Dynamical systems generated by parabolic equations on the real line

Vasiliy S. Kolezhuk^∗

Abstract

A parabolic reaction-diffusion equation is considered on the real line. An existence theorem is proved in a weighted Sobolev space with a specific weight. Estimates of solutions and their higher derivatives are obtained. The existence of the global attractor in the sense of Babin-Vishik is established.

1 Introduction

The qualitative study of dynamical systems generated by partial differential equations on unbounded domains has been started not long ago. This study was stimulated by Babin and Vishik who gave a definition of an attractor which corresponds to a pair of spaces (see [1], [2]). Later several papers appeared, studying attractors of dynamical systems generated by various partial differential equations and by their discretizations (see [6], [3], [7], [8] for example).

We consider the equation

∂_tu(t, x) = Δu(t, x) − f(u(t, x)), (1)

u|_{t=0} = u_0, (2)

with a smooth globally Lipschitz continuous nonlinearity f. In [2], Babin and Vishik have proved the existence of an (H, H_w)-attractor of the dynamical system generated by equation (1) on an unbounded domain, where H is a weighted analog of the Sobolev space W^1_2 and H_w is the same space endowed with the weak topology. In [6], Mielke and Schneider studied the Ginzburg-Landau equation and proved the existence of the global attractor in the case where the two topologies chosen, correspond to the weighted Sobolev norm and a stronger norm called ”‘uniformly local”’.

∗Faculty of Mathematics and Mechanics, St. Petersburg State University, University av., 28, 198504, St. Petersburg, Russia. E-mail: kvs@rambler.ru

In this paper, we prove the existence of the attractor for the dynamical system generated by the one-dimensional equation (1)-(2) for the same pair of spaces as in [6]. Our estimates will also be essential in proving the convergence of attractors for discretizations of (1), see the subsequent paper [4].

The structure of the paper is as follows. Section 2 contains the terminology, notation and elementary properties, we later use. The main result of Section 3 is an existence theorem for a solution of equations (1)-(2). Section 3 contains the estimates of solutions of equation (1)-(2) while Section 4 provides estimates of higher derivatives. Finally, in Section 5 we prove the existence of the attractor.

2 Terminology and elementary properties

In this section, we introduce notation and conventions we later use. Also we mention some known facts.

1) Let E be a Banach space. We use the symbol ‖ · ‖_E to denote its norm. The symbol E^∗ denotes the space of continuous linear functionals on the space E.

Given a number p ∈ [1; +∞], choose p^′ such that^1_p +^1_{p′} = 1 holds. We define some spaces of mappings:

a) L_p([0; T ]; E), T ≥ 0, is the space of mappings u : [0; T ] → E defined for almost all t ∈ [0; T ], such that the function ‖u(·)‖_E belongs to the space L_p([0; T ]), cf. [7].

b) C^∞_0 ((0; T ); E) is the space of mappings u ∈ C^∞([0; T ]; E) such that supp u ⊂ (0; T ). Similarly,

C^∞_0 ([0; T ); E) := {u ∈ C^∞([0; T ]; E) : supp u ⊂ [0; T )}.

2) Let Ω ⊂ R be an open interval. We denote by H^l(Ω) the usual Sobolev spaces of real valued functions that have local derivatives in L_2(Ω) up to the order l.

Fix a number γ < 0 and introduce the weight function φ(x) := (1+|x|^2)^γ . We denote by H_{0,γ} (Ω) the space of locally integrable functions u : Ω → R, defined for almost all x ∈ Ω, such that

‖φ^{1/2}u‖_{L2 (Ω)} = ∫ Ω φ(x)|u(x)|^2 dx < +∞.

The space H_{0,γ} (Ω) is endowed with the scalar product

⟨u; v⟩_{0,γ} := ∫ Ω φ(x)u(x)v(x) dx.

We also use the Sobolev spaces H_{l,γ}(Ω) (l ∈ N) of functions u ∈ H_{0,γ} (Ω) such that D^αu ∈ H_{0,γ} (Ω) for all α ≤ l. The spaces H_{l,γ}(Ω) are endowed with the scalar product

⟨u; v⟩_{l,γ} := ∑ 0 ≤ α ≤ l

⟨D^αu; D^αv⟩_{0,γ} .

In the following we consider the weight functions φ_ε(x) := φ(εx) for ε > 0.

Lemma 2.1 (properties of the functions φ_ε and spaces H_{l,γ} ) There exist constants C_1 = C_1(ε, γ) and C_2 = C_2(γ) that are independent of Ω, with the following properties.

(1) If a function u belongs to the space H_{l,γ}(Ω)(l = 0, 1, or 2), then φ^{1/2}_ε u ∈ H^l(Ω), and the following inequalities hold:

C^{−1}_1 ‖φ^{1/2}_ε u‖_Hl_{(Ω)} ≤ ‖u‖_{l,γ} ≤ C_1‖φ^{1/2}_ε u‖_Hl_{(Ω)}. (3)

Note that H^0(Ω) := L_2(Ω).

(2) The following inequalities hold:

|φ^′_ε(x)| ≤ C_2ε(φ_ε(x))^{1−(2γ)−1} ≤ C_2εφ_ε(x), x ∈ R. (4)

For a proof, we refer to [3].

It follows from Lemma 2.1 that for any fixed ε, the norms with weights φ_ε instead of the weight φ in the spaces H^l_γ (Ω) are equivalent to the original ones.

We also use the Sobolev space 0 W^1_2 (Ω) which is the closure of C^∞_0 (Ω) w.r.t. the norm of W^1_2 (Ω). Additional properties can be found in [5]. We

denote the corresponding weighted space by^0H_{1,γ} (Ω).

3) Let E and E_0 be Banach spaces, E ⊂ E_0. Given arbitrary elements f ∈ E^∗_0 and v ∈ E_0, we denote ⟨f; v⟩_{E0} := f(v). We will omit the index ’E_0’ when it does not lead to a confusion. We call a mapping w ∈ L_1([0; T ]; E_0) an E_0-derivative of a mapping u ∈ L_1([0; T ]; E) if for any mapping φ ∈ C^∞_0 ((0; T ); E^∗_0 ), the identity T∫ 0 ⟨φ(t); w(t)⟩ dt = − T∫ 0 ⟨∂_tφ(t); u(t)⟩ dt (5)

holds. We call such a derivative a weak derivative as opposed to the ’strong’ Sobolev derivatives.

If E_0 = E^∗, we call the mapping w the derivative of the mapping u and denote it by ∂_tu. Note that the meaning of the introduced symbol depends on the embedding of E into E^∗. We fix the embedding later if necessary.

Lemma 2.2 (traces and the integration by parts formula) Let H be a Hilbert space with a scalar product ⟨·; ·⟩_H , let V be a Banach space such that V ⊂ H ⊂ V^∗ (in this case, we have the standard embedding of the space V into the space V^∗ which is the composition of the embeddings V → H → H^∗ → V^∗), and let p be a number from the interval [1; +∞]. Let functions u, v ∈ L_p([0; T ]; V ) ∩ L_∞([0; T ]; H) have the derivatives ∂_tu, ∂_tv ∈ L_p′ ([0; T ]; V^∗). Then for any t ∈ [0; T ], the traces u(t) ∈ H and v(t) ∈ H are well-defined and the following equality holds: T∫ 0 ⟨∂_tu; v⟩ dt + T∫ 0 ⟨∂_tv; u⟩ dt = ⟨u(T ); v(T )⟩_H − ⟨u(0); v(0)⟩_H .

See [1], p.30 for a proof.

Note that the value of a mapping u ∈ L_p([0; T ]; V ) at a point is not defined, in general. Below we denote by u(t) the trace of the mapping u at a point t.

We also note that under the conditions of Lemma 2.2, the function ⟨u(t); v(t)⟩_H has a Sobolev derivative

∂_t⟨u(t); v(t)⟩_H = ⟨∂_tu; v⟩ + ⟨∂_tv; u⟩

of the class L^1[0; T ].

4) We use the Gronwall lemma in the following two forms.

Lemma 2.3 (Integral Gronwall inequality) Consider functions f ∈ W^1_1 ([0; T ]) and g : [0; T ] → R^+ such that for some constants C_1 and C_2 ≥ 0, the following inequality holds:

f(t) + g(t) ≤ C_1 + C_2 t∫ 0 f(τ) dτ for all t ∈ [0; T ].

Then the following inequalities hold:

f(t) ≤ C_1e^{C2 t} and g(t) ≤ C_1e^{C2 t}.

Lemma 2.4 (differential Gronwall inequality) Let f ∈ W^1_1 [0, T ] be a function satisfying the following inequality:

f^′(t) ≤ −λf(t) + C_0,

for almost all t ∈ [0; T ], where the constant λ ≥ 0. Then the following inequality holds for all t ∈ [0; T ]:

f(t) ≤ C_0λ^{−1}(1 − e^{−λt}) + f(0)e^{−λt}.

