Biextensions by indecomposable modules of derived regular length 2

Peter Dräxler and Andrzej Skowroński

1 Introduction and main results

In this paper ‘algebra’ means a connected, basic, finite-dimensional algebra (associative, with 1) over an algebraically closed field k. For an algebra A we denote by A−mod the category of finite-dimensional left A-modules and by D^b(A) the derived category of bounded complexes over A−mod.

By Drozd’s ‘Tame and Wild Theorem’ ([Dd], see also [CB1] and [G-V]) the class of algebras may be divided into two disjoint parts. Firstly, there are the tame algebras for which the indecomposable modules occur, in each dimension d, up to isomorphism in a finite number of discrete and a finite number of one-parameter families. Secondly, there are the wild algebras whose representation theory is at least as complicated as the study of finite-dimensional vector spaces with two non-commuting endomorphisms, for which the classification up to isomorphism is a well-known unsolved problem.

We are concerned with the problem of deciding when a given algebra is tame. Frequently, using deformations and coverings, we may reduce it to the tameness problem for algebras whose ordinary quiver is directed. For this class of algebras we may often solve it by starting with known classes of tame algebras and applying iterated one-point extensions and coextensions.

At present, the most developed is the representation theory of tame algebras of polynomial growth (see [GP], [Sk] for surveys and more references). In this theory an important role is played by the representation-infinite tilted algebras of Euclidean type and their suitable enlargements ([AS], [AST], [Ri2]). The representation theory of tame nonpolynomial growth algebras is rather poor and only few classes of algebras are understood ([BR], [CB2], [DS], [Er], [WW]).

In [Ri1] it is shown that, if H is a tame hereditary algebra of Euclidean type ~D_n and R is an indecomposable regular H-module of regular length 2 in a tube of rank n−2, then the one-point extension H[R] is tame but not of polynomial growth. In general, it is open what happens if one considers the multiple one-point extension H[R_1, . . . , R_t] := H[R_1] . . . [R_t] where the R_i are H-modules like R above. The reason is that if one wants to work by induction, then the module categories of the intermediate algebras A[R_1, . . . , R_i] are not well-understood and consequently the usual one-point extension technique based on the calculation of the vector space category (H[R_1, . . . , R_i]−mod, Hom_{H[R1,... ,Ri]}(R_{i+1}, −)) fails.

The aim of this paper is to solve more general problems. In our approach we apply derived categories as introduced in [Ha] and recent results on fiber sum functors and generalized one-point extensions proved by the first named author in [Dr1], [Dr3].

As preparation we need to introduce a generalization of one-point extension and coextension algebras. For this purpose let R^′_1, . . . , R^′_s and R_1, . . . , R_t be two sequences of modules over an algebra B. We put R^′ := ⊕^s_{i=1}R^′_i which we consider as an B-k^sbimodule. Analogously we consider R := ⊕^t_{i=1}R_i as an B-k^t-bimodule. The biextension algebra [R^′_1, . . . , R^′_s]B[R_1, . . . , R_t] of B by the two sequences R^′_1, . . . , R^′_s and R_1, . . . , R_t is by definition the matrix algebra

k^t 0 0 R B 0 D(R^′) ⊗_B R D(R^′) k^s

equipped with the obvious addition and multiplication. For s = 0 (resp. t = 0) one obtains the usual iterated one-point extension B[R_1, . . . , R_t] (resp. iterated onepoint coextension [R^′_1, . . . , R^′_s]B). If E is the right adjoint of the canonical restriction functor B[R_1, . . . , R_t]−mod → B−mod and L is the left adjoint of the canonical restriction functor [R^′_1, . . . , R^′_s]B−mod → B−mod, then [R^′_1, . . . , R^′_s]B[R_1, . . . , R_t] = [E(R^′_1), . . . , E(R^′_s)](B[R_1, . . . , R_t]) = ([R^′_1, . . . , R^′_s]B)[L(R_1), . . . , L(R_t)].

We shall describe now the main results of the paper. Let ⃗Δ be a finite, directed, connected quiver with underlying graph Δ. Following [Ha] an algebra B is said to be piecewise hereditary of type ⃗Δ if there is a triangle equivalence F : D^b(B) → D^b(H) where H is the finite-dimensional hereditary algebra k ⃗Δ. For Δ an Euclidean graph the structure of D^b(H) is known rather precisely. Namely, the Auslander-Reiten quiver consists of a sequence P[ν], ν ∈ Z, of directed components of type Z⃗Δ and a sequence R[ν], ν ∈ Z, of families of stable tubes of tubular type Δ^0 where Δ^0 is the Dynkin diagram attached naturally to Δ. By abuse of language, we also denote by P[ν] and R[ν] the corresponding full subcategories of D^b(H) which are known to be standard. Note that the R[ν] are abelian length categories.

After embedding B−mod into D^b(B) in the usual way, we call derived regular just those modules X ∈ B−mod such that F (X) lies in one of the subcategories R[ν]. For a derived regular module X we denote its length as object of R[ν] as derived regular length of X.

We will denote by τ_Db_{(H)} the Auslander-Reiten translation in D^b(H) and by T the shift functor. Using τ, we will usually skip the index. The P[ν] and R[ν] are arranged to satisfy T P[ν] = P[ν + 1] and T R[ν] = R[ν + 1].

Two objects X, Y of an additive category are said to be Hom-orthogonal if there is no non-zero map from X to Y and from Y to X. With these notations our first theorem is the following:

Theorem A. Let B be a piecewise hereditary algebra of type ⃗Δ where Δ is ~A_n or ~D_n . Suppose {R^′_1, . . . , R^′_s} and {R_1, . . . , R_t} are sets of indecomposable derived regular Bmodules of derived regular length 2 such that their images under F lie in non-homogeneous tubes in case ~A_n and in one T -orbit of tubes of rank n−2 in case ~D_n . Then the biextension algebra [R^′_1, . . . , R^′_s]B[R_1, . . . , R_t] is of tame representation type provided that for all ν ∈ Z the following conditions are satisfied:

(i) The set F^{−1}R[ν] ∩ {R_1, . . . , R_t} consists of pairwise Hom-orthogonal modules. (ii) The set F^{−1}R[ν] ∩ {R^′_1, . . . , R^′_s} consists of pairwise Hom-orthogonal modules. (iii) There is no non-zero homomorphism from any module in F^{−1}R[ν] ∩ {R_1, . . . , R_t} to any module in F^{−1}R[ν + 1] ∩ {R^′_1, . . . , R^′_s}.

