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ABSTRACT. Motivated by the motivic Galois group and the Kostant-Kumar
results on equivariant cohomology of flag varieties, we provide a uniform de-
scription of motivic (direct sum) decompositions with integer coefficients of
versal flag varieties in terms of integer representations of the associated affine
nil-Hecke algebra H.

More generally, we establish an equivalence between the h-motivic subcat-
egory generated by the motive of E//B and the category of projective modules
of the associated rational algebra D of push-pull operators, where E is a tor-
sor for a split semisimple linear algebraic group G over a field k, B is a Borel
subgroup of G, h is an algebraic oriented cohomology theory in the sense of
Levine-Morel (e.g. Chow ring CH or an algebraic cobordism 2). The algebra
D can be think of as an integer-analogue of the "Hopf-algebra of the h-motivic
Galois group of E/B.

As an application, taking h = C'H and specializing the coefficients to the
finite field F), we obtain that p-modular projective representations of D = H
are generated by an irreducible H-module corresponding to the generalized
Rost-Voevodsky motive for (G, p).
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1. INTRODUCTION

Let G be a split semisimple linear algebraic group over a field k, let E be a
G-torsor over K/k. Consider a twisted form E/B over K of the variety of Borel
subgroups G/B of G, e.g., a variety of (complete) flags of ideals in a central division
algebra over K. In general, such a variety neither have a K-rational point nor any
(relative) cellular filtration over K.

Consider the pseudo-abelian tensor category of Grothendieck-Chow motives of
smooth projective varieties over K with coefficients in a ring R. The main result
of [25] says that the motive of E/B with finite coefficients (R = F)) is always a
direct sum of Tate twists of some indecomposable motive Rg,p, a generalization
of the Rost-Voevodsky motive. In other words, the tensor subcategory (E/B)r,
generated by all direct summands of E/B is, indeed, generated by R p, i.e.,

(E/B)r, = (RE.p)-

The motive Rg, has several remarkable properties. For instance, it is closely
related to various cohomological invariants of G-torsors. If p is not a torsion prime
of G or if the coefficient ring R has characteristic 0, then Rg , coincides with the
motive of a point, so (E/B)r, gives the subcategory of Tate motives. While being
indecomposable over k, the motive R, becomes isomorphic to a direct sum of
Tate motives over the splitting field k of E (as k one can always take the algebraic
closure of k or the function field of F/B). Moreover, the generating function of
Rp,p over k (counting the number of Tate motives in each dimension) is given
by an explicit cyclotomic polynomial involving the p-exceptional degrees of V.Kac
[19]. For example, if F is a G-torsor, where G is an exceptional group of type Fy
and E splits by a cubic field extension, then Rpg, corresponds to the Rost-Serre
cohomological invariant and Rg s|; ~ Fs © F3(4) & F3(8).

As for integer coeflicients (R = Z) only very few facts are known concerning
the category (E/B)z. An integer version of the motive R was introduced and
discussed in [26]; in [5], [10] it was shown that (E/B)z is not Krull-Schmidt (the
uniqueness of a direct sum decomposition fails).

In the present paper we cover all the mentioned cases (R = Z,F,). More gen-
erally, we consider the category of h-correspondences with coefficients in R, where
h is any algebraic oriented Borel-Moore homology of [23] (e.g. Chow groups, con-
nective K-theory, elliptic cohomology, algebraic cobordism €2 of Levine-Morel) and
R = h(K) is its coefficient ring. Let (F/B), denote the respective tensor sub-
category generated by indecomposable summands of the h-motive of E/B. Our
main result (Theorem 8.1) establishes an equivalence between the motivic category
(E/B), and certain category of finitely generated projective D p-modules

(1) (E/B)y ~ Proj Dp,

where Dy is the R-algebra defined using the formal push-pull operators for the
group G and the theory h. So it provides a direct link between integer /modular
h-motivic decompositions of twisted flag varieties and integer/modular representa-
tions of Hecke-type algebras Dp.

If E is a versal (generic) torsor, then Dy can be replaced by the formal affine
Demazure algebra Dp. The theory of such algebras and formal push-pull operators
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has been recently developed in [6], [18], [7], [8], [9] motivated by Bernstein-Gelfand-
Gelfand [2], Demazure [11], [12], Bressler-Evens [3], [1] and Kostant-Kumar [21],
[20] results. The key properties of Dy are

e it is a free module over the T-equivariant oriented cohomology ring S =
hy(K) of a point, where T is a split maximal torus in G;

e its S-dual D} = Homg(Dp, S) is isomorphic to the T-equivariant oriented
cohomology hr(G/B) of G/B [9] and

e its structure (generators and relations) is very close to those of the affine
Hecke algebra [18].

For example, if h = CH (Chow groups) and R = F), as before, then Dp = H,,;; ,
is the affine nil-Hecke algebra (in the notation of Ginzburg [16, §12]) over F;, which
is a free module of rank |W| over the polynomial ring S = Fp[z1,...,2,], where
n is the rank of G and W is the Weyl group, and D}, ~ CHy(G/B;F,) is the
T-equivariant Chow groups. For a versal torsor E the equivalence (1) then turns
into

<RE,p> = P?"Oj Hnil,p

meaning that all indecomposable projective H,,; ,-modules are isomorphic to each
other (up to a shift). Moreover, their ranks over S equal to the p-part of the product
of p-exceptional degrees of the group G.

Roughly speaking, the algebra Dy can be viewed as an integral analogue of
the Hopf-algebra of the motivic Galois group of E/B (see e.g. [l]). Indeed, if
taken with Q-coeffcients (or if E is split), the algebra Dy becomes isomorphic to
Endg h(G/B) ~ My (R) and, hence, the category Proj D can be identified with
the category of representations Proj Q[G,,] = Rep G,, with G,, known to be the
motivic Galois group of (F/B)g. Observe that in general, Dg is not a matrix
algebra over R.

In the paper we restrict ourselves to varieties E/B of Borel subgroups only.
However, by [5] we have (E/B)y = (E/P)y for any special parabolic subgroup P.
Hence, B can be replaced by any such P without affecting the equivalence (1).
For instance, for G = PGLy», h = CH, R = Z and E corresponding to a generic
central division algebra A of degree p™ we get

<SB(A)>Z ~ P’I’Oj Hmlz,

where SB(A) is the Severi-Brauer variety of A and H,,;; z is the affine nil-Hecke
algebra with integer coefficients.

