Three problems for polynomials of small measure

ARTURAS DUBICKAS

Abstract. The problems of estimating the multiplicity of a polynomial
at a certain complex point, of finding an upper bound for the height of a
polynomial of small Mahler measure, as well the problem of finding how
close an algebraic number can be to 1 are all related. We discuss these
three problems, and show that the progress in each of the three sharpens
either lower or upper bounds in the remaining two. In particular, we
give an almost complete answer to the multiplicity at —1 problem for
polynomials with coefficients equal to zero or one. An explicit example
of a polynomial having small Mahler measure, but large norm, is also
presented.

1. Introduction. Let f(z) = Zszo arz® be a nonzero polyno-
mial with complex coefficients. To measure the complexity (“height”) of
the polynomial f one may use the notions of the length of f, L(f) =
Zf:o lak| , the “classical” height of f, H(f)= maxo<k<p |ak|, the max-
imum of the modulus of f in the unit circle, ||f|| = max|.j<1|f(2)|, the
Mahler measure of f,

21

M(7) = exp ([ log|(e)lar),

0

or say the value of f at unity, f(1).

Set r,(f) for the order of vanishing of f at a complex number p.
Below, we shall use this notation for only two values of p: o0 =1 and
o=—1.

A nonzero algebraic number o € @* is described by its unique nor-
malised minimal polynomial P = P, , whose coefficients are relatively
prime integers and whose leading coefficient is positive. The minimal
polynomial P is irreducible over the field of rational numbers Q. Let
N @* — @Q be the norm function. For every o € @* , we have

N(e = D) < [P)] < ||P]| < L(P),

where P =P, .

We can now state three related problems for polynomials of small
Mahler measure.

MULTIPLICITY PROBLEM. For a given set of complex numbers A,
find or estimate

ro(A, D) = maxr,(f),
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where the maximum is taken over all nonzero polynomials f of degree D
with coefficients in the set A.

HEIGHT PROBLEM. Estimate the maximum of some “height” (say
|P(1)|, H(P), or L(P)) over all irreducible integer polynomials P of
degree d and of Mahler measure at most M .

APPROXIMATION PROBLEM. Estimate the minimum of |a + 1| over
all algebraic numbers of degree d and of Mahler measure at most M .

In the subsequent sections we discuss the problems and give some
new results. Some of these (see sections 3 and 4) show that the problems
are indeed related, and the progress in each of the three would sharpen
either upper or lower bounds in the remaining two.

2. Multiplicity problem. The multiplicity problem for integer
polynomials of bounded height, namely, with coefficients in the set

Ag={a€Z:|al < H},

is an old one. Note that r(Ag,D) = r_1(Ag, D), since Ay = —Ap .
Various bounds for 71(Apg, D) were obtained by Bloch and Pélya [7],
Schur [28], Mignotte [23], Bombieri and Vaaler [8], [9], Amoroso [2], Bor-
wein, Erdélyi and Kés [10]. In particular, if ¢ > 0 for the {—1,0,1}
polynomials we have the bounds

/ D 21
(2 —5) 10g2@ < Tl(Al,D) < 1—3\/5

for all D sufficiently large. Here the lower bound follows from the work
of Bombieri and Vaaler [8] (see also [18] for a different proof). The up-
per bound (see [20]) strengthens the constant 16/7 obtained by Borwein,
Erdélyi and Kés [10].

The problem of closing the remaining sublogarithmic gap is almost
certainly a difficult one. In particular, the sharpening of the lower bound
would have considerable applications in Diophantine approximation. Bor-
wein and Mossinghoff [12] gave some computational results for the degrees
of polynomials with coefficients in A; = {—1,0,1} and prescribed van-
ishing at 1.

In some cases the magnitude of r1(A4, D) is considerably smaller.
Boyd [13] proved the inequalities

(log D)?

log D <1 (A% D) < (1+2)1 7705

where ¢ > 0, A* = {—1,1}, and D is a sufficiently large integer. His
upper bound is true for every bounded by an absolute constant set of odd
integers A* .



If B=1{0,1}, then r(B,D) = 0. For r_1(B,D) we can give an
almost complete answer. Below [...] stands for the integral part.

THEOREM 1. Let D > 2 be a positive integer. Then either

logD}

r-1(B, D) = [ log 2

or

r_1(B, D) = [f)ggl;] Y

Furthemore, each possibility occur infinitely often.

