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Abstract

We define a new statistic on the even hyperoctahedral groups which is a natural
analogue of the odd length statistic recently defined and studied on Coxeter groups
of types A and B. We compute the signed (by length) generating function of this
statistic over the whole group and over its maximal and some other quotients and
show that it always factors nicely. We also present some conjectures.

1 Introduction

The signed (by length) enumeration of the symmetric group, and other finite Coxeter
groups by various statistics is an active area of research (see, e.g., [1, 2, 4, 6, 7, 10, 11, 12,
13, 14, 19]). For example, the signed enumeration of classical Weyl groups by major index
was carried out by Gessel-Simion in [19] (type A), by Adin-Gessel-Roichman in [1] (type
B) and by Biagioli in [2] (type D), that by descent by Desarmenian-Foata in [7] (type A)
and by Reiner in [13] (types B and D), while that by excedance by Mantaci in [11] and
independently by Sivasubramanian in [14] (type A) and by Mongelli in [12] (other types).

In [9], [17] and [18] two statistics were introduced on the symmetric and hyperoctahe-
dral groups, in connection with the enumeration of partial flags in a quadratic space and
the study of local factors of representation zeta functions of certain groups, respectively
(see [9] and [18], for details). These statistics combine combinatorial and parity condi-
tions and have been called the “odd length” of the respective groups. In [9] and [18] it
was conjectured that the signed (by length) generating functions of these statistics over
all the quotients of the corresponding groups always factor in a very nice way, and this
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was proved in [4] (see also [5]) for types A and B and independently, and in a different
way, in [10] for type B.

In this paper we define a natural analogue of these statistics for the even hyperoctahe-
dral group and study the corresponding signed generating functions. More precisely, we
show that certain general properties that these signed generating functions have in types
A and B (namely “shifting” and “compressing”) continue to hold in type D. We then
show that these generating functions factor nicely for the whole group (i.e., for the trivial
quotient) and for the maximal quotients. As a consequence of our results we show that
the signed generating function over the whole even hyperoctahedral group is the square
of the one for the symmetric group.

The organization of the paper is as follows. In the next section we recall some defini-
tions, notation, and results that are used in the sequel. In §3 we define a new statistic on
the even hyperoctahedral group which is a natural analogue of the odd length statistics
that have already been defined in types A and B in [9] and [18], and study some general
properties of the corresponding signed generating functions. These include a complemen-
tation property, the identification of subsets of the quotients over which the corresponding
signed generating function always vanishes, and operations on a quotient that leave the
corresponding signed generating function unchanged. In §4 we show that the signed gener-
ating function over the whole even hyperoctahedral group factors nicely. As a consequence
of this result we obtain that this signed generating function is the square of the correspond-
ing one for type A. In §5 we compute the signed generating functions of the maximal,
and some other, quotients and show that these also always factor nicely. Finally, in §6, we
present some conjectures naturally arising from the present work, and the evidence that
we have in their favor.

2 Preliminaries

In this section we recall some notation, definitions, and results that are used in the sequel.

We let P := {1, 2,...} be the set of positive integers and N := PU{0}. For all m, n € Z,
m <nwelet [m,n]:={m, m+1,..., n}, [n] :=[1, n], and [n]x := [n] U[—n,—1]. Given
a set I we denote by |I| its cardinality. For a real number = we denote by |z] the greatest
integer less than or equal to x and by [x] the smallest integer greater than or equal to

x. Given J C [0,n — 1] there are unique integers a; < -+ < ags and by < --- < bs such
that J = [a1,b1]U---U[as, bs] and aj41 —b; > 1 for i =1,...,s — 1. We call the intervals
[a1,b1], ..., [as,bs] the connected components of J.

For ny,..., nxy € Nand n := Zle n;, we let { " " " ] denote the g-multinomial
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[n]q = , [n]g! == H[i]q and, in particular, [0]4! == 1.

The symmetric group S, is the group of permutations of the set [n]. For o € S,, we
use both the one-line notation o = [0(1), ..., o(n)] and the disjoint cycle notation. We
let si,..., sp,—1 denote the standard generators of Sy, s; = (i, i + 1).