A proof for the case f ∈ C^1[0; T ] can be found in [1], p.18. The case f ∈ W^1_1 [0; T ] is treated similarly.

3 Existence theorem

Let Ω ⊂ R be an interval. We consider the boundary value problem ∂_tu(t, x) = Δu(t, x) − f(u(t, x), t, x), (6) u|_{t=0} = u_0, (7) u|_{∂Ω} = 0, (8) where these equalities are true for almost all (t, x) ∈ [0; T ] × Ω.

We assume that f ∈ C(R × [0; T ] × Ω) satisfies the following inequality: |f(u, t, x)| ≤ C_f |u| (9) with a constant C_f . We also assume that u_0 ∈ H_{0,γ} (Ω).

Assume that the function f = f(u) is Lipschitz continuous and satisfies the following dissipativity condition: f(u) · u ≥ λ_0|u|^2 − λ_1 (10) with some constants λ_0 > 0 and λ_1 ∈ R (we work with such functions in Section 5). It is easy to see that such a function f has a zero v ∈ R. By the change of variable u := u − v, we obtain an equation (6)-(8) with the function f̃(u) = f(u+v) having 0 as a zero. Since the function f̃ is Lipschitz continuous too, it satisfies inequality (9).

We consider two kinds of solutions of equation (6)-(8). A weak solution of equation (6)-(8) is a mapping

u ∈ L_∞([0; T ]; H_{0,γ} (Ω)) ∩ L_2([0; T ];^0H_{1,γ} (Ω)) having ∂_tu as a weak derivative and satisfies the equalities (6)-(8). Here we embed the right-hand side of equation (6) into the space L_2([0; T ]; (H_{1,γ} (Ω))^∗) according to the following formula: T∫ 0 ⟨Δu − f; w⟩dt = − T∫ 0 ∫ Ω (u^′_x(φw)^′_x + φfw)dxdt

for all mappings w ∈ L_2([0; T ]; H_{1,γ} (Ω)). Note that if the function Δu − f belongs to the space L_2([0; T ]; H_{0,γ} (Ω)) the standard embedding of this function to the space L_2([0; T ]; (H_1(Ω))^∗) leads to the same result.

A strong solution of equation (6)-(8) is a mapping u ∈ L_∞([0; T ]; H_{1,γ} (Ω)) ∩ L_2([0; T ]; H_{2,γ} (Ω)) having ∂_tu as a strong derivative and satisfying the equalities (6)-(8).

We note that any strong solution is also a weak solution. Furthermore, if γ ≤ −1/2 (this is the case considered in Section 5), then the abovementioned change of variables u := u − v transforms all functional spaces, we use, onto themselves.

For a bounded interval Ω, the following equalities hold:

H_{0,γ} (Ω) = L_2(Ω),^0H_{1,γ} (Ω) = 0 W^1_2 (Ω),

and the corresponding norms are equivalent. Hence, the definition of the weak derivative implies that the mapping

u ∈ L_∞([0; T ]; L_2(Ω)) ∩ L_2([0; T ]; 0 W^1_2 (Ω))

is a weak solution of equation (6)-(8) if and only if for any mapping

v ∈ L_2([0; T ]; 0 W^1_2 (Ω)) ∩ L_∞([0; T ]; L_2(Ω)), v(T ) = 0,

having a strong derivative ∂_tv ∈ L_2([0; T ]; L_2(Ω)), the following equality holds:_t ∫ 0 ∫ Ω (u^′_xv^′_x + f(u)v − u∂_tv) dxdt = ⟨u_0; v(0)⟩_{L2 (Ω)}.

Thus, weak and strong solutions of equation (6)-(8) correspond to the standard weak and strong solutions of a parabolic equation on a bounded domain. The corresponding theory states that under our assumptions, there exists a weak solution of equation (6)-(8). If u_0 ∈ H_{1,γ} (Ω) is additionally assumed, a strong solution of equation (6)-(8) exists.

Our aim in this section is to prove an existence theorem for strong solutions in case of an unbounded interval Ω. We begin with estimates of solutions. Here and below, we denote by C positive constants that do not depend on the interval Ω, on the initial value u_0 and on a solution u. The value of C may be different in different places.

Lemma 3.1 Let the interval Ω be bounded. Then the solution u(t, x) of the equation (6)-(8) satisfies the inequalities

‖u(t)‖_{0,γ} ≤ C‖u_0‖_{0,γ} e^{Ct}, t ∈ [0; T ], (11) T∫ 0 ‖u(t)‖^2_{1,γ} dt ≤ C‖u_0‖^2_{0,γ} e^{CT} . (12)

Note that we do not have to specify whether we consider a weak or a strong solution before Lemma 3.4 since our statements here hold for weak solutions.

Proof.

Fix a number ε > 0. Let us first calculate the ( 0 W^1_2 (Ω))^∗-derivative ∂^′_t(φ^{1/2}_ε u) of the mapping φ^{1/2}_ε u corresponding to the embedding 0 W^1_2 (Ω) → L_2(Ω) → ( 0 W^1_2 (Ω))^∗.

For an arbitrary function v ∈ H^1([0, T ]; 0 W^1_2 (Ω)) it follows from the definition of weak derivatives and the embedding of the function Δu − f that T∫ 0 ⟨∂^′_t(φ^{1/2}_ε u); v⟩ 0_{W 1}

2 (Ω)

= − T∫ 0 ⟨φ^{1/2}_ε u; ∂_tv⟩ 0_{W 1}

2 (Ω)

= − T∫ 0 ∫ Ω φ^{1/2}_ε u∂_tv

= − T∫ 0 ∫ Ω φu∂_t( φ^{1/2}_ε φ v)

= T∫ 0 ⟨∂_tu;

φ^{1/2}_ε φ v⟩_{H1,γ (Ω)}

= − T∫ 0 ∫ Ω (u^′_x(φ^{1/2}_ε v)^′_x + φ^{1/2}_ε fv).

Hence,

⟨∂^′_t(φ^{1/2}_ε u); v⟩ 0_{W 1}

2 (Ω) = − ∫ Ω (u^′_x(φ^{1/2}_ε v)^′_x + φ^{1/2}_ε fv).

After the derivative ∂^′_t is calculated we apply Lemma 2.2 to the mappings u := φ^{1/2}_ε u and v := φ^{1/2}_ε u (and spaces V := 0 W^1_2 (Ω), H := L_2(Ω)) and the interval [0, t_1] and deduce that ‖φ^{1/2}_ε u(t_1)‖^2_{L2(Ω)} − ‖φ^{1/2}_ε u(0)‖^2_{L2 (Ω)} = 2 t_1∫

0 ⟨∂^′_t(φ^{1/2}_ε u); φ^{1/2}_ε u⟩ 0_{W 1}

2 (Ω) dt

= −2

t_1∫

0 ∫ Ω ((φ_ε)^′u u^′_x + φ_ε(u^′_x)^2 + φ_εfu) dx dt. (13)

Estimating the right-hand side of (13), we get by (4)

‖φ^{1/2}_ε u(t_1)‖^2_{L2 (Ω)} + 2

t_1∫

0 ∫ Ω φ_ε(u^′_x)^2 dxdt (14)

≤ ‖φ^{1/2}_ε u(0)‖^2_{L2 (Ω)} + Cε

t_1∫

0 ∫ Ω φ_ε(|u|^2 + |u^′_x|^2) dxdt + C

t_1∫

0 ∫ Ω φ_ε|u|^2 dxdt,

where the constant C does not depend even on the number ε. We choose the number ε such that 0 < ε < C^{−1}. Then inequality (14) can be rewritten as ‖φ^{1/2}_ε u(t_1)‖^2_{L2 (Ω)} +

t_1∫

0 ∫ Ω φ_ε|u^′_x|^2 dxdt ≤ ‖φ^{1/2}_ε u(0)‖^2_{L2 (Ω)} +C

t_1∫

0 ∫ Ω φ_ε|u|^2 dxdt.

(14^′) Applying Lemma 2.3, we get the following inequalities:

‖φ^{1/2}_ε u(t)‖^2_{L2 (Ω)} ≤ C‖φ^{1/2}_ε u(0)‖^2_{L2 (Ω)} · e^{Ct}, t∫ 0 ‖φ^{1/2}_ε u^′_x(τ) ‖^2_{L2 (Ω)} dτ ≤ C‖φ^{1/2}_ε u(0)‖^2_{L2 (Ω)} · e^{Ct}.

Due to inequality (3), the estimates (11) and (12) are valid. □ We give some more estimates of solutions which are proved similarly.

