abhyankar valuations v on K and non-Abhyankar
valuations w on L is not very well understood. It is known, by results in [24], that
the Abhyankar valuations are dense in the spectral space consisting of all valuations,
but this does not seem to help very much.

8. FURTHER APPLICATIONS

Let K be a function field in n variables over a global field. For 0 < i < n denote
by vk ,; the set of Abyankar valuations v on K with ntd(K,) = i. Observe that

VK, = VK,i,0 U VK,i,1 U VK,i,2 (d15301nt union)

where
{v € vk, :char(K,)=0}if j =0
Vi,ij = { {v € vk, : char(K,) #0,2}if j =1
{ve€vg,;:char(K,)=2}if j=2

Of course, some of the sets vk ; ; may be empty. Specifically, if char(K) = p for
some odd prime p then vg ; ; = 0 for j € {0,2}, and if char(K) = 2 then v ; ; =0
for j € {0,1}.

Corollary 8.1. Suppose K, L are function fields in n variables over global fields
which are Witt equivalent via a hyperfield isomorphism « : Q(K) — Q(L). Then
for each i € {0,1,...,n} and each j € {0,1,2} there is a uniquely defined bijection
between vi ;; and vi;; such that, if v <> w under this bijection, then o maps
(14 M,)K*?/K*? onto (1 + M,,)L*?/L** and U,K**/K** onto U, L*?/L*?.

Proof. The correspondence v <+ w is the one defined in Theorem 7.4. If v < w
then K, ~ L, s0 v € Vi ;5 & W € VL j, for each i and j. O

Corollary 8.2. Let K ~ L be function fields over number fields, with fields of
constants k and { respectively. If there exists v € vk 0,0 with K, =k and w € vy 0
with L, = ¢ then k ~ /.
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Proof. Let v <+ w be the bijection between vk 9,0 and vy, g0 defined by Corollary
8.1. We know that K, ~ L, for any v,w related in this way. Since K, and
L,, are number fields, this implies [K, : Q] = [Ly : Q] for any such v,w [40,
Proposition 1.5]. We know also that & C K, and ¢ C L,,. Choosing v > w so that
[K, : Q] = [Ly : Q] is minimal, we see that K, = k and L,, = ¢. O

Remark 8.3.

(1) Suppose K is the function field of an irreducible k-variety which has a non-
singular k-rational point. (This is always the case, for example, if K is purely
transcendental over k.) Then there exists v € vk o with K, = k. To prove this
one uses the fact that if A is a regular local ring of dimension n with maximal
ideal m = (z1,...,2,) and residue field k, then A/(x,) is a regular local ring of
dimension n — 1, and the localization of A at the prime ideal (z,) is a discrete
valuation ring with residue field equal to the field of quotients of A/(z,,); e.g., see
[3, Chapter 11]. Iterating this procedure yields a chain of Abhyankar valuations
vy = - = v, on K with trdeg(K,, : k) =n—14,¢=1,...,nand K, =k.

(2) If K and L are function fields over global fields of characteristic # 0, with
fields of constants k and ¢, respectively, then K ~ L = k ~ {. If k, ¢ have charac-
teristic 2 then [k : k?] = [¢ : ¢?] = 2, by Lemma 7.8, so k ~ /£, by [4, Proposition
2.10]. Suppose k, ¢ each have characteristic different from 0 and 2. Then k, ¢ each
have level 1 or 2. If k£ has level 1 then K and consequently also L has level 1. Since
¢ is algebraically closed in L this implies ¢ has level 1. This proves k and ¢ have
the same level, so k ~ £, by [5, Corollary 3.2].

(3) Combining Corollary 8.2 with (1) and (2) we see that, in particular, [20,
Proposition 3.2] is indeed true (even though the proof of [20, Proposition 3.2] given
in [20] is based on the erroneous argument in [20, Theorem 1.3]).

Suppose now that k is a number field. Then every ordering of k is archimedean,
i.e., corresponds to a real embedding k — R. Let r1, respectively 72 be the number
of real embeddings of k, respectively the number of conjugate pairs of complex
embeddings of k. Thus [k : Q] = r1 + 2ra. Let

Vi := {r € k* : (r) = o for some fractional ideal a of k}.

Here, (r) denotes the fractional ideal of k generated by r. Clearly V} is a subgroup
of k* and k*2 C V.

Lemma 8.4. The 2-rank of Vi,/k*? is r1 + 12 + 2-tk(Cy), where Cy denotes the
ideal class group of k.

Proof. See [8, Lemma 2.4(a)]. O

Lemma 8.5. Suppose K = k(x1,...,2,) and v is a discrete rank 1 valuation on
k. There exists an Abhyankar extension v’ of v to K such that Iy, =T,,.