The hyperoctahedral group B, is the group of signed permutations, or permutations o
of the set [—n, n| such that o(j) = —o(—j). For a signed permutation o we use the window
notation ¢ = [o(1),...,0(n)] and the disjoint cycle notation. The standard generating
set of By, is S = {sf, s1, ..., sn—1}, where s§ = [-1,2,3,..., n] and s1,..., 8,1 are
as above. By convention, we multiply (signed) permutations from the right. Thus, for
w € By, and i € [n — 1], ws; is obtained from w exchanging the values in position ¢ and
i+ 1, while ws¥ is obtained from w by changing the sign of the value in the first position.

We follow [3] for notation and terminology about Coxeter groups. In particular, for
a Coxeter system (W, S) we let ¢ be the Coxeter length and for I C S we define the
quotients:

Wl ={weW : Dw)C S\I},
and
"'W.={weW : Dp(w)C S\I},

where D(w) = {s € § : l(ws) < l(w)}, and Dp(w) = {s € S : L(sw) < l(w)}. The
parabolic subgroup W7 is the subgroup generated by I. The following result is well known
(see, e.g., [3, Proposition 2.4.4]).

Proposition 2.1. Let (W, S) be a Coxeter system, J C S, and w € W. Then there exist
unique elements w’ € W’ and wy € Wjy (resp., Jw e W and jw € Wy) such that
w=w’wy (resp., jww). Furthermore £(w) = £(w”) + L(wy) (resp., L(;w) + £(Tw)).

It is well known that S,, and B,,, with respect to the above generating sets, are Coxeter
systems and that the following results hold (see, e.g., [3, Propositions 1.5.2, 1.5.3, and

§8.1]).

Proposition 2.2. Let 0 € S,,. Then (4(c) = |{(i,j) € [n]*> : i < j,0(i) > o(j)}| and
D(o)={s;:0(i) >0c(i +1)}.

For o € B, let
inv(0) :={(i,§) € [n]* : i <4, o(i) > o(j)},

neg(o) :=[{i € [n] : o(i) <0},
nsp(o) :=|{(i,7) € [n]® : i < j, o(i) + o(j) < 0}].



Proposition 2.3. Let 0 € By,. Then
th(0) = 51{(0,9) € [=n, 0% 11 < f0(i) > o)} = inv(o) + neg(o) + nsp(o)

and D(o) = {si: 1€ [0,n—1],0(i) > o(i +1)}.

The group D,, of even-signed permutations is the subgroup of B,, of elements with an

even number of negative entries in the window notation:

D, ={oc € B, : neg(c) =0 (mod 2)}.

This is a Coxeter group of type D,,, with set of generators S = {s&,sP,... sP |}, where
sb == [-2,-1,3,...n] and s = s; for i € [n — 1]. Moreover, the following holds (see,

e.g., [3, Propositions 8.2.1 and 8.2.3]).

Proposition 2.4. Let 0 € D,,. Then
tplo) = 5[{(i,j) € (0] :i < j,0(i) > o(j)} = inv(o) + nsp(o)

and D(o) = {sP :i € [0,n —1],0(i) > o(i + 1)}, where ¢(0) := o(—2).

)

Thus, for a subset of the generators I C 5, that we identify with the corresponding
subset I C [0,n — 1], we have the following description of the quotient

DI ={seD, :o(i)<o(i+1)forallicl}

where 0(0) := —0(2).

Note that the length £p is well defined also on By, \ D,,. In the sequel we will sometimes
evaluate it also on elements in this set.

The following statistic was first defined in [9]. Our definition is not the original one,
but is equivalent to it (see [9, Definition 5.1 and Lemma 5.2]) and is the one that is best
suited for our purposes.

Definition 2.5. Let n € P. The statistic L4 : S,, — N is defined as follows. For o € .S,

La(o) = [{(i,j) € [0)* : i < j, o(i) > 0(j), i #£j (mod 2)}].

The following statistic was introduced in [17] and [18], and is a natural analogue of
the statistic L, introduced above, for Coxeter groups of type B.

Definition 2.6. Let n € P. The statistic Lg : B,, — N is defined as follows. For o € B,
LB(U) = §|{(Z7j)€ [_n7 Tl]2 <y, O—(Z)>O-(])?Z§é] (mOd 2)}‘

For example, if n =4 and 7 = [-2,4,3, —1] then Lp(7) = %]{(—4, =3), (—4,1), (=3,-2),
(—1,0), (=1,4), (0,1), (2,3), (3,4)} = 4.

