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INTRODUCTION

Finite dimensional algebras over an algebraically closed field are dev-
ided into two disjoint classes by Drozd’s Tame and Wild dichotomy (see
[4] and [2]). In [2], Crawley-Boevey gave a conjecture about a charac-
terization of tame algebras. He showed that all but finite n-dimensional
indecomposable modules over tame algebra are T-invariant for all nat-
ural number n, and conjectured that the converse is true, where we
call an indecomposable module X 7-invariant if X = 7X, where 7 is
Auslander-Reiten translation.

The contraposition of the conjecture says that any wild algebra has
infinitely many non-isomorphic indecomposable T-variant modules of a
same dimension, where we call an indecomposable module X 7-variant
if X 2 7X. Therefore we are interested to find 7-variant modules over
wild algebras. We call an algebra A 7-wild if A has infinitely many non-
isomorphic indecomposable 7-variant modules of a same dimension.
Therefore the conjecture is equivalent that any wild algebra is T-wild.

On the other hand, Ringel proposed a notion of wild algebra with a
nice functor which defines the wildness. We call it controlled wild (see
section 2). It is conjectured that any wild algebra is controlled wild, and
Han gave many examples of controlled wild algebras by using covering
theory in [5].

Thus we are interested in relations between 7-wild algebras and con-
trolled wild algebras, especialy 7-variant modules over controlled wild
algebras. One of our results, Theorem 4.1, gives a sufficient condition
when controlled wild algebras are 7-wild, and all examples in [5] satisfy
the sufficient condition.

In sention 3, we give a way to find controlled wild algebras. It says
that for any controlled wild algebras A, any subalgebra B of A with
rad B=rad A is also controlled wild. It seems different from the ways

in [3] and [5].
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1. PRELIMINARIES

Throughout this paper, all algebras are basic over an algebraically
closed field k. We assume that all algebras are finite-dimensional unless
otherwise stated and all modules are finite-dimensional. We denote
mod A the category of finite-dimesional left A-modules. For any full
subcategory C of mod A, we set that, for any A-modules V and W,
Hom(V,W)e = {¢g € Homa(V,W)|g factors through a module in C}.
If C is closed under direct summs, then Hom4(V, W) is subspace of
Homy (V, W).

Let A and B be algebras which dimensions are not necessarily fi-
nite, and C a full subcategory of mod B. We call a faithful exact
functor F': mod A — mod B controlled by C if (1) C is closed under
direct sums and direct summands and (2) F preserves indecompos-
ability and isomorphism calsses of modules and (3) Homg(F X, FY) =
FHomyu(X,Y)® Homp(F X, FY)c for any A-modules X and Y.

We denote k(z,y) the free associative algebra with two indetermi-
nates. An algebra A is called wild if there exists a A-k(z,y)-bimodule
M which is a free right k(z, y)-module of finite rank such that the func-
tor M @p(z,y) — : mod k(z,y) — mod A preservs indecomposability and
isomorphism calasses of modules. We set that F:=M ®;,,y — and call
simply the pair (F, A) a wild pair.

2. THE DEFINITION OF CONTROLLED WILD ALGEBRAS

An algebra A is called controlled wild if there exists a wild pair (F, A)
such that F'is controlled by a full subcategory C of mod A. We call
simply the algebra A controlled by C and define the controlling index
of A, ¢(A) = infe {card(indC)|A is controlled by C}.

Obviously, strictly wild algebras are controlled wild algebras with
¢(A)=0, where an algebra A is called strictly wild if there exists a wild
pair (F, A) such that F'is full.

Remark 1. For any wild pair (F, A) with F' controlled by C, any ho-
momorphism in F Homy, ,y(V, W) does not factor through semisimple
modules. Therefore we can assume that ' includes semisimple mod-
ules, when we do not strictly mention the controlling index.

Remark 2. The definition of controlled wild algebras above is equiv-
alent to the original one below (see [5]). In this paper, we use the
definition above for convenience.

An algebra A is called controlled wild if there exists a faithful exact
functor F': mod k(x,y) — mod A and a full subcategory C of mod A
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closed under direct sums and direct summands such that for any A-
modules X and Y,

Homy (F X, FY)e < rad Homyu(FX, FY) and

Homy (FX, FY) = F Homy, (X, Y)® Homyu (FX, FY)e.