The paper is organized as follows. In section 2 we recall definitions and basic facts
concerning Borel-Moore homology h and the respective category of h-motives. We
state a version of the Kiinneth isomorphism for cellular spaces. In the next section
we generalize it to the equivariant setting. In section 4 we introduce the convolution
product on the equivariant cohomology of group powers and study its properties.
In the next section we identify this equivariant cohomology with the endomorphism
ring on equivariant cohomology of G/B and then in section 6 with the formal affine
Demazure algebra. In section 7 we introduce the notion of a rational algebra of
push-pull operators Dy and identify it with the subring of rational endomorhisms.
In the last section we prove the equivalence (1) and provide some applications and
examples.
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2. ORIENTED (CO-)HOMOLOGY

We recall definitions of an algebraic oriented Borel-Moore homology and of the
respective category of correspondences. We also recall a version of the Kiinneth
isomorphism for cellular spaces (Lemmas 2.4 and 2.5).

Fix a smooth scheme S over a field k. Let Schg denote the category of finite
type quasi-projective separated S-schemes and let Smg denote its full subcategory
consisting of smooth quasi-projective S-schemes.

Following [23, Def. 5.1.3] consider an oriented graded Borel-Moore homology the-
ory h, defined on some admissible [23, (1.1)] subcategory V of Schg. So that there
are pull-backs f*: he(X) — heyq(Y) for lci. morphisms f: Y — X in V of rela-
tive dimension d and push-forwards f.: he(Y) — he(X) for projective morphisms
f: X =Y in V. According to [23, Prop. 5.2.1] the Borel-Moore homology h, re-
stricted to Smg defines an algebraic oriented cohomology theory h® (with values in
the category of graded commutative rings with unit) in the sense of [23, Def. 1.1.2]
by

hdims X=¢(X) .= n,(X), X € Sms.
If the (co-)dimension is clear from the context we will write simply h(X).

Following [26, §2] (see also [14, §63]) we define the category of h-correspondences
h-Corrg over S. The objects are pairs ([X — S],i), where [X — S] is an isomor-
phism class of a smooth projective map X — S and i € Z. The morphisms are
defined by

Homu.corrs (Y = S1,0), ([X = 8],4)) := @ Homi—j([Yi = S}, [X — S)),
l

taken over all connected components Y; of Y, where

Hom.([Yl — S], [X — S]) ‘= hdimg YH_.O/I X g X)
The composition of morphisms is given by the correspondence product. Namely, if
pi: X1 X5 X9 xXg X3 — X; xg X denotes the projection obtained by removing the
i-th coordinate, then given o € h(X; xg X2) and 8 € h(X2 xg X3) we set
(2) Boa:=(p2)«(pi(B) - p3(e)) € h(X1 x5 X3).
Let h—CorT;J denote the additive completion of h-C'orrg. We simply write X for
the respective class in h—C’orr;.

Definition 2.1. (cf. [23, (CD’)]) Let X be smooth projective over S. Suppose
that there is a filtration by proper closed subschemes
=X ,cXoCcX1C...CX,=X
such that
e cach irreducible component X;; of X; \ X;_1 is a locally trivial affine fibra-
tion over S of rank d;;, and
e the closure of X;; in X admits a resolution of singularities X;; — Yij

over S; we set gi;: )Z'Z—j — Yij — X and, therefore, (gi;)«(15. ) € hg,, (X).
ij
We call such X (together with the filtration) a cellular space over S.
Definition 2.2. We say that the theory h satisfies the cellular decomposition (CD)
property if given a cellular space X over S the respective elements (g;;)«(15. ) form

a h(S)-basis of h(X). N
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Example 2.3. The property (CD) holds for any oriented Borel-Moore homology
h over a field k of characteristic 0.

Indeed, the same reasoning as in [14, Thm. 66.2] shows that for every Z € Smg
there is an isomorphism

> (gi)e(1) x idz: @) CHa-a,, (Z) — CHW(Z x5 X).

ij

By the Yoneda lemma (cf. [14, Lemma 63.9]) the latter induces an isomorphism in
the category CH-Corrd (cf. [141, Cor. 66.4]).
Following [29, §2] consider the specialization functor Q—Corr;: — CH—C’orr:g",

[f:Y = X] — f.(ly). It is surjective on the classes of objects and morphisms.
Moreover, for every X the kernel of

QdimsX(X Xg X) — CHdimsX(X Xg X)
is Q>1(k) - Qe(X xg X) by [23, Rem.4.5.6]. Hence for every y in this kernel
Yo ms X4 € Qi x (X x5 X) N (s (@imesx+1) (K) - Qa(X x5 X)).
So y = 0 since Q<o(Y) = 0. Therefore, the kernel of
EndQ—Corr; (X, Z) — EndCH—Corr;f (X, Z)

consists of nilpotents.
Finally, by [29, Lemma 2.1] the isomorphism »,(g:;)«(1) in CH-Corr{ can be
lifted to an isomorphism in the category Q—Corr; Specializing it via 2 — h we

obtain the desired isomorphism.
From this point on we assume that h satisfies the property (CD).

Lemma 2.4. Let X be a cellular space over S. Then there is an isomorphism in
h—C’OM’;r

Y (9115, (S dij) = X,

ij ij
where (gij)*(lﬁij) €hy,(X) = Homh_COm,;((S, dij), X).