We call these statistics L4 and Lp the odd length of the symmetric and hyperoctahedral
groups, respectively. Note that if o € S,, C B,, then Lg(c) = La(0).



The odd length of an element o € B,, also has a description in terms of statistics of
the window notation of o. Given o € B,, we let

oinv(e) :={(i,5) € n]* : i < j, o(i) > 0(j), i #j (mod 2)}|,
oneg(o) :=i€n] : 0(i)<0,i#0 (mod 2)}|,
onsp(c) :=|{(i,5) € [n]* : i < j, 0(i) + 0(j) <0,i#j (mod 2)}|.

The following result appears in [4, Proposition 5.1].
Proposition 2.7. Let 0 € B,,. Then Lg(o) = oinv(o) + oneg(o) + onsp(o).

The signed generating function of the odd length factors very nicely both on quotients
of S,, and of B,. The following result was conjectured in [9, Conjecture C] and proved
in [4].

Theorem 2.8. Letn € P, I C [n— 1|, and I1,...,1Is be the connected components of I.
Then

n

T (1)) hal) = [ [’Q“Jm{'”“ (1+orls)

sesl 2 J LQ k=2m-+2

where m := Y7 _, L'IMQHJ :

In particular, for the whole group we have the following.

Corollary 2.9. Letn € P, n > 2. Then

3 (—1)fa@gla@) Z T (1 n (_1)i—1xL%J) _

n
oc€Sh =2

For J C [0,n— 1] we define Jy C J to be the connected component of J which contains
0,if 0 € J, or Jy := 0 otherwise. Let Ji,...,Js be the remaining ordered connected
components. The following result was conjectured in [18, Conjecture 1.6] and proved
in [4] and independently in [10].

Theorem 2.10. Letn € P, J C [0,n — 1], and Jy, ..., Js be the connected components of
J indexed as just described. Then

n

[T (1-4a%)

_1\¢sl0) Lp(o) _ J=o+l m
UEZB; 1) B\9) LB ﬁ(l_x%) [ {|J12\+1J7_“7{|J52\+1J }ﬂ
=1

where m :=Y7_, [|J¢\2+1J and a := min{[0, n] \ J}.
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3 Definition and general properties

In this section we define a new statistic, on the even hyperoctahedral group D,, which is
a natural analogue of the odd length statistics that have already been defined and studied
in types A and B, and study some of its basic properties.

Given the descriptions of L4 and Lp in terms of odd inversions, odd negatives and
odd negative sum pairs, and the relation between the Coxeter lengths of the Weyl groups
of types B and D (see, e.g., [3, Propositions 8.1.1 and 8.2.1]), the following definition is

natural.

Definition 3.1. Let ¢ € D,,. We let
Lp(o) := Lp(o) — oneg(c) = oinv(c) + onsp(o).

Equivalently, in analogy with the formula for £p in Proposition 2.4,

Lo(o) = 3 [{(id) € I i < J0l) > o(j), 1% ] (mod 2) }].

For example let n = 5, 0 = [2,—1,5,—4,3]. Then Lp(c) = 5. We call Lp the odd
length of type D. Note that the statistic Lp is well defined also on S;, (where it coincides
with L4) and on B,,. In fact, the signed distribution of Lp over any quotient of D,, and
over its “complement” in B,, is exactly the same, as we now show. For I C [0,n — 1] let
(Bu\Dp)! :={0 € B,\ D, : 0(i) < o(i+1) for all i € I} where o(0) := —0(2). Note
that (B, \ D,)! = BI\ DL if I C [n —1].

Lemma 3.2. Letn € P and I C [0,n —1]. Then

Z yzD(a) sLp(o) — Z yED(U)xLD(O')'

oeD], o€(Bn\Dn)!
In particular, Y cpr (—1)KD(U):ELD(0') — ZUE(B,L\D”)I (_1)£D(U)xLD(U).

Proof. Left multiplication by s¥ (that is, changing the sign of 1 in the window notation)
is a bijection between D! and (B, \ D,)!. Moreover, (odd) inversions and (odd) negative
sum pairs are preserved by this operation so Lp(s§o) = Lp(o), and ¢p(sfo) = €p(0),
for all 0 € D,, and the result follows. ]

In what follows, since we are mainly concerned with distributions in type D, we omit
the subscript and write just £ and L for the length and odd length, respectively, on D,,.
We now show that the generating function of (—1)é(')xL(') over any quotient DZ such that
0 ¢ I can be reduced to elements for which n (or —n) is in certain positions. More precisely,
we prove that, for a given quotient, our generating function is zero over all elements for
which n (or —n) is sufficiently far from 1.