Proof. Define v’ by
U’(Z aoz®) = min{v(a,) : o € N} and v'(g) ='(f) —v'(g).

Here, * := 7" ... 28", for « € N™. O

Theorem 8.6. Suppose K = k(x1,...,2,) and L = £(x1,...,2,) where n > 1
and k and € are number fields, and o : Q(K) — Q(L) is a hyperfield isomorphism.
Then
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(1) r € k*/k*2 iff a(r) € £ /%2,

(2) The map r — a(r) defines a hyperfield isomorphism between Q(k) and Q(£).
(3) o maps Vi [k*? to Vi 0*2.

(4)The 2-ranks of the ideal class groups of k and £ are equal.

Proof. Since k is the field of constants of K, the canonical group homomorphism
from k*/k*? to K*/K*? is injective. Claim: The image of the embedding k*/k*? <
K*/K*? is equal to Nyevy,,_, oUpK**/K*2. One inclusion is clear. For the other,
use the fact that D := k[z1,...,2,] is a UFD. Suppose f € Nyepy,_1.0UsK*?/K*2,
f=1%,9he€D, g h#0. Then f = up...pes, u € k*, p1,...,ps irreducibles
in D. Consider the discrete rank 1 valuation v; on K associated to p;. Then
Vi € VK.n—1,0, 80 €; = v;(f) is even, i = 1,...,s. It follows that p{* ...p% € K*? so
f=wu mod K*2. This proves the claim. Since the image of ﬂveukmyflonvK*Q/K*Q
under « is Nyey, ,_, ,Uwl*®/L*?, by Corollary 8.1, this proves (1). Observe that
if v < w, v € vk 0,0, W € VL 0,0, the diagram

(8.1) K} /K —= L,/ Ly}

]

k/,*/k/,*Q g*/[*Q

is commutative. The vertical arrows are the maps induced by the field embeddings
k — K,, { — L,. Since the top arrow in diagram (8.1) defines a hyperfield
isomorphism between Q(K,) and Q(L,,) we know that [K, : Q] = [L,, : Q]. Choose
v,w with [K, : Q] = [Ly : Q] minimal. The argument in Corollary 8.2 shows that
K, =k and L,, = ¢. This proves (2). Lemma 8.5 implies that

Vi/k2 ={r e k*/k*? :r e U,K*?/K** Vv € vk 11 U VK n_12},

so (3) is clear. Since it is well-known that r; and 7y are invariant under Witt equiv-
alence, assertion (4) is immediate now, from (3) and Lemma 8.4. This completes
the proof. O

Remark 8.7. One can extend Theorem 8.6 a bit: Let Vk1 denote the set of all
r € k* such that v(r) is even for all non-dyadic valuations v of k. By Lemma 8.5,

Vi k2 ={rek*/k*? :r e UK /K" Vv € vk 11},

so a maps V;! /k*? to V! /¢*2. Applying this in conjunction with the generalization
of Lemma 8.4 given in [6, Lemma 2.4] or [43, Proposition 1], we see that the S-class
groups of k£ and ¢ have the same 2-rank, where S consists of all primes which are
infinite or dyadic.

Questions:

(1) In Theorem 8.6, is the hypothesis that K and L are purely transcendental
over k and ¢ really necessary?

(2) For arbitrary fields K and L is it true that K (z) ~ L(z) = K ~ L?

(3) For fixed integers n > 1, m > 2, are there infinitely many Witt inequivalent
fields k(z1,...,z,), k a number field, [k : Q] = m?

Question 3 is interesting because, for given m, there are only finitely many Witt
inequivalent number fields k with [k : Q] = m. For m = 1,2,3 and 4 these numbers
are 1,7,8 and 29 respectively; see [7] and [17].
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It is proved in [43] that if ¢ is a number field, [£ : Q] even, and ¢ # Q(v/—1),
then, for each integer ¢ > 1, there exists a number field k such that k ~ £ and the
2-rank of the class group of k is > ¢. This extends an earlier result in [7].

Corollary 8.8. For firedn > 1 and fized number field £, [¢ : Q] even, £ # Q(v/—1),
there are infinitely many Witt inequivalent fields of the form k(x1,...,x,), k a
number field, k ~ €.

For odd degree extensions Question 3 remains open. Table 2 in [43] shows that
each of the 8 Witt equivalence classes of cubic extensions contains fields with 2-
rank of the class group equal to 0,1, and 2. Results in [10] [36] [37] [45] show that
0,1,2,3,4,5,7 can occur as the 2-rank of the class group of a cubic field.
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