Proof. Transversal base change implies that there is an isomorphism

D (9i3)«(1) xidz: @ he—a,;(Z x5 8) = he(Z x5 X)
ij
for any Z smooth projective over S. So by the Yoneda lemma (cf. [14, Lemma 63.9])
it induces an isomorphism in h-Corrd (cf. [14, Cor. 66.4]). O

Lemma 2.5. The pairing (-,-): h(X) ®y(s) b(X) — h(S) given by (a,b) = p.(ab)
is non-degenerate and the map

fr((X x5 X),0) = Endys)h(X)  given by a = fa, fa(z) = (p2):(pi(2) - a)
is an h(S)-linear isomorphism of graded rings. In particular, it gives an h(S)-linear
isomorphism

(hdimsX(X Xg X),O) ~ End (X)

+
h-Corrg

Observe that the endomorphism ring of h(S)-linear operators Endy(g)(h(X)) is
a graded ring. Its n-th graded component consists of operators increasing the
codimension by n. By definition the subring of degree-0 operators (preserving the

codimension) coincides with Endy ooyt (X).
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Proof. By the previous lemma there is an isomorphism

Pn(s) @ Hom((S, k), ®:;(S, di;)) @ Hom((S, k), X) =h(X),

k=—0o0 k=—o0

where each component is given by z +— x - (gi;).(1). Let >_,; aij: X — @i;(S, dij)
be the inverse isomorphism in h—Corr;r. Observe that

aij € Hom(X, (5, dij)) = Bdim(x/5)—d,,; (X)-

Since ai; 0 (¢i5)+(1) = pa(aij - (gij)+(1)) = d; ;, the pairing (-,-) is non-degenerate.
The pairing (-, -) gives an isomorphism h(X) — Homy(g)(h(X),h(S5)) and, hence,
an isomorphism Endy gy h(X) S n(X) ®n(s) h(X). Consider the composition

piB(X x5 X) % Endys)h(X) 5 h(X) @) h(X)

and a map 7: h(X) ® h(X) — h(X xg X) given by m(a ® b) = pi(a) - p5(b).
By definition, we have

Fri@ps ) (@) = (p2)«(p1(2)p1 (a)p3 (b)) = (2, a)b.

Hence, p(m(a ® b)) = a ® b and the map p is surjective. By the property (CD) for
X x5 X = X, h(X xg X) is a free h(X)-module of rank rkysyh(X). Thus, p is
a surjective homomorphism between free modules of the same rank, hence, it is an
isomorphism. O

3. THE EQUIVARIANT KUNNETH ISOMORPHISM

In the present section we introduce an equivariant Borel-Moore homology fol-
lowing [7, §2] and [17]. We provide an equivariant analogue of the Kiinneth isomor-
phism (Lemma 3.7).

Let G be a smooth group scheme over S. Consider an admissible subcategory
V& of the category of G-varieties X € Schg with G-equivariant morphisms. By
a G-equivariant oriented (graded) Borel-Moore homology theory we will call an
additive functor h$' from V& to graded abelian groups such that

1. There are pull-backs for l.c.i. maps and push-forwards for projective maps that
satisfy

(TS) (l.c.i. base change) For a Cartesian square X' Ty where f (hence

|k

X——Y
f") is Lcd. and g (hence g') is projective, we have f*g, = g, (f')*.
(Loc) (localization) If U C X is an open G-equivariant embedding with Z = X\U,
then there is a right exact sequence:

*

h,G(Z) — h,G(X) — h,G(U) — 0.
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2. The functor hS' restricted to Smg defines a graded G-equivariant oriented co-
homology theory h¢ in the sense of [9] (we refer to [9, §2, A1-9] for the precise
definition) by

ndms X0 (x) .= nl(X), X € Sms.
In addition to the axioms of [9, §2] we require that h¢ satisfies the following stronger
version of the homotopy invariance axiom:

(HI) (extended homotopy invariance) Let p: ¥ — X be a G-equivariant torsor of
a vector bundle of rank r over X, then the pull-back induced by projection

p": g (X) = hg(Y)
is an isomorphism.
If a variety is smooth we will always use the cohomology notation.

Example 3.1. Given a linear algebraic group G over a field k of characteristic zero
an example of such G-equivariant Borel-Moore homology theory h$’ was constructed
in [17] as follows.

Consider a system of G-representations V; and its open subsets U; C V; such
that
G acts freely on U; and the quotient U; /G exists as a scheme over k,
Vie1 = V; & W; for some representation W,
U CU ®W,;, CUjyq, and U; @ W; — U;41 is an open inclusion, and
codim(V; \ U;) strictly increases.

Such a system is called a good system of representations of G.
Let X € Schy be a G-variety. Following [17, §3 and §5] the inverse limit induced
by pull-backs

WM he dim G+dim U, (X x9Uy), Xx9U = (X xxU)/G,
i
does not depend on the choice of the system (V;,U;) and, hence, defines the G-
equivariant oriented homology group h$ (X).
In the present paper we will extensively use the following property (cf. [9, §2,
A6]) of an equivariant theory
(Tor) Let X — X/G be a G-torsor over S and a G’'-equivariant map for some
group scheme G’ over S. Then there is an isomorphism
hey o (X) — h& (X/G).

that is natural with respect to the maps of pairs
(6,7): (X,GxG) = (X1,G1 xGY), d(x-(9,9) = d(x) - v(9,9)-
Observe that the theory of Example 3.1 satisfies this property by [17, Prop. 27].

We have the following equivariant analogues of Definitions 2.1 and 2.2

Definition 3.2. Let X € V“. Suppose that there is a filtration by G-equivariant
proper closed subschemes

f=X1CcXpCcXpiC...CcX,=X
such that

e cach irreducible component X;; of X; \ X,;_1 is a G-equivariant (locally
trivial) affine fibration over S of rank d;;, and
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e the closure of X;; in X admits a G-equivariant resolution of singularities
Gij - Xi]' — yij over S.
We call such X (together with the filtration) a G-equivariant cellular space over S.

Definition 3.3. We say that the equivariant theory h® satisfies the cellular de-
composition (CD) property if given a G-equivariant cellular space X over S the
respective elements (g;;)«(15 ) form a h%(S)-basis of h%(X).

ij

Lemma 3.4. Suppose a morphism f: X — Y in Smy, factors as f: X = L Ly
where p: L — X is a vector bundle, z: X — L is a zero section and j is an open
embedding.

Then for every projective map a:Y' — Y and X' = X Xy Y’ the following
diagram of pull-back and push-forward maps commutes (we omit the grading)

’
a

h(X') ——=h(X)

4Lk

A x

n(Y') —% > n(Y)

Proof. Observe that the map f': X' — Y’ factors as X’ Ny xy Y" 25 Y’ where
z' is the zero section of the vector bundle p’: L' = L xy Y’ — X’ and j' is an
open embedding. Let b denote the canonical map L’ — L. Since j and j' are flat,
we have j*a, = b.j"™ by the l.c.i. base change for oriented theories. Note that by
the homotopy invariance z* = (p*)~! and 2’* = (p’*)~!. Since p and p’ are flat,
p*al. = b.p'*. Then z*b, = al2z"* and

*a* — Z*b*j/* — aizl*j/* — a;f/*. ‘:l

[faw=2"j
Remark 3.5. If (V;, U;) is a good system of representations of Example 3.1, then for
any G-variety X the connecting maps X x“U; — X x%U; 1 factor as in Lemma 3.4,
ie., we have X xC U; = X xC (U; @ W) = X x% Uiyq.