PrROOF. The upper bound

log(D + 1)

— D) <
r 1(87 )— 10g2

is given in [10]. We shall replace D+ 1 by D.

It follows easily that r_1(B,1) =r_1(B,2) = 1. Suppose that 2" >
D > 2, where r =r_4(B,D). Let g be anonzero polynomial with {0, 1}
coefficients such that r_;(g) =r. Clearly,

g@)#14+z+22+... 427,
since r > 1. At least one coefficient of ¢, therefore, is equal to 0. Hence
2"<g(1) <D,

a contradiction. Since r is an integer, we deduce the inequality

r=r_1(B,D) < [logD}.

log 2

Set b, = (2k+1 + (—1)’“)/3. Of course, {by}r=12,.. is a sequence of
positive odd integers. For any positive integer k one can easily verify the
inequality

bl—l-bg—l-—l—bk <bk+1

(in fact, the sum on the left hand side is equal to bg41 —1 or to bgy1 — 2
for k even or odd, respectively). Therefore,

r

Br(z) = [ [ (= +1)

k=1
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is a polynomial with coefficients in the set B = {0,1}. Set now

- (05

and ,
B:(l’) — xD—bl—bz—...—br H (.f[,'bk + 1)
k=1
Since 4
b1+...-|-b7~§br+1—1< gQTSD,

B} (z) is a {0,1} polynomial of degree D .

Note that
) log(3D/4)
ra(Br) =7 = [ log 2 ]
log D log D
= — R — 1.
[log2 0,415 } - [logQ] L

This shows that there are only two possibilities for r_1(B8, D). Furthe-
more, if

{logD} > 9 log 3

— =0.415...
log 2 log 2 ’

where {...} stands for the fractional part, then we have the first possi-
bility, namely,

log(3D/4 log D
r 1(B,D)=r= [7og( / )] = [og ]
log 2 log 2
Clearly, there is an infinite number of such integers D .
Suppose now that D is a power of 2: D =2", D > 8. We claim
that
T_l(B,Qm) =m — 1.
Indeed, assume that there is a {0,1} polynomial g of degree D = 2™
for which
r-1(g) = m.
Then, there is a coefficient of g equal to zero, for otherwise g(—1) # 0.
Suppose that there is only one such a coefficient. Since m > 3, we see

that g(—1) =0, ¢/(—=1) = 0 and ¢”(—1) = 0. From the first two of
these equalities one can easily find that



But then )
D= +2D
g"(-1) = + # 0,
a contradiction. Thus, among the coefﬁments of ¢ there are at least two
zeros. Then, as above,

om =919 < p_1<2m

a contradiction. Consequently, for every m > 3 we have the second
possibility, namely, r_1(B,2™) =m — 1. [ |

Note that Theorem 1 is true for every set B = {0,b}, where b is
a nonzero complex number, by considering the {0,1} polynomials ¢/b
instead of the {0,b} polynomials g .

3. Height problem. For the height and approximation problems we
assume that 1 < M < exp(d'™%), where § is a small positive constant.
Here we use the letter d instead of D for the degree to show that the
involved polynomials are irreducible.

Mignotte [24] showed that the inequality

L(P) < (2d + 1)M exp <\/2d(4 +logd)log((2d + 1)1/2M))

holds for irreducible integer polynomials P of degree d and of measure at
most M . Forlarge M ,say M > e?/\/d, the Liouville inequality L(P) <
2¢M(P) gives a stronger bound. This is also the case with cyclotomic
polynomials (M = 1). Amoroso [5] and the author [21] slightly improved
the constants in Mignotte’s inequality. For instance, in the range 1 <
M < d° the inequality

H(P) < ||P|| < L(P) < exp ((1+ 6)y/d/2logd)

is true for all d sufficiently large [21].
For the height P(1), Bugeaud [14] obtained the bound

|P(1)| < M*exp (2 dlogdlogM).

The proof is based on the analytical inequality
H H L kH < max{1, |Z|}K(K2 /6 K2,

where z is a complex number and K > 2 is an integer. The above
inequality follows from Hadamard’s inequality, by representing the poly-
nomial in the left hand side as

2 HE=DE=D /6Dt (29) g j 1.
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In some sense this proof can be compared with Zagier’s method [32] used
for a lower bound of (M (a)M(1— a))l/d .