Lemma 3.2 Let the interval Ω be bounded and let the function f be uniformly Lipschitz continuous in u with respect to (t, x) for all (t, x) ∈ [0; T ] × Ω. Assume that functions u_1 and u_2 are solutions of equation (6) and (8) with initial values u_1|_{t=0} = u_{01} and u_2|_{t=0} = u_{02}, respectively, where u_{01}, u_{02} ∈ H_{0,γ} .

Then the following inequality holds:

‖u_1(t) − u_2(t)‖_{0,γ} ≤ C‖u_{01} − u_{02}‖_{0,γ} · e^{Ct}, t ∈ [0; T ].

Proof. We note that if f is uniformly Lipschitz continuous in u with respect to (t, x) for all (t, x) ∈ [0; T ] × Ω, then f has the Sobolev derivative f^′_u ∈ L_∞(R × [0; T ] × Ω).

Let us write equations (6) and (8) for the solutions u_1 and u_2 and subtract the latter equations from the former ones:

∂_t(u_1 − u_2)(t, x) = Δ(u_1 − u_2)(t, x) + (f(u_1(t, x), t, x) − f(u_2(t, x), t, x)), (u_1 − u_2)|_{∂Ω} = 0. (15)

We result in an equation of the form (6)-(8) with the function

f(u, t, x) := u 1∫ 0 f^′_u(θu_1(t, x) + (1 − θ)u_2(t, x), t, x)dθ

for the mapping u := u_1 − u_2 with the initial value (u_1 − u_2)|_{t=0} = u_{01} − u_{02}. We note that such a function f satisfies condition (9). Hence, we obtain the required inequality from Lemma 3.1. □ Lemma 3.3 Let γ < −1/2 and let Ω be a bounded interval. Assume that the function f satisfies the estimate f(u, t, x) · u ≥ λ_0|u|^2 − λ_1. (16) Then the following inequality holds: ‖u(t)‖^2_{0,γ} ≤ C(1 + ‖u_0‖^2_{0,γ} e^{− λ02 t}), t ∈ [0; T ], where the constant C does not depend on T.

Proof. Fix a number ε > 0. According to Lemma 2.2 applied to the mappings u := φ^{1/2}_ε u and v := φ^{1/2}_ε u, the function ‖φ^{1/2}_ε u(t)‖^2_{L2(R)} is of class W^1_1 ([0; T ]) and its Sobolev derivative ∂_t‖φ^{1/2}_ε u(t)‖^2_{L2(R)} is equal to 2⟨∂^′_t(φ^{1/2}_ε u); φ^{1/2}_ε u⟩ 0_{W 1}

2 (Ω)

, where the symbol ∂^′_t was defined in the proof of Lemma 3.1.

Taking into account the expression for the derivative ∂^′_t(φ^{1/2}_ε u) calculated in the proof of Lemma 3.1, we see that

∂_t‖φ^{1/2}_ε u(t)‖^2_{L2(R)} = −2 ∫ Ω ((φ_ε)^′u u^′_x + φ_ε(u^′_x)^2 + φ_εfu). (17)

Estimating the right-hand side of (17) and taking into account the inequalities (4) and (16), we obtain the following estimate:

∂_t‖φ^{1/2}_ε u(t)‖^2_{L2(R)} + 2 ∫ Ω φ_ε(u^′_x)^2 dx

≤ Cε ∫ Ω φ_ε(|u|^2 + |u^′_x|^2) dxdt − λ_0 ∫ Ω φ_ε|u|^2 dxdt + λ_1 ∫ R φ_ε dx, (18)

where the constant C does not depend on the number ε. We choose the number ε such that 0 < ε < C^{−1} min{1; λ_0/2}. Then inequality (18) can be rewritten as

∂_t‖φ_εu(t)‖^2_{L2 (R)} + ∫ Ω φ_ε(u^′_x)^2 dx ≤ − λ_0 2 ∫ Ω φ_ε|u|^2 dxdt + λ_1 ∫ R φ_ε dx.

Applying Lemma 2.4, we deduce the inequality

‖φ^{1/2}_ε u(t)‖^2_{L2(Ω)} ≤ ‖φ^{1/2}_ε u(0)‖^2_{L2 (Ω)} · e^{− λ02 t} + 2C λ_0

(1 − e^{− λ02 t}).

The latter inequality and inequality (3) imply the required estimate. □ Below in this section, we assume that the initial value u_0 belongs to the space H_{1,γ} (Ω) and consider only strong solutions of equation (6)-(8). Lemma 3.4 Let the interval Ω be bounded. Then any solution u ∈ L_∞([0; T ]; H_{1,γ} (Ω)) ∩ L_2([0; T ]; H_{2,γ} (Ω)) of equation (6)-(8) satisfies the following estimates:

‖u(t)‖_{1,γ} ≤ C‖u_0‖_{1,γ} e^{Ct}, t ∈ [0; T ], (19) T∫ 0 ‖u(t)‖^2_{,γ} dt ≤ C‖u_0‖^2_{1,γ} e^{CT} , (20) T∫ 0 ‖∂_tu(t)‖^2_{0,γ} dt ≤ C‖u_0‖^2_{1,γ} e^{CT} . (21)

Proof. Fix ε > 0. Note that u^′_x ∈ L_∞([0; T ]; H_{0,γ} (Ω)) ∩ L_2([0; T ]; H_{1,γ} (Ω)) = L_∞([0; T ]; L_2(Ω)) ∩ L_2([0; T ]; H^1(Ω)) and ∂_tu ∈ L_2([0; T ]; L_2(Ω)).

Let us first calculate the derivative ∂^′_t(φ^{1/2}_ε u^′_x), where the symbol ∂^′_t was defined in the proof of Lemma 3.1. Since for any function v ∈ H^1([0, T ]; 0 W^1_2 (Ω)) the equalities T∫ 0 ⟨∂^′_t(φ^{1/2}_ε u^′_x); v⟩ 0_{W 1}

2 (Ω)

= − T∫ 0 ⟨φ^{1/2}_ε u^′_x; ∂_tv⟩ 0_{W 1}

2 (Ω)

= − T∫ 0 ∫ Ω φ^{1/2}_ε u^′_x∂_tv

= − T∫ 0 ∫ Ω u∂_t(φ^{1/2}_ε v)^′_x

= − T∫ 0 ∫ Ω ∂_tu(φ^{1/2}_ε v)^′_x

hold, we conclude that ⟨∂^′_t(φ^{1/2}_ε u^′_x); v⟩ 0_{W 1}

2 (Ω) = − ∫ Ω ∂_tu(φ^{1/2}_ε v)^′_x.

Now we apply Lemma 2.2 to the mappings φ^{1/2}_ε u^′_x and φ^{1/2}_ε u^′_x and the interval [0; t_1]. According to this lemma, ‖φ^{1/2}_ε u^′_x(t_1)‖^2_{L2 (Ω)} − ‖φ^{1/2}_ε u^′_x(0)‖^2_{L2 (Ω)} = 2 t_1∫

0 ⟨∂^′_t(φ^{1/2}_ε u^′_x); φ^{1/2}_ε u^′_x⟩ 0_{W 1}

2 (Ω) dt

= −2

t_1∫

0 ∫ Ω (Δu − f)(φ^′_εu^′_x + φ_εΔu). (22)

We estimate the right-hand side of (22) taking (4) into account

‖φ^{1/2}_ε u^′_x(t_1)‖^2_{L2 (Ω)} + 2

t_1∫

0 ∫ Ω φ_ε|Δu|^2 (23)

≤ ‖φ^{1/2}_ε u^′_x(0)‖^2_{L2 (Ω)} + Cε

t_1∫

0 ∫ Ω φ_ε(|Δu|^2 + |u^′_x|^2) + D(ε)

t_1∫

0 ∫ Ω φ_ε|u|^2, where the constant C does not depend even on the number ε and the constant D(ε) ≥ 0. Choosing the number ε such that ε < C^{−1}, we deduce from inequality (23) that

‖φ^{1/2}_ε u^′_x(t_1)‖^2_{L2(Ω)} +

t_1∫

0 ∫ Ω φ_ε|Δu|^2 dxdt

≤ |φ^{1/2}_ε u^′_x(0)‖^2_{L2 (Ω)} + C

t_1∫

0 ∫ Ω φ_ε(|u^′_x|^2 + |u|^2) dxdt. (24)

We add inequalities (24) and (14^′):

‖φ^{1/2}_ε u^′_x(t_1)‖^2_{L2(Ω)} + ‖φ^{1/2}_ε u(t_1)‖^2_{L2(Ω)} +

t_1∫

0 ∫ Ω φ_ε(|Δu|^2 + |u^′_x|^2) dxdt ≤

≤ ‖φ^{1/2}_ε u^′_x(0)‖^2_{L2 (Ω)} + ‖φ^{1/2}_ε u(0)‖^2_{L2 (Ω)}+ +C t_1∫

0 (‖φ^{1/2}_ε u^′_x(t)‖^2_{L2 (Ω)} + ‖φ^{1/2}_ε u(t)‖^2_{L2(Ω)}) dt.