Example 3.6. Let h® be the equivariant theory of Example 3.1. Then the property
(CD) holds for h¢.

Indeed, consider a good system of representations {(V;,U;)}; for X. The sub-
varieties X; x© Uj, i1=0...n form a cellular filtration on X x & U; over S x & U;.
Note that X; x¢ U; is a resolution of singularities of X; x¢ U;. By (CD) for h
the set {(fi x“ idy,)«(1)}; forms a basis of h(X x“ U;) as a h(S x“ U;)-module.
By Lemma 3.4 the following diagram commutes:

(9i,541)

h()?z XGUj+1) h(X x G Uj+1)

> l (9i,5)% l
h(Xz XG UJ) J h(X XG UJ)

So i ((fi X% idy,,,)«(1)) = (fi X9 idy,)«(1), which implies that the elements

fir(1) = 1im; ((f; X9 idy,)«(1)) form a basis of h%(X) over h¥(S).

From this point on we assume that h{ satisfies the property (CD). As for usual
oriented theories we then obtain
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Lemma 3.7. The pairing (-,-): h%(X) ®uo(s) h(X) — hE(S) given by (a,b) =
px«(ab) is non-degenerate and the map

fr (@(X x5 X),0) = Endyo(s)h(X)  given by a = fa, fa(x) = (p2)+(pi () a)

is an h%(S)-linear isomorphism of rings. In particular, there is an h®(S)-linear
isomorphism

(hgms X(X Xs X)’ O) — Enth—Corr; (hG(X))a

where hG—Corrgr is the respective category of G-equivariant correspondences.

4. THE CONVOLUTION PRODUCT

In the present section we introduce the convolution product on the equivariant
Borel-Moore homology (Definition 4.3) of group power. We relate this product to
the usual correspondence product for the associated torsors (Lemma 4.6) and study
its behaviour under the base change (diagram (6)).

Let G be a smooth algebraic group over k and let E be a G-torsor over k (G acts
on the right). By definition there is an isomorphism p: E x; G S ExyE given on
points by (e, g) — (e, eg). For each ¢ > 0 it induces an isomorphism

Pi - E Xk G’L — EiJrla (67917927 s agl) — (6769176927 s 7egi)'
Consider the composition
—1
Nt B Y B, G = B xy, GT S G

The coordinate-wise right G**!-action on E**! induces an action on E x; G* and,
hence, on G*. For instance, on points it is given by

(3) (e,91,---,9i) - (ha, ..., hiy1) = (eh1,hy " grho, ... hy ' gihisa).

Consider projections p;: E‘t1 — E' obtained by removing the j-th coordinate
and the respective G'-action on E’. For each i > 1, 1 < j < i+ 1 there is a
commutative diagram of G*-equivariant maps

(4) pirt o

Ei Yi—1 Gi_l

where 771(91)' e agl) = (91_1925' e agl_lg’i) and Trj(gla' e agl) = (gla' e agj—la' e agz)
for j > 1.

Example 4.1. For i = 1 it gives a commutative diagram of G-equivariant maps

Ex,F—1 -@

ELSpeck

where g, 71, o are the structure maps, p1, p2 are the corresponding projections and
y1(e, eg) = g. Moreover, if E is trivial, then y; = 71 : GxxG — G, (91, 92) — g1 "go.
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Let H be an algebraic subgroup of G such that G/H is a smooth variety over k.
We can view G* as an H-torsor over G*/H, where H acts on G* via the jth coor-
dinate of G*1. By definition, the H'-equivariant map 7; factors as

7 G-l G H TS G
where the second map 7; is a fibration with a fibre G/H.

Example 4.2. The map 7 factors through the quotient maps modulo the diagonal
action

m: G -5 GAH) I GHAG) =G
which are equivariant with respect to the usual coordinate-wise H‘-action.

Consider an equivariant Borel-Moore homology theory h. For every 1 < j < i+1
consider the action of the j-th copy of H on G*. The property (Tor) gives an
isomorphism

(5) hHi(Gi/H) i>hHi+1(Gi),

where Ht! acts on G* as in (3). Unless explicitly mentioned we will always identify
these two rings.

Set S =hy(GY) =hy(k) and set the convolution product on S to be the usual
intersection product.

Definition 4.3. Assume that G/H is a smooth projective variety over k. We define
the S-linear convolution product ‘o’ on hy: (Gi~1), i > 2 to be the composite

—x %
T 1@ s
=

hy (Gi_l) ®hH7,(Gi_1) hH7,+1(Gi) R hpita (GZ) —

By (GF) 5 nyu (G,

where hyi+1(G?) is identified with hy: (G'/H) via (5) and 7; is projective because
sois G/H.

The central object of the present paper is the convolution ring (hy2(G), o), i.e.,
the case i = 2. In the next sections we will show that (hp2(G),0) (where B is a
Borel subgroup of a semisimple split G) can be identified with the formal affine
Demazure algebra.

Example 4.4. In the case i = 3 the convolution ring (hys(G?),0) is isomorphic
to hA(H)((G/H)Q) with respect to the usual correspondence product. Indeed, the
maps m;: G® — G?, i = 2,3,4 induce A(H)-equivariant projections (G/H)> —
(G/H)%. The isomorphism then follows by (Tor).

Observe that if G/H is an H-equivariant cellular space and hy satisfies (CD),
then by Lemma 3.7 there is an S-linear ring isomorphism

(hps(G?),0) ~ Endshy (G/H).

Lemma 4.5. For i > 1 the map m induces an injective ring homomorphism with
respect to the convolution products

(g (G1),0) 25 (Bypins (G7), o).
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Proof. For i = 1 it follows from the fact that the convolution product on hgz(G)
is S-linear.