It is easy to construct examples which are wild if one of the three conditions on the modules R_i and R^′_i is not satisfied. In this sense the theorem is optimal. Nevertheless, our second main theorem will show how one can weaken the third condition on the cost of allowing to factor out from the biextension algebra [R^′_1, . . . , R^′_s]A[R_1, . . . , R_t] an ideal which only relates the extension and coextension vertices. Let us introduce these ideals systematically:

The tensor product D(R^′) ⊗_B R appearing in the lower left corner of the biextension algebra carries the structure of a k^s-k^t-bimodule. Any subbimodule W yields an ideal

0 0 0 0 0 0 W 0 0

of the algebra [R^′_1, . . . , R^′_s]A[R_1, . . . , R_t]. We will denote this ideal by J(W ). To define the particular subbimodule we are interested in, let us decompose R as ⊕_{ν∈}ZR_ν and R^′ as ⊕_{ν∈}ZR^′_ν where R_ν is the coproduct over all R_i such that F R_i is in R(ν) and R^′_ν is the coproduct over all R^′_j such that F R^′_j is in R(ν). Then the subbimodule ⊕_{ν∈}ZD(R^′_{ν+1}) ⊗_B R_ν of the bimodule D(R^′)⊗_B R allows to formulate the following generalization of Theorem A: Theorem B. Let B be a piecewise hereditary algebra of type ⃗Δ where Δ is ~A_n or ~D_n . Suppose {R^′_1, . . . , R^′_s} and {R_1, . . . , R_t} are sets of indecomposable derived regular Bmodules of derived regular regular length 2 such that their images under F lie in nonhomogeneous tubes in case ~A_n and in one T -orbit of tubes of rank n − 2 in case ~D_n . Then the algebra [R^′_1, . . . , R^′_s]B[R_1, . . . , R_t]/J(⊕_{ν∈}ZD(R^′_{ν+1}) ⊗_B R_ν) is of tame representation type provided that for all ν ∈ Z the following conditions are satisfied: (i) The set R[ν] ∩ {F R_1, . . . , F R_t} consists of pairwise Hom-orthogonal modules. (ii) The set R[ν] ∩ {F R^′_1, . . . , F R^′_s} consists of pairwise Hom-orthogonal modules. (iii) For all ν ∈ Z the set R[ν] ∩ {F R_1, . . . , F R_t} does not contain any object which is isomorphic to an object in the set T^{−1}τ^−(R[ν + 1] ∩ {F R^′_1, . . . , F R^′_s}) .

The first two conditions are identical with those appearing in Theorem A. We used slightly different formulations in order to emphasize that in Theorem A all the three conditions can be verified in the module category B−mod once one can identify the Bmodules which are mapped to the R[ν] by F . In contrast, for verifying condition (iii) in Theorem B one really has to work in the derived category D^b(H) because its endofunctors τ^− and T^{−1} are used. Thus Theorem A seems to be easier applicable in concrete situations. On the other hand it, is easy to see that Theorem A is an immediate corollary of Theorem

B. Namely, the isomorphism D(R^′_j) ⊗_B R_i ∼= D Hom_B(R_i, R^′_j) shows that under condition (iii) of Theorem A the bimodule ⊕_{ν∈}ZD(R^′_{ν+1}) ⊗_B R_ν and therefore its induced ideal is zero.

In order to apply Theorem A in practice, one should use the rather precise description of piecewise hereditary algebras of Euclidean type and their module categories presented in [AS]. It is shown that a representation infinite algebra B is piecewise hereditary of Euclidean type if and only if it is a domestic branch enlargement of a tame concealed algebra.

The sections 2-5 are devoted to the proof of Theorem B. Actually, we will only deal with the case ~D_n since the proof for case ~A_n is rather parallel. In section 2 we first translate the problem to the tameness of naturally associated multiple vector space categories with relations. In section 3 we introduce some useful operations on these categories. Finally, in section 4 we translate the question back to one special algebra C whose tameness is proved in section 5. For this we observe that C can be obtained inductively by generalized one-point extensions. This allows to use ordinary vector space categories whose tameness can be established.

We use the notation from [GR] and [Ri2]. Morphisms in an aggregate K are composed from right to left. By ind K we denote a spectroid of K. Usually we do not distinguish between an indecomposable object of K and its isomorphism class. For a k-algebra A we denote by A−mod the category of all finite-dimensional left A-modules and by A−ind a spectroid of A−mod.

The results of this paper were partially announced by the first named author during the conferences at Cocoyoc (August 1994), Oberwolfach (July 1995), and Luminy (March 1996). Both authors gratefully acknowledge the support from the Polish Scientific Grant KBN No. 2 PO3A 02008 and the SFB 343, Bielefeld.

2 Multiple vector space categories and biextension algebras

2.1. A vector space category is a pair (K, M) consisting of an aggregate K and a kfunctor M : K → k−mod. The attached subspace category Ǔ(K, M) and factorspace category V̌(K, M) are again aggregates. The objects of Ǔ(K, M) are the triples U = (U_ω, γ_U , U_0) where U_ω ∈ k−mod, U_0 ∈ K and γ_U ∈ Hom_k(U_ω, M(U_0)). Analogously, the objects of V̌(K, M) are the triples U = (U_0, δ_U , U_α) where U_α ∈ k−mod, U_0 ∈ K and δ_U ∈ Hom_k(M(U_0), U_α). The morphisms from U to V in the subspace category (resp. factorspace category) are pairs f = (f_ω, f_0) (resp. f = (f_0, f_α)) where f_ω : U_ω → V_ω (resp. f_α : U_α → V_α) is k-linear and f_0 is a morphism in K satisfying γ_V f_ω = M(f_0)γ_U (resp. f_αδ_U = δ_V M(f_0)).