Applying Lemma 2.3, we see that ‖φ^{1/2}_ε u^′_x(t)‖^2_{L2 (Ω)} + ‖φ^{1/2}_ε u(t)‖^2_{L2(Ω)} ≤ ≤ C(‖φ^{1/2}_ε u^′_x(0)‖^2_{L2 (Ω)} + ‖φ^{1/2}_ε u(0)‖^2_{L2 (Ω)}) · e^{Ct} and_t ∫ 0 (‖φ^{1/2}_ε Δu(τ)‖^2_{L2(Ω)} + ‖φ^{1/2}_ε |u^′_x| ‖^2_{L2(Ω)}) dτ ≤

≤ C(‖φ^{1/2}_ε u^′_x(0)‖^2_{L2 (Ω)} + ‖φ^{1/2}_ε u(0)‖^2_{L2 (Ω)}) · e^{Ct} hold for all t ∈ [0; T ]. Due to inequality (3), we obtain the estimates (19) and (20).

Estimate (21) is deduced in the following way: T∫ 0 ‖∂_tu(t)‖^2_{0,γ} dt = T∫ 0 ‖Δu(t, ·) − f(u(t, ·), t, ·)‖^2_{0,γ} dt

≤ 2 T∫ 0 ‖Δu(t, ·)‖^2_{0,γ} dt + C T∫ 0 ‖u(t, ·)‖^2_{0,γ} dt

≤ C T∫ 0 ‖u(t, ·)‖^2_{,γ} dt ≤ C · ‖u_0‖^2_{1,γ} · e^{CT} .

□ Lemma 3.5 Let the interval Ω be bounded and let the mapping f be uniformly Lipschitz continuous in u with respect to (t,x) for all (t, x) ∈ [0; T ]×Ω. Take u_{01}, u_{02} ∈ H_{1,γ} (Ω). Then the solutions u_1, u_2 ∈ L_∞([0; T ]; H_{1,γ} (Ω)) ∩ L_2([0; T ]; H_{2,γ} (Ω)) of equation (6) and (8) with the initial values u_1|_{t=0} = u_{01} and u_2|_{t=0} = u_{02} satisfy the following inequality:

‖u_1(t) − u_2(t)‖_{1,γ} ≤ C‖u_{01} − u_{02}‖_{1,γ} e^{Ct}, t ∈ [0; T ].

Proof. Similar to the proof of Lemma 3.2 the statement follows from Lemma 3.4. □ Theorem 3.6 (existence of solution on an unbounded interval) There exists a solution u ∈ L_2([0; T ]; H_{2,γ} (R)) ∩ L_∞([0; T ]; H_{1,γ} (R)) of equation (6)-(8) with Ω = R. This solution satisfies all estimates from the Lemmas 2.1-2.4.

Proof. We define for any number R ≥ 1 a smooth cut-off function Ψ_R, such that the following conditions are satisfied:

• 0 ≤ Ψ_R(ξ) ≤ 1 for all ξ ∈ R, • Ψ_R(ξ) = 1 if |ξ| ≤ (R − 1)^2, • Ψ_R(ξ) = 0 if |ξ| ≥ R^2, • |Ψ^{(k)}_R (ξ)| ≤ C_k for all ξ ∈ R.

Further, we define Ω_R : = (−R; R) and u_{0,R}(x) : = Ψ_R(|x|^2)u_0(x). Let û_R ∈ L_2([0; T ]; H_{2,γ} (Ω_R)) ∩ L_∞([0; T ]; H_{1,γ} (Ω_R)) be a solution of the equations (6)-(8) with u_0 : = u_{0,R} on the bounded interval Ω_R. Since the interval is bounded, this solution exists and is unique.

Note that ‖u_{0,R}‖_{l,γ} ≤ C‖u_0‖_{l,γ} (l ≤ 1). Hence, for all R ≥ 1, the norms of the mappings û_R in the corresponding spaces L_2([0; T ]; H_{2,γ} (Ω_R)) ∩ L_∞([0; T ]; H_{1,γ} (Ω_R)) are uniformly bounded with respect to R.

We define

u_R(t, x) : = Ψ_R(|x|^2) · { û_R(t, x) if|x| ≤ R, 0 otherwise.

The norms of the mappings u_R in the space

L_2([0; T ]; H_{2,γ} (R)) ∩ L_∞([0; T ]; H_{1,γ} (R))

are also uniformly bounded with respect to R. Similarly, the norms of the mappings ∂_tu_R from Lemma 3.4 are uniformly bounded with respect to R. It follows that there exists a sequence u_j := u_{Rj} , j ∈ N, such that R_j → +∞ as j → +∞ with the following properties: the sequence {u_j }_{j∈N} is weakly convergent in the space L_2([0; T ]; H_{2,γ} (R)) and weak-* convergent in the space L_∞([0; T ]; H_{1,γ} (R)), and the sequences {∂_tu_j}_{j∈N} and {f(u_j (·, ·), ·, ·)}_{j∈N} are weakly convergent in the space L_2([0; T ]; H_{0,γ} (R)).

We denote the limit of the sequence {u_j }_{j∈N} by u_∞ = u_∞(t, x). Passing to the limit in equation (5), we see that ∂_tu_j → ∂_tu_∞ as j → +∞. Furthermore, since u_j → u_∞ as j → ∞, we see that u_j(t, x) → u_∞(t, x) as j → +∞ weakly in the space H^1_{loc}(R × [0, T ]), and hence, strongly in the space L_{2,loc}(R × [0, T ]). Since the function f is Lipschitz continuous in u, the functions f(u_j(·, ·), ·, ·) also converge to the function f(u_∞(·, ·), ·, ·) in the space L_{2,loc}(R × [0, T ]). Finally, passing to the limit in equation (6), we obtain the equality ∂_tu_∞ = Δu_∞ − f(u_∞(·, ·), ·, ·).

Now we prove the equality u_∞|_{t=0} = u_0. Since the sequences of mappings {∂_tu_j }_{j∈N} and {u_j }_{j∈N} are weakly convergent in the space

L_2([0; T ]; H_{0,γ} (R)),

u_j → u_∞ weakly as j → +∞ in the space W^1_2 ([0; T ]; H_{0,γ} (R)). It follows that the traces {u_j |_{t=0}}_{j∈N} converge to the trace u_∞|_{t=0} in the space H_{0,γ}. On the other hand, since u_j |_{t=0} = Ψ^2_{Rj} (| · |^2)u_0, it follows from the Lebesgue theorem, that the functions u_j|_{t=0} converge to the function u_0 as j → +∞. Thus, u_∞|_{t=0} = u_0.

Finally, the conclusions of the Lemmas 2.1-2.4 hold for solutions on the interval R, due to the weak upper semi-continuity of the norms in spaces L_p([0; T ]; H_{l,γ} (R)). □ Theorem 3.7 Equations (6)-(8) where Ω = R generate a semi-flow {S_t}_{t≥0} in the space H_{1,γ} (R). If the mapping f is uniformly Lipschitz continuous in u with respect to (t,x) for all (t, x) ∈ [0; T ] × Ω, then all the mappings S_t, t ≥ 0, are continuous in this space.

Proof. It follows from Theorem 3.6 and Lemma 3.5 that there exist mappings S_t : H_{1,γ} (R) → H_{1,γ}(R), t ≥ 0, such that for any function u_0 ∈ H_{1,γ} (R), the mapping u(x, t) : = S_tu_0 is a solution of the equations (6)-(8) in the space

L_∞([0; T ]; H_{1,γ} (R)) ∩ L_2([0; T ]; H_{2,γ} (R)).

The continuity of the mappings S_t follows from Lemma 3.5. □ 4 Estimates of higher derivatives

Here and below, we assume that Ω = R and consider the same boundary value problem as in Section 3:

∂_tu(t, x) = Δu(t, x) − f(u(t, x), t, x), (25) u|_{t=0} = u_0 . (26)

We assume that the mapping f ∈ C(R × [0; T ] × R) satisfies the estimate (9).