We remark that there is more information in the above inequality than
just an upper bound for |P(1)|. Taking a product over all d conjugates
of a € @*, a # 1, with the leading coefficient a one easily gets the
inequality

K-1
K2
1—— )log [N (a" —1)| <

—1 M d
log (ﬂ> + — log K.
prt a 2

This “one line proof” sharpens the essentially Blanksby and Montgomery
inequality [6] (see Silverman [29], [30], [31]) obtained using the Fourier
averaging techniques. Silverman [30] speculates that such an inequality
can be used to approach the Lehmer conjecture.

The author used some more subtle determinants [16], [17] which gave
the inequality

IP(1)] < exp ((% + 6)\/dlogdlogM>

for any ¢ > 0 and for all d sufficiently large. These proved to be useful
in estimating the number of cyclotomic factors of a polynomial [19]. The
latter problem was first investigated by Schinzel [27]. See also the paper
of Pinner and Vaaler [26].

Amoroso [1] showed that these bounds are not for from being sharp.
He proved that for € > 0 the inequality

IP(1)] > exp ((1 —e)\/dlog M(P))

has infinitely many solutions in irreducible integer polynomials P such
that d?/4 < M(P) < d?/2. By simplifying his example, we show that it
also has infinitely many solutions for smaller M (P), say d < M(P) <
(1+¢e)d. It would be of interest to reduce the upper bound for M (P) to
for instance, M (P) < v/d, if possible.

For every integer ¢ > 2, set

p<gq

where the sum is taken over primes. Let p(d) be a prime number greater
than d, and let

/
Dg(z) = pttd—pd) (:cp(d)_d H(l +r4+zi+... 4 :cp_l)> :

p<gq
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Clearly, ®4(x) is an integer polynomial of degree d .

THEOREM 2. &, is an irreducible integer polynomial such that
M(®,) = p(d). Furthemore, for any ¢ > 0 and d sufficiently large

we have
D4(1) > exp ((1 — s)\/mgd)

Note that if p(d) < exp (a/dlog d) , then for any root a of ®4

Na-1)= (I;;EE;)) > exp <(1 — 25)\/dlogd),

because the coefficients of ®, are all nonnegative. Also, if say p(d) <
d'*¢ | then

N(a—1) > exp <(1 — 2¢) dlogM(a)).

ProOOF. The polynomial

pP(d)—d H (1 +r4+... .+ iEp_l)

p<q

has no multiple roots on the unit circle |z| = 1. Hence, the zeros of ®4
are all strictly inside the unit circle, since the smallest closed convex set
containing all the zeros of a polynomial also contains all the zeros of the
derivative of the polynomial. Suppose that

®4(z) = p(d)z® + ...+ p(d) — d

is reducible. From the fact that p(d) is a prime number, we deduce that
there is an irreducible integer polynomial ®* with the leading coefficient
p(d) sothat ®*|®,. The remaining zeros of the ratio ®,/®* must contain
a full set of conjugates of an algebraic integer. This is, however, impossible,
because they are all strictly inside the unit circle |z| < 1, and ®4(0) # 0.
Consequently, deg®; =d and M(®,) = p(d) .

For the last inequality, note that if ¢ > 0 and if ¢ is sufficiently large

then
2

d:Z(p—1)<(1+%) 1

= 2logq

Hence ¢ > (1 —¢/2)y/dlogd . Since the coefficients of @, are all nonneg-
ative, it follows that

d,(1) > Hp > exp ((1 - %)q) > exp ((1 - 5)@)

p<gq



as required. [ ]

Our next statement shows that the multiplicity problem and the
height problem are indeed related. Let

r(L,D) = maxri(f),

where the maximum is taken over all integer polynomials of degree D and
of length at most L.

ProPOSITION 1. For a given positive integers L,d, and an integer
irreducible polynomial P of degree d, d > D , we have

r(L,D)log|P(1)| < Dlog M(P) + dlog L.

PROOF. There is no loss of generality to assume that r =r(L, D) >
0. Hence, none of the roots of P isarootof f,where ri(f)=r>1. Let
us take a product over all roots of the polynomial P, ay,as,...,aq, and
multiply by a”, where a is its leading coefficient. Using the inequality
|f(2)] < max{1, |z|}PL, we obtain

d
PO =a" [ lay = 1" < @'l f(e) ... flaa)| < M(P)"LY,
j=1

whence the result. [ ]

The best known lower bound for r(L, D) can be used to replace the
constant 7/4 by 1/4/2 in the above upper bound for |P(1)| provided
that M (P) is not too small.