A generalization of vector space categories was introduced in [Si1]. We will use a variant of this generalization which we call multiple vector space category. A multiple vector space category is a triple (M_ω, K, M_α) consisting of an aggregate K and two k-functors M_ω : K → k^t−mod, M_α : K → k^s−mod where s, t ∈ N_0 and k^t, k^s are considered as k-algebras via the componentwise multiplication. The category

M̌(M_ω, K, M_α) of representations of the multiple vector space category (M_ω, K, M_α) has as objects the quintuples U = (U_ω, γ_U , U_0, δ_U , U_α) where where U_ω, U_α ∈ k−mod, U_0 ∈ K and γ_U ∈ Hom_k(U_ω, M_ω(U_0)), δ_U ∈ Hom_k(M_α(U_0), U_α). The morphisms from U to V in M̌(M_ω, K, M_α) are triples f = (f_ω, f_0, f_α) where f_ω : U_ω → V_ω, f_α : U_α → V_α are k-linear and f_0 is a morphism in K satisfying γ_V f_ω = M(f_0)γ_U and f_αδ_U = δ_V M(f_0). Of course, M̌(M_ω, K, M_α) is again an aggregate.

If s + t = 1, then (M_ω, K, M_α) is an ordinary vector space category and Ǔ(K, M_ω) = M̌(M_ω, K, M_α) for t = 1 and s = 0 whereas V̌(K, M_α) = M̌(M_ω, K, M_α) for t = 0 and s = 1.

A multiple vector space category (M_ω, K, M_α) is said to be faithful provided the functor M := M_ω ⊕ M_α is faithful. If M fails to be faithful, one may pass to the reduced multiple vector space category (M_ω, K, M_α)_{red} := (M_ω, K/ Ker M, M_α) which is obviously faithful. The full additive subcategory K^′ of K defined by the property that its indecomposable objects U satisfy M(U) = 0 contributes only the trivial indecomposables (0, 0, U, 0, 0) to the category M̌(M_ω, K, M_α). If we consider the categorical complement K^∗ := K \ K^′, then the canonical functor which maps a morphism f = (f_ω, f_0, f_α) in M̌(M_ω, K^∗, M_α) to the morphism (f_ω, f_0 + Ker M, f_α) in M̌(M_ω, K, M_α)_{red} is full and dense, its kernel being contained in the radical of M̌(M_ω, K^∗, M_α). Hence the categories M̌(M_ω, K^∗, M_α) and M̌(M_ω, K, M_α)_{red} are representation equivalent.

2.2. If B is an algebra and R a B-module, then the one-point extension of B by

R is the triangular matrix algebra B[R] := ( k 0 R B ) and the one-point coextension

of B by R is the triangular matrix algebra [R]B := ( B 0 D(R) k ) . It is well-known

that B[R]−mod can be identified with the subspace category Ǔ(B−mod, Hom_B(R, −)) of the vector space category (B−mod, Hom_B(R, −)) and [R]B−mod with the factorspace category of V̌(B−mod, D(R)⊗_B (−)) of the vector space category (B−mod, D(R)⊗_B (−)).

This generalizes to the biextension algebra [R^′_1, . . . , R^′_s]B[R_1, . . . , R_t] of B given by the two sequences R^′_1, . . . , R^′_s and R_1, . . . , R_t of B-modules in the obvious way. Namely, [R^′_1, . . . , R^′_s]B[R_1, . . . , R_t]−mod can be identified with M̌(Hom_B(R, −), B−mod, D(R′) ⊗_B (−)) where R is the B-kt-bimodule ⊕t_{i=1}R_i and R′ is the B-k^s-bimodule ⊕^s_{i=1}R^′_i.

2.3. In Theorem B we have to deal with a factor algebra of a biextension algebra and therefore we have to translate the property of being a module over this factor algebra into the language of representations of a multiple vector space category. Let (M_ω, K, M_α) be a multiple vector space category and Θ be a set of natural transformations θ : M_ω → M_α. We call (M_ω, K, M_α; Θ) a multiple vector space category with relations. Its category of representations M̌(M_ω, K, M_α; Θ) is defined as the full subcategory of all U in M̌(M_ω, K, M_α) such that δ_U θ_{U0} γ_U = 0 for all θ ∈ Θ. Note, that M̌(M_ω, K, M_α; Θ)_{red} becomes a full subcategory of M̌(M_ω, K, M_α)_{red}.

For a biextension algebra [R^′_1, . . . , R^′_s]B[R_1, . . . , R_t] and a subbimodule W of D(R^′)⊗_B R, any element ∑_n i=1 d_i ⊗ r_i of W furnishes a natural transformation θ : Hom_B(R, −) → D(R^′)⊗_B (−) which for X in B−mod sends a homomorphism f : R → X to ∑_n i=1 d_i⊗f(r_i).

Let us denote by Θ_W the set of all these natural transformations. Under the natural identification of [R^′_1, . . . , R^′_s]B[R_1, . . . , R_t]−mod with M̌(Hom_B(R, −), B−mod, D(R^′) ⊗_B (−)) the full subcategory [R^′_1, . . . , R^′_s]B[R_1, . . . , R_t]/J(W )−mod is identified with M̌(Hom_B(R, −), B−mod, D(R′) ⊗_B (−); Θ_W ). Obviously, it is sufficient to put into Θ_W only a generating set of the bimodule W .

2.4. Note that for a fixed k^t-module W_ω, a fixed k^s-module W_α and a fixed object X of K the set of objects U in M̌(M_ω, K, M_α) satisfying U_ω = W_ω, U_α = W_α and U_0 = X can be identified with the linear variety of pairs of matrices (G, D) over k where G has dim_k W_ω columns and dim_k M_ω(X) rows whereas D has dim_k M_α(X) columns and dim_k W_α rows. Moreover, any natural transformation θ : M_ω → M_α furnishes a matrix T_θ with dim_k M_ω(X) columns and dim_k M_α(X) rows. Thus, the set of pairs (G, D) lying in M̌(M_ω, K, M_α; Θ) is the closed subvariety given by all (G, D) such that DT_θG = 0 for all θ ∈ Θ.

In this way 1-parameter families and tameness are defined for multiple vector space categories with relations (M_ω, K, M_α; Θ) like for usual vector space categories. By adapting the proof of [Dr1, Theorem 3.3] one obtains the following result:

Lemma. Let us consider a biextension algebra [R^′_1, . . . , R^′_s]B[R_1, . . . , R_t], let W be a subbimodule of D(R^′) ⊗_B R and let (Hom_B(R, −), B−mod, D(R^′) ⊗_B (−); Θ_W ) be the associated multiple vector space category with relations. Then the algebra [R^′_1, . . . , R^′_s]B[R_1, . . . , R_t]/J(W ) is tame if and only if the following three conditions are satisfied:

(i) The algebra B is tame.