3. EXAMPLES OF CONTROLLED WILD ALGEBRAS

In [5], Han has given a lot of examples of controlled wild algebras by
using covering theory. For examples, algebras with the radical square
zero, local algebras, many monomial algebras and so on. Moreover he
has shown that these examples have finite controlling index.

In [3], Draxler has shown, by using a cleaving functor, that for any
algebra A with the radical J, if there exist two prmitive idempotents
e and f, and natural number n such that dimeJ”f/eJ"t' f > 3, then
A is controlled by mod A/J”. In this case, A/J" can be of infinite
representation type, however we do not have any examples of controlled
wild algebras with the infinite controlling index now.

The following proposition gives us a way to find controlled wild al-
gebras. It seems different from the ways in [3] and [5].

Proposition 3.1. Let B be a subalgebra of A such that rad A=rad B
and C a full subcategory of mod A including semisimple modules (see
Remark 1). If A is controlled by C, then B is controlled by C, where

we take C as the full subcategory of mod B by the assumption that B is
the subalgebra of A.

61A61 €1 A62
62A61 62A62

Example 1. For an algebra A = { } with local rings e; Ae;

and e;Aey, we have decomposition A = {’82} & {

e; rad Ae; e Aeg
esAe;  esrad Aey |0

where e; and ey are primitive orthogonal idempotents with e; + e, = 1.

Let B be the subalgebra of A which has the following form & {(1) ﬂ &)

errad Ae;  eg Aes _
oo ey Aey } Then we have that rad B=rad A. In general, for

any algebra A and any subalgebra B of A with the quiver @p and Q) 4
respectivily, if (g has the form identifying some vertices of () 4 like the
example above, then we have that rad B=rad A.

Remark 3. In [5], Han has shown that any controlled functor preserves
the controlled wildness. The functor mod A — mod B induced from
B < A above is not controlled, however Proposition 3.1 says that the
functor preserves the controlled wildness.

We prepare the following Lemma to show Proposition 3.1.

Lemma 3.1. Let B be a subalgebra of A such that rad A=rad B, S
the full subcategory of mod A consisting of semisimple modules and W
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a full subcategory of mod A including § and closed under direct sums.

Then

1. The functor mod A — mod B induced from B — A preserves in-
decomposability and isomorphism classes of indecomposable mod-
ules except simple modules;

2. For any A-modules X and Y, we have the short exact sequence

0 — Homu(X,Y)s = Homu(X,Y) @ Homp(X,Y)s -
Homp(X,Y) — 0,

where o f):=([, f), v(g,h):=g — h and we take S for a subcat-
egory of mod B by B — A;

3. For any A-modules X and Y, we have the short exact sequence

0 = Homu(X,Y)s 3 Homu(X,Y )y & Homp(X,Y)s 5
Homp(X,Y)w — 0

where a(f):=(f, f), B(g.h):=g — h and we take S and W for
subcategories of mod B by B — A.

Proof. (1)Let e1,..., e, be primitive orthogonal idempotents of A with
e1 + -+ e, = 1. For any homomorphism f in Homp(X,Y), we
set that f;;(z) = e;f(e;jz) for all z in X and so we have that f =
> fij. Since rad B = rad A and simple B-modules are induced from
simple A-modules, we have that > f;; is in Hom4(X,Y") and E#J. fii
is in Homp(X,Y)s. Therefore we get the epimorphism Homy4(X,Y)
@ Homp(X,Y)s - Homp(X,Y), where v(g,h) = g — h. Since any
homomorphism in Hompg(X,Y)s is not an isomorphism for any inde-
composable modules X, Y except simple modules, the assertion holds.

(2)Since rad B=rad A, we have that for any homomorphism f in
Homy (X, Y), if the image of f is a semisimple module in mod B, then
the image of f is semisimple module in mod A. Hence we get the
exactness of the middle term. « is an epimorphism by the proof of (1)
above.

(3)We show that 3 is an epimorphism. For any homomorphism pq
in Homg (X, Y)W, where p is in Homg(X, W) and ¢ is in Homg(W,Y)
for a module W in W, by the proof of (1) above, we have that p =
dopiit E#j pijand g => g+ E#J- gi; and so 3 is an epimorphisné

We show the Proposition 3.1.

