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Abstract

In this paper we consider heteroclinic orbits in discrete time dynamical
systems that connect a hyperbolic fixed point to a non-hyperbolic fixed point
with a one-dimensional center direction. A numerical method for approxi-
mating the heteroclinic orbit by a finite orbit sequence is introduced and a
detailed error analysis is presented. The loss of hyperbolicity requires spe-
cial tools for proving the error estimate — the polynomial dichotomy of linear
difference equations and a (partial) normal form transformation near the non-
hyperbolic fixed point. This situation appears, for example, when one fixed
point undergoes a flip bifurcation. For this case, the approximation method
and the validity of the error estimate is illustrated by an example.
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1 Introduction

Discrete time dynamical systems where first studied around 1890, by Poincaré in
his famous essay on the stability of the solar system. He was especially interested
in analyzing orbits, converging towards a periodic orbit. To simplify the analysis of
the three body problem, described by ordinary differential equations, he introduced
the so called Poincaré map. By this approach, the study of continuous orbits was
reduced to the analysis of the associated discrete orbits. He noticed the appearance
of complex structures, close to homoclinic orbits. This discovery initialized further
analysis e.g. by Birkhoff, Smale and Shilnikov leading to the famous result that the
dynamics in a neighborhood of a homoclinic orbit is chaotic.

The calculation of homoclinic or heteroclinic orbits is an important task for the
numerical analysis of dynamical systems. In this paper we consider discrete time
dynamical systems of the form

Tpr1 = f(zn,N), n€Z, (1)

where f : R¥ x R — RF is sufficiently smooth and a diffeomorphism w.r.t. the
x-variable. Assume that a heteroclinic orbit (z,),ecz exists at A = A, connecting
one fixed point £_ to another fixed point &, i.e. (Z,)nez is a solution of (1) and
lim, .40 %, = &4+. In case both fixed points are hyperbolic the orbit lies in the
intersection of the unstable manifold W of {_ and the stable manifold W3 of &,
see Figure 1. Note that these manifolds generically have a transversal intersection.

Figure 1: Schematic picture of a transversal orbit as intersection of the
unstable manifold of some hyperbolic fixed point £_ and the stable mani-
fold of another hyperbolic fixed point &, .

The numerical approximation of transversal hyperbolic orbits is considered in [5]
and [7]. Here we will consider a specific degenerate case.

There are essentially three ways a transversal hyperbolic orbit can degenerate at
the parameter A\ = \.



(i) One of the matrices f, (fi, 5\) or f, (:En, 5\), n € Z is singular.
(ii) The two manifolds W* and W7 do not intersect transversally.
(iii) One of the matrices f, (§i, 5\) possesses an eigenvalue of absolute value 1.

The first case appears for example when considering a discretization of a partial
differential equation, see Lani-Wayda [15] or Steinlein and Walther [24].

The second case is the main topic of the monograph from Palis and Takens [17].
In [12] Kleinkauf derived a result on this tangent case, that is particularly useful for
numerical analysis. He showed that a tangential heteroclinic orbit can computed
as the turning point of a parametrized boundary value problem and he provided
detailed error estimates.

For the third case Arnold, Afraimovich, Ilyashenko and Shilnikov summarized
in [1] results about structural stability for continuous and discrete time dynamical
systems, but the question of approximation is not considered. Furthermore, the ap-
pearance of an eigenvalue —1 of the matrix f, (fi, 5\) is excluded, because according
to a lemma of Afraimovich, these systems do not lie on the boundary of the set of
Morse-Smale systems.

In [28] Beyn and Zou analyze discretization effects for this case. They have
proved under suitable assumptions, that a saddle-node homoclinic orbit of a con-
tinuous time system persists under discretization by a one-step method and leads
to a closed curve of discrete homoclinic orbits, containing both, transversal and
tangential saddle-node orbits.

The paper [3] contains a survey of numerical methods and examples for nonde-
generate connecting orbits.

The structure of the paper is as follows. In Section 2 we state our basic as-
sumptions and present the boundary-value problem for approximating a transversal
non-hyperbolic heteroclinic orbit. Furthermore, we describe the main results of our
approximation theorem, neglecting technical details.

In Section 3 the basic tools used in the approximation theorem are developed.
First we analyze the polynomial rate of convergence for the orbit itself and for the
solutions of the associated variational equation

Un+1 = fm(jna )\)una n € Z.

This motivates the definition of a special type of polynomial dichotomy, for which a
perturbation result is derived. Combining this with a (partial) normal form trans-
formation near the non-hyperbolic fixed point (without assuming non-resonance
conditions) we prove in Section 3.4 that the variational equation possesses a poly-
nomial dichotomy for n > 0. Finally, we give a characterization of the transversal
intersection of the unstable and the center-stable manifold.

In Section 4 these tools are used to prove the approximation theorem.



Section 5 contains an example of a map, where one fixed point £, (\) undergoes
a flip bifurcation at A = X\. At this parameter we approximate a heteroclinic orbit
and illustrate the validity of the error estimates.

The main results of this paper are taken from the PhD thesis of the second
author [8].

2 Basic assumptions and numerical method

In this section, we present the numerical method for approximating a non-hyperbolic
heteroclinic orbit. Technical details that are needed for the proof of the correspond-
ing approximation theorem will be provided in later sections.

First we introduce some notation and the basic assumptions.

2.1 Assumptions

Consider a discrete time dynamical system
Tor1 = f(x,), ne€Z. (2)
A1l Let f € C*(R*,R¥) be a diffeomorphism.
A2 The map f possesses two fixed points £, and &_.

By a translation, one of the fixed points can be shifted to 0, without loss of generality
assume &, = 0.

A heteroclinic orbit connecting the fixed points £ and &, is defined in the
following way.

Definition 1 A heteroclinic orbit Ty := (Z,),ecz is a solution of the difference
equation (2) satisfying lim,, 4. Z, = &&. For any n € Z the point y = &, is called
a heteroclinic point.

With ki, k € {s,c,u,sc} we denote the dimension of the stable, center, unstable
and center-stable subspace of f'(£4), respectively. The corresponding subspaces and
manifolds are denoted by X5 and W¥, k € {s, ¢, u, sc}.

A3 Letk =0,k .=1and k_, + ks = k.