For i > 2 for each i —1 < j <741 we have m; om = 7 o mj41. Since push-
forwards commute with flat pull-backs by (TS), there are commutative diagrams
in equivariant cohomology

=k

i (G1) — 2> hyiea (GiH1)

()« lTW:17W:+1 (Tit1)s lTT": Tit2
%

T

hy: (Gi_l) ——hpyit1 (GZ)
Finally, there is a H'-equivariant section of the map 71: G'/A(H) — G*~1 given
by (91,.--,9i-1) — (1,91,--.,9i-1), so T} is injective. O

Lemma 4.6. The map 1 induces a ring homomorphism

~

(n12(G),0) = (ny2(E?),0) = (B((E/H)?),0),
where the last ring is viewed with respect to the correspondence product (2).

Proof. By (TS) the diagram (4) gives rise to commutative diagrams in cohomology

*

hps (GQ) 2, hys (E?’)

(772)*l/ Tﬂiﬂﬁ (m)*l Tlff,pg

e (G) —2= hye (E2)
The last isomorphism follows by (Tor). O
Let k denote the splitting field of a G-torsor E so that G = Ej;. Since the

base change preserves the convolution product, combining Lemmas 4.5 and 4.6 we
obtain two commutative diagrams of convolution (correspondence) rings

¥ b2 (G) by (E x5, G) —2—> by (E?)

resk/kl lresk/k
_ %
T *

¥i: B2 (Gr) — B2 (G2 /A(H)) *—= b2 (G3)

and
poopr”

Y6 : ha (k) hy(E)

resk/klw lresk/k
* ok

7 (k) — > hy (Gy)

where resg;, is the base change map. Combining these two diagrams we obtain a
commutative diagram of convolution rings

(6) by (E) @ by (G) 2L s (B2)

7'esk/kl/ lresk/k
(P1:71)

hy(GR) ®s b2 (Gf) — hp2(G3),
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where the left convolution rings are hy (E)- and hy (Gp)-linear.

5. THE SUBRING OF PUSH-PULL OPERATORS

In the present section we prove that if H is the Borel subgroup of a split semisim-
ple linear algebraic group, then the convolution ring hy2(G) of Definition 4.3 can be
identified with the subring of push-pull operators (Corollary 5.3). Our arguments
are essentially based on the Bruhat decomposition of G stated using the G-orbits
on the product G/H x; G/H and the resolution of singularities (8).

As before assume that G/H is a smooth projective variety over k. In the notation
of the previous section consider the H?-equivariant maps of Example 4.2.

i G2 = G2/AH) =5 GEIAG) =G, (91,02) = 019
Since G? is a A(G)-torsor over G (A(H)-torsor over G?/A(H)), by the property

(Tor) the induced A(G) x H?2-equivariant pull-backs on cohomology coincide with
the forgetful maps

(7)) 7 :hp2(G) ~ hA(G)xH2(G2)CL> ha ()2 (G?) — Ly (G2)

! F

he((G/H)?) ————hu((G/H)*) —h((G/H)?)
Moreover, by Lemma 4.5 it is a commutative diagram of convolution rings.

Let G be a split semisimple linear algebraic group over k and let h be an equivari-
ant theory that satisfies property (CD). We fix a Borel subgroup B of G containing
a split maximal torus T'. By Bruhat decomposition (e.g. [27])

G =1ly,ewBWwB, € Nr,

is the disjoint union of B2-orbits of G, where W = Nz /T is the Weyl group and Nt
is the normalizator of T in G. Projecting this decomposition onto X = G/B gives a
B-equivariant cellular filtration on X by closures X, of affine spaces X,, = BuB/B
of dimension [(w) (the length of w).

The preimage 7; '(BwB) is a A(G)-orbit in G? (here H = B). Let O, denote
its image via G? — X? and let O,, denote its closure. Observe that both O, and
O, are A(G)-invariant in X2. By properties of the Bruhat decomposition (see [27,
§1]) it follows that the projection O, — X2 — X is a torsor of a vector bundle over
X with fibre X,,. Indeed, the transition functions are affine since they are given
by the action of B on the left on BwB/B that is by T acting on the product of
the respective root subgroups Hae®+mw(¢,) U, via the conjugation and, hence, by
T acting on the product of the respective G,’s via the multiplication ¢ - x = «(t)z,
teT,z € G, So X?isa G-equivariant (G acts diagonally) cellular space over X
with filtration given by the closures O,,.

Assume that for each w € W we are given a G-equivariant resolution of sin-
gularities O, — O,,. Let [Oy]¢ denote the respective class in ho™ Xt (x2y,
Then by the property (CD) the cohomology he(X?) (resp. hp(X?) and h(X?)) is a
free module over hg(X) (resp. over hp(X) and h(X)) with basis {[Ow]a}wew
(resp.  {[Ow]B}wew and {[Ou]}wew). Hence, the forgetful maps of (7) send
[Owle — [Ouw]s — [On] and change the coefficients by — ®ng(x) hp(X) and
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— ®np(x) h(X) respectively, where the map S = hg(X) — hp(X) — h(X) is
the classical characteristic map.

We now construct such G-equivariant resolutions as follows. For the i-th simple
reflection s; we denote X, (resp. Os,) simply by X; (resp. by O;). Let P; be the
minimal parabolic subgroup corresponding to a simple root a; and let ¢;: X —
G/ P; denote the respective quotient map.

Lemma 5.1. We have O; = X Xa/p, X and, in particular, O; is smooth.

Proof. We have (g1B,92B) € X xg/p, X, 91,92 € G if and only if g1 P; = g2 F;, so
g2 = g1h for some h € P;,. Since P; = B U BsiB_, it means that either goB = g1 B
or goB = g1Bs;B, so (¢1B,g2B) € O;, UAx = O;. O

For any w € W we choose a reduced decomposition w = s;,5;, ...s; and set
I, = (i1,42,...,4;). Consider a variety
(8) Olur:XxG/PilXxG/Piz"'XG/Pil X.
The projection on the first and the last factor pr: Or, — X xp X gives a G-

w
equivariant resolution of singularities of O,,.