(ii) For every n ∈ N the subset of B−ind given by all X such that dim_k X ≤ n and Hom_B(R, X) ⊕ (D(R^′) ⊗_B X) ≠ 0 is finite.

(iii) (Hom_B(R, −), B−mod, D(R^′)⊗_B (−); Θ_W )_{red} is a tame multiple vector space category with relations.

2.5. Let (M_ω, K, M_α) be a multiple vector space category. We denote by S_1, . . . , S_t (resp. S^′_1, . . . , S^′_s) the simple k^t- resp. k^s-modules. It is easy to see that U in M̌(M_ω, K, M_α) does not admit a summand isomorphic to some (S_i, 0, 0, 0, 0) or (0, 0, 0, 0, S^′_j) if and only if γ_U is injective and δ_U is surjective. We denote by M(M_ω, K, M_α) the full subcategory defined by objects of this shape. In the case of ordinary vector space categories this coincides with the usual constructions of U(K, M) and V(K, M).

For any set of relations Θ the objects (S_i, 0, 0, 0, 0) and (0, 0, 0, 0, S^′_j) belong to M̌(M_ω, K, M_α; Θ). Thus we can introduce M(M_ω, K, M_α; Θ) in the analogous way. Since only finitely many isoclasses of indecomposable representations are lost by passing from M̌(M_ω, K, M_α; Θ) to M(M_ω, K, M_α; Θ), the representation type remains unchanged.

3 Multipatterns

3.1. Returning to our particular situation we want to apply lemma 2.4 to the algebra [R^′_1, . . . , R^′_s]B[R_1, . . . , R_t]/J(W ) where B and the sequences R^′_1, . . . , R^′_s and R_1, . . . , R_t are as in the assumption of Theorem B and W := ⊕_{ν∈}ZD(R^′_{ν+1}) ⊗_B R_ν . The conditions (i) and (ii) are well-known for tame hereditary algebras and by [AS] carry over immediately to iterated tilted algebras of these. Remembering the isomorphism D(R^′_i)⊗_B(−) ∼= D Hom_B(−, R^′_i), it remains to establish the tameness of the multiple vector space category with relations (Hom_B(R, −), B−mod, D Hom_B(−, R^′); Θ_W )_{red}. Clearly, it is sufficient to prove the tameness of (Hom_Db_{(B)}(R, −), D^b(B), D Hom_Db_{(B)}(−, R^′); Θ_W )_{red} which using the derived equivalence F is the same as showing the tameness of (Hom_Db_{(H)}(Z, −), D^b(H), D Hom_Db_{(H)}(−, Z^′); Θ)_{red} where Z_i := F R_i, i = 1, . . . , t, Z^′_j := F R^′_j, j = 1, . . . , s, Z := ⊕^t_{i=1}Z_i and Z^′ := ⊕^s_{j=1}Z^′_j. Moreover, Θ is the set of natural transformations Hom_Db_{(H)}(Z, −) → D Hom_Db_{(H)}(−, Z^′) induced from Θ_W via F .

We denote the multiple vector space categories with relations (Hom_Db_{(H)}(Z, −), D^b(H), D Hom_Db_{(H)}(−, Z^′); Θ)_{red} as multipatterns of type ~D_n since they are a natural generalization of the patterns of this type introduced in [Ri1]. For the case ~A_n we obtain analogous multipatterns.

3.2. The following lemma is a special case of [Ha, Proposition 4.9]. It is one of our major tools since it allows to transform one-point extension into one-point coextension and vice versa inside the derived category.

Lemma. For all X, Y in D^b(H) there is an isomorphism Hom_Db_{(H)}(T^{−1}τ^−X, Y ) ∼= D Hom_Db_{(H)}(Y, X) which is natural in both arguments.

If we use the lemma to replace some functor D Hom_Db_{(H)}(−, Z^′_j) by Hom_Db_{(H)}(T^{−1}τ^−Z^′_j, −) or some Hom_Db_{(H)}(Z_i, −) by D Hom_Db_{(H)}(−, T τZ_i), we will have to modify the relations Θ in the corresponding way. Nevertheless, we will denote this modified relations by Θ as well.

3.3. To understand the set of relations Θ in our situation, by the lemma above we have to understand the spaces Hom_Db_{(H)}(T^{−1}τ^−Z^′_j, Z_i) ∼= D(R^′_j) ⊗_B R_i where Z_i ∈ R[ν] and Z^′_j ∈ R[ν + 1]. More general, let us analyze the possible positions of Z_i and T^{−1}τ^−Z^′_j in R[ν]. Lemma. In case Z_i ∈ R[ν] and Z^′_j ∈ R[ν + 1] the following assertion holds: (a) T^{−1}τ^−Z^′_j ≁= τ^−Z_i.

(b) If Hom_Db_{(H)}(T^{−1}τ^−Z^′_j, Z_i) ≠ 0, then either T^{−1}τ^−Z^′_j ∼= Z_i or T^{−1}τ^−Z^′_j ∼= τZ_i.

Proof. For the proof of (a) we use [Ha, lemma 5.1] in order to see that the objects R^′_j and T^{−1}R^′_j of D^b(B) cannot both be B-modules. For the proof of (b) we only have to remember that T^{−1}τ^−Z^′_j and Z_i are both objects of length 2 in a tube of rank n − 2.

3.4. Remember that H = k ⃗Δ where ⃗Δ is a directed quiver such that the underlying graph Δ is ~D_n . Since reflections of ⃗Δ induce automorphisms of D^b(H), we may suppose without loss of generality that ⃗Δ = ⃗Δ_n where ⃗Δ_n is a quiver with underlying graph ~D_n bearing the ’standard orientations’ used in the tables in [DR].

Adapting the notation from [DR], we denote by by E_0, . . . , E_{d−1}, d := n − 2, the simple regular modules in the tube T of rank n − 2 of k ⃗Δ_n−mod containing a simple module. The tables in [DR] display the dimension vectors of these modules.

To fix further notation, we call E^{(l)}_h the indecomposable regular module of regular length l with regular top E_h. In particular, E^{(1)}_h = E_h Note, that the Auslander-Reiten translation τ_H acts on these modules by τ_H E^{(l)}_h = E^{(l)}_{h+1} where we calculate modulo d = n − 2 in the obvious way.

