Invariant Manifolds for Non-autonomous Systems with Application to One-step Methods

Y.-K. Zou^{�y} W.-J. Beyn^�

Abstract

In this paper we study the existence of invariant manifolds for a special type of nonautonomous systems which arise in the study of discretization methods. According to [10], a one-step scheme of step-size ” for an autonomous system can be interpreted as the ”-flow of a perturbed nonautonomous system. The perturbation is ‘rapidly forced’ in the sense that it is periodic with respect to time with period ”. Assuming a saddle node for the autonomous system, we prove that these rapidly forced perturbations have center manifolds which exist in a uniform neighborhood and which converge to a center manifold of the autonomous system as ” tends to zero. Our results are applied to obtain a smooth continuation as well as estimates of the well known center manifolds for one-step schemes. They also form the basis for studying saddle-node homoclinic orbits under discretization.

Keywords: Invariant manifolds, center manifolds, nonautonomous systems, one-step methods, centered Euler scheme.

AMS subject classifications: Primary 65L12. Secondary 58F30, 58F08, 34C45.

�Supported by SFB 343 “Diskrete Strukturen in der Mathematik” Fakultät für Mathematik, Universität Bielefeld.

yPartly supported by the Hertz Foundation.

1 Introduction

In recent years many efforts have been directed towards a deeper understanding of the effects caused by discretizing a continuous dynamical system, see [13], [20] for recent reviews.

Consider a smooth dynamical system

ẋ = f(x), x ∈ R^m , (1.1)

and let F (t, x) be the induced t-flow. We are interested in the longtime behavior of one-step methods

x_{n+1} = Φ(ε, x_n), n = 0, 1, 2, · · · (1.2)

Here ε denotes a constant but small step size and Φ(ε, ·) is a smooth mapping

in R^n that approximates the ε-flow F (ε, ·) to a certain order |F (ε, x) − Φ(ε, x)| ≤ Cε^{p+1}, ∀x ∈ R^m . (1.3) For estimates of this type we refer to [5], [11], [20].

For certain structurally stable systems (1.1), it is possible to set up an ε-dependent topological conjugacy between the maps F (ε, ·) and Φ(ε, ·) and to estimate its distance to the identity in powers of ε (see [12], [13], [14]). In general such an embedding is impossible and some of the obstructions when periodic orbits are present are discussed in [12], [13], [14].

An important structurally unstable situation occurs if the system (1.1) has a saddle with a homoclinic orbit. This situation was analyzed in detail in [10] for a parametrized family. The basis assumption in [10] is that the homoclinic orbit, as a function of time, has an analytic extension to a strip in the complex plane. Then it is shown that generically the map Φ(ε, ·) has transversal homoclinic points and that the angle of intersection of the stable and unstable manifolds is exponentially small, that is of the order O(e^{−c/ε}).

The basic tool in [10] is to view the one step map Φ(ε, ·) of order p as the 0 to ε flow of a perturbed nonautonomous system ẋ = f(x) + ε^pg(ε, t/ε, x) (1.4) where g is smooth and 1-periodic in its second variable. The perturbation term in (1.4) then has period ε in t and such perturbations are called rapidly forced in [10].

In this paper we analyze the situation near a nonhyperbolic equilibrium of the systems (1.1), (1.2) via the interpolated system (1.4). For simplicity we consider only a saddle node of (1.1) and a special one-step method, the centered Euler scheme or implicit mid-point rule x_{n+1} − x_n ε = f( x_{n+1} + x_n 2 ). (1.5)

We show that the resulting rapidly forced system (1.4) has locally invariant (or integral) manifolds which are ε-periodic in t and which connect up to the well known center manifold at ε = 0.

More precisely, the invariant manifold is of the form M̃ = {(ε, t, θ, u); t ∈ R, 0 < ε < ε_0, u = h(ε, t/ε, θ)} (1.6) where x = (θ, u) is the decomposition into the center variable θ (here θ ∈ R) and the hyperbolic variable u (here u ∈ R^{m−1} ) determined by the spectrum of the Jacobian of f at the equilibrium. We will show that h(ε, ·, θ) is 1-periodic in its second variable and converges uniformly to a function h̃(θ) as ε → 0 which defines a center manifold for the unperturbed system (1.1).

In this way we obtain an invariant manifold which reflects the special rapidly forced nature of the perturbation. It seems that such a result does not follow directly from the well known general theory of center manifolds for nonautonomous systems, cf. [2], [21].

Our motivation for deriving this result is twofold. First, if we restrict the invariant manifolds for the interpolated system (1.4) to the time slice t = 0 or t = ε we obtain invariant manifolds of the one-step mapping which approximate the center manifold of the original system (1.1). In this way we recover some well known results on the persistence of center manifolds under discretization, see [5], [18], [22] and [14] for a generalization.