In A3 we assume that the fixed point £, possesses a one-dimensional center
manifold and that £_ is hyperbolic. Thus an orbit converging towards &, via the
center-stable manifold generically has a component in the slow center direction. This
technical assumption is stated in A4.

A4 Let Tz be a heteroclinic orbit such that z, € Wi\ W3.

Finally, we assume that the unstable manifold of £_ and the center-stable manifold
of &, intersect transversally.



A5 The invariant manifolds W* and W3¢ have transversal intersections at 7.

A schematic picture of a heteroclinic orbit is given in Figure 2. Note that the orbit
converges to £ as n — —oo with an exponential rate while the convergence towards
&, as n — oo has a polynomial rate.

Figure 2: Schematic picture of a non-hyperbolic transversal orbit as in-
tersection of the unstable manifold of some hyperbolic fixed points & and
the center-stable manifold of another non-hyperbolic fixed point & .

2.2 The approximate heteroclinic orbit

In [2] a hyperbolic homoclinic orbit of a differential equation is computed as a so-
lution of a boundary-value problem truncated to a finite interval and supplemented
by a phase condition. Schecter modified this approach in [22] for saddle-node ho-
moclinic orbits. For this non-hyperbolic case he showed that the radius of the ball,
within which a unique solution of the finite boundary value problem exists, shrinks
with the length of the orbit. Furthermore, the boundary condition is assumed to be
of sufficiently high order. Note that these two conditions are not required for hyper-
bolic orbits. By using a sharper version of Banach’s fixed point theorem Sandstede
[21] reduced the required order of the boundary condition by one.

For discrete time dynamical systems these results cannot be applied directly.
Kleinkauf proved an approximation theorem for homoclinic orbits in [11] and exten-
sions can be found in [4] and [5]. For heteroclinic orbits an approximation theorem
is stated in [5] and a proof can be found in [7].

Let J == [n_,ny]NZ and J := [n_,n, — 1] N Z be discrete intervals, where
n_ = —o0,ny =ooisallowed, N={1,2---}, Z* ={0,1,---},Z= = {---,—1,0}.

Our aim is to approximate the infinite non-hyperbolic f-orbit zz by a finite



segment =5 = (2, )nes. This segment is the solution of the defining system

Tor1— flxy) = 0, n=n_,...,ny —1,

b(xn_,xn,) = 0, )

where b € C1(R?*, R¥) is an appropriately chosen boundary operator.
In our approximation theorem (cf. [8, Theorem 4.3]) the solution of (3) is unique
in some ball 5

||i‘|J - xJHoo < n_a

where Z; is the restriction of the exact orbit to the finite interval J. Furthermore,
the approximation error can be estimated as follows:

121 = 2sllo < C'[|b(En_, 20, )|

3 Polynomial dichotomy

In this section the basic tool to prove our approximation theorem is introduced; the
so called polynomial dichotomy for difference equations of the form

Uni1 = Aptly, A, € RPF invertible, n € Z7,

where A, converges to a non-hyperbolic matrix A. This dichotomy is motivated
by the polynomial rate of convergence on the center manifold that we examine in
Section 3.1. As in the theory of exponential dichotomies, see [6] and [18], we derive
a perturbation (roughness) theorem and prove estimates for solutions of inhomoge-
neous equations.

In Section 3.4 we show that the associated variational equation

Ups1 = f (Tp)Un, n€ZT (4)

possesses a polynomial dichotomy on Z*. A major step in this proof is a certain
normal form transformation (cf. [8, Theorem 3.4]) that does not need any non-
resonance condition. The perturbation theorem then applies to the transformed
system. Finally, we give an alternative description of the transversality, stated in
assumption A5.

3.1 Polynomial rate of convergence in the center direction

Consider the one-dimensional system
Tny1 = g('rn)7 n e ZJr’ (5)

where
g(x) =z — Lz + O(@7?), (>0, ¢€N, v €R. (6)

7



Note that the restriction of f to its one-dimensional center manifold at the fixed
point &, is locally of the form (6). To get the precise polynomial rate of convergence
for a g-orbit with starting point 0 < xy < Z, we construct a series of intervals

:t ].

= [g— at —
I, :=a,,a,], a, = OOCE TG 0<vy<l

Lemma 2 There exist two constants N € N, 0 < v < 1 such that

[n+1 > g([n>7 <7>
InmIn—I—l 7é @ (8)

hold for alln > N.

Idea of proof: The function g is monotone increasing in [0, ] for Z sufficiently
small. Thus it is sufficient to prove the following assertions:

9(ay) < aniy,
9(a,) = a4y,
a, < a:; 11
This can be done by direct, but very careful estimates. |

With this tool at hand, it is easy to prove the following theorem (cf. [8, Theorem
1.4] for the details).

Theorem 3 There exists a * > 0, such that for every 0 < xqg < & we find three
constants K, L >0 and 0 < v < 1 such that the orbit xz+ = (¢"(0))nez+ satisfies

Uy < Tpyn < afey, VneZt (9)
and
lim (£q)Yn" 9z, = 1. (10)

Theorem 3 is an improvement over the previous approach of Hiils, Zou [9] and
(10) is also derived by a different method by Szekeres [25].
We will use the rather sharp bounds (9) in order to analyze the associated vari-
ational equation
Ups1 = ¢ (), n EZLT. (11)

The solution operator ® of (11) is defined for n > m > 0 by

n—1

®(n,m) == Hg’(azi).

i=m

A precise estimate for this operator is presented in the following theorem (cf. |8,
Theorem 1.6]). The proof is given in Appendix B.1.

8



Theorem 4 Assume T is given as in Theorem 3, ¢ € N and xz+ is a g-orbit with
starting point 0 < xo < . Under these assumptions there exists a constant K > 0
which depends on xg, such that for alln > m > 0 the following estimate holds

|®(n,m)| < K(%)_V, v=1+ é (12)

3.2 Polynomial dichotomy

Similar to the well known definition of an exponential dichotomy (cf. [6], [18]),
Theorem 4 motivates the definition of a polynomial dichotomy for the difference
equation

Upi1 = Aptn, A, € R invertible, n € Z. (13)

This definition takes into account the polynomial rate of convergence in the center
direction.

Let us first introduce some notations. With k., k € {s, ¢, u,sc} we denote the
dimension of the stable, center, unstable and center-stable subspace of the matrix A,
respectively and with X, k € {s, ¢, u,sc} we denote the corresponding subspaces.