Proof. By Lemma 3.1(1), C is closed under direct summands and direct
sums as a full subcategory of mod B. Since A is controlled by C, we
have that Homy(FV, FW) = F Homy\(V, W) @& Homu(FV, FW),
for the functor F': mod k(z,y) — mod A controlled by C. Therefore,
by the Lemma 3.1(2), we have the following short exact sequence
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0 — Homu(FV, FW)s
A F Homy () (V, W) @ Homu(FV, FW )¢ @ Hompg(FV, FW)s
2 Homp(FV, FW) — 0,

where a(f) = (0, f, f), because C includes semisimple modules, and
B(f,g,h) = f+g—h. Moreover, by Lemma3.1(3), we have the following
short exact sequence

0— HOIHA(FV, FW)S i} HOHIA(FV, FW)C D HOIHB(FV, FW)S
2 Homp(FV, FW)e — 0.

Hence, by the two short exact sequences above, we have the following
equality Homp(FV, FW) = F Homy »(V,W) @& Homp(FV, FW)ec.
O

4. 7-WILD ALGEBRAS

In this section, we consider a relation between controlled wild alge-
bras and 7-wild algebras.

We call an indecomposable module X rt-variant if 7X 2 X. An
algebra A is called 7-wild if mod A has infinitely many non-isomorphic
indecomposable T-variant modules of a same dimension. In [2] Crawley-
Boevey conjectured that wild algebras are 7-wild. Therefore we are
interested in relations between controlled wild algebras and 7-wild al-
gebras. Our result, Theorem 4.1, gives the sufficient condition when
controlled wild algebras are 7-wild.

We prepare the following two lemmas and propositon to show our
main theorem.

Lemma 4.1. Let F' be a right exact functor mod A — mod B, R the
right adjoint functor to F and f a left almost split map X — Y in
mod A. For any B-module W, X s a direct summand of RW if and

only if there exists a homomorphism FX — W which does not factor
through F f.

Proof. By the adjointness, we have the following commutative diagram

Homp(FY, W) 22Ty mp (P X, W)

/| |
Homa(Y, RW) 24 foma (X, RW),

where g and h are isomorphisms. Since X is direct summand of RW
if and only if Hom4(f, RW) is not an epimorhism, the assertion holds.
O
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Lemma 4.2. Let F' be a left exact functor mod A — mod B, L the left
adjoint functor to F' and g a right almost split map ¥ — X in mod A.
For any B-module W, X is a direct summand of LW if and only if

there exists a homomorphism W — F'X which does not factor through
Fgqg.

Proof. 1t is similar as Lemma 4.1. O

Proposition 4.1. Let F be a faithful exact fnctor mod A — mod B
controlled by C and R (resp. L) the right (resp. left) adjoint functor
to F'. For any indecomposable A-module X, if X is 7-variant and FX
is T-invariant, then 7X is in add R(C) and 77'X is in addL(C).

Proof. For any non-projective indecomposable A-module X, we put ¢

the AR-sequence 0 — 7X Je M = X = 0in modA and § the AR-
sequence 0 - F X — N — FX — 0 in mod B. Then we get the
following commutative diagram with exact rows:

F(e):0 — FrX L Py y FX y 0
g | |
6:0 —— FX —— N FX » 0.

Since Homp(F7X, FX)= FHomu(7X,X) & Homg(F7X, FX)c, we
have that g=F¢1+gsg2, where g1 € Homu(7X, X), g2 € Hompg(F7X, W)
and g3 € Hompg(W, FX), where W is a module in C. Since X is 7-
variant, g is radical map. Therefore g, factors through f. If g, factors
through F'f, then ¢ also factors through Ff, namely ¢ splits, a con-
tradiction. Thus g, does not factor through F'f. Hence 7.X is a direct
summand of RW, by Lemma 4.1.

The rest part is showed similarly by using Lemma 4.2. O

Theorem 4.1. Any controlled wild algebra with the finite controlling
index is T-wild.

Proof. Let (F, A) be wild pair such that F'is controlled by C. Since
there exsists a fully faithful exact functor G : mod H — mod k(z,y),
where H denotes the wild hereditary algebra which quiver has two
vertices 1,2 and three arrows form 1 to 2. Thus we have the faithful
exact functor F'G : mod H — mod A controlled by C. Since any inde-
composable H-module is 7-variant (see [6]) and mod H has infinitely
many non-isomorphic indecomposable modules of a same dimension,
the assertion holds by the Proposition 4.1 and the assumption that the
controlling index is finite. O
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Remark 4. According to the proof of Theorem 4.1, the controlling in-
dex in the condition of Theorem above is not necessarily finite. How-
ever we do not have any examples of controlled wild algebras with the
infinite controlling index now.
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