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Abstract. Transversal homoclinic orbits of maps are known to generate shift
dynamics on a set with Cantor like structure. In this paper a numerical method is
developed for computation of the corresponding homoclinic orbits. They are approxi-
mated by finite orbit segments subject to asymptotic boundary conditions. We provide
a detailed error analysis including a shadowing type result by which one can infer the
existence of a transversal homoclinic orbit from a finite segment. This approach is
applied to several examples. In some of them parameters appear and closed loops of

homoclinic orbits are found by a path-following algorithm.
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1 Introduction

One of the fundamental results on chaotic behavior in discrete dynamical systems is Smale’s
Homoclinic Theorem, see [23], [21], [22]. For a more recent overview of homoclinic orbits,
their bifurcations and the history of their discovery we refer to [19].

Consider a (time-)discrete system

tny1 = f(zn), neZ (L.1)

with a C!-diffeomorphism f : R — R* and assume that ¢ € R¥ is a hyperbolic fixed point
of f,i.e. the Jacobian f’(£) has no eigenvalues on the unit circle. Further assume that z; is
a transversal homoclinic point, which means that the orbit generated by (1.1) satisfies

lm z,= lim =z, =¢ (1.2)

n—+4oo n— — 00

and the stable and unstable manifolds of & intersect transversally at zy. Then the theorem
states that there exists a compact set M and an integer p such that the p-th iterate of f,
denoted by fP, leaves M invariant and is topologically conjugate on M to the Bernoulli shift
on two symbols. It is remarkable that this chaotic behavior on a certain subset is created
by a homoclinic point that is transversal, a property that persists under the perturbation of
system (1.1).

The perturbation stability of transversal homoclinic points suggests that we should be

able to compute these points numerically in a robust and stable way. This is the topic of the
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present paper. Instead of homoclinic points our approach aims at computing the complete
homoclinic orbit x7 = (2n)nez by solving the ’boundary value problem’ (1.1), (1.2). Any
direct method for the single homoclinic point zg implicitly tries to solve this boundary value
problem and hence is prone to the usual difficulties of shooting-type methods which are
caused by exponential divergence of trajectories.

Therefore, we propose to approximate the infinite orbit by a finite orbit segment z; =

(#n_,...,2n,), J={n_,...,ny} which satisfies a "finite boundary value problem’
tny1 = flxn), n=n_,...,np—1, (1.3)
b(xn_,zn,) = 0. (1.4)

Here (1.4) is a general set of boundary conditions defined by a smooth mapping b : R* xR —
RE. Together, (1.3) and (1.4) comprise a set of (ny. —n_ + 1)k nonlinear equations for the
same number of unknowns. We solve this system by Newton’s method and take advantage
of the sparsity pattern of the corresponding Jacobian.

The most important examples for (1.4) are periodic boundary conditions
b(zn_, tn,) =2n, —2,_ =0 (1.5)
and projection boundary conditions

b(zn_,2p,) = (b_(xn_),bp(x,_)) =0 (1.6)

where the zero sets of b_ and b, are linear approximations to the local unstable and stable
manifold of the fixed point.

The whole approach closely mimics the well known methods for approximating homo-
clinic orbits of parametrized continuous systems & = f(z, A) on finite intervals [9]. [4], [2],
[11]. But there is one important difference to keep in mind. In the discrete case, stable and
unstable manifolds can, and in the generic sense do, intersect transversally at a homoclinic
point while in the continuous case both tangent spaces always contain the flow direction. If
the manifolds intersect at all in a continuous system they do so in a whole curve obtained
by shifting the phase of the orbit. Therefore, one parameter is needed for homoclinic orbits
to occur generically in a continuous system and an additional constraint is needed to fix the
arbitrary phase.

The paper is organized as follows. In section 2 we collect the necessary prerequisites from
the theory of exponential dichotomies for difference equations. This section is largely based
on the paper of Palmer [21] where exponential dichotomies are used to prove the Shadowing
Lemma and Smale’s Homoclinic Theorem. Earlier references on dichotomies for difference
equations include [5] and [15].

Section 3 contains the basic results of this paper. In a neighborhood of a transversal
homoclinic orbit we find a unique solution of the equations (1.3), (1.4) provided b satisfies
a nondegeneracy condition and n_, ny are taken sufficiently large. We also show error
estimates which are analogous to the continuous case.

In section 4 we treat several examples including the Poincaré map for the Duffing system.

We also compute branches of discrete homoclinic orbits in cases where the system (1.1)



contains a parameter. Using a standard continuation procedure (see [1]) we can easily pass
through turning points of these branches. At such turning points the homoclinic orbits
actually become nontransversal.

In section 5 we take up the question of converse theorems which, given a solution of
the finite boundary value problem (1.3), (1.4), guarantee the existence of a transversal
homoclinic orbit. This is in the spirit of the recent shadowing type results as in [6], [7]
except that here we conclude the existence of an infinite sequence, rather than a continuous
orbit, from the knowledge of a finite orbit.

We emphasize that we do not intend a computational verification of the existence of a
homoclinic orbit as in [18] where interval analysis is used to verify an exact homoclinic orbit

by a pseudo orbit.

2 Exponential dichotomies for difference equations

In this section we review some basic tools from the theory of exponential dichotomies [21]
and we add a few results which are useful later on. Consider a homogeneous difference
equation in R*

Unt1 = Apun, n€e€Z, A,€ RF*:# nonsingular (2.1)

with solution operator

An Am ifn>m
®(n,m) = I ifn=m
Al AL, ifn<m

In the following let
J=in€Zin_<n<ny}, na€ZU{tsc}, n_<ny

be any interval in Z. If no confusion with real intervals arises we simply write J = [n_, ny].

We also make frequent use of the Banach space of bounded sequences on J given by
Sy ={us = (Un)nes C (Rk)J uglloo 1= sup ||ua|| < oo}
neJ

Definition 2.1 The difference equation (2.1) has an exponential dichotomy on J if
there exist projectors P, (n € J) in R* and constants K, > 0 such that

P,®(n,m) = ®(n,m)Py foralln,meJ
and

Kemn(nmm)

Kemn(nmm)

[[® (1, m) Pra|
[®(m, n)(I = Pn)]

< .
- for alln > m in J.
<

For brevity we will say that (2.1) has an exponential dichotomy on .J with data (K, a, P,).
It is easy to see that this implies that the adjoint equation

ent1 = (Anj1)Ton, neZ (2.2)



has an exponential dichotomy on J—1={n_ —1,... ,ny — 1} with data (CK,a, I — P,:r+1),

where (' 1s a constant such that
AT < C||A]] for all A € RFF,
Notice that the solution operator of (2.2) is given by
®*(n,m) =®m+1,n+1)T, nmeZ.

On semifinite intervals J = [n_, 00) the ranges of the projectors P, are uniquely deter-

mined and we can solve inhomogeneous equations of the type
Untl = Aptln + 75, m>n_, P, u,_=p€R(P,) (2.3)
according to the following lemma (cf. [21, Proposition 2.3, Lemma 2.7]).

Lemma 2.2 Let (2.1) have an exponential dichotomy on J = [n_,00) with data (K, o, Py).