Moreover
Anfl...Am , N >1m,

O(n,m) = I ,n=m, (14)
AL AL n<m

defines the solution operator of (13).

Definition 5 The linear difference equation (13) has a polynomial dichotomy
with data (K, a,v, P3¢ P*) on J C Z7, if there exist two families of projectors P3¢
and P! = I — P’¢ and three constants K, o > 0, v > 1 such that the following
assertions hold:

Prd(n,m) = ®(n,m)P), Vn,meJ, k€ {sc,u},

m

e m)Py| < K (%)

[@(m,n)Py|| < Ke~otv=m)

VYn>m, nme J.

In Figure 3 we show the behavior of a solution of the difference equation (13)
that has a polynomial dichotomy.

In [19] and [16] the more general concept of a (h, k)-dichotomy is introduced by
Lépez-Fenner and Pinto.

Similar to the results for an exponential dichotomy (cf. [18]) Lemma 6 provides
an alternative representation of R(P7°).

Lemma 6 Assume that for some n_ > 0 the difference equation (13) has a polyno-
mial dichotomy on J = [n_,00) with data (K, a, v, P3¢, P").



Z+

R(Py) R(PY)

Figure 3: Schematic picture of the behavior of a solution of a difference
equation with polynomial dichotomy.

Then for every m > n_ the representation

R(PY) = {u € R* : sup ||®(n, m)u|| < oo} (15)

n>m

holds. Furthermore, assume (L, 3, u, Q3¢, Q%) is another set of dichotomy data for
(18) on J. Then R(Q:F) = R(P:€) for alln € J and the following estimate holds

03 - Bl < KL [0 () ] @i - e (16)

The proof is similar to the one in the hyperbolic situation, cf. [18, Proposition 2.3].
Here the exponential rate from the stable direction is replaced by the polynomial
rate from the center-stable direction.

We discuss the inhomogeneous equation

Upi1 = Aptly, + 71, n €L, (17)
where 7, is assumed to be bounded in the || - ||* norm, defined by
lrs]* = max{ sup ||rnll, sup nHrnH} (18)
n<0, neJ n>0, neJ

Lemma 7 Assume n_ > 0 and the homogeneous difference equation (13) possesses
a polynomial dichotomy on J = [n_,00) with data (K, o, v, P3¢, PY).
Then the inhomogeneous equation (17) considered for n € J, subject to the bound-
ary condition
Plun. =¢  (eR(PY)
has, for every rj with ||r;||* < oo, a unique bounded solution .

The proof follows by direct computation from the representation of the solution
which uses Green’s function, defined in Appendix A.1.
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3.2.1 Roughness Theorem

It is well knows that an exponential dichotomy persists under small perturbations of
the difference equation (13). The exponents are slightly smaller when small bounded
perturbations are allowed. A direct proof is given by Palmer in [18].

For linear parameter dependent differential equations a perturbation result is
presented by Sandstede in his masters thesis [20]. This approach is carried over by
Kleinkauf to discrete difference equations in [12]. He simplified the proof by intro-
ducing an operator whose fixed point is Green’s function of the perturbed system

Unt1 = (A + Ep)uy. (19)

With || E;|li :== >, ||Enl we denote the Li-norm in (R**)”. The space of
sequences bounded in this norm is defined by

S}](Rk’k) = {EJ c (Rk’k)J : ”EJHl < OO} .

Using this notation, we state our Li-perturbation theorem for polynomial dichoto-
mies.

Theorem 8 (Roughness Theorem) Assume the difference equation (13) has a
polynomial dichotomy on J C Z* with data (K,a,v, P PY).  Furthermore,
A < 7 holds for all n € J with a constant T > 0.

Then an e > 0 exists, such that for every sequence |E |1 < €, the perturbed
system (19) possesses a polynomial dichotomy with data (K,o,v,Q°¢,QY), where
Q¢ and @ are invariant projectors and K :=2K.

The projectors ;¢ and Q% have the same rank as P;¢ and P, respectively. The
difference between these projectors can be estimated by

1@y = Pl < ClIEy [y, ne (20)

The proof is indicated in Appendix B.2. Note that the exponents a and v remain
unchanged in this result.

Corollary 9 Under the assumptions of Theorem 8 we obtain

lim P — Q% = 0. (21)

n—oo
3.3 Normal form transformation without non-resonance
conditions

To prove an approximation theorem it is essential to show that the variational
equation
!/ —
Unr1 = [ (Zp)Up, MEZ (22)

11



possesses a polynomial dichotomy on Z*. In order to do this, we introduce a smooth
normal form transformation, such that in the new coordinates, the variational equa-
tion is of the form

U1 = (An + En)vn, n€Z,

where the unperturbed system has a polynomial dichotomy and Ez+ is a small L;-
perturbation. Then by Theorem 8 we get a polynomial dichotomy of the perturbed
system.

The corresponding normal form transformation is presented in this section. As-
suming non-resonance conditions it is well known from Takens smooth saddle sus-
pension theorem (cf. [26], [10]) that one can transform the original system locally
into the form

(s, u, w) — (A(w)s, B(w)u, g(w)), (23)
where A : R* — RF+* B : R* — RF*v are smooth functions and A(0) = f'(0),x-,
B(0) = f(0) .

For our purpose it is sufficient to derive a normal form that, compared to (23),
allows higher order terms of a specific structure. As we will show this can be achieved
without assuming non-resonance conditions (cf. [8, Theorem 3.4]). First we need a
technical assumption.

A6 The function, describing the reduced system has a Taylor expansion
U 51U+ sedu®™ + O™, ¢geN, d>0, ucR,
where |s12| = 1 and in addition s; = 1 if ¢ is odd.

Theorem 10 Assume A1 to A4 and A6. Then there exist C'-functions A : R —
RFks B : R — RM* and g : R — R, A(0) = f'(0)xs, B(0) = f'(0)xx,
g(0) =0, |¢’(0)| = 1, a small neighborhood of 0 and a C*—diffeomorphism T : R* —
RF @ R* @ R, such that the transformed system f(s, u,w) =T o fo Y s, u,w)
1s locally of the form

(s A(w)s s
flul=|Bwu]l+e¢lul, (24)
w g(w) w

where © = (Ps, Pu, Pe),
p(s,u,w) = O(|(s,W)[?),  ¢'(s,u,w) = O(|(s,u)]) (25)
and p,(s,0,w) = 0. Furthermore, we get
g(7) = 17+ sebx ™™ + O(29%?), q€eN, b>0 (26)

and

(51,8 E{ {(1,1),(1,—1)}, for q odd,
b {(1,—1),(—1,1)}, for q even.