As a second application we use the ‘rapidly oscillating’ manifold in (1.6) to study the effect of discretization on a saddle node homoclinic orbit, see [8], [19] for the unfolding theory of this case. The details of this application will be contained in a forthcoming paper.

We give a brief outline of the present paper. In section 2 we repeat the construction of the interpolated system from [10] in order to obtain the special properties of the perturbation term g when the original system (1.1) has a saddle node. As an aside we discuss in section 3 the relation of the interpolation (1.4) to the backward error analysis of numerical schemes [7], [9]. Section 4 then contains the main existence proof as well as some estimates as ε → 0. Section 5 illustrates the main result by an example and, finally, some extensions to parametrized systems and more general one-step schemes are discussed in section 6.

2 Construction and properties of the interpolation

We consider the system (1.1) under the following assumptions.

(H1) f and its derivatives up to order k ≥ 4 are continuous and uniformly bounded in R^m .

(H2) f has an equilibrium x_0, i.e. f(x_0) = 0, without loss of generality we may assume x_0 = 0.

(H3) D_xf(0) has the simple eigenvalue 0 with right eigenvector e_r and all other eigenvalues have nonzero real parts.

As a first step we follow the approach of [10] and show that the centered Euler method x_{n+1} − x_n ε = f( x_{n+1} + x_n 2 ) (2.1)

may be viewed as the time-ε map of a suitable nonautonomous system ẋ(t) = f(x(t)) + ε^2g(ε, t/ε, x(t)). (2.2) Our aim here is to analyze the properties of the perturbation g under the assumptions (H1) - (H3).

Using (H1) we may solve (2.1) for x_{n+1} uniformly in x_n ∈ R^m and |ε| < ε_0 and write it as x_{n+1} = Φ(ε, x_n) (2.3)

where Φ ∈ C^k((−ε_0, ε_0) × R^m , R^m ) and Φ(ε, ·) is a global diffeomorphism. This can be seen from the Hadamard-Levy global inverse function theorem [1] (2.5.17) which applies to T (ε; x, y) := (x, y − x − εf( x + y 2 )) if |εf^′(x)| ≤ 1 2 , ∀x ∈ R^m . Another possibility is to employ Theorem 2.2 below.

The basic approximation properties of the centered Euler map Φ(ε, ·) and the ε-flow F (ε, ·) will be summarized in the following lemma. More general statements concerning higher derivatives and finite time intervals can be found in [11].

Lemma 2.1 Assume (H1), then there exist constants ε_0, C > 0 such that the following estimates hold for all |ε| < ε_0, y ∈ R^m |D_yF (ε, y) − I| + |D_{yy}F (ε, y)| ≤ C|ε|, (2.4) |F (ε, y) − Φ(ε, y)| + |D_yF (ε, y) − D_yΦ(ε, y)| ≤ C|ε|^3. (2.5) For later use in the construction of (2.2) we quote here a global and quantitative version of the implicit function theorem.

Theorem 2.2 Let X, Y be Banach spaces, Ω ⊂ X be open and let T ∈ C^k(Y × R × Ω, Y ), g_0 ∈ C^k(Ω, Y ), k ≥ 1 be given such that the following estimates hold for all ξ ∈ Ω, |ε| < ε_0 with suitable constants σ, κ, δ > 0 D_yT (g_0(ξ), 0, ξ) is a homeomorphism and |D_yT (g_0(ξ), 0, ξ)^{−1}| ≤ σ, (2.6) |D_yT (y, ε, ξ)−D_yT (g_0(ξ), 0, ξ)|≤κ< 1 σ , for |y − g_0(ξ)| ≤ δ, (2.7) |T (g_0(ξ), ε, ξ)| ≤ ( 1 σ − κ)δ. (2.8) Then there is a unique function g ∈ C^k((−ε_0, ε_0) × Ω, Y ) such that T (g(ε, ξ), ε, ξ) = 0 and |g(ε, ξ) − g_0(ξ)| ≤ δ and for |ε| < ε_0, ξ ∈ Ω we have the estimate |D_ξg(ε, ξ)| ≤ σ 1 − σκ |D_ξT (g(ε, ξ), ε, ξ)|. (2.9) The important point here is that Ω needs not be bounded nor a small ball due to the uniform estimates in (2.6)-(2.8). A proof of this theorem may be obtained from the parametrized contraction mapping theorem [17], Appendix (C.7) applied to the following fixed point formulation.

y = D_yT (g_0(ξ), 0, ξ)^{−1}[D_yT (g_0(ξ), 0, ξ)y − T (y + g_0(ξ), ε, ξ)].

The basic interpolation result is contained in the following theorem.