Theorem 5.2. For H = B or 1, the image of [O5,]n € hy(X xi X) under the
Kiinneth isomorphism

(hH(X Xk X), O) i) Enth(k) (hH(X))
is the composition of push-pull operators qj qi,«© ... 0 q; qix-

Proof. By definition the image of [0y, ]y is the hy (k)-linear operator

hY, (X) 25 hpr (X % X) 9% npr (X g X) 225 071 (x).
By the projection formula and (TS) it can be also written as

b3 (X) 25 by (Or,) Z5 03 (X),
where pr; denotes the projection on the j-th coordinate (recall that p; denotes the
projection obtained by removing the j-th coordinate).
By the property (TS) we obtain a commutative diagram

w

pr =~ pr; =~ pr; =~
hy(X) > —~hy(0;) == hu(OG,_y4)) —= ... —hpu(0y,)
Qil*t p'r‘l*t Prizs
q;‘l pr; ~
hu(G/F;) hp (X) a(0i_,)
Qill*l PT1x
Gy
hy(G/ P ) ——hp(X)
Qiy_ o
hy (X)
where pr;ji... denote the projection on the i-th, j-th, k-th, ..., coordinates. The

result then follows since the top horizontal row gives pr;,; and the right vertical
column gives pris. O
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Combining Diagram (7) and Theorem 5.2 we obtain

Corollary 5.3. There is a commutative diagram of convolution rings

hp2 (G) = ha(pyxp2 (G?) —>hp(X?) —=> Ends(hp(X))

| l |

hpe (G?) — = h(X?) —=—> Endg(n(X))

where the image of (hp2(G),0) in Ends(hp(X)) is the subring generated by the
push-pull operators qfq;, (of degree (—1)) and the image of the forgetful map S =
he(X) — h%(X) (of degrees 'o’) and the last vertical arrow is induced by the
augmentation map S — R = h(k).

6. SELF-DUALITY OF THE ALGEBRA OF PUSH-PULL OPERATORS

In the present section we identify the convolution ring hg2(G) with the formal

affine Demazure algebra Dp of [18] and show that it is self-dual with respect to
the convolution product (Theorem 6.2). Our arguments are based on the results
of [18], [7], [8] and, especially, [9]. We use the notation of [9].

Recall that algebraic oriented cohomology theories h correspond (up to uni-
versality) to one-dimensional commutative formal group laws F'(u,v): the formal
group law corresponds to h by means of the Quillen formula expressing the first
characteristic classes

(L1 @ Lo) = F(c}(L1), 61 (L2))

and the respective cohomology theory h is defined from F' by tensoring with the
algebraic cobordism

h(—) = Q(-) ®aw R,
where Q(k) — R defines F' by specializing the coefficients in the Lazard ring (see
[9, §2] for details). For example, the additive formal group law correspond to Chow
groups and the periodic multiplicative law corresponds to K-theory.

By [9, Thm. 3.3] the completed B-equivariant coefficient ring S = hp(k) can
be identified with the formal group algebra R[[T*]]r, where T* is the group of
characters of a split maximal torus T C B and F' is the respective formal group
law.

Following [9, §5] consider the localized algebra Q = R[[T*]]F[i]a (where «
runs through all simple roots) and the smash products Qw = Q#rR[W] and
Sw = S#rR[W] with the multiplication given by

q(sw : qlaw’ = Q(wa)(sww’
for ¢,q' € Q (respectively S) and w,w’ € W (the Weyl group). Counsider the duals
Qfy = Homq(Qw, Q) and Sj;, = Homs(Sw,S). By definition Qf;, and S§;, can
be identified with the ring of functions Hom(W, Q) and Hom(W,S) respectively

As in [18, Def. 6.2, 6.3] for each simple root a; of the root system for G define
the push-pull element

1
Y, = (1+6;) .
Define the formal affine Demazure algebra Dp as the subalgebra of Qu generated
by multiplications by S and the elements Y;.

€ Qw.
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By [7, Thm. 7.9] (see also [18, Thm. 5.14]) the R-algebra D satisfies the fol-
lowing (complete) set of relations: for ¢,5 =1...7k(G) and u € S
o V2 = k;Y;, where k; = ;c% + x%q and x; = Tq,,
o Yiu=s;(u)Y; + A_;(u), where A_;(u) = %ﬂ(u),
o (Y;Yj)™u — (Y;Yy)™4 =3, c1,Y7,, where the sum is taken over all re-
duced expressions I,, of elements w of the subgroup (s;,s;) C W, and the
coefficients ¢y, are given by the formulas of [18, Prop. 5.8]

w )

Example 6.1. If F' corresponds to Chow groups, then Dp = H,,; is the affine
nil-Hecke algebra over Z in the notation of [16]. If F' corresponds to K-theory, then
Dy is the 0-affine Hecke algebra over Z (¢ — 0 in the affine Hecke algebra). If
F corresponds to the generic hyperbolic formal group law of [3, §9], then by [8,
Prop. 9.2] the constant part of Dp is isomorphic to the localized classical Iwahori-
Hecke algebra.

Let D} = Homg(Dp,S) denote its dual. Observe that the main result of [J]
(Thm. 8.2 loc.cit.) says that D} is isomorphic to the R-algebra hp(X).

Theorem 6.2. Let G be a split semisimple linear algebraic group over a field k
and let h be an equivariant theory that satisfies property (CD).

Then the convolution algebra (hpg2(G),0) is isomorphic (as an R-algebra) to the
formal affine Demazure algebra Dp. So there is an R-algebra isomorphism

( }70)2 (DFv')

Proof. By Corollary 5.3 the ring (hp2(G),0) ~ (hp(X),o) is isomorphic to the
subalgebra of Endg(hp(X)) generated by the image of the forgetful map hg(X) —
hp(X) and push-pull operators ¢} ¢;«. Since the map B — B/T is an affine fibration,
the natural map hp(X) — hp(X) is an isomorphism. Hence we may identify S with
hr(k) and Endg(hp(X)) with Ends(hy(X)). Observe that these identifications
preserve push-pull operators. The inclusion of T-fixed point set W — X gives
an embedding hr(X) — hp(W) = S}, € Q3. By [9, Corollary 8.7] there is the
following commutative diagram

9) by (X) — Sj —— Qjy

Q:%,*l lAz

by (X) — Sj —— Qjy
where the Hecke operator A; is given by
Ai(f)(x) = f(z-Y:) forzeQw,feQy.
Moreover, the forgetful map
S 2 hg(X) = hr(X) = BuwewS

is given by the formula s — (w - $)yew for any s € S. Then the multiplication in
hp(X) = S}, by the image of any element in s € hg(X) induces a right multipli-
cation by s in Q. Since Qw is a free Q-module of finite rank, the natural map
1: Qw — Endq(Qjy) given by «(x)(f)(y) = f(yz) is an inclusion. Note that every
A; lies in the image of 2. Then by diagram (9) the image of hg2(G) is isomorphic
to a subalgebra of Qy generated by S and Y; which is Dpg. O
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7. THE RATIONAL ALGEBRA OF PUSH-PULL OPERATORS

__In the present section we introduce the rational algebra of push-pull operators
D7 and show that it can be identified with the subring of rational endomorphisms
of G/B (Theorem 7.5).