12



Proof: In the first step a smooth change of coordinates is introduced that transforms
the map f locally into the following form

s fo(s,u,w)
u | = | fuls,u,w) |, (27)
w fo(s,u,w)
where
s 0
0] :seRM ., ul| iueRF G,
0 0 0
0 ) (28)
O)l:welR,, 0]:seRFweR
w w

are invariant under iteration with the map (27).

To obtain this change of coordinates, we first transform the unstable and the
center-stable manifold to the coordinate axis using the local graph representations
We. = {xu—|—¢“(:€u) :xueV“}, ot o X" — X5
Wee = {xsc 4 (bsc(xsc) D Xg € Vsc}’ (bsc . Xse Xu’

loc

where V* C X", V*¢ C X*¢ are sufficiently small neighborhoods of 0.

Figure 4: Order of transformations, rectifying the unstable, center-stable,
stable and center manifold.

We define the first transformation Y (see Figure 4) by

T, (“) .= (E%, E°, EY) <Z) + ¢*((E*, E%)a) + ¢“(E"b), a € R*"" b e R".
Here E*, E¢, E* form a basis of X*®, X¢ X", respectively.

By this construction, the bases of the stable, unstable and center subspace for
the transformed system

f="7'ofoT, (29)

13



are given by

I ) 0 0
E,=|o0], E.,=|0|, E.=|1
0 I 0

Next, we rectify the stable and a center manifold, lying within the center-stable
manifold. The local graph representations for the system (29) have the form

‘/Vlf)c = {':CS_'_(%S('TS):'TSEVS}v (ﬁs : XS%XC; VSCXS7

‘/Vlf)c = {':CC_'_(%c(xC) CTe € f/c}’ (ﬁc : XCHX‘S; Vc CXC.
We define
s S o o
To|ul|:=[w]|+¢(Es)+o%(Ew), se€R uweR™, weR.
w U
The system

f="toYtofoT 0T, (30)

is then of the form (27) and the sets (28) are invariant w.r.t. the map f.
A Taylor expansion shows that (30) has the form

s A(w)s + c1(w)u s
u | — B(w)u +elul], (31>
w g(w) + ca(w)s + ez(w)u w

where A(w) = Dyf,(0,0,w), B(w) = D,f.(0,0,w), g(w) = f.(0,0,w), ci1(w) =
Do fs(0,0,w), ca(w) = Dyf(0,0,w), cs(w) = D,f.(0,0,w) and ¢ satisfies (25).
Using assumption A6 it turns out that g has the form (26). Note that for ¢ even,
the case s; = sp can be excluded, since the orbit converges towards the fixed point
via the center-stable manifold.

Next we define the transformation t; (s, u, w) := (s+h1(w)u, u, w), where hy will
be chosen, such that the term c¢; (w)u vanishes. A direct computation shows that h;

has to satisfy the functional equation
hi(g(w)) = A(w)h (w)B(w) ™" = ¢1(w)B(w) ™"

Since the operator L(w)[U] := A(w)UB(w)™' is hyperbolic, Appendix A.2
Lemma 19 applies and yields a local solution.
Using a similar approach we eliminate by a transformation of the type

ta(s,u,w) := (s, u,w + ha(w)s + hy(w)u)
the terms cz(w)s and c3(w)u. Therefore, the transformed mapping
f:: tzotlnglonlofoTloTQOtflotgl

has the form (24). Note that the conditions f,(s,0,w) = 0, (s, u,w) = O(|(s, u)|?)
and ¢'(s,u,w) = O(|(s,u)|) are preserved under these transformations.

14



Remark 11 Without assuming non-resonance conditions we cannot transform (2)
into the form (24) such that ¢ depends only on terms of cubic and higher order.
As a counter example consider the 3-dimensional system

(s,u,w) — ()\15, Aot w + su).
In order to eliminate the su-term a transformation
s, u,w) 2= (s,u,w + h(w)su)

is needed, where h solves the functional equation h(w) = AjAsh(w) 4+ 1. This is
impossible for resonant eigenvalues, e.g. A\; = 1/2, Ay = 2.

3.4 Polynomial dichotomy of the variational equation

With the Roughness Theorem and the normal form transformation introduced in
Theorem 10 we have all tools at hand to prove that the variational equation (22)
possesses a polynomial dichotomy on Z*. Furthermore, (22) has an exponential
dichotomy on Z~. This is stated in the following theorem (cf. [8, Theorem 3.8]).

Theorem 12 Assume A1 to A4 and A6. Then the variational equation (22) pos-
sesses an exponential dichotomy with data (K~ o, P, %, P7") on Z~ and a poly-
nomial dichotomy with data (K, o™ v, PF5¢ P*) on Z*, where v = 1 + %. The

projectors P¥ converge to P*, k € {—s, —u,+sc, +u}.

Proof: The exponential dichotomy on Z~ follows from the Roughness Theorem for
exponential dichotomies (cf. [18, Proposition 2.10], [12, Lemma 1.1.9]), since f,(z,)
converges towards the hyperbolic matrix f,(_) as n — —oo. This also gives us the
convergence of the projectors.