Lemma 3.3. Letn € P, n >3, 1 C[0,n—1] and a € [2,n — 1] such that a+1 ¢ I.
Suppose that the following hold: if a =3 then 0,1 ¢ I; ifa >4 thena—2 ¢ I. Then

Z (—1)4@)zL(0) = Z (—1)4@) L) = .

{oceDL: {oeD}L:
o(a)=n} o(a)=—n}



Proof. Under our hypotheses, if o € D} and o(a) = n then 0 := o(—a —1,—a + 1)(a —
1,a + 1) also has these properties. Clearly (6%)* = o and |¢(0) — ¢(c®)| = 1, while, since
o(a) =n, L(c*) = L(o). Therefore we have that

S ()faHe) = > (D) g (1)t ~ 0.

{ceD}: {c€D]:0(a)=n,
o(a)=n} o(a—1)<o(a+1)}
The proof of the second equality is exactly analogous and is therefore omitted. O

Although we do not know of any definition of our (or of any other) odd length statis-
tics in Coxeter theoretic language, it is natural to expect that the only non-trivial au-
tomorphism of the Dynkin diagram of D,, preserves the corresponding signed generating
function. This is indeed the case, as we now show.

Proposition 3.4. Letn € P, n > 2, and I C [2,n —1]. Then
Z yt@)pLo) = Z yt0) L),
oeDLV10} seDlVi}

In particular, gy (—1)4@)gLllo) — oy (= 1)) L),
oceDy, oceD;,

Proof. Right multiplication by sf (i.e., changing the sign of the leftmost element in the
window notation) is a bijection between DM ang (Bn \ D)1} Furthermore, if
o € Dy, then

oinv(ost) = oinv(e) = |[{i €[2,n]:i=0 (mod 2), o(1) > a(i)}|
Hic2n)i=0 (mod2), (1) > o(i)},
onsp(osy) = onsp(o) —|{i €[2,n]:i=0 (mod 2), o(1)+ o(i) < 0}
+{i€e2,n]:i=0 (mod2), —o(1)+o(i) <0},
2,

inv(osg) = inv(o) — [{i€[2,n]: o(1) > o(i)} + {i € [2,n] : —o(1) > a(i)}],

and
nsp(osy) = mnsp(o) — [{i €[2,n]: o(1) +0(i) <0} + |{i € [2,n] : —o(1) + o (i) < 0}].
Therefore L(osf) = L(o) and £(osf) = (o). Hence

Z yé(a) xL(O’) _ Z yﬁ(crsé;) xL(crség) _ Z yé(o) xL(O’)’

0€(Bn\Dy)TV{1} eDIU{O} EDlu{o}
and the result follows from Lemma 3.2. O

Remark 3.5. For n = 4 there are more automorphisms of the Dynkin diagram than the
one considered in Proposition 3.4. It can be verified that the signed generating function
over quotients of Dy reflects these symmetries. Indeed, for J = {0},{1} or {2}, as well as
for J ={0,2}, {1,2} or {2, 3}, the signed distribution is

Z (_1)Z(U)xL(U) — (1 . 1,2)3;

UED;{



also
Z (_1)£(U)$L(O’) _ Z (_1)Z(O)xL(o) — Z (—I)Z(U)xL(U) = (1—1‘2)(1—x4)
oepf®t oeDf™ ceDit3}
and

Z (_l)f(a)xL(a) _ Z (_l)f(a)xL(a) _ Z (_I)K(a)xL(a) _ (1 —372)2.

o1 oD oeD (123

The equalities that are not explained by Proposition 3.4 are anyhow implied by the prop-
erty of shifting, cf. Propositions 3.6 and 3.7. We also record here the formula for n = 4,
I ={0,1,3}; cf. Conjecture 6.2 and 6.4 for n > 5:

> (=DM = (14 32%)(1 - 2?).
TR
We conclude this section by showing that when I does not contain 0, each connected
component can be shifted to the left or to the right, as long as it remains a connected
component, without changing the generating function over the corresponding quotient.