Then for any n > n_ we have
R(P,) = {u € BR¥ : sup || ®(j, n)u|| < o}.
j>n

Suppose that (L, 3, Q) is another set of dichotomy data on J. Then R(Qn) = R(Py,) holds

and we have the estimate
1Qn — Pul| < KLe=H0=m-0)Q, —P,_||, nelJ.

For any p € R(P,_) and any bounded sequence rj € Sy the system (2.3) has a unique

bounded solution uy € Sy which satisfies

-

furle < 5 (sl + ) (2.4
Similarly, in the case J = (—oo,ny] we have
N(P,) = {ucRF: sup |®(j, n)ul| < co}.
j<n
and the inhomogeneous equation
Unt1 = Anptin + 1y, n<nyg —1, (I = Pp)tn, = p€N(Pny) (2.5)
has a unique bounded solution which again satisfies (2.4).

In the next step we consider the case J = Z, but merely assume that (2.1) has dichotomies

on Z_ and 7 separately. The following lemma is the discrete analogue of [20, Lemma 4.2].

Lemma 2.3 Let u,41 = Anuy, have an exponential dichotomy on 7. _ with data (K~ ,a™, P,
and on 7 with data (K*,a*, P}) and assume that A, and A;' are uniformly bounded.
Then the operator

Sz — Sz

Uy (un+1 _Anun)nEZ

L:



is Fredholm of index rank(P;) — rank(P; ) and

dimN(L) = dim(R(P{)NN(Py)), (2.6)
codimR(L) = codim(R(Pg)+ N(Fy)).
Let L* : Sy — Sy be defined by
L7 = (pns1 — (A 11) @n)nen,
then dim N'(L*) = codimR(L) and
rz €R(L) < > @hrn=0 foral gy e N(L"). (2.7)

nez

Proof. From Lemma 2.2 it follows that any u € R(P) NN (Py) defines an element
(®(n,0)p)nen € N(L)
and that this map is an isomorphism, hence
dimN(L) = dim(R(P}H) NN (P )).

In a similar way we use the exponential dichotomy of L* on (—oo, —1] and on [—1, c0) with
the projectors I — (Pn_+1)T and [ — (P,;I'_l_l)T respectively. An application of Lemma 2.2 with
n_ = —1 yields that

n = (®*(n, —1)n)nez

is an isomorphism from
R(IL—(PHT)ONUI = (P7)") = REPH NP7
= (R(PH) +N(F))*

onto N (L*). Therefore
dim N (L*) = codim(R(P;") + N (Py)). (2.8)

For the proof of (2.7) we first notice that ZnEZ gpf?‘n exists for all oz € N(L*), rz € Sz

since @, decays exponentially as n — *oo. Assuming Lug = rz for some ug € Sz we find
Z QD;I;T'H = Z @Z(unﬁ—l - Anun) = Z(@Z-l - QDZAn)un =0.
neZ neZ neEL

For a proof of the converse in (2.7) we let u}t, n > 0 and u;;, n < 0 be the solutions of the
initial value problem (2.3) and(2.5) with n_ = 0, Pifuf =0 and ny =0, (I — P§)uy =0
respectively.

Next we show

uy —ug € R(PH — (1 = Fy)). (2.9)

Any n € R(P; — (I — Py ))* satisfies T (Pt — (1 — Py)) = 0 and

(I = (P )n=(Py)'n e R(I = (PH)T) nR((P5)").



We conclude that ¢z = (®*(n, —1)(P0_)T77)nez is an element of A'(L*) and hence by our

assumptions

0 = Z‘Pgrn

nez

= Z SOZ(UI+1 — Anut) + Z SDZ(UT:+1 — Anuy)
n>0 n<—1

= D (eh — b Anp)ut g — of Aou
n>0

+ Y (o = e Ant)unyy + elhug
n<—2

_ T - T .+
= Py — P

= 0 (Pyug — (I = Pf)ug)

0" (ug — uf)

Thus (2.9) holds and there exists some p € R* such that
(P — (I = Py ))p=ug —ug.
From this relation we find that the sequence

B(n, 01— PP )utuz, n<0
Uy =
®(n,0) Pty + ujf, n>0

is consistently defined at n = 0 and satisfies Lug = rgz. Therefore rz € R(L) holds.

From (2.7) we obtain dim N (L*) = codimR (L) as follows. Let {5} be an orthogonal
basis of R(P§)* NN (Py)t. Then we know that ¢ = (®*(n, —1)1')nez form a basis of
N(L*) and it is easy to verify with the help of (2.7) that the sequences uf, = (6_177177"),162

form a basis in Sz /R(L).
Finally, we can compute the Fredholm index of L from (2.6) and (2.8),

ind(L) = dimN(L)— codimR(L)
= dim(R(PF) N N(P7)) = (k — dim(R(PF) + N (P7))
= dimR(F) +dimN(FPy) —k
= rank(P;") — rank(Py).

In the special case rank(P;t) = rank(P; ) the operator L is Fredholm of index 0. If in

addition, N'(L) = {0} holds then for any rz € Sz the inhomogeneous system

un+1:Anun+rn; nez

(2.10)

has a unique solution ugz € Sz. More precisely by [21, Proposition 2.6, Lemma 2.7] we have

Lemma 2.4 The difference equation (2.1) has an ezponential dichotomy on Z if and only if

it has one on Z_ and Z 4 separately with projectors of equal rank and if (2.1) has no bounded



nontrivial solution. In case one of these equivalent assertions holds then the system (2.10)

has a unique solution uy € Sy, for each rg € Sz which satisfies

14+e°

jHTZHw-

luzlloo < K7

Here (K, a, P,) are the dichotomy data on Z.

Finally, we need the following consequence of the roughness theorem, see [21, Proposi-

tion 2.10, Remark 2.11].

Proposition 2.5 Consider two difference equations
Uny1 = Aptln, Upnp1 = Bptp, n >0
with nonsingular matrices A,,, B,, € R** such that
A, —B,—0 asn— oo. (2.11)

Assume that unt1 = Anun has an exponential dichotomy on Zy with data (K,«, P,) and
let 0 < B < a. Then the system u,41 = Bpu, has an exponential dichotomy on Z, with
suttable data (L, B, Q) where Q, has the same rank as P, and

P,—Q,—0 asn— oo. (2.12)

Proof. Because of (2.11) we can choose Ny such that the roughness theorem [21, Proposi-
tion 2.10, Remark 2.11] yields an exponential dichotomy for 4,41 = Bpu, on any interval

[N,00), N > Ny with data (K1, 3, Q;N)_) as well as an estimate

1P. — QM| < Cy sup ||A, — B,|| forn> N.
v>N

We notice that the constants C, K1 and § are independent of N, and hence the projectors
P, and Q;N) are of equal rank if Ny is taken sufficiently large. For a given € > 0 we may
choose Ny > Ng such that

Cy sup ||A, — By|| <
v> N,

| ™

An application of Lemma 2.2 with J = [Ny, 00) yields
IO = QU] < Kie =M QY — Q|| forn 2 Ny
Therefore, we can select N > N7 such that
IR — @Y™l <
By the triangle inequality we obtain

1P, — QWo)|| < e forall n> Ny

which proves (2.12). Finally, the exponential dichotomy on [Ng, c0) easily carries over to

[0, 00) after adjusting the constant Ki (cf. [21, Remark 2.2]). [ ]



3 Approximation of transversal homoclinic orbits

Let f:R* — R* be a C'-diffeomorphism with a fixed point ¢ € R¥. We call 27 = (2,)nez

a homoclinic orbit with respect to £ if the following holds

tny1 = [flzn) forneZ, (3.1)
WL =

We may write (3.1) as an operator equation
I(zz) =0
where the C'-operator I' : S, — Sz is defined by

[(zz) = (241 — f(zn))nez.