Next we prove the polynomial dichotomy on Z*. First assume &, = 0 without
loss of generality. According to our assumptions, the orbit zz converges as n — oo
towards the fixed point 0. Thus for every small neighborhood V'(0), there exists a
Ny € N, such that z,, € V(0) for all n > Ny. From Theorem 10 we get the existence
of a smooth map T : R¥ — RFs @ R* @ R, transforming

Tn+1 :f(l‘n)a nZNO

into the system

Sna1 A(wy,) sy, S,
Unr1 | = | Blwp)un | +@ | un |, n > Ny,
Wn 11 g(wy) W,

where (s, 1, w) = O (|(s,0)[?), ¢'(s,u, w) = O(|(s, u)]) and @,(s,0,w) = 0.
It follows from [23, Theorem II1.7] that the orbit (Z,),>n, lies in every center-
stable manifold, therefore the u-component is 0. Thus in the transformed system

15



the orbit has the representation (S, 0, W, ),>n,. Since A(w,,) converges to the stable
matrix A(0) as n — oo, §, converges exponentially fast towards 0.
The variational equation along this orbit has the form

Snt1 A(wy,) Sn
Upp1 | = B(w,) +E,| | U, |, (32)
WnJrl gl<7j)n) Wn
where
0 0 A(w,)s, 5n
E,=(0 0 0 +¢' | 0
00 0 Wy,

Equation (26) from Theorem 10 together with Theorem 4 guarantee the existence
of a constant K, such that

n n+1 —1-3
'
Eg (@) < K (m+ 1)
holds for all n > m > Ny. Therefore the unperturbed system (£, = 0) has a
polynomial dichotomy on [Ny, 0o) with data (K, o™, 1+ %, p,jsc, pj“)

Set ¢ > 0 as required in the Roughness Theorem 8. Since (E,)n>n, converges
exponentially fast towards 0, there exists a Ny > Np with > -\ [[E.|| < e. Thus
Theorem 8 applies and we obtain a polynomial dichotomy of the perturbed system
(32) on [Ny, 00) with data (KT, a™, 1+ %, Prsc ptu).

To finish the proof, we show the convergence of P and P;" as n — oo. The
unperturbed system has projectors

~ ~ I ) ) 0
pree=pre— [ g and Prv=pre=|
1 0

and it follows from Corollary 9 that the associated projectors of the perturbed system
PFs¢ and P+ converge to P+*¢ and P**, respectively.

Transforming this system back to the original coordinates gives us a polynomial
dichotomy of the variational equation (22) on [Ny, 00) with the convergence of pro-
jectors retained. Note that the constants o™ and v = 1 + % are preserved, too (cf.
[8, Lemma A.8]). By adjusting the constant K* we can extend this polynomial
dichotomy from [Ny, c0) to Z™. [

3.5 Transversality

In this section we present an equivalent formulation of the transversality in terms
of the operator I' defined by

SZ_)SZ

b Tz — (anrl - f(xn))nez .

(33)
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Note that a sequence uyz solving

IM(Zz)uz = (Un+1 — f/(fn)un)nez =0

is a solution of the associated variational equation.
The following theorem (cf. [8, Theorem 3.13]) provides us with two different
formulations of transversality.

Theorem 13 Assume A1 to A4 and A6, let y € R* be a heteroclinic point and
let Ty = (f™(y))nez- Then the following statements are equivalent.

(Z) F/(fz)uZ =0 fO?" Uy € Sz, = uy = 0.
(ii) T,W* NT,W: = {0},

In the error estimates below we make use of the analytical condition (i) instead of
the geometrical condition (ii). If one accepts condition (i) as definition of transver-
sality then Theorem 13 is not needed. Therefore we omit the proof and refer to [8,
Theorem 3.13].

Lemma 14 Assume A1 to A4 and A6 and let y € RF be a heteroclinic point. The
following representation holds for the tangent space of the center-stable manifold

Tz = {s € R sup |07 (0)s] < oo} (34)

4 Approximation of non-hyperbolic heteroclinic
orbits

Let us approximate a non-hyperbolic heteroclinic orbit by restricting the infinite
system (2) to a finite interval J = [n_, ny] and replacing the condition lim z, = {4

n—+oo

by a boundary condition at n_, n,.
The defining system (3) can be written in terms of an operator

r;:8;, —S8; xRF
as
Do) = (1 = S (@0)) g b 20,)) = 0. (35)

where we assume b € C*(R?* RF).

According to Theorem 10 the restriction to the center manifold of £, = 0 is of
the form

g(x) = s1x + Sobxdtt + (’)(xq”), (36)
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where ¢ € N, b > 0,
{(1,1),(1,—1)}, for ¢ odd,
(81,82) €
{(1, -1), (-1, 1)}, for q even.

From Theorem 3 it follows, that a g-orbit converges towards the fixed point 0 with
a polynomial rate of —%, i.e. ||n] &= Cn=""". Thus the variational equation (22) has
a polynomial dichotomy on Z* with data (K*,at, v, P P*) where v =1+ %,
see Theorem 12.

In order to formulate the approximation theorem we have to require further
assumptions on the boundary condition.

Definition 15 The boundary condition b is of order (p_,p.), if there exists a
constant C', such that for all sufficiently large —n_, n, the following estimate holds

0@ n_, Fny) = b(6-, &) < O (I1Fn — €17 + 1Ty — E417) -
Our assumption on the order is:
A7 The boundary condition possesses the order p, > q.
We also need the following nondegeneracy condition.
A8 The boundary operator b € C1(R?* RF) fulfills
b(€-.&+) =0
and the linear mapping B € L(X; x X, R*) defined by

B(xs,wy) = Dib(€_, & )xs + Dob(E_, € ) vy, x5 € X, Ty € X,

is non-singular.

Finally, we denote by S% the space of sequences, bounded in the || - ||*-Norm,

defined in (18) and let
Bi(xy) = {ys € Syt llys —zs|" < e}

be the closed ball of radius € with center z; € S7.

4.1 Approximation Theorem

With the preparations so far we can prove the following approximation theorem (cf.
8, Theorem 4.3]).
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Theorem 16 (Approximation Theorem) Assume A1 to A8. Then there exist
constants N € N and 6, C > 0, such that the system (35) has a unique solution

vy € Bs (Ty) for all J = [n_,ny] with —n_, ny > N.
ni

The approximation error satisfies an estimate
_P+
oy = sl < € (54077 (37

where (3 is a strict lower bound for the smallest unstable eigenvalue of f'(§_) in
absolute value.

As a first major step in the proof of Theorem 16 we derive an estimate for a
linearized finite boundary value problem (cf. [8, Lemma 4.4]).

Lemma 17 Assume A1 to A6, A8. Then there exist constants N € N and o,
such that for any —n_, n, > N, the inhomogeneous equation

Unit — [ (EZ)tn = yn, neJ={n_,...,n.—1},(38)
le<in_7fn+)un_ + D2b<in_7fn+)un+ = T (39>

has a unique solutionu; € Sy, J = [n_,ny] for any (y5,7) € (S% R¥). Purthermore,
we have the estimate

lusllse < o (lly 1" + N7, (40)

where the constant o is independent of J and the right hand side.