Lemma 4.1 Let u be a strong solution of equation (25) (we assume nothing about its initial value). Then for any numbers n ∈ N and t ∈ [0; T ], the following estimates hold:

t^n‖u(t)‖^2_{0,γ} ≤ C t∫ 0 τ^{n−1}‖u(τ)‖^2_{0,γ} dτ, (27) t∫ 0 τ^n‖u(τ)‖^2_{1,γ} dτ ≤ C t∫ 0 τ^{n−1}‖u(τ)‖^2_{0,γ} dτ, (28)

t^n‖u(t)‖^2_{1,γ} ≤ C t∫ 0 τ^{n−1}‖u(τ)‖^2_{1,γ} dτ, (29) t∫ 0 τ^n‖u(τ)‖^2_{,γ} dτ ≤ C t∫ 0 τ^{n−1}‖u(τ)‖^2_{1,γ} dτ, (30) t∫ 0 τ^n‖∂_tu(τ)‖^2_{0,γ} dτ ≤ C t∫ 0 τ^{n−1}‖u(τ)‖^2_{1,γ} dτ. (31)

Proof. We proceed similarly to the proofs of Lemmata 3.1 and 3.4. For an arbitrary number ε > 0, it follows from Lemma 2.2 applied to the mappings u := φ^{1/2}_ε u and v := t^nφ^{1/2}_ε u and the interval [0; t] that t^n‖φ^{1/2}_ε u(t)‖^2_{L2 (R)} = t∫ 0 ⟨φ^{1/2}_ε ∂_tu(τ); τ^nφ^{1/2}_ε u(τ)⟩ + t∫ 0 ⟨φ^{1/2}_ε ∂_τ (τ^nu(τ)); φ^{1/2}_ε u(τ)⟩

= 2 t∫ 0 ⟨φ^{1/2}_ε ∂_tu(τ); τ^nφ^{1/2}_ε u(τ)⟩ + n t∫ 0 ⟨φ^{1/2}_ε τ^{n−1}u(τ); φ^{1/2}_ε u(τ)⟩

= 2 t∫ 0 ⟨φ^{1/2}_ε (Δu(τ) − f(u(τ), τ, ·)); τ^nφ^{1/2}_ε u(τ)⟩

+n t∫ 0 τ^{n−1}‖φ^{1/2}_ε u(τ)‖^2_{L2 (R)}

= −2 t∫ 0 ∫ R τ^nφ_ε(|u^′_x(τ, x)|^2 + f(u(τ, x), τ, x)u(τ, x))

−2 t∫ 0 ∫ R τ^n(φ_ε)^′uu^′_x + n t∫ 0 τ^{n−1}‖φ^{1/2}_ε u(τ)‖^2_{L2 (R)}. (32)

We estimate the right-hand side of equality (32) as follows:

t^n‖φ^{1/2}_ε u(t)‖^2_{L2(R)} + 2 t∫ 0 ∫ R τ^nφ_ε|u^′_x|^2

≤ C t∫ 0 ∫ R τ^nφ_ε|u|^2 + Cε t∫ 0 ∫ R τ^nφ_ε(|u|^2 + |u^′_x|^2)

+n t∫ 0 τ^{n−1}‖φ^{1/2}_ε u(τ)‖^2_{L2 (R)}.

As usual, we choose ε < C^{−1} and deduce the following inequality:

t^n‖φ^{1/2}_ε u(t)‖^2_{L2 (R)} + t∫ 0 ∫ R τ^nφ_ε|u^′_x|^2

≤ C t∫ 0 τ^n‖φ^{1/2}_ε u(τ)‖^2_{L2 (R)} + n t∫ 0 τ^{n−1}‖φ^{1/2}_ε u(τ)‖^2_{L2 (R)}.

Adding the term t∫ 0 τ^n‖φ^{1/2}_ε u(τ)‖^2_{L2 (R)} to both sides of the latter inequality gives

t^n‖φ^{1/2}_ε u(t)‖^2_{L2 (R)} + t∫ 0 ∫ R τ^nφ_ε(|u^′_x|^2 + |u|^2)

≤ C t∫ 0 τ^n‖φ^{1/2}_ε u(τ)‖^2_{L2 (R)} + n t∫ 0 τ^{n−1}‖φ^{1/2}_ε u(τ)‖^2_{L2 (R)}. (33)

Finally, applying Lemma 2.3 to the functions t^n‖φ^{1/2}_ε u(t)‖^2_{L2(R)} and t∫ 0 ∫ R τ^nφ_ε(|u^′_x|^2 + |u|^2),

we deduce from inequality (33) that

t^n‖φ^{1/2}_ε u(t)‖^2_{L2 (R)} ≤ n t∫ 0 τ^{n−1}‖φ^{1/2}_ε u(τ)‖^2_{L2 (R)} · e^{Ct}, t∫ 0 ∫ R τ^nφ_ε(|u^′_x|^2 + |u|^2) ≤ n t∫ 0 τ^{n−1}‖φ^{1/2}_ε u(τ)‖^2_{L2 (R)} · e^{Ct}

hold for all t ∈ [0; T ].

The inequalities (27) and (28) follow from Lemma 2.1.

Now we apply Lemma 2.2 to the mappings u := φ^{1/2}_ε u^′_x; v := t^nφ^{1/2}_ε u^′_x (they satisfy the conditions of Lemma 2.2 as was shown in the proof of Lemma 3.4) and the interval [0; t]. We obtain the following equalities:

t^n‖φ^{1/2}_ε u^′_x(t)‖^2_{L2(R)} = 2 t∫ 0 ⟨φ^{1/2}_ε ∂_tu^′_x(τ); τ^nφ^{1/2}_ε u^′_x(τ)⟩ + n t∫ 0 τ^{n−1}⟨φ^{1/2}_ε u^′_x(τ); φ^{1/2}_ε u^′_x(τ)⟩

= 2 t∫ 0 ∫ R τ^n∂_tu(τ, x)(φ_εu^′_x)^′_x(τ, x) + n t∫ 0 τ^{n−1}‖φ^{1/2}_ε u^′_x(τ)‖^2_{L2 (R)}

= −2 t∫ 0 ∫ R τ^n(Δu(τ, x) − f(u(τ, x), τ, x))((φ_ε)^′_xu^′_x(τ, x) + φ_εΔu(τ, x))

+n t∫ 0 τ^{n−1}‖φ^{1/2}_ε u^′_x(τ)‖^2_{L2 (R)}. (34)

We estimate the right-hand side of (34): t^n‖φ^{1/2}_ε u^′_x(t)‖^2_{L2 (R)} + 2 t∫ 0 ∫ R τ^nφ_ε|Δu(τ, x)|^2

≤ Cε t∫ 0 ∫ R τ^nφ_ε(|Δu|^2 + |u^′_x|^2) + D(ε) t∫ 0 ∫ R τ^nφ_ε|u|^2

+n t∫ 0 τ^{n−1}‖φ^{1/2}_ε u^′_x(τ)‖^2_{L2 (R)}.

We choose ε < C^{−1} and deduce from the latter inequality that t^n‖φ^{1/2}_ε u^′_x(t)‖^2_{L2(R)} + t∫ 0 ∫ R τ^nφ_ε|Δu(τ, x)|^2

≤ C t∫ 0 ∫ R τ^nφ_ε(|u|^2 + |u^′_x|^2) + n t∫ 0 τ^{n−1}‖φ^{1/2}_ε u^′_x(τ)‖^2_{L2 (R)}.

The addition of inequality (33) to the latter inequality gives t^n‖φ^{1/2}_ε u(t)‖^2_{H1 (R)} + t∫ 0 τ^n‖φ^{1/2}_ε u(τ)‖^2_{H2 (R)}

≤ C t∫ 0 τ^n‖φ^{1/2}_ε u(τ)‖^2_{H1 (R)} + n t∫ 0 τ^{n−1}‖φ^{1/2}_ε u(τ)‖^2_{H1 (R)}.

By Lemma 2.3, it follows that t^n‖φ^{1/2}_ε u(t)‖^2_{H1(R)} ≤ n t∫ 0 τ^{n−1}‖φ^{1/2}_ε u(τ)‖^2_{H1 (R)} · e^{Ct}, t∫ 0 τ^n‖φ^{1/2}_ε u(τ)‖^2_{H2(R)} ≤ n t∫ 0 τ^{n−1}‖φ^{1/2}_ε u(τ)‖^2_{H1 (R)} · e^{Ct} hold for all t ∈ [0; T ]. The estimates (29) and (30) follow now from Lemma 2.1.

Finally, estimate (31) can be deduced in the following way: t∫ 0 τ^n‖∂_tu(τ)‖^2_{0,γ} = t∫ 0 τ^n‖Δu(τ) − f(u(τ), τ, ·)‖^2_{0,γ}

≤ 2 t∫ 0 τ^n‖Δu(τ)‖^2_{0,γ} + C t∫ 0 τ^n‖u(τ)‖^2_{0,γ}

≤ (C + CT ) t∫ 0 τ^{n−1}‖u(τ)‖^2_{1,γ} .