The proof is analogous to that of [4, Proposition 3.3]. However, for completeness, and for
the reader’s convenience, we include it here.

Proposition 3.6. Let I C [n— 1], i € P, k € N be such that [i, i + 2k] is a connected
component of I andi+2k+2 ¢ I. Then

Z (1)) Llo) = Z (=1 llo) — Z (—1)%@)gLlo) (2)

oDy, oeDIT oeDl
where T := (I'\ {i}) U {i + 2k + 1}.

Proof. We prove the first equality in (2) by showing that elements in D! \ DflUi can be
paired by means of an involution that preserves L and changes £ by +1. Indeed we have

(1)) =3 ()l 4 3 (1)) (@)

oeD] {oeDl:0(i)> {oeD]: o(i+2k+1)<
o (i+2k+2)} o(i+2k+2)}
2k+1

+ > > (—1)Ho) L),

J=1  {oeDl:o(i+j—1)<
o(i+2k+2)<o(i+7)}

Let j € [k]. Then
Z (—1)4@) L@ 4 Z (—=1)4@) (o)

{oeD]: o(i+2j—-1)< {oceDL: o(i+2j)<
o(i+2k+2)<o(i+25)} o(1+2k+2)<o(i+25+1)}
— 3 ((_1)€(U)$L(U) + (_1)6(5)$L(5)>

{oeDl: o(i+2j-1)<
o(i+2k+2)<o(i+25)}



where ¢ := o(i + 24,1 + 2k + 2)(—i — 2j,—i — 2k — 2). But ¢(6) = {(0) — 1 and
L(6) = L(0), so the above sum is equal to zero. Similarly,

Z (_1)K(U)xL(a) + Z (_1)Z(U)$L(U) = 0.

{oceD!: {oceDL: o(i)<
o(i1+2k+2)<o (i)} o(i+2k+2)<o(i+1)}
Hence
Z (_1)4(0)1,L(0) _ Z (—1)€(U)$L(U),
oeD] {oeDl: o(i+2k+1)<
o(i+2k+2)}

This proves the left equality in (2). The proof of the right equality is exactly analogous
and is therefore omitted. O

Shifting is also allowed when I contains 0, but only for connected components which
are sufficiently far from 0, as stated in the next result.

Proposition 3.7. Let I C [0,n —1], i € P, i > 2 and k € N such that [i, i + 2k] is a
connected component of I and i + 2k +2 ¢ I. Then

Z (_1)€(U)xL(a) _ Z (_1)€(o)xL(U) _ Z (_1)€(U)xL(cr)

c€eD], oceDIVT oceDl
where T := (I'\ {i})U{i+ 2k +1}.

Proof. The proof is analogous to that of Proposition 3.6 noting that, since i > 2, ¢ € D}
if and only if o (i + 24,4 + 2k + 2)(—i — 2j, —i — 2k — 2) € DL. O

4 Trivial quotient

In this section, using the results in the previous one, we compute the generating function
of (—1)6(‘):EL(') over the whole even hyperoctahedral group D,,. In particular, we obtain
that this generating function is the square of the corresponding one for type A (i.e., for
the symmetric group).

Theorem 4.1. Letn € P, n > 2. Then

n

Z ( E(o’) L(o) _ H ] 1:1:|_ J)

o€Dy, j=2

Proof. We proceed by induction on n. By direct computation, the result holds for n = 2:
> e, (1) Dt = (1 —x)%.



By Lemma 3.3, the sum over all elements for which n or —n appears in positions

different from 1 and n is zero. So the generating function over D,, reduces to

Z (—=1)4o) L) — Z (=1)H@) g llo) 4 Z (—1)H@) gL @)

o€Dy, {o€Dn: {o€Dn:
o(1)=n} o(n)=n}
+ Z 0') L(o) + Z Z(a L(O')
{c€Dn;: {c€Dn;:
o(l)=—n} o(n)=-n}
— Z (1)) L) 4 Z (1)) g L)
0€Dn_1 0€Dn_1
+ Z (—1)40) L) 4 Z (—1)49) g Lo),
0€Bn—1\Dn—-1 0€Bp—1\Dn—-1
where 6 := [n,o(1),...,0(n—1)], 6 :=[-n,o(1),...,0(n—1)], and & := [o(1),...