By embedding H−mod into D^b(H) in the usual fashion, we obtain that the indecomposable objects of length 2 in the tubes of rank n − 2 which we are considering coincide with the objects T^νE^{(2)}_h ∈ T^νT where ν ∈ Z and h ∈ Z/d. Thus we find our objects Z_i and Z^′_j among these.

3.5. For the final tameness proof in the next section we possibly will need to increase n. It will consume the rest of this section to make this precise and work it out. By Lemma 3.3(a) and the assumptions (i) and (ii) of Theorem B it is clear that for each ν ∈ Z there is h(ν) in Z/d such that E^{(2)}_{h(ν)} does not appear among the Z_i and T^{−1}τ^−Z^′_j lying in R[ν]. We want to modify the function h : Z → Z/d. The following lemma shows how to do this.

Lemma. Let μ ∈ Z. We may replace Z_i by τ^−Z_i for all i such that Z_i ∈ R[ν] with ν ≥ μ and Z^′_j by τ^−Z^′_j for all j such that Z^′_j ∈ R[ν] with ν > μ.

Proof. Let us define H as the ideal of D^b(H) formed by all morphisms which factor through tubes different form the T^νT . Since we are only interested in the multiple vector space category (Hom_Db_{(H)}(Z, −), D^b(H), D Hom_Db_{(H)}(−, Z^′); Θ)_{red}, we may replace D^b(H) by D^b(H)/H, because H is contained in the kernel of the functor Hom_Db_{(H)}(Z, −) ⊕ D Hom_Db_{(H)}(−, Z^′).

We assume μ = 0 and define as T_≤ the full subcategory of ind D^b(H) given by all indecomposables lying in some R[ν] or P[ν] where ν ≤ 0. To obtain T_< we skip the objects from R[0]. We define T_≥ as the complement of T_< and T_> as the complement of T_≤ in ind D^b(H). The intersection of T_≤/H and T_≥/H is T . Moreover, there is no non-zero morphism from T_</H to T_>/H in D^b(H)/H.

We define a full and dense endofunctor G_≤ of T_≤/H which is the identity on T_</H and the projection on the unique maximal factor object in T . Analogously we define a full and dense endofunctor G_≥ of T_≥/H which is the identity on T_>/H and the inclusion of the unique maximal subobject on T . Restricted to T we have G_≥ = τG_≤. Therefore we can splice together G_≥ and τG_≤ to a full and dense endofunctor G of D^b(H)/H.

Using Lemma 3.1 we can replace all objects Z_i and Z^′_j appearing in T by T τZ_i (resp. T^{−1}τ^−Z^′_j). The full and dense functor G then yields an inclusion of M̌(Hom_Db_{(H)}(GZ, −), D^b(H)/H, D Hom_Db_{(H)}(−, GZ^′); Θ) into M̌(Hom_{Db(H)}(Z, −), Db(H)/H, D Hom_{Db(H)}(−, Z′); Θ) which preserves wildness.

The transformations performed above on our vector space category do not interfere with the conditions imposed on the Z_i, Z^′_j by the conditions (i), (ii), (iii) in Theorem B.

3.6. To increase n we embed k ⃗Δ_n into k ⃗Δ_{n+1}. We use again the notation of [DR] and send the vertices a_i, b_i and z_i of ⃗Δ_n simply to themselves as vertices of ⃗Δ_{n+1}. Thus the only vertex not hit is z_d. We map the arrows of ⃗Δ_n to compositions of arrows of ⃗Δ_{n+1} in the only possible way.

In order to distinguish the indecomposables in the d + 1-tube of k ⃗Δ_{n+1}−mod from those in the d-tube of k ⃗Δ_n−mod, we denote them by F^{(l)}_h where now h ∈ Z/(d + 1).

The left adjoint L : k ⃗Δ_n−mod → k ⃗Δ_{n+1}−mod of the restriction functor k ⃗Δ_{n+1}−mod → k ⃗Δ_n−mod is a tensor product by a projective right k ⃗Δ_n-module and consequently exact. The modules in L(k ⃗Δ_n−mod) are precisely those k ⃗Δ_{n+1}-modules X such that in the minimal projective presentation P_1 −→ P_0 −→ X → 0 the projective indecomposable k ⃗Δ_{n+1}-module attached to the vertex z_d does not appear as summand of P_0 or P_1. Since this indecomposable projective is just the projective cover of the simple module F_{d+1}, we obtain that L(k ⃗Δ_n−mod) is just the perpendicular category ⊥F_{d+1} which is defined as the full subcategory of k ⃗Δ_{n+1}−mod given by all X satisfying Hom_{k⃗Δn+1} (X, F_{d+1}) = 0 and Ext^1_{k⃗Δn+1} (X, F_{d+1}) = 0.

The fully faithful functor L maps the projective k ⃗Δ_n-modules to the projective k ⃗Δ_{n+1}- modules. Hence it induces a fully faithful functor K^b(k ⃗Δ_n−proj) → K^b(k ⃗Δ_{n+1}−proj). Since L is exact, we obtain an extension of the functor L : k ⃗Δ_n−mod → k ⃗Δ_{n+1}−mod to a fully faithful functor D^b(k ⃗Δ_n) → D^b(k ⃗Δ_{n+1}) which we denote by L as well. It is then easy to see that L(D^b(k ⃗Δ_n)) is the perpendicular category^⊥F_{d+1} of F_{d+1} inside D^b(k ⃗Δ_{n+1}) which is by definition given by all X such that Hom_Db_{(k⃗Δn+1)}(X, T^νF_{d+1}) = 0 for all ν ∈ Z.

Let us calculate the objects LT^ν E^{(2)}_h . Up to shift it is sufficient to calculate the modules LE^{(2)}_h . Since L happens to be exact, this reduces to calculate the modules LE_h which turn out to be LE_h = F_h for all h = 1, . . . , d − 1 but LE_d = F^{(2)}_d . We obtain that LT^νE^{(2)}_h = T^νF^{(2)}_h for all h = 1, . . . , d − 2 whereas LT^νE^{(2)}_d = T^νF^{(3)}_d and LT^νE^{(2)}_{d−1} = T^νF^{(3)}_{d−1} for all ν ∈ Z.

Lemma. We may suppose that the objects Z_i and T^{−1}τ^−Z^′_j are among the T^νE^{(2)}_h with 0 ≤ h ≤ d − 3.

Proof. We will increase n to n + 1 using the embedding of D^b(kΔ_n) into D^b(kΔ_{n+1}) outlined above.