□ We define, for an arbitrary mapping v : [0; T ] → H_{0,γ} (R) and a number h > 0, a mapping v^h : [0; T − h] → H_{0,γ} (R) by the formula

v^h(t) := v(t + h) − v(t) h . Lemma 4.2 Let a mapping v ∈ L_p([0; t]; H_{l,γ} (R)) (p ∈ [2; +∞], l ≤ 2) satisfy the following estimates for any number h > 0:

t−h∫ δ a(τ)‖v^h(τ)‖^p_{Hl,γ (R)} ≤ C_v for p < +∞

and esssup

τ ∈[δ;t−h]

a(τ)‖v^h(τ)‖_{Hl,γ (R)} ≤ C_v for p = +∞ , (35)

where δ ≥ 0, the function a : [δ; t] → R satisfies the inequality A_0 ≥ a(τ) ≥ a_0 > 0, and the constant C_v does not depend on the number h. Then there exists a strong derivative ∂_tv ∈ L_p([δ; t]; H_{l,γ} (R)) and the following estimates hold:_t ∫ δ a(τ)‖∂_tv(τ)‖^p_{Hl,γ (R)} ≤ C_v for p < +∞ and esssup

τ ∈[δ;t]

a(τ)‖∂_tv(τ)‖_{Hl,γ (R)} ≤ C_v for p = +∞ . (36)

Proof. We prove the lemma in the case δ = 0 since the remaining case is considered similarly.

Let w ∈ C^∞_0 ((0; T ); H_{0,γ} (R)) be an arbitrary mapping such that supp w ⊂ [h; t − 2h]. Then the following equality holds:

t−h∫ 0 ⟨v^h(τ); w(τ)⟩_{H0,γ (R)} = t−h∫ 0 ⟨ v(t + h) − v(t) h ; w(t) ⟩ H_{0,γ} (R) = t−h∫ h ⟨ v(t);

w(τ − h) − w(τ) h ⟩ H_{0,γ} (R) + 1 h t∫ t−h ⟨v(t); w(t − h)⟩_{H0,γ (R)}

− 1 h h∫ 0 ⟨v(t); w(t)⟩_{H0,γ (R)}.

The last two terms are equal to zero. Thus,

t−h∫ 0 ⟨v^h(τ); w(τ)⟩_{H0,γ (R)} = − t−h∫ h ⟨v(τ); w^h(τ − h)⟩_{H0,γ (R)}. (37)

We introduce a mapping v̂^h : [0; T ] → H_{l,γ}(R) by the formula

v̂^h(τ) := { v^h(τ) if τ ∈ [0; t − h], 0 if τ ∈ (t − h; t]

It follows from inequality (35) that the mappings v̂^h are uniformly bounded in the space L_p([0; t]; H_{l,γ} (R)). Hence, there exists a sequence h_k →_{k→+∞} 0 such that v̂^{hk} ⇁_{k→+∞} v̂ ∈ L_p([0; t]; H_{l,γ} (R)) (i.e. converges weakly) in the space L_p([0; t]; H_{l,γ} (R)). It follows from (37) that t∫ 0 ⟨v̂(τ); w(τ)⟩ = − t∫ 0 ⟨v(τ); ∂_tw(τ)⟩. (38)

Since equality (38) does not depend on the step size h > 0, this equality holds for all mappings w ∈ C^∞_0 ((0; T ); H_{0,γ} (R)), i.e., the mapping v̂ is the strong derivative of the mapping v. Inequality (36) follows from the weak upper semi-continuity of the norm. □

Lemma 4.3 Let a mapping u be a strong solution of equation (25) and let the mapping f = f(u) be Lipschitz continuous. Then there exist the mappings ∂_tu^′_x , ∂_tΔu , ∂^2_t u , which are the corresponding strong derivatives of the mapping u on any interval [δ; T ], where δ > 0. The following inequalities hold for any number m ≥ 0:

t^{m+1}‖∂_tu(t)‖^2_{0,γ} ≤ C t∫ 0 τ^m‖∂_tu(τ)‖^2_{0,γ} dτ, (39) t∫ 0 τ^{m+1}‖∂_tu(τ)‖^2_{1,γ} dτ ≤ C t∫ 0 τ^m‖∂_tu(τ)‖^2_{0,γ} dτ, (40)

t^{m+2}‖∂_tu(t)‖^2_{1,γ} ≤ C t∫ 0 τ^m‖∂_tu(τ)‖^2_{0,γ} dτ, (41) t∫ 0 τ^{m+2}‖∂_tu(τ)‖^2_{,γ} dτ ≤ C t∫ 0 τ^m‖∂_tu(τ)‖^2_{0,γ} dτ, (42) t∫ 0 τ^{m+2}‖∂^2_t u(τ)‖^2_{0,γ} dτ ≤ C t∫ 0 τ^m‖∂_tu(τ)‖^2_{0,γ} dτ (43)

for all t ∈ (0; T ].

Proof. Similarly to proof of Lemma 3.2, we show that the mapping u^h satisfies the following equation for any step size h > 0: ∂_tu^h(t, x) = Δu^h(t, x) − f_h(u^h(t, x), t, x), (44) where f_h(v, t, x) = v 1∫ 0 f^′_v((1 − θ)u(t, x) + θu(t + h, x))dθ.

Since all the mappings f_h satisfy inequality (9), estimates of Lemma 4.1 hold for all the mappings u^h.

Now we estimate the expression t∫ 0 τ^m‖u^h(τ)‖^2_{0,γ} dτ: t∫ 0 τ^m‖u^h(τ)‖^2_{0,γ} = t∫ 0 ∫ R τ^mφ|u^h(τ)|^2 = t∫ 0 ∫ R τ^mφ| 1∫ 0 ∂_tu(τ + θh)dθ|^2

≤ t∫ 0 ∫ R τ^mφ 1∫ 0 |∂_tu(τ + hθ)|^2dθ

≤ 1∫ 0 t∫ 0 ∫ R (τ + hθ)^mφ|∂_tu(τ + hθ)|^2dθ

≤ t+h∫ 0 ∫ R τ^mφ|∂_tu(τ)|^2 = t+h∫ 0 τ^m‖∂_tu(τ)‖^2_{0,γ}

if t+h ≤ T . Hence, denoting t_1 := t+h and applying Lemma 4.1, we obtain the following inequalities:

t^{m+1}‖u^h(t)‖^2_{0,γ} ≤ C

t_1∫

0 τ^m‖∂_tu(τ)‖^2_{0,γ} , (45) t∫ 0 τ^{m+1}‖u^h(τ)‖^2_{1,γ} dτ ≤ C

t_1∫

0 τ^m‖∂_tu(τ)‖^2_{0,γ} , (46)

for all t ∈ [0; t_1 −h]. Further, from inequality (46) and Lemma 4.1 we deduce that

t^{m+2}‖u^h(t)‖^2_{1,γ} ≤ C

t_1∫

0 τ^m‖∂_tu(τ)‖^2_{0,γ} , (47) t∫ 0 τ^{m+2}‖u^h(τ)‖^2_{,γ} dτ ≤ C

t_1∫

0 τ^m‖∂_tu(τ)‖^2_{0,γ} , (48) t∫ 0 τ^{m+2}‖∂_tu^h(τ)‖^2_{0,γ} dτ ≤ C

t_1∫

0 τ^m‖∂_tu(τ)‖^2_{0,γ} (49)

hold for all t ∈ [0; t_1 − h].

We choose δ > 0. Inequalities (39) and (41) for δ < t ≤ T follow from inequalities (45) and (47) and from Lemma 4.2. Hence, they hold for all t ∈ (0; T ].

Applying Lemma 4.2 we deduce from inequalities (46), (48), and (49) that

t_1∫

δ τ^{m+1}‖∂_tu(τ)‖^2_{1,γ} ≤ C

t_1∫

0 τ^m‖∂_tu(τ)‖^2_{0,γ} ,

t_1∫

δ τ^{m+2}‖∂_tu(τ)‖^2_{,γ} ≤ C

t_1∫

0 τ^m‖∂_tu(τ)‖^2_{0,γ} ,

t_1∫

δ τ^{m+2}‖∂^2_t u(τ)‖^2_{0,γ} ≤ C

t_1∫

0 τ^m‖∂_tu(τ)‖^2_{0,γ}

hold for all t ∈ (δ; T ].

Inequalities (40), (42) and (43) follow now from the Lebesgue theorem. □ Corollary 4.4 With the assumptions of Lemma 4.3, it follows from Lemma 4.3 and Lemma 3.4 that for any strong solution u of the equation (25)-(26), the following estimates hold:

t‖∂_tu(t)‖^2_{0,γ} ≤ C‖u_0‖^2_{1,γ} , (50) t∫ 0 τ‖∂_tu(τ)‖^2_{1,γ} dτ ≤ C‖u_0‖^2_{1,γ} , (51)

t^2‖∂_tu(t)‖^2_{1,γ} ≤ C‖u_0‖^2_{1,γ} , (52) t∫ 0 τ^2‖∂_tu(τ)‖^2_{,γ} dτ ≤ C‖u_0‖^2_{1,γ} , (53) t∫ 0 τ^2‖∂^2_t u(τ)‖^2_{0,γ} dτ ≤ C‖u_0‖^2_{1,γ} (54)

for all t ∈ (0; T ].