In our definition we have included the trivial case x, = & for all n € N. All the results
of the following sections also hold for this trivial case. Of course, in the applications we are
only interested in nontrivial orbits.

Assume that & is a hyperbolic fixed point and consider A; < 1 < A, such that each
stable eigenvalue A of f’(€) satisfies |A\| < A, and each unstable one satisfies |A,| < |A|. Let
R* = X, @ X, be the corresponding decomposition into the stable and unstable subspaces
of f/(¢) and let us choose the norm in R* such that the following holds (see [16])

[|z|] = max(||zs]], [|zu]]), = s+ xu, s € X5, 2y € Xu, (3.2)
7€) sl < Alfs|l, @5 € X5 ,n >0, (3.3)
7€) ull < Alllzull, 2w € Xu,n < 0. (3.4)

This implies that 4,41 = f/(§)u, has an exponential dichotomy on any interval J C Z with

solution operator
®(n,m) = f'(&)"
and data (1, a, Ps) where
a = min(—In A, InAy) (3.5)

and Ps is the projector onto X, along X,,.

The local stable and unstable manifolds of & are defined as

Wi, = {z€é+V f"(z)eé+Vioralln>0and f"(z) — ¢ as n — oo},

We, = {zef+V fM(e)eé&+Vioralln>0and f7"(x) = £ as n — oo}
where V' C R” is a sufficiently small neighborhood of 0. By definition these sets are positive
and negative invariant respectively. It is well known (see [16, Chapter 6]) that we may take

V =V, x V, for suitable neighborhoods V, C X, V,, C X, of the origin such that the local
stable and unstable manifold of £ may be represented as graphs. We get

Wie =16+ as +qs(zs) ras €V}, Wi = {6+ 2u+ qulzu) 2 € Vu} (3.6)



where the functions ¢, € C'(Vs, Xu), qu € C'(Va, X;) satisfy

The global stable and unstable manifolds are then given by

we=J rwg), wh=1J rovs.)
n<0 n>0
with the differential structure induced by W, via the mapping f.

Theorem 3.1 Let xy be a homoclinic orbit of (3.1) with respect to a hyperbolic fized point

&. Then the following assertions are equivalent.

(i) zq is a transversal homoclinic point, i.e. the tangent spaces to the stable and unstable
manzfolds at xqy satisfy
Teo W N Ty, W = {0}. (3.8)

(ii) The linear system
Upy1 = f(zn)un (3.9)

has an exponential dichotomy on 7.

(iii) zy is a regular zero of the operator T : Sy, — Sy, i.e. T'(zg) = 0 and T'(zz) : Sz — Sz

1s a homeomorphism.

Proof. In [21, Definition 4.2] condition (ii) is used to define a transversal homoclinic point
and the equivalence with (3.8) is proved later on [21, Proposition 5.6]. The implication
(i1)=(iii) is immediate from Lemma 2.4 since
T(zz)uz = (uny1 — f'(¥n)tn)nen-
Let us assume (iii). Then we have

f(zn) = f'(€§) =0 asn— oo

and Proposition 2.5 shows that (3.9) has exponential dichotomies on both 7Z_ and 7 with
projectors of the same rank. By our assumption equation (3.9) has no nontrivial bounded

solution on Z, so Lemma 2.4 proves assertion (ii). |

Definition 3.2 A homoclinic orbit (z,)nez Wwith respect to a hyperbolic fixed point & is

called transversal iff it satisfies one of the equivalent condition of Theorem 3.1.

Next we consider the approximate equations (1.3), (1.4) on a finite interval J = [n_, n4]
and write them as

Fj(xj) = 0, 7 €Sy (3.10)
where I'y : S; — Sy is defined by
Ty(zs) = (tnp1 — flzn)(n=n_,... ,ng —1),b(2,_,2,,)).

We treat equation (3.10) with the help of the following approximate inverse function
theorem (cf. [24, §3], [4, Lemma 3.1], [17, Lemma 4.7])



Proposition 3.3 Let F € CY(Y,Z) with Banach spaces Y, Z and assume that F'(yo) is
a homeomorphism for some yo € Y. Further, let constants p,k,0 > 0 be given with the

following properties

||Fl(y)_F,(y0)||§K<O'S m fOT‘ Cl”yEBP(yO)’ (311)
| F(yo)|| < (o — &)p.

Then F(y) =0 has a unique solution in B,(yo) and the following estimates hold

1

Iy —well < ——[IF(y1) = F(w)ll  for all y1,y> € B, (yo), (3.12)
1

I1F' )~ < for all y € By (yo)- (3.13)

g — K

A

We can now state our main approximation theorem

Theorem 3.4 Let z7 be a transversal homoclinic orbit with respect to a hyperbolic fixed
point & of a diffeomorphism f € C*(R* RF). Assume b € C'(R%* R*) satisfies

b(&,€) =0 (3.14)

and the map B € L(X; @ Xu, R*) defined by
B(zs + 24) = D1b(&, &)z + Dab(E, &) 2y (3.15)

s nonsingular.
Then there exist constants §, Cy,Cy > 0 and N € N such that (3.10) has a unique solution
Ty n

By(#1) = {x € Sy : |51 = 2]l < 6)

forall J =[n_,ny], —n_,ny > N and the following estimates hold

105 ()™ oo

||f|J_33J||oo < 02||b(in—:£n+)||'

IN

Ci1  forall y; € Bs(%1),

—

3.16)
3.17)

—

Proof. We apply Proposition 3.3 with
Y=7=55, =%, F=1I

We consider first
U5 (Z1)us = (Ungr = ['(Zn)un(n € J), Byuy)

where Byuy = D1b(Z,_, Zpn, )tn_ + Dob(Z,_, Ty, )u,, and show
1T (Z17) e < C (3.18)
for ny sufficiently large. This will be done in two steps.