CoRrROLLARY. Let 0 < v < 2/3. If P is an irreducible integer
polynomial of degree d, where d > d(v), such that M(P) > d/¥, then

14V Jflogdiog M(P)).

PO)| < esp (=

PROOF. Let us fix a small positive constant ¢, and let D be suf-
ficiently large. By considering the polynomials with coefficients in Ag ,
where H = [D'/”/(D +1)], and applying Theorem 3 in [2], we get

F(L,D) > r1(Am, D) > (1 — 2)y/8(E — 1)D.

v



Here L = D'V . Taking

g vDlog M(P) 1> Dlogd ) Dlogd
log D log D log D

we see that d > D . On applying the inequality of Proposition 1, we get

log|P(1)] < (14 2¢) log M (P).

2(1 —v)

Since vD < dlogd/log M(P) and (1 —v)~%2 < 1+ v, the statement
follows. [

The example given in Theorem 2 via Proposition 1 implies the essen-
tially Schur’s bound for r(L, D) :

r(L,D) < (2+¢)y/DlogL.

A better example would imply stronger bounds.
Suppose H = [D¢] with a fixed constant & > 0. From [2], [8] or [23]
it follows that
\/5 <KLr (.AH, D)

Let ¢(d) be any function such that ¢(d) — oo as d — oco. Suppose
that there exist a positive constant v and a sequence of irreducible in-
teger polynomials P of degree d (where the sequence of the degrees is
sufficiently dense) so that M (P) > d#(9) and

|[P(1)| = exp (7\/dlogdlogM(P)>.

Then, taking say d = [Dlog M(P)/¢log D] in Proposition 1, we would
get that
71 (.AH, D) < \/5

4. Approximation problem. How well a fixed algebraic number (3
can be approximated by algebraic numbers « of small Mahler measure?
This question was first investigated by Mignotte [22]. The worst rate of
approximation seems to occur in the case when 3 is a root of unity (see
also [11]). On replacing a by its power, or by —a, if possible, we see
that it suffices to investigate the case = —1. The lower bounds for
|oo + 1| were obtained by Mignotte [22], Mignotte and Waldschmidt [25],
Bugeaud, Mignotte and Normandin [15], and by the author [16]. For a
fixed € > 0 and d sufficiently large the inequality

lov + 1| > exp ( - (% +€)\/dlogdlogM(a)>

9



is true say in the range 1 < M(a) < exp(d'~?) (see [16]).

The existence of algebraic numbers close to 1 or —1 was first shown
by Amoroso [3], [4]. The author [17] showed that there are infinitely many
positive integers d such that for every such a d there is an algebraic
number « of degree d, satisfying the inequalities 0 < log M (o) < logd,
and
dlog M(«)

1| < — 2.8
la + 1| exp( oz d

).

PROPOSITION 2. For a € @* , a# 1, of degree d, we have

1 .
e+ 1> i

PROOF. The proposition clearly holds for d = 1. If d > 2, then
L(a) > 3. Hence, there is no loss of generality to assume that |a+ 1| <
1/4d . On replacing « by 1/« if necessary, we may assume that |a| > 1.
Therefore

1< |P(-1)|=|P(-1) - P(a)| < [L +af max |P(2) <

1

d—1 4
<1 +a|dL(P)(1 + @) < 31+ aldL(a),

and the statement follows. [ |

The following bounds show the relation between the multiplicity and
approximation problems.

THEOREM 3. Let H and D be two positive integers. For any root
a, a # —1, of a polynomial of degree D with coefficients in A, where
A C Ay, we have

1 (TD+1)TD+1

1
> gy Ten

Here rp=r_1(A,D).

Furthemore, let N and s > 1 be two positive even and odd integers,
respectively, such that (N +1)(2s+1) < D+ 1, and let A be a set of
complex numbers. Then there is a polynomial of degree at most D with
coefficients in A and a root o, a# —1, so that

a4+ 1] < 827N,
where ry =r_1(A,N) > 1.
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ProoF. The first part is a simplified version of the method used in
[11]. Let f(x) be a polynomial of degree D with coefficients in .4 so that
r=rp=r_1(A, D). The modulus of the left hand side in the identity

f(x) :_(1_‘_@)1(M>(r)

(x+1)r rl\z —a ’

r=—1

=1

where «a, a # —1, is a root of f, is bounded below by 1. There is no
loss of generality in assuming that 1 < |o| <1+ 1/2(D+1). In order to
establish the lower bound note that

1 f(z) = fla)\™ f(z)
‘F( T —« > 1‘§1§I|I21?,§X|a| (r+1)! ‘
L(f)D Y alP~1 De \r+1

(r+1)! <2H(D+1)<r+1> '

For the second part we use the following statement which is true for
any set of complex numbers A .