By the previous lemma we my assume that E^{(2)}_{d−1} is not isomorphic to any of the Z_i and T^{−1}τ^−Z^′_j. As we have seen above that LD^b(k ⃗Δ_n) equals^⊥F_{d+1}, we may identify (Hom(Z, −), D^b(k ⃗Δ_n), Hom(T^{−1}τ^−Z^′, −); Θ) with (Hom(LZ, −),^⊥ F_{d+1}, Hom(LZ^′, −); Θ). Using the above formulas for the LT^νE^{(2)}_h , we are almost done. The only problem appears if some of the objects Z_i or T^{−1}τ^−Z^′_j is isomorphic to some T^νE^{(2)}_d because in this case we observed that LT^ν E^{(2)}_d = T^νF^{(3)}_d . Nevertheless, the proof is complete if we can show that the functors Hom(T^νF^{(3)}_d , −) and Hom(T^νF^{(2)}_{d+1}, −) coincide on^⊥F_{d+1}. Without loss of generality we may suppose that ν = 0 and consider the canonical exact sequence 0 → F^{(2)}_{d+1} −→ F^{(3)}_d −→ F_d → 0 which by [Ha] yields an exact sequence Hom(F_d, −) −→ Hom(F^{(3)}_d , −) −→ Hom(F^{(2)}_{d+1}, −) −→ Hom(T F_d, −) of functors acting on D^b(k ⃗Δ_{n+1}). The outer terms vanish on the subcategory^⊥F_{d+1} because by lemma 3.1 we know that Hom(T^νF_d, −) ∼= D Hom(−, T^{ν+1}F_{d+1}).

As in the previous lemma the transformations performed above on our vector space category do not interfere with the conditions imposed on the Z_i, Z^′_j by the conditions (i), (ii), (iii) in Theorem B.

4 Reduction to one algebra C

4.1. Since gl. dim H = 1, by [Ha] the triangulated category D^b(H) can be identified with Ĥ−mod which is the stable category of the the category of finite-dimensional modules over the repetitive algebra Ĥ (see [HW]). The repetitive algebra Ĥ is an infinite-dimensional algebra given by the following quiver endowed with all possible commutativity relations and a lot of zero-relations which we will not specify, since they will not play any role.

Thus we have to study (Hom_Ĥ (Z, −), Ĥ−mod, D Hom_Ĥ (−, Z^′); Θ). The repetitive algebra Ĥ has the usual Nakayama shift as an automorphism which induces an automorphism ϕ_H of Ĥ−mod. The induced automorphism on Ĥ−mod will be denoted by ϕ_H as well. The two shifts T and ϕ_H on Ĥ−mod are related by the formula ϕ_H = T^2τ.

4.2. We want to pass from (Hom_Ĥ (Z, −), Ĥ−mod, D Hom_Ĥ (−, Z^′); Θ) to (Hom_Ĥ (Z, −), Ĥ−mod, D Hom_Ĥ (−, Z^′); Θ), but this multiple vector space category with relations in general fails to be tame. In order to arrange this, we have to modify the Z_i and Z^′_j in an appropriate way. Using Lemma 3.2, we can replace each functor D Hom(−, Z^′_j) such that Z^′_j is in some R[ν] with ν odd by Hom(T^{−1}τ^−Z^′_j, −) where the object T^{−1}τ^−Z^′_j now sits in R[ν − 1]. Dually we replace each functor Hom(Z_i, −) such that Z_i is in some R[ν] with ν odd by D Hom(−, T τZ_i, −) where the object T τZ_i sits in R[ν + 1]. Thus we collect all objects representing or corepresenting the functors in our multiple vector space category into those R[ν] such that ν is even.

Let us consider the set of representing objects in some R[ν]. From Lemma 3.6 we know that they do not form a complete τ-orbit but at least two objects which are subsequent under τ are missing. Applying Lemma 3.5, we can rearrange these objects such that precisely ϕ^ν_H (E^{(2)}_0 ) and ϕ^ν_H (E^{(2)}_1 ) are missing. We do this arrangements with the representing and corepresenting objects in all R[ν]. Under this condition we will prove the tameness of (Hom_Ĥ (Z, −), Ĥ−mod, D Hom_Ĥ (−, Z^′); Θ).

4.3. Let us convince ourselves that for showing the tameness of the above multiple vector space category with relations it is sufficient to show the tameness of the infinitedimensional algebra C given by the following quiver endowed with all commutativity relations and the indicated zero-relations.

We want to establish that M(Hom_Ĥ (Z, −), Ĥ−mod, D Hom_Ĥ (−, Z^′); Θ) can be identified with a full subcategory of C−mod. Then the wildness of M(Hom_Ĥ (Z, −), Ĥ−mod, D Hom_Ĥ (−, Z^′); Θ) would obviously imply the wildness of C.

Let us consider an object U = (U_ω, γ_U , U_0, δ_U , U_ω) of the category M(Hom(Z, −), Ĥ−mod, D Hom(−, Z^′); Θ). Thus U_ω is a t-tuple (U^{(1)}ω , . . . , U^{(t)}ω ) and U_α an s-tuple (U^{(1)}α , . . . , U^{(s)}α ) of k-spaces. Analogously the map γ_U is a t-tuple (γ^{(1)}_U , . . . , γ^{(t)}_U ) and δ_U is a s-tuple (δ^{(1)}_U , . . . , δ^{(s)}_U ) of k-linear maps. If Z^′_j is in some R[ν] such that ν is odd, then we replace the k-epimorphism δ^{(j)}_U : Hom(T^{−1}τ^−Z^′_j, U_0) → U^{(j)}α by its kernel δ̄^{(j)}_U : Ū^{(j)}_α → Hom(T −1τ −Z′_j, U_0). In the dual way we replace the k-monomorphism

γ^{(i)}_U : U^{(i)}ω → D Hom(U_0, T τZ_i) → U^{(j)}α by its cokernel γ̄^{(i)}_U : D Hom(U_0, T τZ_i) → Ū^{(i)}ω if Z_i is in some R[ν] such that ν is odd.