Step 1: For any sequence z,, n € J= [n—,ny — 1] there exist uy,, n € J such that

Unp1 = [(En)tn = 20, n€J (3.19)

and [[usleo < Cl2]loo-

10



Step 2: T';(%)7)vs = (0,7) has a unique solution vy € Sj for each r € R* and [|vr]]eo <
Cllr]-

Here C' > 0 denotes some generic constant independent of ny and the right hand sides. The
constants are chosen within the proof.
Suppose we have accomplished these two steps. Then for given z; and r € R* we choose

uy as in step 1 and let vy solve
F{](jflj)vj = (0, r— BJUJ)

as in step 2. This implies
U (2)5) (us +vr) = (25,7)

as well as

lus +ville < [Juslleo + [|vrllo
< Cllzjllee +[Ir = Brulloo)
< Clllzjllee + {7l + | Brl llurlleo)
< Clllzllee + [I7(])-

Thus we have shown the estimate (3.18).
For y; € Bs(%)7) and ¢ sufficiently small we find

IT7 () = T5@ )l < sup 15" (yn) = f' ()

+||D1b(yﬂ— ) yﬂ+) - le(i‘ﬂ—)i‘fw)n
+||ng(yn_ ) yn+) - D2b(in—ain+)”

< 1
= 20
Taking g = _(1}) R = —210 and p= 6 in (311) we ﬁnally obtain from assumption (314)
r;(z o'} Tn_yTn =
TV + 2C

for ny sufficiently large. Proposition 3.3 then yields the existence of the solution z; in

Bs (%) 7) and the estimate (3.17) follows from (3.12) by setting y1 = Z|;, yo = 2.
Proof of step 1. Let (K, a, P,) be the dichotomy data associated by Theorem 3.1 with

the linear system

Up41 = f'(.i'n)un, n e Z

We extend zj by setting z, = 0 for n € 7\ J. Then we use Theorem 3.1(iii) and solve
FI(E)UZ = z7.
Obviously, u, (n € J) solves (3.19) and satisfies

lugllee < JJuzllee < Cllzalleo = Csup [|zn]|-
ned

Proof of step 2. We notice that Proposition 2.5 implies

P, — P, asn— toco.

11



For |n| large we have || P, — Ps|| < 1, hence the matrices £, = I+ P;— P, and D,, = I—P,+P,
are nonsingular with

IE LD < (3.20)

1
1= |[Pn = Pl
and we find R* = R(P,) ® N (P,) = N(Ps) ®R(P,). Therefore, E, : R(P,) — R(Ps) = X,

is bijective and satisfies

- - || Pn — B
(I = POYE x| = ||(Pa — Ps) B as|| € ——=—""—||zs|| forz, € Xj. (3.21)
' ' L= ||Py = Pl ’
Similarly, D,, : N(P,) — N (Ps) = X, is bijective and
- |1 Pn — Pl
|PsD; 2y || < ———"r x| for z, € Xy, (3.22)
=[P — Pd|

Using the solution operator ®(n, m) for equation (3.9) we may write v, as
v, = ®(n,n_ ) + ®(n,ny)ny, neJ (3.23)
where - € R(Pn_) , 04+ € N(Pn+) are to be determined from the boundary conditions
r = Bjuvy (3.24)

Dib(E_, 20, ) (0 + B(n_,my)ny)
+Dab(E B ) (04 + B(ng ) ).

By the exponential dichotomy we have
[®(n, na)nel| < Ke*o =) |y, (3.25)
It is convenient to change coordinates in (3.24) via
En_n-=zs€ X5, Dnp,ny =zy € Xy. (3.26)

We employ the linear map B from (3.15) and rewrite (3.24) as

r= B(zs; + z4) + p+ + p- (3.27)
where
P+ = (le(i‘n_;in.'.) - D1b(€,£))ﬂfs
+D1b(Zn_, Zn, ) (T - PS)E;}IS + ®(n_,ny)ny)
p- = (DQb(J_,‘n_,in+) — Dzb(g,g))l‘u

+D2b(Zn_, Zn ) (Ps D;iru + ®(ng,n_)n-).
Using (3.20), (3.21), (3.22) and (3.25), (3.26) we obtain
ol + Do < ea(laall + lzall) - with €5 — 0 as ny. — oo,

Therefore, assumption (3.15) implies that the linear equation (3.27) has a unique solution
(25, z,,) which satisfies

llzsl] + lzull < Cl7]]
with a constant C' independent of ny. We then define n_, ny by (3.26) and v, by (3.23).

From (3.20) and the exponential dichotomies we obtain the estimate of step 2. |

12



Remark 3.5 Assuming that ||[T';(z7)||ec is moderate, the constant Cy in (3.16) is the cru-
cial quantity which measures the condition of the nonlinear system (3.10). A more quantita-
tive analysis (see [17]) shows that Cy depends linearly on %, where ~y is the angle between the
stable and unstable manifold at xo. Therefore, this constant may also be taken as a measure

of the transversality of the orbit.

Inequality (3.17) shows that the approximation error ||Z7 — 2 || is determined by the

boundary error
[16(Zn_s Zn Il = 16(Zn_, Zny) — b(E, E]]-

We say that the boundary conditions (1.4) are of order (p_, p;) if there exists a constant C

such that for all —n_, ny sufficiently large

16(Zn_, Zny) = BE O < Cl1Zn_ = E[IP~ 4 [1Zny, — £IPF). (3.28)
In the hyperbolic case we have

2 — €Il < CAY, n 2 0|2, — €[ S CX,n <0 (3.29)

8

where A, < 1 < Ay are the spectral bounds for f/(£) as in the beginning of this section.
From (3.17), (3.28) and (3.29) we then obtain the estimate

||"'E|J - x]”oo S C(A§+n+ + A[’;_n_).
Clearly, the periodic boundary conditions (1.5) are of order (1, 1) since
1b(En_ Il = [1Eny = Zn_ || < [y — €Il + [ — ]I

Moreover, they always satisfy conditions (3.14) and (3.15).
Approximations of second order are obtained from projection boundary conditions
given by
b ony) = (- (20 ), s (20))) = (QT(en_ — ), QT(emy —€)  (3:30)

where the columns of Q, € R¥# and Q,, € R**u k, + k, = k provide a basis of the stable

and unstable subspace of f/(£)7 respectively. More formally, we have a block diagonalization

QF Ny [ L O QY
(& )ro=(b ) (&) @

where [A| < A, < 1 for all eigenvalues X of I, € R¥=*s and 1 < A, < |A| for all eigenvalues
A of L, € RFwku, Transforming (3.31) into

, L, 0 QT
F (&) (Es Eu) = (Es Ey) ( 0 ) where ( o ) (Es Ey) =1

we find for the projectors
Ps:EsQZ; Pu:EuQZ

Therefore, the projection boundary conditions require

Ta_ €E+Xu, T, €E+ X,

13



which means that x,_, z,, lie in the linear approximation of the stable and unstable
manifold at &.

The second order easily follows from (3.7). For f € C'(R* R*) the functions ¢;, g, in
(3.6) are C'-smooth. Hence for | > 2 we find for € W, by a Taylor expansion

1Q7 (= =&l = 11QF (#u + qu (@)l = [1Q7 qu ()|
< Cllaul® < C(llz = €l + llgu(eu)l)?* < Clla — €I

and a similar estimate holds for z € W} ..

We notice that the projection boundary conditions also satisfy (3.14), (3.15) since

Qi @,

Q! ) , s € Xy = R(ES), 2y € Xu = R(Eu)
uwu

B(zs + zy) = (

is nonsingular.

Corollary 3.6 Let Zz be a transversal homoclinic orbit as in Theorem 3.4. Then the con-
clusions of Theorem 3.4 hold for periodic as well as for projection boundary conditions.
The corresponding finite orbits zﬁl_ﬂu] (periodic) and zfn_ﬂ”] (projection) satisfy for all
ne{n_,...,ny}

[Z2 = 2nll S COTH +X07), (|2, — 2h]| S CO™ + A7),
For the second estimate we assume f € C2.