The B2-equivariant isomorphism E x; G — E x;, E, (e, g) — (e, eg) induces an
isomorphism ExBG /B — E/Bx,E/B. For allw € W fix a reduced decomposition
I, = (i1,...,4;) and the corresponding Bott-Samelson resolution X;, — G/B of
the Schubert cell. This map is B-equivariant, so it descends to a map Y7, =
ExBX; — ExBG/B.

Lemma 7.1. The classes [Y1,] form a basis of h(E/B xi E/B) over h(E/B),
where the module structure is given by the pullback of the projection pr;: h(E/B) —
h(E/B xy E/B).

Proof. Since B is special, G-torsor FE splits over the function field of £/B. Then by
[25, Lemma 3.3] projection pri: E/B X E/B — E/B is a cellular fibration in the
sense of [25, Definition 3.1] so that (E/B)? is a cellular space over E/B. Let £ be the
generic point of E/B. The pullback of an open embedding j*: h(E/B X E/B) —
h(¢ xi E/B) ~ h(G/B) is surjective and any preimage of R-basis of h(G/B) gives
a basis of h(E/B x E/B). Thus it is sufficient to check that j* sends [Y7,] to a
basis of h(¢ x; E/B). Let p: E — E/B be the projection. Note that

ExP X1, x(5/pxvp/p) € xx /B =p " (&) x” X1, =& x Xy,
since p~1(€) — € is a trivial B-torsor. Thus j*([Y7,]) = [€ x X, ] that forms a basis
of h(¢ x E/B) =h({ x G/B) over h(§) = R. O
Consider a B-equivariant map
f:ExPG— B\G, (e,9)Bw~ By.
Let X7 = (P, x ... X P,,)/B' where Bl-action on P;, x ... x P;, is given by

(p1y--yp1) - (b1,..., b)) = (bl_lplbg, e bl_lpl). Then X} = gives the Bott-Samelson
class for B\G.

Lemma 7.2. The composition hp(B\G) N hp(E xP G) ~h(E/B x;, E/B) maps
(X718 to [V1,].
Proof. Consider the map P;, xZ P, x® ... xB P, — G given by (p1,...,p;) —
p1...p. It is B-equivariant with respect to the left multiplication, so it descends
toamap M;, = ExB P, xB P, xB ... xB P, - E xB G. By construction we
have an isomorphism

My, ~Y1, Xgxs@/p) (ExPG).

Then [Mj,,] 5 is mapped to [Y7, ] via the isomorphism h(ExZ G/B) — hp(ExBG).
Thus it is sufficient to check that f*[X}; |p = [My,]n, which follows from the fact
that

M, =ExB (P, x...x P,/B"™") ~ (E xP G) xp\¢ X7, O

Lemma 7.3. (cf. [25, Corollary 3.4]) The composition
(PY,7): hp(E) ®s hp2(G) — hp2(E?) ~ b((E/B)?)
of the diagram (6) (for H = B) is an isomorphism.
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Proof. Consider the basis of hg2(G) over S given by the classes of Bott-Samelson
resolutions ;. Then by Lemma 7.2 v;(¢;,, ) forms a basis of hg2(E?) over hp(FE)
induced by the respective cellular filtration. O

Consider the restriction map h(E/B) — h(Ej;/B) = h(X}) on cohomology in-

duced by the scalar extension k/k (here k is a splitting field of F). Let h(X) denote
its image.

Corollary 7.4. The image of the ring homomorphism
TeSg (h(E/B Xk E/B)7O) — (h(X]; XL X];), O).

is the subalgebra generated by the multiplication by the elements of h(X) and the
push-pull operators g} ¢ix: h(X) = h(G/P;) = h(X) for all simple roots «;.

Proof. Follows by (6), Lemma 7.3 and Corollary 5.3. O

There is a natural action of W on h(X) that comes from the W-action on E/T.
So we can endow h(X) ®s Qw with a structure of an R-algebra. Let Dr denote
its subalgebra h(X) ®s Dp. We call it the rational algebra of push-pull operators.
We endow D (and Dg) with a grading assuming that all Y;’s have degree (—1)

and elements of h*(X) (and of S = h%(k)) have degree ’o’. By 5}’”) we denote its
degree m homogeneous component. Let N = dim X.
Theorem 7.5. Consider the restriction

TSy k! Endh_comj (E/B) — Endh_cowg (X3)

on endomorphism rings of the respective motives (i.e., preserving the grading of

h(X)). Its image can be identified with 5;?) via the injective forgetful map
¢: ((h(X) ®s ha(X2) M), 0) — (BN (X2),0).
Proof. By (7) both hg(X?) and h(X?) are free modules over hg(X) and h(X) with

basis given by the classes [0}, ]¢ and [0, ] respectively. The map ¢ sends [Or, ] —

[61w] and leaves the coefficients invariant. The result follows by Corollary 7.4,
Corollary 5.3 and Theorem 6.2. (I

We say that a (co-)homology theory h satisfies the Dimension Axiom if
(Dim) For any smooth variety Y over k we have h"(Y) =0 for all n > dimY".

Example 7.6. Any theory h over a field k of characteristic 0 obtained by special-
ization of coefficients of the Lazard ring (e.g. Chow groups, connective K-theory,
algebraic cobordism §2) satisfies (Dim).

The graded K-theory Ko(—)[3,57 '] of [23, Example 1.1.5] does not satisfy
(Dim).

Observe that the image of the characteristic map ¢: S — h(X) is contained in
h(X) (see [15, Thm. 4.5]). Consider both the induced map c: DEI,E)) — ﬁ;?) and the
restriction map resy ;. (hp(E) ®s D) — Eﬁf).

Lemma 7.7. Assume that the theory h satisfies (Dim), then the kernels of ¢ and
Tesy ) are nilpotent.
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In other words, there is a commutative diagram of maps of convolution rings

DY L wN((E/B)?)

resg
\ i k/k

Dy

with nilpotent kernels.