It remains to take into account the set of relations Θ. A non-trivial relation only appears provided Hom(T^{−1}τ^−Z^′_j, Z_i) ≠ 0 for some Z_i in R[ν] and Z^′_j in R[ν + 1] or dually Hom(Z^′_j, T τZ_i) ≠ 0 for some Z_i in R[ν − 1] and Z^′_j in R[ν]. By duality we will only deal with the first case. Using Lemma 3.3.(b), we know that either T^{−1}τ^−Z^′_j ∼= Z_i or T^{−1}τ^−Z^′_j ∼= τZ_i. The first case is excluded by condition (iii) of Theorem B. Let us choose a generator ϵ of the 1-dimensional k-space Hom(T^{−1}τ^−Z^′_j, Z_i). That U satisfies the relations Θ implies that the composition δ^{(j)}_U Hom(ϵ, U_0)γ^{(i)}_U equals 0. Hence there exists a k-linear map η : Ū^{(j)}α → U^{(i)}ω such that δ̄^{(j)}_U η = Hom(ϵ, U_0)γ^{(i)}_U . In this way we transformed the object U into a representation of the quiver of C where η represents the corresponding arrow at the rim of the quiver of C. Moreover, all relations are satisfied with the possible exception of the zero relations at the upper and lower rims. To get also this we use Lemma 3.3.(a) and the conditions (i) and (ii) to see that if Hom(T^{−1}τ^−Z^′_j, Z_i) ≠ 0, then neither τ^2Z_i nor τ^−Z_i can occur among the representing objects in R[ν].

5 Tameness of C via generalized one-point extensions

5.1. Finally we are left with the problem to show the tameness of the infinite-dimensional algebra C which amounts to show the tameness of finite-dimensional convex truncations C̄ of C given by a quiver of the following shape again endowed with all commutativity relations and the indicated zero-relations. Certain vertices are encircled which we will need below to write C̄ as inductive generalized one-point extension.

5.2. The vertices of the quiver of C̄ appear in vertical slices. We use the technique of generalized one-point extensions developed in [Dr3] to build up C̄ slice by slice from left to write using the encircled vertex in the previous slice as extension point. In each step we can show that the appearing ordinary vector space category is actually tame. Clearly, various calculations corresponding to the ‘nodes’ of the quiver are necessary. We leave these to the reader and only will show in detail the ‘general step’. But let us note the the calculations in the particular cases are very similar to those we will give.

Thus we want to show the tameness of the algebra A which is given by the following quiver endowed with all commutativity relations and the indicated zero relations. By induction we know that the algebra A^′ obtained by removing the vertices 1,2,3 is tame.

Let P be the indecomposable projective A-module and e(s) the primitive idempotent of A associated with the encircled vertex s. We denote by K the full subcategory of A−mod given by all modules V satisfying Hom_A(P, τ_AV ) = 0 and consider the vector space category (K, Hom_A(P, −)). By [Dr1][Theorem 3.3] the algebra A is tame if and only if the following three conditions are satisfied: (i) The factor algebra A/Ae(s)A is tame.

(ii) The vector space category (K^∗ \ P, Hom_A(P, −))_{red} is tame. (iii) For every n ∈ N the set of objects V in ind K^∗ satisfying dim_k V ≤ n is finite.

From now on we will use the notation introduced in [Dr3]. It is easy to see that A is a generalized one-point extension by s which means that A/Ae(s)A−mod = A^s−mod ∨ A_s−mod. The algebra A^s is by definition obtained from A by removing all predecessors of s. Hence it can be constructed from the tame algebra A^′ by firstly removing the vertex s and secondly gluing the vertex 3 using a splitting zero relation. Thus A^s is tame. The algebra A^s which is defined dually by removing all successors of s is obviously of finite representation type. Consequently, condition (i) is satisfied.

By [Dr3][Proposition 3.3] K^∗ \ P is a disjoint union of K^+ and K^− where (K^+, Hom_A(P, −))_{red} can be identified with (A^s−mod, Hom_As (R^+, −))_{red} and (K^−, Hom_A(P, −))_{red} can be identified with (A_s−mod, R^− ⊗_{As} (−))_{red} where R^+ is the radical of the left A-module Ae(s) and R^− is the radical of the right A-module e(s)A.

The algebra A^s is by definition obtained form A by removing all proper predecessors of s. Hence it can be constructed from the tame algebra A^′ by gluing the vertex 3 using a splitting zero relation. Consequently, A^s is tame. The category K^+ is the same for A and A^s. Therefore property (iii) is satisfied for ind K^+. As ind K^− has only finitely many objects, property (iii) is also satisfied for K^∗.

It remains to check property (ii). We calculate the preinjective component of the Auslander-Reiten quiver of A^s, the Auslander-Reiten quiver of A_s and the actions of Hom_As (R^+, −) resp. R^− ⊗_{As} (−) ∼= D Hom_{As} (−, R^−) on the vertices of these quivers. In order to get (K^∗ \ P, Hom_A(P, −))_{red} we have to glue (K^+, Hom_A(P, −))_{red} and (A_s−mod, R^− ⊗_{As} (−))_{red} using [Dr3][sections 4,5]. It turns out that the computed components contain all object in which connecting arrows start and end. Below we display the obtained quiver. The bullets correspond to indecomposable objects V in K^∗ \ P with dim_k Hom_A(P, V ) = 1 and the squares to those with dim_k Hom_A(P, V ) = 2. The solid bullets (resp. squares) correspond to objects of K^−, the empty ones to K^+. The relations on the obtained component of the quiver of (K^∗ \ P )/ Ker Hom_A(P, −) are induced from the preinjective component of A_s. In L we comprise all indecomposable objects in K^∗ \ P which do not come from this component.

We enlarge the quiver by some ‘imaginary’ vertices in order to see that (K^∗ \ P )/ Ker Hom_A(P, −) is a finite ‘prolongation’ of A^s−mod/ Ker Hom_As (R^+, −).

5.3. The tameness of ((K^∗ \ P )_{red}, Hom_A(P, −)) finally follows by shifting back to the vector space category (A^s−mod, Hom_As (R^+, −)) whose tameness is known because the algebra A^s is tame.

The shifting is done using the following lemma from [DG1]. Note, that the assumptions of the lemma are satisfied because by [Dr3][Corollary 4.3] the category K^∗ \ P has almost split morphisms.

Lemma. Let (K, M) be a faithful vector space category and L, X, Y be a partition of ind K into subspectroids. Suppose that there exists an isomorphism τ = (τ_0, τ_ω) : (add X, M) → (add Y, M), there exist objects x_1, . . . , x_n in X and non-zero morphisms u_i : x_i → y_i := τ_0x_i such that the following properties are satisfied: (a) dim_k M(x_i) = 1 and M(u_i) = (τ_ω)_{xi} for all i = 1, . . . , n. (b) K(X, L) = 0 = K(Y, L). (c) K(z, x) = ∑_n i=1 K(z, x_i)K(x_i, x) for all z in L and x in X.