Proof: First, we consider for y; € 5% the inhomogeneous equation

Uny1 — [ (Tn)Un =Yn, n€E J. (41)

Let ® denote the solution operator of the corresponding homogeneous equation.
According to Theorem 12 this difference equation possesses an exponential di-
chotomy on Z~ with data (K, a~, P, %, P;*) and a polynomial dichotomy on Z™*
with data (KT, o™, v, PFsc, PHv).
A solution of (38) on J will be pieced together by particular solutions on JNZ*
and J N Z~. For the computation we use the Green’s function (cf. Appendix A.1):

O(n,m)(I — P, n>m
+ — ? m bl bl
G=(n,m) = { —®(n,m)PE n<m.

We define



By using the exponential dichotomy on Z~ and the polynomial dichotomy on
7, respectively, we show

[z WAl < CllyslI* for n < <0 and ||z, (y7)]| < Cllysll" for 0 <n < ny. (42)

For n > 0, we get

n—1 ny—1
=@l < | 2@ i+ DPEY wif + || D2 —®(n,i+ )P,

< KI (Tse(n) + Tu(n))

with

ny—1

n—1 —v
n+1 —at(i+1-n)
T = 3 (555) Il Tl = 3 e

1=0 1=n

Obviously T, (n) < C||y;||* and for the polynomial term Ti.(n) it follows

n+1 n+1 1 n+1
m = 3 (M) el < Gl Gy

1=2

IA

n+2

CllyslI* (n+1)_”/ 7 < Ollysll* (n+1) 7w (n +2)"
0

< Cllysl"

where C' > 0 is a generic constant. Thus (42) holds.
Arbitrary solutions of the inhomogeneous equation (41) on J NZ~ and J NZ*
are of the form

= ®(n,0n+z,(y;), forn.<n<0, neRF
= ®(n,0)¢+ 2z (y;), for0<n<n,, (e€R"

S
sS4 S

respectively.
To get a solution on Z, n and ¢ have to be chosen such that uj = wuy holds,
therefore we require

C=n=2(v;) =2 () = Z(y,)-
Using this notation, the boundary condition (39) has the form

Dib(Zy,_, T, )P(n—, 0)n + Dab(Z,,_, jm)(I)(nJr, 0)¢
= 17— Dib(ZTp_, T, )z, (y5) — D2b(jn7a‘%n+) ny (y5) = R(yz7).

Thus u is a solution of (38), (39), iff (n, () solves

(D1b(xn,:p_nl+)<1>(n_,0) D2b($n,$£+)<1>(n+,0)) (Z) - (RZ(;?]?«D SNES)
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Setting

n- = @(n_,0)Fn =P, ®(n_,0n € R(F,”),
n = Fy'neR(F™),

G = P(ny, O)PoJruQ = PLU(I)(”JM 0)¢ € R(Pﬁiu),
o = B CeR(P™),

n and ¢ have the representation

n="o+ (I)(O7 n*)n*7 C = CO + (I)(O7 nJr)CJr'

Let us replace n_ and (, by variables 7_ and (, that lie in spaces independent
of ny as follows

n-=Va_n, E—i— = Wn+C+>

where
Vo == I+P*—P*° : R(P®) — R(P),
Wi, I+ Pt — P,;i“ : R(Pn+“) — R(PT™).
Note that
—1 1 —1 1
i) < <2 i< <2
L—[[P=s— P R Sl e |

The system (43) may now be written as

"o
<[1_ [;— E’;— EZJr) CO _ ( Z(yj> ) (44)
R Ani Ani @ni @ni 5 7?— R(ijr) ’
—dp, ¢t

where we have used the following quantities

7= —Ippr), "= Ippysey,
Z, =—9(0, n,)Vn__l‘R(P_S), (U n+)W;+1|R(P+u),
AL, = Dib(En_, 50 )P(1-,0) mypsy, A2, 1= Dab(Fn_, ) P(n, 0) ey,
O,, :le(i‘n_afm)Vn__lm(P_s)a oz, ::DQb(j:n_,:‘cm)W,;j‘R(PM).

To prove the existence of a unique solution of (44) we show that the limit matrix
AL, obtained as ny — +oo, is invertible. From this it follows, that the matrices
A:Hl[ exist for —n_, n, sufficiently large and are uniformly bounded.
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By using the exponential dichotomy on Z~ and the polynomial dichotomy on
Z* we find that =,, and A}? converge towards 0 as ny — £oo. It holds

m |5, || <l [lo©.n )| -
< 2K lim e ) =y,
i [l <t o0 B Wi
< 2Kt lim e @™ =0,
T4 —00
i AL < ¢ o050
< CK~ lim e (0=m-) —
LA Al =€ lim ey, 07
<

CK* lim (ny +1)7" =0,
n4—00

where C' > 0 is a generic constant. Furthermore, ©,;* has the limit

O = Jim 6. = Db Emir,
0? = niILHiOOGQ = Dob(&-, &4)iRr(Pr).-

Therefore the matrix A4, has the form

[— 1T 0 0
Ai‘”_( 0 06 e? )
We prove that the upper left block is invertible. Suppose 1y € R(FP, ") and (y €
R(Py*°) satisfy 1y = (p. A solution of the homogeneous equation

F,(fz)vz =0 (45)
on 7 is then given by

| ®(n,0)Py “ny, forn <0,
Un = ®(n,0)Py*¢y, forn > 0.

By the transversality assumption A5 and Theorem 13, (45) has only the trivial
solution v, = 0 (n € Z). Thus the upper left block is invertible. Furthermore, it
follows from assumption A8 that also the lower right block is invertible.

Therefore, the matrix A;}E exists for sufficiently large —n_, n, This proves the
existence and uniqueness of vectors n and ¢, such that the two solutions u* coincide
at 0 and give a solution of the system (38), (39) on J:

u,, forn_ <n <0,
Uy = N
ur, for0<n <n,.
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Next we prove the estimate (40). For a generic constant C' > 0 we have for the
solution of (44)

1o, Goum— 6 )| < (s + 1.
Note that [|Z(y)l, I1R(yz.7)| < C(lysll* + Irl). We get for ny > n >0

1@, 0)][ + |27 (wy)

|@(n,0)Co|| + [|®(n, n )¢ || + Cllysl*

[ (n, 0) || 1Goll + [|@(n, ny ) BEICH T+ Cllysll*
E*(n+1)7")|Gol + K e ™ I¢ |+ Clly;I"

C (sl +lIrl)-

Similarly, the estimate

[

IAIACIA

IA A

el < C(llyll" + 1Ir1l)

holds for n_ < mn < 0. Thus there exists an N € N and a constant o with

lusllse < o= (lysI" + N7l

for all J = [n_,n;] with —n_, ny > N. Note that o is independent of J and the

right hand side. n
Next we prove Theorem 16.