1), —n]. But, by our definition and Proposition 8.2.1 of [3], we have that

where m := L%J Therefore

Z (_1)8(&):L,L(&):(_1)n—1xm Z (_1)Z(U)xL(U)

o€D, 1 o€D, 1

and, similarly,

Z (_1)€(6)$L(Ef) _ (_1)n—1$m Z (_né(a)xL(cr)

0€Bp—1\Dn-1 0€Bn—1\Dn-1
Z (1)@ L@ = g2m Z (—1)4) g Lo,
Ueanl\anl Ueanl\anl

So by Lemma 3.2 and our induction hypothesis we obtain that
Z (71)£(O’)xL(G') — (1 + (71)n—1$m) Z (71)6(0’)$L(0’) +
o€Dy, o€D, 1

+ ((_1)n—1$m+x2m) Z (_1)€(U)$L(a)

oeB,_ I\Dn—l
_ (1+2(_1)n 1xm+$ ) Z (_1)€(o)xL(a)

o€D, 1
N 2
= (1+( 1)”—1A5J) Z (=1)H@) g Llo)
o€Dy, 1

and the result follows by induction.
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As an immediate consequence of Theorem 4.1 and of Corollary 2.9 we obtain the
following result.

Corollary 4.2. Letn € P, n > 2. Then

2
Z (_1)6(0) CCL(O') _ (Z (_1)€A(‘7) xLA(U)> O

o€D,, oESy

It would be interesting to have a direct proof of Corollary 4.2.

5 Maximal and other quotients

In this section we compute, using the results in §3, the signed generating function of the
odd length over the maximal, and some other, quotients of D,,. In particular, we obtain
that these generating functions always factor nicely.

Theorem 5.1. Let n € P, n > 2 and i € [0,n — 1]. Then

Z (=)@l =1 — &

oeDiH
if n=2, and
>0 ()@ = (1) JJ+ (-1l iy,
UGD’I{Li} I=
if n > 3.

Proof. By Propositions 3.4 (with I = ()) and 3.6, we may assume i = 1.
We proceed by induction on n > 3, the result being true for n = 3 (and n = 2) by
direct verification: ZGEDgl} (=1)U@) g llo) =1 — g2

By Lemma 3.3 we have that the sum over o € D;{ll} such that n or —n appear in the
window in any position but 1,3, or n is zero. Furthermore, if o € D}{Ll} then o=1(n) # 1.
Thus we have:

S (C)H) = S ()l ¢ 3T (1))

O'ED;{ll} {O'ED;{ll}! {UED#}:
o(3)=n} o(n)=n}
+ Z Z(U L(U) + Z (_1)6(0)1,L(U) + Z (_1)€(U)$L(J)
{UED;{l 3, {UED;{ll}: {UED#}:
o(l)=—n} o(3)=—n} o(n)=—n}
= Z (—1)4@) gl 4 Z (—1)4@) L) 4 Z (—1)1@) g L0) 4
{UGD#}: a'EDT{ll_}1 0€Bn_1\Dn—1
o(3)=n}
+ Z Z(o’ L(o) + Z (_1)8(6’)xL(6')
{O'EDiLl}. 0€(Bn-1\Dp_1)11}
o(3)=—n}

11



o ;{Ll}: {0€Dn-_1:
A o(1)>a(2)}

o)+ n—4+nsp(o) =

where ¢ = [0(2),0(1),n,0(3),...,0(n — 1)]. But £(g) = inv(
) = (U)—l—[nT_‘r’} = L(o)+m—2,

lo)+n—4,and L(g) = omv( ) — 14 [252] + onsp(c
where m := { ] L%

Z (_1)€(U)$L(a) _ (_1)nxm—2 Z (_1)€(U)xL(O')
{oeD{M: {o0€Dp—1:
o(3)=n} o(1)>o(2)}

:(_1)n$m—2 Z (_1)€(a)l,L(a)_ Z (_1)€(0)$L(a)

0'€an1 UED;{Lli}l
Similarly,
Z (—1)@) o) = Z (—1)40) £ L)
{oeDi!: {o€By1\Dp_1:
o(3)=—n} a(1)>0(2)}

where 7 := [0(2),0(1), —n,0(3),...,0(n —1)] and ¢(c) = inv(c) + 1 +nsp(o) + n — 1 =
(o) +n, L(c) = oinv(c) 4+ onsp(o) + 1 + {" 3] = L(o) + {”T_l] = L(o) + m. So, by