If, in the periodic case , we take ny = £ N then (2§, z},) is a period-2 orbit of N Tt is
contained in the invariant set M on which fV exhibits shift dynamics according to Smale’s
Theorem.

In conclusion of this section we outline the extension of our results to orbits that connect

two fixed points of a parametrized system
Eny1 = flzn,p), nE€7Z, feC®(RF x RPRF) (3.32)

where f(-, ) is a C'-diffeomorphism for all yu € R?.
Assume that (Zgz, i) € Sz x R? is a solution of (3.32) such that

T, — &t asn — too (3.33)

where {4 are hyperbolic fixed points of f(-, i) with stable and unstable dimensions ki,
kiuw = k — kis. Introducing the operator

Sz x RP — Sy
(zz,p) = (Tng1 = f(@n, p))nez
we find
U (g, i) (22, p) = Lag — Ry
where

Lag = (xng1 — fo(@n, W) Tn)nen,  Rp = (fu(@n, B)p)nen.

14



By Proposition 2.5 we have exponential dichotomies for I on Z 4 with data (K%, ot, P¥)
and rank P¥ = ky,. By Lemma 2.3 the operator is Fredholm of index ky, —k_, in the space
Sz and hence by the bordering lemma ([4]) [’ (Zz, i) is Fredholm of index ki, — k_; + p.

We want (Zyz, i) to be a regular zero of I' which leads us to the following definition.

Definition 3.7 The connecting orbit (Zz, fi) is called transversal, if the following condi-

tions hold
(i) p=kos —kys 20,
(i) Lez + Ru=0,25 € Sz, p E RP = 25, = 0,u = 0.
Condition (i) yields that I'V(zz, i) is Fredholm of index 0 and (ii) implies that its null
space is trivial. We notice that this definition is in accordance with the homoclinic case
where k_; = k45, p = 0, see Definition 3.2.

Assuming (i) we may express (ii) in Definition 3.7 equivalently by the following two

conditions

R(PH) NN (PF) = {0), (3.34)
the matrix
E =Y ® fu(%a, 1) € RPF (3.35)
nez

is nonsingular where the columns of ®,, € R¥? (n € Z) form a basis of N'(L*).

Tt is clear that (ii) implies N'(L) = {0} and hence (3.34) by (2.6). From (i) and Lemma 2.3
we then find
dimN(L*) = codimR(L) =k — (kys + (k—k_5)) =p

and (3.35) is a consequence of (ii) and (2.7). Conversely, assume (3.34), (3.35) and let
Lzg + Ry = 0 hold for some 2z € Sz, p € RP. Then (2.7) implies E = 0 and hence =10
by (3.35). Therefore, z7 € N'(L) holds and (3.34), (2.6) yield zz = 0.

For the extension of Theorem 3.4 to the general case (3.32), (3.33) we consider the

approximate system
Ty(xg,p) = (Fng1 — f(en,p)(n=n_, ... ,ny),b(xn_,2n,, 1)) =0 (3.36)
where b € C1(R* x R* x RP RE+P).

Theorem 3.8 Let (Zy, i) be a transversal connecting orbit of the parametrized system (3.32)
with hyperbolic endpoints éx. Assume b € C1(R2+7 REFP) satisfies

b(&—;&-l—aﬂ) =0

and the map B € L(X x X;F R**P) defined by

B(ISJIU) = le(&—;&-{-;ﬂ)a’s + Dzb(5—75+7ﬁ)IUJ s € X.s_amu S X’L-LI—

15



is nonsingular. Here X is the stable subspace of fr (£, i) and X is the unstable subspace
of fo (&4, 1t).

Then there exist constants , C > 0 and N € N such that (3.36) has a unique solution
(g, pr) in Bs((2)7, 1)) forall J =[n_,ny], —n_,ny > N and the following estimate holds

21 = zalleo + {18 = pall < Cllb(Zn_, Zny, B

The proof is quite similar to that of Theorem 3.4 and will be omitted. We notice that

B can be represented by a quadratic matrix, since by the transversality condition (i)
dim(X;7 x X )=k_s+kyu=k_s—kis+k=p+k

The projection boundary condition (3.30) now depends on the parameter p

b(-'rn_ y Trgs ,U) = (Qs (/'L)T(‘En_ - E— (,Lt)), Qu (ﬂ)T($n+ - £+ (/’L)))

Here ¢4 (p) are hyperbolic fixed points of f(-, ) and the columns of @, (u) € R**-+ Q. () €
RA*+u form bases of the stable subspace of f,(¢_(u),u)” and the unstable subspace of
fo (&4 (), )T and all the quantities depend smoothly on p.

So far we considered the parameters p in (3.32), (3.33) to be part of the unknowns which
have to be determined by the numerical calculation, that is by Newton’s method applied to
(3.36). If there are more than k_, — k4, parameters in the system then we can use these
for the continuation of connecting orbits of type (k_s, k4s). This will be done in the next

section for the continuation of homoclinic orbits.

4 Numerical implementation and applications

In the following examples we compute approximate homoclinic orbits by applying Newton’s

method to the nonlinear system

FJ(yJ) = (b(yn_ ) yn+);yn+1 - f(yn)(n =Nn_,...,N4 — 1)) =0. (41)

This is justified by Theorem 3.4.
An iteration vector yy € Sy for (4.1) is accepted if for a given tolerance ¢ > 0 the
inequality

1T (7)™ (w)lloo < (1 + [lusloo)

holds. In each Newton step we use LU decomposition with absolute column pivoting and
take advantage of the sparsity pattern of I';(y,). With exception of Example 2 (Duffing
map) we use ¢ = 107'%. The machine precision used in all computations is about 10716,

We mainly use projection boundary conditions as in (3.30) except for the first example
where we also test the periodic boundary conditions (1.5).

In all examples to follow we have no explicitly given transversal homoclinic orbit. Actu-
ally, we do not know of any suitable example with explicit homoclinic orbits and an analytic
map f. Therefore, we take a zero of I'z_ 5, with very large values of —ni_, ny as ’exact

orbit’. For the error analysis we then compare this orbit to various shorter orbits obtained

for moderate values of n_, n,. We always use the Euclidean norm in R*.
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Figure 1: Parts of the stable and unstable manifold for Hénon’s map together with points

of the ’exact orbit’.

Example 1 (Hénon map)

For b # 0 the map
flz,y) = (1+y—aa:2,b:c)

is a C*° diffeomorphism and it has two fixed points for (b+1)? > 4a # 0 given by

B b—1++/(b—1)?+4a
N 2a

Tt y Y+ = bx:}r

In the following we take £ = (24, y+) and choose the parameters
a=14 b=0.3. (4.2)
We get & = (0.631354,0.189406) as hyperbolic fixed point and
o(f'(€)) = {0.1559463, —1.923739}

as eigenvalues of f/(§). We set Ay, = 0.155947 and A, = 1.92373. For more details about the
Hénon map see [14, §15.2], 8, §2.9].