(d) K(z, y) = ∑_n i=1 K(z, y_i)K(y_i, y) for all z in L and y in Y .

(e) K(z, ⊕^n_{i=1}y_i) = K(z, ⊕^n_{i=1}x_i)u for all z in L where u : ⊕^n_{i=1}x_i → ⊕^n_{i=1}y_i is the map whose components are u_{ii} = u_i and u_{ij} = 0 for i ≠ j.

If all these conditions are satisfied, then (add(L ∪ X), M) ∼= (add(L ∪ Y ), M).

6 Applications and comments

6.1. In general the converses of the Theorems A and B are not true. The reason is that although we can show that the multiple vector space category obtained by embedding mod−B into D^b(B) is still tame, it will usually be much bigger, because only few relevant complexes may be modules.

We are in a better situation in the following special case where it is easy to construct a wild full subcategory of the multiple vector space category (mod−B, Hom_B(R, −)) if the orthogonality condition is not satisfied.

Corollary. Let H be a connected tame hereditary k-algebra of type ~A_n or ~D_n . Suppose T is a tilting A-module without preinjective direct summands, B = End_H (T ) is the associated tilted algebra and F = Hom_H (T, −) the corresponding tilting functor.

If R_1, . . . , R_r is a sequence of indecomposable T -torsion H-modules of regular length 2 lying in the non-homogeneous tubes in case ~A_n and in one tube of rank n − 2 in case ~D_n , then the multiple one-point extension B[F (R_1), . . . , F (R_n)] is of tame representation type if and only if the modules R_i are pairwise Hom-orthogonal.

6.2. Using recent results from [DG2] one can see that the category of representations of the multiple vector space category without relations corresponding to Theorem A is equivalent to the category of representations of a clan. This gives another tameness proof in this special situation but fails in the general situation of Theorem B.

For the tameness of the algebra C there is an alternative proof. Namely, C degenerates to the clannish algebra obtained from C by transforming the commutativity relations in the squares at the rim of the quiver to zero relations. Nevertheless, our proof using generalized one-point extensions preserves some information about the structure of the indecomposable C-modules which we will study in a subsequent paper.

References

[AS] I. Assem, A. Skowroński, Algebras with cycle-finite derived category, Math Annalen 280 (1988), 441-463.

[AST] I. Assem, A. Skowroński, B. Tomé, Coil enlargements of algebras, Tsukuba J.

Math. 19 (1995), 453-479.

[Bd] V.M. Bondarenko, Representations of bundles of semichained sets and their applications, St. Petersburg Math. J. 3 (1992), 973-996.

[BR] M.C.R. Butler, C.M. Ringel, On Auslander-Reiten sequences with few middle terms and applications to string algebras, Comm. Algebra 15 (1987), 145-179.

[CB1] W.W. Crawley-Boevey, On tame algebras and bocses, Proc. London Math. Soc.

56 (1988), 451-483.

[CB2] W.W. Crawley-Boevey, Functorial filtrations II: Clans and the Gelfand problem, J. London Math. Soc. 40 (1989), 9-30.

[DR] V. Dlab, C.M. Ringel, Indecomposable representations of graphs and algebras, Mem. Amer. Math. Soc. 173 (1973).

[DG1] P. Dräxler, C. Geiß, On the tameness of certain 2-point algebras, CMS Conference Proeceedings 18 (1996), 189-199.

[DG2] P. Dräxler, C. Geiß, A note on the D_n -pattern, Preprint. [Dr1] P. Dräxler, On the density of fiber sum functors, Math. Z. 216 (1994), 645-656. [Dr2] P. Dräxler, Combinatorial vector space categories, Comm. Alg. 22 (1994), 5803- 5815.

[Dr3] P. Dräxler, Generalized one-point extensions, Math. Ann. 304 (1996), 645-667. [Dd] Ju.A. Drozd, Tame and wild matrix problems, Lecture Notes in Math. 832 (1980), 242-258.

[DS] P. Dowbor, A. Skowroński, Galois coverings of representation-infinite algebras, Comment. Math. Helv. 62 (1987), 311-337.

[Er] K. Erdmann, Blocks of tame representation type and related topic, Lecture Notes in Math. 1428 (1980).

[GP] P. Gabriel, J.A. de la Peña, On algebras, wild and tame, in: Duration and change, fifty years at Oberwolfach, Springer (1994), 177-210.

[GR] P. Gabriel, A.V. Roiter Representations of finite-dimensional algebras, Encyclopaedia of Math. Sci. 73, Algebra VIII, Berlin, Heidelberg, New York (1992).

[G-V] P. Gabriel, L.A. Nazarova, A.V. Roiter, V.V. Sergejchuk, D. Vossieck, Tame and wild subspace problems, Ukr. Math. J. 45 (1993), 313-352.

[Ha] D. Happel, Triangulated categories in the representation theory of finite dimensional algebras, LMS lecture notes series 119 (1988).

[HW] D. Hughes, W. Waschbüsch, Trivial extensions of tilted algebras, Proc. London Math. Soc. 46 (1983), 347-364.

[Ri1] C.M. Ringel, Tame algebras, in Representation Theory I, Lecture Notes in Math. 831 (1980), 134-287.

[Ri2] C.M. Ringel, Tame algebras and integral quadratic forms, Lecture Notes in Math. 1099 (1984).

[Si1] D. Simson, Vector space categories, right peak rings and their socle projective modules, J. Algebra 2 (1985), 532-571.

[Si2] D. Simson, Linear representations of partially ordered sets and vector space categories, Amsterdam (1992).

[Sk] A. Skowroński, Module categories over tame algebras, CMS Conference Proceedings 19 (1996), 281-313.

[WW] B. Wald, J. Waschbüsch, Tame biserial algebras, J. Algebra 95, 480-500 (1985).

Peter Dräxler, Fakultät für Mathematik, Universität Bielefeld, POB 100131, 33501 Bielefeld, Germany

Andrzej Skowroński, Faculty of Mathematics and Informatics, Nicholas Copernicus University, Chopina 12/18, 87-100, Toruń, Poland.