Lemma 3.2,
Z (_l)f(o)mL(U) _ (_l)nxm Z (_l)f(a)xL(a)
{aeD,{f}: {o€Bn—1\Dn-1:
o(3)=—n} o(1)>0(2)}
= (_1)nxm < Z (_1)£(U)xL(O’) _ Z (1)Z(a)xL(o))
aeanl\anl (Bn—l\Dn—l){l}

:(_1)n$m Z (_1)6(0):1:L(0)_ Z (_1)6(0)$L(0)

o€Dy1 senil

n—1

Moreover, by (4) and (5) we have

Z (71)6(&)1_L(€7) — (71)n—1$m Z (71)€(o)xL(o)

0€Bp—1\Dn—-1 0€Bp—1\Dn-1

and

Z (_1)4(6)$L(6) — g2m Z (—I)E(U)ZL‘L(J)-

Ue(anl\anl){l} UE(anl\anl){l}
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Thus we get, again by Lemma 3.2,

Z (_1)E(U)xL(o—) _ (_1)nxmf2 Z (_1)£(a)l,L(o)_ Z (_1)E(U)xL(o—)

oceDit o€Dy1 seD
+ Z (_1)€(<7) L(o) + n 1 ™ Z é(o’) L(a)
UEDiljl 0c€D, 1

+ (_l)nwm Z (_l)é(a)xL(a)_ Z (_1)£(a)xL(z7)

c€Dy 1 0’€D751_}1
+ o2 (-1
oEDil_}l
_ (71)nzm72 Z (71)Z(o)xL(o')
oc€Dy 1
+ (1+(_1>n—1$m—2+(_1>n—1mm+m2m> Z (_1)£(o)mL(U)
UGDy{Li}l
and the result follows by Theorem 4.1 and our induction hypothesis. O

We note the following consequence of Theorems 4.1 and 5.1.

Corollary 5.2. Letn € P, n >3, and i € [0,n — 1|. Then
Z (—1)4@) zL@) = (1 — z2) Z (—1)4@) L),
G’GDn UGDy{Li}

Proof. This follows immediately from Theorems 4.1 and 5.1. O

The results obtained up to now compute ) __p: (=1)4@) L) when |I| < 1. A natural
next step is to try to compute these generating functions if |7\ {0} < 1. We are able to
do this for I = {0, 1}, and I = {0,2}. The computation for I = {0, 2} follows easily from
results that we have already obtained.

Corollary 5.3. Letn € P, n > 3. Then
> ()20 = (1 - 42 ﬁ Lp13])2,
oeDi"? j=4
Proof. By Proposition 3.4 and Proposition 3.6 we have
Z (=1l llo) — Z (—=1)%@)gllo) = Z (1)) llo)
oeDi" oceDih? ceDiM
and the result follows by Theorem 5.1. O

We conclude this section by computing -, s (—1)%@ 25 when I = {0,1}. When

n = 2, the quotient Déo’l} only consists of the identity, thus the corresponding generating
function is 1. For n > 3 we have the following.
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Theorem 5.4. Letn € P, n > 3. Then

n

Y () = (142 T+ (1l
oepi j=4
Proof. Tt is easy to check that > cplo1} (—1)4@)zl(@) = 1422 We proceed by induction.
ol

D;{LO’ 1}

By Lemma 3.3 we have that the sum over o € such that n or —n appear in

the window in any position but 1,3, or n is zero; moreover for o € Dio’ U we always have
o 1(£n) # 1. Thus

Z (1)@ gllo) = Z (—=1) @)z Llo) 4 Z (—=1)@)gllo),
ceD® 1 {UGD;{LO’ e {UGD;{LO’ 1,
lo(3)[=n} |o(n)|=n}

By (5) and Lemma 3.2 we have

Z (—1)HO) L) = <1+x2tgj) Z (—1)4e) L)

{U%D;{LO’ 1;: UED,{&P
lo(n)|=n
n—1 ) )
- (1 4 gﬂ%J) (1422 H(l + (_1)%195{% )2
j=4

by our induction hypothesis. Moreover,

Z (_1)€(J)xL(J) _ Z (_1)5(5)331'(5)