Figure 1 shows parts of the stable and unstable manifolds of £&. They are obtained by
starting forward and backward iterations on the linear approximation of the unstable and
stable manifolds at £ in some neighborhood of . We show the orbit segment _100,100 that

was taken as ‘exact orbit’ for comparison. It is calculated using the starting vector v[_100,100]

with
.
vi:{o =0 (43)

¢ otherwise
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projection boundary conditions ——
periodic boundary conditions —+— -

global logarithmic error

0 10 20 30 40 50 60

Figure 2: Global error eo(—n,n) with n varied using periodic and projection boundary

conditions for Hénon’s map.

To analyze the approximation error we compute zeros ypu_ n ] of I'[n_ o, starting New-

ton’s methods with the truncated ’exact orbit’ Zj,_ ,»,). For these solutions let

e(i,n_,ny) := logyq ||y — Zilleo
be the local logarithmic error at n_ < ¢ < ny and let

eo(n_,ng) = n_r£1?<xn+e(i, n_,ny)

be the global logarithmic error.

In Figure 2 we compare the global error eo,(—n,n) obtained for the projection and the
periodic boundary conditions. For the projection boundary conditions we get a slope of
nearly 2log;y Ay, while the slope for periodic boundary conditions is nearly log,y Ay as it
is predicted by Corollary 3.6. For the remaining tests we always use projection boundary
conditions.

Figure 3 shows the behavior of the local error along the approximate homoclinic orbits.
The right boundary is fixed and the left boundary is varied. We notice that the maximal
error occurs at the boundaries. A more detailed study of the local error at the boundaries
is given in Figure 4. The local error e(n, n,4) at the left boundary has nearly the expected
slope of 2log;y A, while the local error ¢(4,n,4) at the right boundary is nearly constant.
So the global error cannot pass below this value e¢(4,n,4). The dependence of the global

error on both variables n_ and n, is illustrated in Figure 5.
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Figure 3: Local error e(i,n,4) with n = 0,...,29 varied and i scaled to [0, 1] for Hénon’s
map.
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Figure 4: Global error and local errors at the boundaries

Hénon’s map.
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Figure 5: Global error with varied left and right boundary for Hénon’s map.

Example 2 (Duffing map)
We consider the forced Duffing equation
, v =u—u®— Bu+ycos(wt) (4.4)

U=

with w # 0 and define f as the period map, that is, f(z,y) is the value of the solution of
(4.4) at t = 2= with initial values (u(0),v(0)) = (z,y). Because of the smoothness of (4.4)

the map f is a C'*°-diffeomorphism. We choose the parameters as
3=025 ~v=03, w=1.0.

The initial value problems are solved with a code called ’ode’ from NETLIB. This code is
an implementation of an Adams’ method by Gordon and Shampine and its tolerance is set
to 107'%. The Jacobian of f is calculated by solving the variational equation of (4.4) and
the fixed point

& =(—0.14898822176,0.018883591437)

of f is approximated using Newton’s method with tolerance 10~!%. For the eigenvalues of

f' (&) we get the bounds
A; = 0.000901886, A, = 230.494.

For more details about the Duffing map see [13, §2.2].

Due to the extreme values of the Floquet multipliers A; A, it is sufficient to take F[_15 15

20
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Figure 6: Parts of the stable and unstable manifold together with points of the ’exact orbit’
for the Duffing map.

as ’exact orbit’. To compute it, Newton’s method is started at vj_15 15 with

(—0.284,-0.0961)  ifi=0

¢ otherwise

We set the tolerance to 10713 and use projection boundary conditions.

In Figure 6 we show parts of the stable and unstable manifolds of ¢ together with the
‘exact orbit’ Z[_15 15). The behavior of the approximation errors was quite similar to Hénon’s
map (Figures 2 - 5), so we do not display them here.

We investigate for this example how the error depends on the perturbation of the bound-
ary condition. Let Qs, @y and b4 be as in (3.30). We set

b_<yn_,so)=QZ( cosp sing ) (Wn_ — &)

—sing cosgp
and use the 'rotated” boundary condition

btp(yn_ ) yn+) = (b— (yn_ ) 30)) b+(y“+))'

Calculating zeros of I'[_5 5) for various values of ¢ gives the global errors shown in Figure 7.
We observe a sharp peak at ¢ = 0 which clearly shows that the higher order convergence

from Section 3 only occurs at the accurate projection angle.
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Figure 7: Global error e (—2,5) using a perturbed left projection boundary condition for
the Duffing map.
Example 3 (3D-Hénon map)

Changing variables z +— g, Y — ba—g for @ # 0 Hénon’s map is transformed to f(iz,g) =

(a + by — £, %), see [14, Examples 15.11]. We define a 3D-Hénon map as
f(z,y,2) = (a+bz—2% 2,y).

As the original Hénon map it is a C°°-diffeomorphism for b # 0 and has two fixed points for
(b+1)? > 4a # 0 given by

_ b—1++/(b—1)2+4a
= 5 ,

We use the same parameter values as above, see (4.2), and consider the fixed point

Ty 2t =Y+ = Ty
& = (0.883896,0.883896, 0.883896).
This fixed point is hyperbolic with eigenvalues
a(f'(€)) = {0.374238, —0.483270, —1.65876 },

SO We use

A, = 0.48328, ), = 1.6587.

For these calculations we use projection boundary conditions and the ’exact orbit’ is com-

puted by starting at w[_s00,200] defined as in (4.3). Some numbers are given in Table 1.

In Figure 8 we show the global error and the local errors at the boundaries when both
boundaries are varied, like Figure 4 for the original Hénon. We notice that the slope of

e(—n,—n,n) is 2log;y Ay while the slope of e¢(n, —n,n) is oscillating around 2log; As.
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Zn Yn Zn
—6 | 0.807797 | 0.928589 | 0.856507
=5 | 1.004416 | 0.807797 | 0.928589
—4 | 0.669725 | 1.004416 | 0.807797
—3 | 1.193808 | 0.669725 | 1.004416
—2| 0.276148 | 1.193808 | 0.669725
—1| 1.524660 | 0.276148 | 1.193808
0] —0.566445 | 1.524660 | 0.276148
1] 1.161985 | —0.566445 | 1.524660
21 0507189 | 1.161985 | —0.566445
3 0972826 | 0.507189 | 1.161985
4| 0.802205 | 0.972826 | 0.507189
51 0.908624 | 0.802205| 0.972826
6| 0.866250 | 0.908624 | 0.802205

Table 1: Some numbers of the ’exact orbit’” (Z,, Yn, Zn)ne{-200,... 200} for a 3D-Hénon map.

2 T T T T T T

global error ——

0k local error e(-n,-n,n) -+
D local error e(n,-n,n) &

logarithmic error

Figure 8: Local errors for the approximate homoclinic orbits, obtained with projection
boundary conditions for a 3D-Hénon map. The error behavior for the 3D-Hénon map varying

both boundaries.
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Figure 9: Following a branch for the Hénon map.

Continuation of homoclinic orbits

Let us assume that the map f in Theorem 3.1 depends smoothly on a parameter A € R (see
also (3.32))
Tpy1 = f(zn,A), n€Z. (4.5)

If this system has a transversal homoclinic orbit at some value of A then it is easy to show by
Theorem 3.1 and the implicit function theorem that a local branch of transversal homoclinic
orbits passes through the given one. Moreover, by an extension of Theorem 3.4 one can
show that there is a corresponding branch of approximating finite orbit segments.