Proof. Let f = ¢ or resg,,. Then x € ker f means that x = 3 a0[01, )¢ with
flaw) = 0. By Theorem 5.2 each [O;,] corresponds to the composite of push-

L= =(0
pull elements Y7, in D, so that x corresponds to ) a.Y7, € D%) and z°"
corresponds to

(Z awYIw )n == Z aw,nYIwa Aw,n S (ker f)na

Since ker f is contained in the augmentation ideal, (ker f)* c S(Z™). Finally,
observe that degY;, < —N, hence, for n > 2N we get 2°" = 0. O

Lemma 7.8. If E is a versal G-torsor, then the map ~i and, hence, ¢, of the
lemma 7.7 is surjective.

Proof. Observe that if F is versal, then it admits an open G-equivariant embedding
into AkN. So the projection E x; G* — G in the definition of ~; factors through
AN x; G'. By (Loc) and (HI) the induced pullback ~; is surjective. O

8. APPLICATIONS TO REPRESENTATION THEORY OF HECKE RINGS

Let G be a split semisimple linear algebraic group over a field k and let E be a
G-torsor over k. Let k be a splitting field of E and let E/B be the twisted form of
G/B by means of E. By definition, we have

E/B x3 k~G/B x k.

Let h, hp be an (B-equivariant) oriented theory over k that satisfies both (CD) and
(Dim) axioms, e.g., Chow groups, connective K-theory or algebraic cobordism €.
Let R =h(k) and S = hp(k) be the respective coefficient rings.

Consider the endomorphism ring of the h-motive of E/B
Cr = (Endh_Cm,T; (E/B),o0).

By definition, any direct sum decomposition of the motive [E/B] is given by a
complete set of primitive pairwise orthogonal idempotents on C'r so that (E/B)y ~
Proj Cp. Our main result (Theorem 7.5) together with Lemma 7.7 says that the
restriction map gives a surjective ring homomorphism with nilpotent kernel

resg: Cr — ﬁ;?).

By the standard idempotent lifting (see e.g. [25, §2 and Prop. 2.6]) we then obtain

Proj Cp ~ Proj ﬁ;?), so that we get the following
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Theorem 8.1. There is a one-to-one correspondence between direct sum decom-
positions of the h-motive [E/B] and direct sum decompositions of Dr-module Dp.
This correspondence, induces an equivalence between the category (E/B)y and the
category Proj Dp of finitely generated projective D p-modules.

If E is versal, then the algebra D can be replaced by the algebra Dp.

Observe that in general the ring D ¢ is not Krull-Schmidt (and not semi-simple).

Lemma 8.2. If the coefficient ring R is Artinian, then both Cr and Dy and, hence,
the categories (E/B)y and Proj Dg satisfy the Krull-Schmidt property (uniqueness
of a direct sum decomposition).

Proof. If R is Artinian, then both Dy and Cr are Artinian (as Dy is finite di-
mensional over R). So they are both Noetherian which implies that the respective
tautological modules Dy and Cp have finite length and, hence, the Krull-Schmidt
property holds for both Dy and Cp. O

As a direct application of the main result of [25] one obtains the following charac-
terization of modular representations of the (affine) nil-Hecke algebra (F' is additive
and h = CH).

Corollary 8.3. Let G be a split semisimple linear algebraic group over a field k.
Consider the affine nil-Hecke algebra Hy; for G with coefficients in R = F,,, p is
a prime. Then

Proj Hyi ~ (RE.p),
where E is a versal G-torsor.
In particular, all indecomposable submodules of H,; are free S-modules iso-

morphic to each other and their S-rank equals to the p-part of the product of p-
exceptional degrees of G.

Proof. The S-rank coincides with the number of Tate motives in the decomposition

pki
of R p over a splitting field of E, that is []_, % |t=1 (in the notation of [25])
which is equal to the p-part p>i=1 ¥i of p-exceptional degrees of [19, p.73]. Il

Example 8.4. Consider the root system of type A;. In this case T* = Zw (G =
SLy) or T* = Za (G = PGL3), a = 2w is the simple root and w is the fundamental
weight. The Weyl group W = {1, s} acts by s: w — —w, where s is the simple
reflection. By definition, S = R[[z]]r (where z = 2, or z = z,), Q = S[2],

Qw = {q¢(2)ds | ¢(z) € Q, w € W} with ’
q(—rr)ds = s(q(x))0s = dsq(x),

where —pa is the formal inverse of z. Observe that z, = zy1w = F (2w, z,) in S.
The R-algebra D is a free left S-submodule of rank 2 in Qs with basis

_ 1
LY = ==

—— + 0}
It satisfies the relations
Y? = kY and Yq(z) = q(—r2)Y + A(q(2)),

where k = —L— 4+ L and A(q(x)) = 9@)—q(=rz)

FTa Lo T_ o




20 A. NESHITOV, V. PETROV, N. SEMENOV, AND K. ZAINOULLINE

Let p=a+bY, a,b € S be an idempotent in D, i.e., p?> = p. Since degp = 0,
we have dega = 0 and degb = 1 (the coefficient a;; € R at u'v? in F(u,v) has
degree 1 — ¢ — 7). Then

(a+bY)? = a®>4+abY +-bY a+bYbY = a®+abY +b(s(a)Y +A(a))+b(s(b)Y +A(b))Y =

(a® + bA(a)) + (ab+ bs(a) + bs(b)k + bA(D))Y.
So that
a® +bA(a) = a and ab + bs(a) + bs(b)k + bA(b) = b.
Assume b is a non-zero divisor, then we obtain (in S)
(10) a® 4+ bA(a) = a and a + s(a) + s(b)x + A(b) = 1.

In the case h = CH and R = Z (F(u,v) = u + v) we have K = 0, —pz = —z,
ZTo = 2Ty, a € Z, b= cx, ¢c € Z and, (10) becomes
a=0and A(b) = - =1
or
a=1and A(b) = =& =-1

T
which have solutions only if x = x, and ¢ = +1. Therefore, Dr has only two
indecomposable submodules corresponding to the idempotents 1 — zY and 2Y.

The latter translates into the following well-known fact concerning motivic de-
compositions:

The Chow motive of a conic E/B (for a versal G-torsor E) decomposes as a
direct sum of two indecomposable summands if and only if G = SLso, ie.. E is
trivial and E/B = P!. In this case each summand correspond to the (shifted) Tate
motive.
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