Proof of Theorem 16: We apply Appendix A.3, Lemma 20 to the operator I';

with the settings

Vo= (Snllll) 2= (S xBREII D),

F = Ty, Yo = 2.

First the assumption (50) is verified. According to Lemma 17 the inhomogeneous
equation

I (@1)us = (y5.7)
possesses for all (y;,7) € S% X R* and sufficiently large intervals J a unique solution
uy, fulfilling the estimate

lusllse < o= (Ily 1" + lI7ll)-

Note that o is independent of ny and the right hand side. Thus I'(Z;) " exists
and is uniformly bounded. For all (yj,7) € S} x R* and —n_, n. sufficiently large
we get

1T (21) " s )| o = lusllee < a7 (Ilys I+ NI7l)),
and it follows )

)_1Hoo<—>(< S g

1T (25
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Define

Ani = }}le($n77$N+) - le(jn,yfn+)H
+|| Dab(an_ 20, ) = Dob(En_, 2.,
M = {ZL‘JGSJZ||I‘J||OO:1}.

It holds for some constant C' > 0:

1T () = T (Z15) eoe

S SU% H (szrl - fl<xn>zn — Zn+1 + f/<'fn)zn)n€j ‘ + Ani
zje
< sup supmax{l,n} H(f'(:cn) — f'(:En)) an + Ay
zg€M nej
< sup max{l,n}Hf’(xn) — f'(:En)H + A
neJ
< Csupmax{l,n} |z, — Zn| + Apns.
neJ

Setting ¢/ = én;' with a constant § > 0, we get for x,, € By();) and n € J
max{1l,n} ||z, — Z,| < nyyp = 0.

Thus for sufficiently small § > 0 and —n_, n, sufficiently large, the following esti-

mate holds
o

HPiI(ZEJ) —I(z15)

This implies assumption (50) from Appendix A.3, Lemma 20:

I Tz <K:= 7 <o <
I (@) =T @)]], o Shi=5 <o < 1T (@) 7|

for all z; € By(Zs).

The second assumption (51) from Lemma 20, is a consequence of A7 and AS8.
Here we use that the orbits converges towards the fixed point {1 as n — £oo with
an exponential or a polynomial rate, respectively (cf. Theorem 3). Let 3 be a strict
lower bound for the smallest unstable eigenvalue of f’(£_) in absolute value. For
sufficiently large —n_, n, we get the estimates

Il = s = F) s I+ )|
-0
< C(llEn. = &P+ 1z, — &P

_re Pe g a

— (o —n).

IA
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Finally, Appendix A.3, Lemma 20 gives us the existence and uniqueness of the
zero x; € By(z)y) of I';. The error estimate follows from (53) by setting y; = 7/,

Yo =

1

O — KR

*

7 2l < = Is(@n) ~ Do) || = 2.2,

=0

_ P+
< C(ﬁnp +n, q )

4.2 Boundary conditions

In this section we introduce the boundary condition used for the numerical calcula-
tions.

Definition 18 The map by,,; € C*(R*,R") defined by
bpr0j<x,y> = P*S<x_§7>+P+u<y_£+)’ 'rvyeIR'k7

where P~* and P** are projectors with R(P~*) = X*, R(P*") = X¥, is called
projection boundary map.

The boundary condition byoj(z,_, 2,, ) = 0 is of order (p_,p;) > (2,2), cf. [11,
Proposition 3.1.5], [8, Lemma 4.6]. In case the tangent space X} approximates W
up to order n, this boundary condition is of order p, = n+1. An example for which
the projection boundary condition is of order p, = 3 is considered in Section 5.

5 Example

In this section we present an example that exhibits a non-hyperbolic heteroclinic
orbit. This orbit can be approximated by a solution of the defining system (35). Fur-
thermore, we show that the estimate for the approximation error (37) is confirmed
by the numerical results.

Consider the following Hénon-like map

R?xR — R?
f: (2,2) <(%—)\)x1+x‘z’+%x‘f+x2)

3
2Tt

This map possesses two branches of fixed points {1 () for all A € R, where £, (\) = 0.
The matrix f, (§+()\), /\) has the eigenvalues

1 X 1
TN == — £ SVAN2 — 4N+ 2
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thus at A = 0 the center eigenvalue —1 occurs. The second fixed point has one stable
and one unstable eigenvalue for all —% <A< % The bifurcation diagram, obtained
with CONTENT, see [14], is shown in Figure 5.

At A = 0 the fixed point &, (\) undergoes a flip-bifurcation, thus the reduced
system at A = 0 has the normal form (cf. [13])

g(r) = — Lz + O(29%?), (>0, ¢=2.

@+ period 2
@ &GO N

/ .
a1k _@_F Period 2

X1

B A

4 \ \ \ \ \ \ \ \
-05 -04 -03 -02 -01 0 01 0.2 0.3 04 0.5

Figure 5: Bifurcation diagram of fized points of f, projected to the (A, x1)-
space.

A non-hyperbolic orbit of length n_ = —10, n, = 30 is plotted in Figure 6. To
illustrate the transversality, approximations of W* and WY are also displayed.
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Figure 6: An orbit of length n_ = —10, ny = 30, plotted together with
an approximation of W and W¥.

For the calculation of the approximation error we compute an orbit of length
n_ = —103, n, = 10° as reference orbit, because an exact orbit is not known. This
orbit is compared with ’short’ orbits of length n_ = —10%, n, € [10, 10°]. According
to Theorem 16 and Theorem 3 we get

_ by
12— 2]l < C (ﬁ fn ) -

P+

When n., ¢ is the slowest term in the sum we can estimate 2+ from
+ q

q ~ 10g10(”+)

b+ — log (Hju - $J||oo)

Note that the projection boundary condition in this example is of order p, = 3 (see
Section 4.2) and ¢ = 2.