{oeDf* ) sen U N\DI
o(3)=n}
where 7 := [-0(2),—0(1),n,0(3),...,0(n —1)]. But

inv(e) = inv([n,03),....,on—=D])+{j€B,n—1]: —o(1) > a(4)}
+H{ieBn—-1]: —a(2) > a(4)},
nsp(g) = mnsp([n,o(3),...,c(n—1])+{jeB8,n—1]: —o(1)+0o(j) < 0}]
+H{ieBn—-1]: —a(2)+0o(j) <0},
oinv(g) = oinv([n,0(3),...,0(n—-1])+{j€[3,n—1]:7=0 (mod 2), o(1)+c(j) < 0}
+{je83,n—1:57=1 (mod2), o(2)+0c(j) <0},
and
onsp(6) = onsp([n,o(3),...,cn—1)])+{j€83,n—1]:5=0 (mod 2), o(1) > o(j)}|
+{jeB,n—-1:5=1 (mod 2), o(2) > a(j)}|
Therefore, {(5) = {(0) +n —4, and L(5) = oinv(c) — 1+ [252] + onsp(c) = L(o) +m —2,

where m := L%J Similarly,
Z (_1)4(0)xL(0) - Z (_1)ﬁ(5)xL(5)
{O’ED;{LO’l}: {O’Ganl\anlt
o(3)=—n} o(1)<e(2)<—o(1)}
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where ¢ := [~0(2),—0(1), —n,0(3),...,0(n —1)] and ¢(c) = ¢(0) + n, L(¢) = oinv(o) +
onsp(o +1+[2]:L +m But{aeBnl\Dn1:0(1)<U() —o(1)} =
(Bpn_1\ D)W\ (B,1 \ Dn_l){o 1} so by Lemma 3.2, Theorem 5.1 and our induction
hypothesis

Z (_I)E(J)mL(J) _ (_1>nxm—2(1+x2) Z (_1)Z(J)xL(U) - Z (_1)E(U)$L(U)

e entt, reDf)
n—1
=2(=1)"""a"(1+22) [T (1 + (1) l2])
=4
Thus
n—1
Z (_1)€(U)xL(U) =(1+ (_1)n—1xm)2(1 +:U2) H(l + (_1)] 1 L%J )2
UED%O’I} j=4
and the result follows. O

6 Open problems

In this section we present some conjectures naturally arising from the present work and
the evidence that we have in their favor.

In this paper we have given closed product formulas for . D{L(—l)f(a)xL(U) when
|[I| <1,1=4{0,1} and I = {0,2}.

We feel that such formulas always exist. In particular, if [I\{0,1}| < 1, we feel that the
following holds. For n € Pand I C [0,n—1]let, for brevity, D} (z) := 3¢ pr (—1)/) ().

Conjecture 6.1. Let n € P, n > 5, and i € [3,n —1|. Then

DI (z) = ﬁ(1 +(—1yzlE)2,

j=4

Conjecture 6.2. Let n € P, n>5, andi € [3,n —1|. Then
n .
DO () = (1 — o H L1312,

We have verified these conjectures for n < 8. Note that, by Proposition 3.6, it is
enough to prove Conjectures 6.1 and 6.2 for ¢ = 3.

Note that, by Theorem 2.8, Conjectures 6.1 and 6.2 may be formulated in the following
equivalent way. For n € P and J C [n — 1] let S/(z) := deS#(—l)éA(")xLA(").

Conjecture 6.3. Let n € P, n >5, andi € [3,n —1|. Then

DM (z) = ({7 (2))*.
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Conjecture 6.4. Let n € P, n>5, and i € [3,n —1|. Then
DM () = (1 — %) (S (@)*.

We feel that the presence of the factor []7_q(1+ (—1)j_1x£%J )2 in Conjectures 6.1 and
6.2 is not a coincidence. More generally, we feel that the following holds.

Conjecture 6.5. Letn € P, n >3, and J C [0,n—1]. Let Jy, J1,...,Js be the connected
components of J indexed as described before Theorem 2.10. Then there exists a polynomial
Mj(x) € Z[z] such that

n

DJ(z) = My(@) [] (1+ (-1 'alt)y?,

j=2m+2
where m =7 {%J Furthermore, Mj(x) only depends on (|Jol,|J1|,...,|Js|) and
is a symmetric function of |Ji|,...,|Js|.

This conjecture has been verified for n < 8.
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