OBSERVATION. For a given positive integers N , s, and a set of com-
plex numbers A, let f(xz) be a polynomial of degree N with coefficients
in A. Then the coefficients of the polynomial

f(z) +2NTt (:ENS""S + 1)(335_1 +2572 4+ l)f(xs)

are all in A.

Let now f(z) be a polynomial of degree N with coefficients in A
so that r_1(f) =rny =7_1(A,N) =r. Set

_ [
g9(z) = m,
G(l’) _ g(l’) + :L'N+1 (st—l—s 4 1) ;;5__11 (Zsjf)Tg(xs)

with s so that 2Ns+2s+ N < D.
Suppose first that ¢’(—1)g(—1) < 0. Since N is even and s > 1 is
odd, it follows that

G(-1) = g(-1) #0,
G'(-1) =g'(=1) + (=) (Ns +5)s"g(—1)
=g'(=1) = (N +1)s""g(-1).
Thus, the polynomial G has a root o, a # —1, such that

G'(—1) degG  2Ns+2s+ N-—r 3(N+1)s
< = <
G(-1) | = |a+1] la + 1| la + 1|

11



Here the expression in the left hand side is at least (N + 1)s" ™1 so

3 1
|a+1|<3_7'§ ST'—].'

Also, « is aroot of the polynomial (x+1)"G(x) of degree 2Ns+2s+N <
D and with coefficients in A (see Observation).
In the case ¢'(—1)g(—1) > 0 we take a slightly different polynomial:

s -1, 254+1.r
— 2N s+2s Ns+s 1 z S
G(z)==x g(z) + (z + )w_l(m+1)g(x).
This time
G(—1) = g(-1),

G'(-1) = —(2Ns+2s8)g(—1) + ¢'(—1) + (Ns + 5)s"g(—1)
=¢'(-1) + (N +1)s(s" = 2)g(-1),
and for a root a, a # —1, of G we have

01| < 3(N +1)s .3 3
[0 .
(N +1)s(s” =2) +g'(-1)/g(=1) ~s7—=27 571 = 572

Again, « is a root of the polynomial
(z+1)"G(z) = V25 f(z) + (V5 + 1) (27 + ...+ 1) f(2?)

of degree 2Ns+2s+ N < D and with coefficients in .A. This completes
the proof. |

Let ¢ be a small positive constant. Taking s = 3 and applying
Theorem 3 to the {—1,0,1} polynomials, we obtain that

exp ( — (l(\)/g; +5)7"D> < min |a + 1| < exp ( — (% —€>’I“D logD),

the minimum being taken over all roots «, o # —1, of the {—1,0,1}
polynomials of a sufficiently large degree D . Recall that here rp is in

the range \/D/logD < rp < % D.
Let N and s be the even and odd numbers, respectively, among

[vD/2] —1, [\/D/2] — 2. Using the bounds

log D

log D
— — <
Toe D 2<rp=r_1(B,D)

~ log?2

(see Theorem 1), from Theorem 3 we now deduce that

(log D)?

(log D)z)
log 2 '

—(1
exp( (1+¢) 4log?2

><min|a+1|<exp<—(1—€)
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Here the minimum is taken over all roots a, a # —1, of the {0, 1}

polynomials of a sufficiently large degree D . Borwein and Pinner [11]

obtained the constant 4log3 = 4.394... instead of 4log2 =2.772....
Finally, taking N and s as above,

VD/2-3<N,s<+/DJ2—1,

and using Boyd’s [13] result (see also [11])

(log D)?

log D =7r_ * D -
ogD < rp=r_1(A", )<<loglogD’

we have

1
exp ( —(1+4+¢e)rp 1ogD) < min |a+ 1] < exp ( — (§ — E)TD logD>.
Here the minimum is taken over all roots a, a # —1, of the {—1,1}
polynomials of a sufficiently large degree D .
This research was partially supported by a grant from Lithuanian
Foundation of Studies and Science.
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