Table 1 shows the agreement of the numerical calculation with the theoretical
error estimate (37).
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_ —logyo (1717 — 2|l

ny | logyg (||5U|J - xJHoo) mlo(g (n ) )
10 +
10! -1.768373 1.768373
102 -3.382771 1.691385
103 -4.943709 1.647903
10% -6.464676 1.616169
10° -7.971346 1.594269

Table 1: Numerical computation of the polynomial rate of the approxi-
mation error.

A Appendix

A.1 Green’s function

Consider the inhomogeneous difference equation
Upi1 — Aplp =T,  Un,Tn € RF, n € JczZ* (46)

with nonsingular matrices A4, € R®*. Denote the solution operator of (46) by ®
and assume that (46) has a polynomial dichotomy on J with data (K, a, v, P3¢, P").
We extend the system (46) by introducing a boundary condition

Pru,_=¢, CER(PY). (47)
Green’s function (cf. [18]) is defined by

O(n,m)P*,  n>m,
—®d(n,m)P", n<m.

G(n,m) == {

The polynomial dichotomy immediately provides us with estimates for Green’s func-
tion:

K (2™, n>m,

Kem=n)  n < m.

et < {
Furthermore, Green’s function is a solution of
Gn+1,m)=A,Gn,m)+ dpm-11.

We obtain a solution of (46), (47) by

U, = P(n,n_)¢ + Z G(n,m+ 1)r,

meJ

provided the convergence of » _;G(n,m 4+ 1)ry, can be assured.
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A.2 Transformation

The following lemma (cf. [10, Chapter 10, Proposition 3.1}, [8, Lemma 3.5]) is useful
when solving a functional equation.

Lemma 19 Let a,b,c € N. Consider for v € R¢, U € R*" the system

<5)F*<L@»i$1b@»)’ (48)

where L(z)[U] = A(x)UB(z), A € C*(R°,R™), B(z) € C*(R,R). Assume
that L(0) is hyperbolic and b € C*(R¢, R*") with b(0) = 0. Finally assume g €
C?*(R¢,R), g(0) =0 and ¢'(0) has only eigenvalues of absolute value one.

Then there exists a C%-map h : R® — R*" which solves the functional equation

h(g(x)) = L(z)[h(z)] + b(=) (49)

for sufficiently small x € R®.

A.3 A Lipschitz inverse mapping theorem

The following lemma (cf. Vainikko’s Lemma [27]) is used to prove our approximation
theorem.

Lemma 20 Assume Y and Z are Banach spaces, F € CY(Y, Z) and F'(yo) is for
Yo € Y a homeomorphism. Let k, o, ¥ > 0 be three constants, such that the
following estimates hold:

|F'(y) = F'(yo)|]| < w<o< HF' =i Yy € By(yo), (50)
[F(w)]] < (o—r). (51)

Then F has a unique zero § € By(yo) and the estimates
IF'@)7 M < — vy € Buw), (52)
=l < ——IFG) - F)| Vo € Blw)  (53)

are fulfilled.

B Appendix

B.1 Proof of Theorem 4

Proof of Theorem 4: The variational equation (11) is of the form

Unp1r = g (vp)u, = (1 —l(q+ 1)zl + SO(SCn))un

- (H (1— g+ 1)z! + go(xJ)) U, = (0 A+ 1, M) Uy,

i=m
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where ¢(z) = O(z%™!). This leads to the representation

log ((;111) 7 ®(n, m)) = (1 ) log (££L) + log (®(n,m))

n—

— < )log("+1)—<1+q> lqx] +Z€q+1

>_A

+ Z log (1 = £(q + Daf + ¢(x:))
- (1 + %) M(n,m) + I(n,m)
with
Minm) = log (234) = 3 s,
M(n,m) = Z_:E(q +1)af +log (1= lg+ D)af + o(x:)),  plx) = O™,

Let ¢, :==> ", % —log(n), then ¢, converges to Euler’s constant ¢ ~ 0.5772. Thus
M (n,m) can be rewritten in the form

n—1
1
M(n,m) = ¢pi1 — o1 + N(n,m), where N(n,m) := E <,+ 5~ €q:cg) :
i

By using the estimates for x,, given in Theorem 3, Equation (9), it follows that
N(n, 1) is absolutely convergent. This finishes the proof of Theorem 4 since II(n, 1)
is also absolutely convergent. |

B.2 1Idea of proof of the Roughness Theorem

To prove the Roughness Theorem, we consider for X € (R**)”*/ the weighted norm
101 = ma {sup (55)° ). sup e X (o) .
n<m

The Banach space Z5" of bounded sequences in this norm is given by

Z7Y = {X c (RFM™7 11X < oo}. (54)
We further introduce the bilinear operators 77 and T" by
T,T : Z7"xSyHRFF) — (RFF)7*7,
T(X,E;) = > Gnl+1)EX(,m) :
lej (nym)eJxJ
T(X,E;) = G+Ti(X, Ey),
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where G denotes Green’s function of the unperturbed system (13) (cf. Appendix
A.1). For these operators, the following lemmas hold, cf. [8, Lemma 2.8 and Lemma
2.9].

Lemma 21 With the assumptions of Theorem 8 the inclusion R(Ty) C Z7" holds
for every sequence E; € SY(RF*). Furthermore, we have the estimate

1T E5)lo < ol Eglls,
where the constant o > 0 is independent of E;.
Lemma 22 With the assumptions of Theorem 8 we get
T € C™(Z5" x SHRM), Z5). (55)
For X € Z}", E; € SLRMF) the following statements (i) and (i) are equivalent.
(i) X is a fized point of T(-, Ej).
(i) For all (n,m) € J x J we have the equations

X(n+1,m) = (An+ E)X(m,m) + Gy, (56)
P X(n_,m) = FG(n_,m), (57)

where G is Green’s function of the unperturbed systems (13).

From Lemma 22, it follows that a fixed point X of the operator T(-, E;) is a
Green’s function of the perturbed system (19). Then Lemma 21 is used to prove
uniform contraction of T'(-, E;) for p||E;||; sufficiently small.

Define for n € J the projectors Q:¢, Q% by

Q= X(Ey,n,n), Qv=1I1-Qy.

By using the estimate from Lemma 21 we get the polynomial dichotomy of the
perturbed system (19) on J with data (K, «, v, Q5¢, Q).
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