We conclude this section by proving an estimate of a different type. Lemma 4.5 Assume that a mapping f(u, t, x) = f(u) is Lipschitz continuous twice differentiable, and satisfies estimate (9) and the estimate |f^{′′}(u)| ≤ C_f with some constant C_f for all u ∈ R. Then, for any strong solution u of equation (25)-(26) and for any number δ > 0, the inclusion Δu ∈ L_2([δ; T ]; H_{2,γ} (R)) and the inequality t∫ 0 τ^2‖Δu(τ)‖^2_{,2γ} ≤ C(‖u_0‖^4_{1,γ} + ‖u_0‖^2_{1,γ} ) (55) hold for all t ∈ [0; T ].

Proof. Since Δu = ∂_tu − f(u), it is sufficient to prove that t∫ 0 τ^2‖f(u(τ))‖^2_{,2γ} ≤ C(‖u_0‖^4_{1,γ} + ‖u_0‖^2_{1,γ} ). (56)

Let us estimate the mapping f(u): t∫ 0 τ^2‖f(u(τ))‖^2_{0,2γ} ≤ T^2C^2_f t∫ 0 ‖u(τ)‖^2_{0,γ} .

We estimate the derivative of the mapping f(u) as follows: t∫ 0 τ^2‖(f(u))^′_x(τ)‖^2_{0,2γ} ≤ t∫ 0 τ^2‖f^′(u(τ)) · u^′_x(τ)‖^2_{0,γ} ≤ T^2C t∫ 0 ‖u^′_x(τ)‖^2_{0,γ} .

Finally, we estimate the second derivative of the mapping f(u) applying the Sobolev embedding theorem since the constant in it does not depend on R ≥ 1: t∫ 0 τ^2‖Δ(f(u))(τ)‖^2_{0,2γ}

≤ T t∫ 0 ∫ R τφ^2(f^′(u(τ, x))Δu(τ, x) + f^{′′}(u(τ, x))|u^′_x(τ, x)|^2)^2

≤ C t∫ 0 ∫ R τφ|Δu(τ, x)|^2 + C t∫ 0 ∫ R τφ^2|u^′_x|^4

≤ C t∫ 0 ‖u(τ)‖^2_{,γ} + C t∫ 0 ∫ R φ|u^′_x|^2 · esssup_{x∈R}

τ ∈[0;T ]

τ|φ^{1/2}(x)u^′_x(τ, x)|^2.

Let Ψ_1 be a cut-off function from the proof of theorem 3.6. Then the Sobolev embedding theorem and lemma 2.1 give t∫ 0 τ^2‖Δ(f(u))(τ)‖^2_{0,2γ}

≤ C t∫ 0 ‖u(τ)‖^2_{,γ}

+C t∫ 0 ‖u^′_x(τ)‖^2_{0,γ} · esssup_{τ ∈[0;T ]} sup_{y∈R} esssup_{x∈[y−1,y+1]} τ|φ^{1/2}(x)Ψ_1(x − y)u^′_x(τ, x)|^2

≤ C t∫ 0 ‖u(τ)‖^2_{,γ}

+C t∫ 0 ‖u^′_x(τ)‖^2_{0,γ} · esssup_{τ ∈[0;T ]} sup_{y∈R} τ‖φ^{1/2}Ψ_1(· − y)u^′_x(τ)‖^2_H1_{[y−1;y+1]}

≤ C t∫ 0 ‖u(τ)‖^2_{,γ} + C t∫ 0 ‖u^′_x(τ)‖^2_{0,γ} · esssup_{τ ∈[0;T ]} τ sup_{y∈R} ‖Ψ_1(· − y)u^′_x(τ)‖^2_{1,γ}

≤ C t∫ 0 ‖u(τ)‖^2_{,γ} + C t∫ 0 ‖u^′_x(τ)‖^2_{0,γ} · esssup_{τ ∈[0;T ]} τ‖u(τ)‖^2_{,γ} .

Now it follows from Lemma 3.4 that t∫ 0 τ^2‖f(u(τ))‖^2_{,2γ} ≤ C‖u_0‖^2_{1,γ} (1 + esssup_{τ ∈[0;T ]} τ‖u(τ)‖^2_{,γ} ). (57)

We estimate the last term of the right-hand side of the latter inequality applying Lemma 3.4 and Corollary 4.4 as follows:

esssup

τ ∈[0;T ]

τ‖u(τ)‖^2_{,γ} ≤ esssup_{τ ∈[0;T ]} τ‖u(τ)‖^2_{1,γ} + esssup_{τ ∈[0;T ]} τ‖Δu(τ)‖^2_{0,γ}

≤ C esssup

τ ∈[0;T ]

‖u(τ)‖^2_{1,γ} + 2 esssup_{τ ∈[0;T ]} τ‖∂_tu(τ)‖^2_{0,γ}

+2 esssup

τ ∈[0;T ]

τ‖f(u(τ))‖^2_{0,γ}

≤ C‖u_0‖^2_{1,γ} + C esssup_{τ ∈[0;T ]} ‖u(τ)‖^2_{0,γ}

≤ C‖u_0‖^2_{1,γ} .

Inequality (56) follows from the last inequality and inequality (57). □

5 Existence of the attractor

In this section, we consider a particular case of the boundary value problem (6)-(8); we assume that f = f(u) and Ω = R:

∂_tu = Δu − f(u), (58) u|_{t=0} = u_0. (59)

We assume that the function f is Lipschitz continuous and satisfies the dissipativity condition (10). We also assume that the initial value u_0 ∈ H_{0,γ} (R) with γ < −1/2.

As it was shown in Section 3, we can change the variable u := u + c such that equation (58) transforms into an equation of the same type but with the function f̃ = f(u − c) satisfying inequality (9). Since the problems considered in this section do not depend on such a change, we assume that the function f satisfies inequality (9). Then it follows from the results of Section 3 that the equations (58)-(59) define a continuous semi-flow {S_t}_{t≥0} on the space H_{1,γ} (R).

We state now some properties of the semi-flow {S_t} which follow from the results of Section 3.

We introduce the shift operator T_y : H_{1,γ} (R) → H_{1,γ} (R) as follows:

(T_yu)(x) := u(x + y).

Then the following statement holds.

Lemma 5.1 For any t ≥ 0 and y ∈ R, the identity S_tT_y = T_yS_t holds.

Proof. Take a function u_0 ∈ H_{1,γ} (R). Then the mapping u(t, x) := S_tu_0(x) is a solution of (58)–(59). Consider the mapping v(t, x) := T_y(S_tu_0)(x) = (S_tu_0)(x + y).

The following equalities hold:

∂_tv(t, x) = ∂_tS_tu_0(x + y) = (ΔS_tu_0)(x + y) − f(S_tu_0(x + y)) = Δ_x(S_tu_0(x + y)) − f(S_tu_0(x + y)) = Δv(t, x) − f(v(t, x)).

Hence, the mapping v is a solution of (58)-(59) with the initial value v|_{t=0} = T_yu_0. Thus, by uniqueness we get v = S_tT_yu_0. □ We define the space

H_{1,u}(R) := {u ∈ H_{1,γ} (R) : ‖u‖_{1,u} < +∞ and ‖T_yu − u‖_{1,u} →_{y→0} 0}

with the norm ‖u‖_{1,u} := sup_{y∈R} ‖T_yu‖_{1,γ} .

We note that for any function u_0 ∈ H_{1,u}(R) ⊂ H_{1,γ} (R), the solution u(t, x) of (58)-(59) satisfies all the estimates of Lemmata 3.1 - 3.5 with the norm ‖ · ‖_{1,u} instead of ‖ · ‖_{1,γ} . For instance,

‖S_tu_0‖_{1,u} = sup_{y∈R} ‖T_yS_tu_0‖_{1,γ} = sup_{y∈R} ‖S_tT_yu_0‖_{1,γ} ≤ C sup_{y∈R} ‖T_yu_0‖_{1,γ}

= C‖u_0‖_{1,u} < +∞.

Hence, {S_t}_{t≥0} is also a continuous semi-flow on the space H_{1,u}(R).

We also note that the estimates of Lemma 4.1 hold for any solution u of (58)-(59) with u_0 ∈ H_{1,u}(R).

Lemma 5.2 The semi-flow {S_t} has a bounded absorbing set A_1 in the space H_{1,γ} (R) and a nonempty, bounded, and positively invariant absorbing set A_{u1} in the space H_{1,u}(R).