To follow such branches numerically we employ a predictor-corrector method from [I,
Algorithm 3.3.7] and take care of the sparse matrix structure, see [1, Chapter 10]. The
corrector is of Gauss-Newton type using Moore-Penrose inverses. Its tolerance is set to
10715,

In the following let

ny d
Ampl(Ypa_ ) = | Y [l — €I
i=n_
be the amplitude of an orbit segment y,,_ o,

As a first example we revisit Hénon’s map. We take the same parameters and starting
vector for the first corrector step as in Example 1. The parameter b is varied and projection
boundary conditions are used. Figure 9 shows the result of the numerical computation. In
an amplitude versus parameter diagram we get a closed loop of homoclinic orbits. A closer
look at the numerical values shows that each point of the homoclinic orbit describes a closed

loop in phase space upon variation of b.
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Figure 10: Closed loop of homoclinic orbits for Euler’s map. The amplitude is scaled to

(Ampl(y[_gogjgoo]) - 43065375071) . 1010.

A remarkable feature is that nontransversal homoclinic orbits occur at the turning points
of the homoclinic loop. Due to the standard reparametrization during the continuation
procedure there are no problems to pass through these points. We notice however, that the
approximation properties of the finite orbits close to these turning points are not covered
by Theorem 3.4.

Example 4 (Euler map)
Consider the continuous system
1
u=uv, b:u—u2+)\v+§uv. (4.6)

Let f(z,y, A, h) be the result of one Euler step for (4.6) with steplength h starting at (z, y),
that is .
f(x,y, A\ h) = (z + hy,y + h(z — 2? + Ay + gxy)) (4.7

In [3]the question was raised, how such a map behaves when the continuous system passes
through a homoclinic bifurcation. For the continuous system (4.6) there exists a homoclinic
orbit based at £ = (0,0) for A &~ —0.429505849, see [4, Example 1].

The above question was largely solved in [10]. There it is shown that transversal homo-
clinic orbits for the one-step map can occur for all sufficiently small step sizes h and they do
so at most within a wedge in (h, A)-plane that is exponentially small. We will explore this
wedge to some extent.

In the following numerical experiment we fix A = 0.4 and we start the branch of homo-
clinic orbits for the Euler map (4.7) at the value A = —0.7089493 suggested by [3, §2]. For
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Figure 11: The estimated norms of the inverses of the linearized operator obtained by fixing

the parameter A for the Euler map.

the numerical results shown in Figure 10 we used projection boundary conditions and orbit
segments with —n_ = ny = 300. Since the homoclinic orbits occur only in a very small

A-interval we used

1(A) = (A + 0.708949271858) - 1013,

for the horizontal axis.

Here, as with the Hénon map we find a closed loop of homoclinic orbits. The two turning
points mark the boundary of the above mentioned wedge. Although the homoclinic orbits
have extremely weak transversality the continuation method has no problems since X is
never taken for parametrization.

In order to demonstrate the weak transversality we estimate (following [12, §3.5.4]) at
each point of the branch the norms of the inverses of the linearized operator obtained by

fixing the parameter A, that is

FEn_ n 4] (y[”— 4] ()‘))_1 :

These estimates are shown in Figure 11. The norms are quite large and, as we expect, they
grow towards the turning points. This indicates the small angle between stable and unstable
manifolds, see Remark 3.5. In contrast to this, the norms of the inverses of the matrices
used to calculate the Moore-Penrose inverses which occur during the continuation are quite
moderate (< 20).

A remarkable feature of the current loop is that after one turning round with the contin-
uation procedure we get the same orbit in phase space but with the points y, being shifted

to Yn41. In fact this is only true in a strict sense for the infinite orbit zgz of (4.5) while there
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Figure 12: The homoclinic crown: A curve followed by one point of a homoclinic orbit for the
Euler map after several turns of the closed loop. The marks indicate the initial homoclinic

orbit.

must be a deviation for the finite orbits obtained numerically. However, this deviation is so
small that it does not show up in the graphics in Figure 10.

A consequence of the shift after one turn is that all points of the homoclinic orbits lie
on a common curve in (z,y, A)-space. This curve is shown in Figure 12. It was obtained by
plotting the points y_49 during several turns of the continuation method. If A is between the
two turning points any horizontal cut through this curve gives two orbits which exist for the
particular parameter value. For the sake of visualization in Figure 12 we have deactivated
the stepsize adaption during the continuation and we have drawn vertical lines at every 40th
point.

We finally remark that the same phenomenon of a closed loop with shifted orbits occurs

for Hénon’s map when we choose parameter values different from those in (4.2), for example

a=14,b=-0.3.

5 A shadowing result for discrete homoclinic orbits

In this section we reverse the question considered in the theorems of section 3. We assume
that finite orbit segments which satisfy (3.10) are given and we want to conclude the existence
of a transversal homoclinic orbit.

One such result has been derived in [17, §4.4]. Tt assumes a sequence of solutions z;
which converges uniformly as .J grows such that the linearizations about z; have uniformly

bounded inverses, see (3.16). In this way Theorem 3.4 can be turned into an equivalence
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result.
Our aim here is to avoid these somewhat restrictive assumptions on an infinite sequence of
orbits and try to work with a single finite orbit instead. For that purpose we specialize (3.10)

to have separated boundary conditions as in (1.6)

Ty(zs) = (Znp1 — flap)(n=n_,... ,ny),b_(2,_),b4(x,,)) =0. (5.1)

We assume that b_ € C'(RF RFs) by € C1(R* R*v) where k; and k,, are the dimensions
of the stable and unstable subspace X, and X, of f'(¢) and & is a hyperbolic fixed point of

the C'-diffeomorphism f. Moreover we assume

bo(E) =0, bi(€) =0, (2)
NOLE) = Xur N,L(E) = X, 53)
b_(€)x,, b (£)x. are nonsingular. (5.4)

Assumptions (5.3) and (5.4) imply that the boundary conditions are at least of order (2, 2).
In particular, (5.2) - (5.4) are satisfied for the projection boundary conditions (3.30).
In order to avoid interrupting the argument we begin with a perturbation lemma for the

linear case which will be an important tool in the proof of our main result.

Lemma 5.1 Let A € RF* be hyperbolic with stable and unstable projectors Py and P, =
I — Py and let @ > 0 and the norm |||| be chosen so that (3.2), (3.3), (3.4) and (3.5) hold
with A instead of f'(§). Furthermore, let p > 0 and matrices An, n < —1 be given with

[|[An — A|| < p foralln < —1.