Proof. By Lemma 3.3, there exists a constant R ∈ R such that the set

A := {v ∈ H_{1,γ} (R) : ‖v‖_{H0,γ (R)} ≤ R}

is a positively invariant absorbing set for the semi-flow {S_t} in the space H_{1,γ} (R). Similarly,

A_u := {v ∈ H_{1,u}(R) : sup_{y∈R} ‖T_yv‖_{H0,γ (R)} ≤ R}

is an absorbing set in the space H_{1,u}(R). The sets A_1 := S_1A and A_{u1} := S_1A_u are absorbing in the corresponding spaces as well. Now we claim that these sets are bounded in the corresponding spaces.

Let u_0 ∈ A_1. Then u(t, x) := S_tu_0(x) is a solution of (58)-(59). Hence, by Lemma 4.1 (inequalities (29) with t = 1 and n = 1) and (12) we get

‖u(1, ·)‖^2_{1,γ} ≤ C 1∫ 0 ‖u(τ, ·)‖^2_{1,γ} ≤ C · ‖u(0, ·)‖^2_{0,γ} ≤ CR. (60)

If u_0 also belongs to the set A_{u1}, then estimate (60) holds with the norm ‖ · ‖_{1,u} instead of ‖ · ‖_{1,γ} .

Thus, both sets A_1 and A_{u1} are bounded in the corresponding spaces. □ We introduce the space

H_{2,u}(R) = {u ∈ H_{2,γ} (R) : ‖u‖_{2,u} := sup_{y∈R} ‖T_yu‖_{2,γ} < +∞}.

Lemma 5.3 The space H_{2,u}(R) is a subspace of the space H_{1,γ} (R), and the embedding operator is compact.

Proof. Consider a sequence {u_n}^{+∞}_{n=1} that is bounded in the space H_{2,u}(R), i.e. sup_{n≥1} y∈R ‖T_yu_n‖_{2,γ} ≤ M.

Let ψ_R be the cut-off function introduced in the proof of Theorem 3.6. Then the functions {ψ_1u_n}^{+∞}_{n=1} are bounded in the space H^2[−1; 1]. Since the interval [−1; 1] is a starlike set we deduce from the Sobolev embedding theorem the existence of a subsequence {ψ_1u^{(1)}_n }^{+∞}_{n=1} of {ψ_1u_n}^{+∞}_{n=1} which is convergent in the space H^1[−1; 1].

Similarly, we can choose from the sequence {u^{(1)}_n }^{+∞}_{n=1} a subsequence {u^{(2)}_n }^{+∞}_{n=1} such that {ψ_2u^{(2)}_n }^{+∞}_{n=1} converges in the space H^1[−2; 2]. Operating further in the same way, we obtain a sequence {u^{(m)}_n }^{+∞}_{n,m=1}. We denote v_n := u^{(n)}_n for n ∈ N. Obviously, the sequence {v_n}^{+∞}_{n=1} is a subsequence of {u_n}^{+∞}_{n=1} and for any R ≥ 1, the sequence {ψ_Rv_n}^{+∞}_{n=1} converges in the space H^1[−R; R]. Hence, there exists a function v : R → R such that for any R ≥ 1, the sequence {v_n}^{+∞}_{n=1} converges towards the function v in the space H^1[−R + 1; R − 1].

We claim that the sequence {v_n}^{+∞}_{n=1} converges towards the function v in the space H^1(R). Fix a number ε > 0. There exists a positive number θ such that φ(x) > 1/2 on the interval (−θ; θ). For an arbitrary number k ∈ N, the following estimates follow from Lemma 2.1:

(k+1)θ∫

(k−1)θ

φ(x)|v_n(x)|^2dx ≤ φ((k − 1)θ)

(k+1)θ∫

(k−1)θ

|v_n(x)|^2dx

= φ((k − 1)θ) θ∫ −θ |T_{kθ}v_n(x)|^2dx

≤ 2φ((k − 1)θ) θ∫ −θ φ(x)|T_{kθ}v_n(x)|^2dx

≤ 2Mφ((k − 1)θ) ≤ CMφ(kθ);

hence,

‖v_n‖^2_{H1,γ (θ(2k−1);+∞)} = +∞∫ θ(2k−1)

φ(x)|v_n(x)|^2dx ≤ CM +∞∑ i=k φ(2iθ), (61)

and similarly,

‖v_n‖^2_{H1,γ (−∞;−θ(2k−1))} =

−θ(2k−1) ∫ −∞ φ(x)|v_n(x)|^2dx ≤ CM −k∑ i=−∞

φ(2iθ). (62)

The same estimates hold also for the function v since θ∫ −θ φ(x)|T_{kθ}v_n(x)|^2dx →_{n→+∞} θ∫ −θ φ(x)|T_{kθ}v(x)|^2dx

for any k ∈ N.

Since γ < −1/2, the sum^{+∞} ∑ i=−∞

φ(2iθ) is finite. Thus, there exist a number k such that −k∑ i=−∞

φ(2iθ) + +∞∑ i=k φ(2iθ) < ε 4CM .

Note that the norms of the spaces H^1[−2kθ; 2kθ] and H_{1,γ} [−2kθ; 2kθ] are equivalent, therefore a function v_n exists such that ‖v_n −v‖_{H1,γ [−2kθ;2kθ]} <^ε_2 . Thus, the following inequality is a consequence of (61) and (62):

‖v_n − v‖_{H1,γ (R)} ≤ ‖v_n‖_{H1,γ (−∞;−2kθ)} + ‖v_n‖_{H1,γ (2kθ;+∞)} +‖v‖_{H1,γ (−∞;−2kθ)} + ‖v‖_{H1,γ (2kθ;+∞)} +‖v_n − v‖_{H1,γ (−2kθ;2kθ)} ≤ ε 4 + ε 4 + ε 2 ≤ ε. □ Now we apply a standard theorem of the existence of an attractor.

Theorem 5.4 Given Banach spaces Z_u ⊂ Z_ρ, let a semi-flow {S_t}_{t≥0} satisfy the following conditions:

(c1) it is translationally invariant (i.e., T_yS_t = S_tT_y for any y ∈ R and t ≥ 0) and continuous in the spaces Z_ρ and Z_u;

(c2) it has a nonempty, bounded, and positively invariant absorbing set B in Z_u;

(c3) for any B ⊂ B there exists τ > 0 such that the set S_τ (B) is precompact in Z_ρ.

Then there exists a (Z_u; Z_ρ)-attractor of the semi-flow {S_t}_{t≥0}. For a proof, see [6].

Theorem 5.5 With our conditions, the semi-flow {S_t}_{t≥0} has a (H_{1,u}(R); H_{1,γ} (R))-attractor.

Proof. Conditions (c1) and (c2) of Theorem 5.4 are established in Lemmata 5.1 and 5.2.

Condition (c3) of Theorem 5.4 is also satisfied since it follows from Corollary 4.4, that the mapping S_1 maps continuously the space H_{1,u}(R) to the space H_{2,u}(R). Thus, Lemma 5.3 implies that for any bounded subset B ⊂ H_{1,u}(R), the set S_1(B) is precompact in the space H_{1,γ} (R). □ 6 Acknowledgments

The author was supported by RFBR (grant 02-01-00675), by the Ministry of Education of Russia (grants A03-2.8-321 and E02-1.0-65), and by the Schlumberger program of PhD grants.

References

[1] A.V. Babin and M.I. Vishik. Attractors of Evolutionary Equations.

Moscow (1989).

[2] A.V. Babin and M.I. Vishik. Attractors of partial differential equations in an unbounded domain. Proceedings of the Royal Society of Edinbourgh, 116A, 221-243 (1990).

[3] W.-J. Beyn and S.Yu. Pilyugin. Attractors of reaction diffusion systems on infinite lattices. J. Dynam. Differ. Equat., 15, 485–515 (2003).

[4] W.-J. Beyn, V.S. Kolezhuk and S.Yu. Pilyugin. Convergence of discretized attractors for parabolic equations on the line. Preprint 04-13, DFG Research group ’Spectral analysis, asymptotic distributions and stochastic dynamics’, Bielefeld University (2004).

[5] O.A. Ladyzhenskaya, V.A. Solonnikov, and N.N. Uraltseva. Linear and Quasilinear Equations of Parabolic Type. Moscow (1967).

[6] A. Mielke and G. Schneider. Attractors for modulation equations on unbounded domains - existence and comparison. Nonlinearity, 8, 743- 768 (1995).

[7] J. Robinson. Infinite-dimensional dynamical systems, An introduction to dissipative parabolic PDEs and the theory of global attractors. Cambridge University Press (2001).

[8] G. Sell and Y. You. Dynamics of evolutionary equations. Applied Mathematical Sciences, Springer-Verlag, 143 (2002).