Then any bounded solution xy_ of

satisfies
1+e“ on
l2all € 75 pllen_lloo + "I Puroll for alln <0 (55)
and .
+e™?
1Pl € T gl

Proof. By Lemma 2.2 with J = 7Z_ the equation
y”+1_Ay" :(AN_A)J‘VHTI’S_L Puy0:0~

has a unique bounded solution yz_ and for n < 0 we have the estimate

14+e @ 14+e @
A, — Azall <
e :lgll( Jrall < /=

llomll <

pllez_loo- (5.6)

The sequence z, = y, — z,, n < 0 is bounded and satisfies 2,41 — Az, = 0, n < —1 hence
P,z =0 and

[[znl] < €™ [20]] = €™ || Puzol|, n <O

Combining this with (5.6) gives the desired estimates. |
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Theorem 5.2 Let the above assumptions hold. Then for any constant C' > 0 there exists an
g0 > 0 such that for each ¢ € (0,¢0] we find a § = §(e,C) > 0 with the following conclusions.
If 25, J = [n-,ny] is a solution of (5.1) which satisfies

e < C, 5.7)
IT5(E5) e < C, (5.8)
1Zay =&l < 6 (5.9)

then there exists a unique transversal homoclinic orbit xy of f with respect to € satisfying
|27 — x5 < e (5.10)

Remark 5.3 1. There are no explicit assumptions made on —n_, ny being large but, of
course, the inequality (5.9) requires this in practise. Moreover the homoclinic orbit xy,

may be trivial unless we know that ||z, — &|| > € holds for at least one n € J.

2. As the proof will show, we can weaken the assumption Ty(Z5) =0 by |T5(Zs)||c < 6.
In this sense the theorem gives a shadowing result (see [21, Theorem 3.5]). It is of a

spectal type, however, since we shadow a finite orbit by an infinite one.

3. The assumptions (5.3), (5.4) will be crucial in our proof. It seems likely that condition
(5.3) can be dropped and more general boundary conditions can be allowed as in The-

orem 3.4 and its converse in [17]. But we don’t know of any proof or counterezample.

Proof. We assume C' > 0 to be given as in the theorem and we will collect the various
conditions on £y = £9(C) and § = §(e,C), 0 < ¢ < &g during the proof. Let §; > 0 be such
that the local stable and unstable manifolds of & in the ball

Bs, (§) ={z e R*: [la — ¢|| < 61}

have a representation as in (3.6) with V; = Bs, (0) N X, and V,, = Bs, (0) N X,,. Let P; be
the projector onto X, along X, and P, = I — P;. By the choice of norms we have || P;||,
1Pl < 1.

Then an element z € Bs, () belongs to W, iff it satisfies the boundary condition

Py(z =€) — qu(Pu(e = £)) = 0.
Because of (5.4) this is equivalent to
B_(x) := b_(&)(Ps(x = &) — qu(Pule — £))) = 0. (5.11)
With (5.3) we have
BL(2) = b_(€)(Ps — qu(Pu(® —€))Py) = b (&) = b (&) gy (Pul® — €)) Py (5.12)

and (3.7) implies
BL(§) =bL(¢).
Similarly, 2 € W, is characterized by

By (2) = By (€)(Pu(e — &) — 0.(Pu(2 = £))) =0 (5.13)



and
B (€) = b (§)
holds.

We construct the homoclinic orbit by solving the ’boundary value problem’

where T': §; — S is defined by

Ty(zs) = (#pp1 — flzn)(n=n_,...,ng — 1), B(x,_,2,,))

with B(zn_,2n,) = (B-(2n_), B4(%n,)). We apply Proposition 3.3 with Y = Z = S; with

norm || ||ee, F =Ty, yo = &5, 0 = k = 5= and p = ¢. We have

8
8C»

1T (2.1) = T ()| max (|| BL (Zn_) = b (2n )|, [| B (Zny) — b4 (2 )]1)

max ([0 (&) = b (zn )l + B2 () It (Pu(En_ = E))II,
18 (€) = by (@ )l + 16 (E)] s (P (Zny = ))I])-

We choose ¢ such that g; < %61 and such that the following estimates hold for all z €

Bae, (0)

IN

1 1
1 Il lgu (@)1l < g7 163 @)l lg:(2)]] < g (5.15)
1 1
B2 (€) = b (€ + 2)l < 7 [163.(6) = b4 (€ + )l < 77
where (' is the constant in (5.8). For 0 < ¢ <& and é < £ we obtain by using (5.9)
= _ 3
IT5 (1) =T (@Dl < g7
and thus by (5.8) and the Banach Lemma
Sy o 8 1
IF @)l < S0 = 1.

For ||y — Z1||ce < € we use (5.9), (5.15) and find the estimate

T () = Th(En)llee < max (182 ()11 14 (Pu(yn =€) = di(PulEn_ = )
1" (yn) = £ @)l (n =1y my = 1),
184 () 145 (Ps (yny =€) = € (Pe(@ny — €))]])

— =K

4C

IN

provided gq satisfies

max(||f'(x) = f' ()| : [J«]] < C, [Je — z[] < €0) <

o~
8-

Finally, we obtain

ICs@)lee = max(||B- (2 )|, 1B+ (2,)])
< max (L @([1Za_ — &Il + [1gu (Pu(Zn 5))||),
1% N 1Eny = €Nl + [las (P (Zny = EDI))
< 3—6 =(c—K)p
- &C
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if § satisfies

BN < 70 194 ©118 < 75

Notice that by (5.15) and (5.9)

B2 () g (Pu(En_ — DI < [BZ(E)]16 max([lq, ()| - [|z]] < 6)
6 €
< 3C < ok

From Proposition 3.3 we conclude the existence of a unique solution y; of (5.14) in B.(Zs).

Since

1gns =&l < Nyns = Znall = 1Zns =€l S e+ 6 <260 <6

the extended orbit yz obtained by iterating yn4+1 = f(yn), n < n— or n > n4 is homoclinic
to &. Moreover, any homoclinic orbit zz with the property (5.10) satisfies ||z, — || < &
and hence satisfies the boundary conditions (5.11), (5.13). This proves the uniqueness.

To show that yy is transversal let us assume that it is nontransversal. By Definition 3.2,

Theorem 3.1 and Lemma 2.4 there is a sequence zz € Syz such that
l2zllec =1, Zn41 = f'(yn)2n =0, n€Z. (5.16)

Applying Lemma 5.1 to A = f/'(¢), A, = f'(Yn4n_) and with 2,4, _ instead of z,, we get

-

1
Pl <

sup 1/ (wn) = £/(E)l =: B-. (5.17)

In a similar way
-

14e
|1Puzn, |l < T o= SUP 1 F (yn) = £ ()] = By
—€ n>ng4
By the positive invariance of W} . and the negative invariance of W}, we have
[lyn —€]| < 2e¢ forallm<n_ orn>ny.

Furthermore
f‘f](yJ);L‘u =(0,...,0, BL(yn_)Tn_, Bf‘_(yn+)azn+_) (5.18)

and as a byproduct of Proposition 3.3 (see (3.13))

T/ -1 1 _ §
1) e < = S (5.19)
From (5.12), (5.15), (5.16) and (5.17) we obtain
1
1BZ (yn_)zn_[| = IBZ () (s = qu(Pu(yn_ =€) Pu)zn_|l < BZONS- + g7

Finally, we impose on ¢g the restriction

14+e~® , , ) 1 1 1

———— max - + z)||) < min , 's 5.20

which yields ||BL (yn_)zn_|| < % and similarly [| By (yn,)#n || < % Using these esti-
mates and (5.19) in (5.18) we obtain

1
letalles < 5.
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In particular, ||Pyan_|| < % and the inequality (5.5) from Lemma 5.1 and (5.20) yield

1
leall < B+ €| Pyy || <o+ 5 <1 forn<n.

In an analogous way we find ||z,|| < 1 for n > n, and thus arrive at a contradiction to

|2zl = 1. |
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