Theorem 2.3 Let the conditions (H1)-(H3) hold. Then there exist ε_0 > 0 and a vector field g ∈ C^{k−3}((−ε_0, ε_0) × R × R^m , R^m ) such that the following properties hold for all |ε| < ε_0, τ ∈ R, x ∈ R^m (i) the map (ε, τ, x) → ε^2g(ε, τ, x) is of class C^{k−1}, and 1-periodic in τ, (ii) |g(ε, τ, x)| + |D_xg(ε, τ, x)| ≤ C for some C > 0, (iii) g(ε, τ, 0) = 0 and D_xg(ε, τ, 0) has the simple eigenvalue 0 with right eigenvector e_r and no other eigenvalues on the imaginary axis, (iv) G(ε, ε, x) = Φ(ε, x) where G(t, ε, x) is the t-flow of the system (2.2) with G(0, ε, x) = x and ε ≠ 0.

Proof. We essentially follow the construction of g in [10]. We make the implicit function argument somewhat more transparent by using Theorem 2.2 and we add some simplifications due to the global bound in (H1).

Let χ_0 : R → [0, 1] be a C^∞ cut-off function such that χ_0(τ) = 1 for τ ≤ 0, χ_0(τ) = 0 for τ ≥ 1 and denote χ_1(τ) = 1 − χ_0(τ).

For |ε| < ε_0, ε ≠ 0, y ∈ R^m we consider the C^k-curve G(t, ε, y) = χ_0(t/ε)F (t, y) + χ_1(t/ε)F (t − ε, Φ(ε, y)), 0 ≤ εt ≤ ε^2 (2.10) which satisfies G(0, ε, y) = F (0, y) = y, G(ε, ε, y) = F (0, Φ(ε, y)) = Φ(ε, y). (2.11) g will be defined so that G(·, ε, y) solves (2.2). For this purpose it is convenient to introduce the scaled variable τ = t/ε and set for 0 ≤ τ ≤ 1 G̃(τ, ε, y) := G(ετ, ε, y) = χ_0(τ)F (ετ, y) + χ_1(τ)F (ετ − ε, Φ(ε, y)). (2.12) By this formula we see that G̃ and D_τ G̃ have a C^k-smooth extension to [0, 1]× (−ε_0, ε_0) × R^m satisfying G̃(τ, 0, y) = y, D_τ G̃(τ, 0, y) = 0, (2.13) G̃(0, ε, y) = y, G̃(1, ε, y) = Φ(ε, y). (2.14) Next we extend G̃ to all τ ∈ R by setting G̃(τ, ε, y) = G̃(τ − [τ], ε, Φ^{[τ]}(ε, y)) (2.15) where n = [τ] is the largest integer not exceeding τ and Φ^n(ε, ·) denotes the n-th iterate of Φ(ε, ·).

In virtue of (2.14), (2.15) G̃ is then continuous in R × (−ε_0, ε_0) × R^m and satisfies for all n ∈ Z, τ ∈ R, |ε| < ε_0 G̃(n, ε, y) = Φ^n(ε, y), G̃(τ, ε, G̃(n, ε, y)) = G̃(τ + n, ε, y). (2.16) We claim that G̃ and D_τ G̃ are C^k-smooth. By the last relation in (2.16) it is sufficient to consider the τ-derivatives at τ = 0.

Let D^j_+, j ≤ k + 1 denote the j-th derivative at τ = 0 from above and D^j_− from below. Then we find from (2.12), (2.15) D^j_+G̃(τ, ε, y) = D^j_+[χ_0(τ)F (ετ, y) + χ_1(τ)F (ετ − ε, Φ(ε, y))] = ε^j(D^j_t F )(0, y) = D^j_−[χ_0(τ + 1)F (ε(τ + 1), Φ^{−1}(ε, y)) + χ_1(τ + 1)F (ετ, y)] = D^j_−G̃(τ, ε, y). Transforming backwards in (2.12) we may then define G for t ∈ R, ε ≠ 0 and find that (2.2) requires D_tG(ε, t, y) = f(G(t, ε, y)) + ε^2g(ε, t/ε, G(t, ε, y)). In the scaled time variable τ = t/ε this leads to the setting g(ε, τ, y) := ε^{−2}g̃(ε, τ, x), g̃(ε, τ, x) := ε^{−1}D_τ G̃(τ, ε, y) − f(x) (2.17) where y = y(τ, ε, x) is defined implicitly by x = G̃(τ, ε, y). (2.18) First we show that (2.18) can be solved for y uniformly in (τ, ε, x) ∈ V := [0, 2] × (−ε_0, ε_0) × R^m . We use Theorem 2.2 with ξ = (τ, x), Ω = (−1, 3) × R^m and T (y, ε, ξ) = G̃(τ, ε, y) − x, g_0(ξ) = x. Obviously, from (2.13) y = x solves (2.18) at ε = 0 and D_yT (g_0(ξ), 0, ξ) = I, so we set σ = 1 in (2.6). Furthermore D_yT (y, ε, ξ) − D_yT (g_0(ξ), 0, ξ) = D_yG̃(τ, ε, y) − I = χ_0(τ)(D_yF (ετ, y) − I) + χ_1(τ)(D_yF (ετ − ε, Φ(ε, y))D_yΦ(ε, y) − I).

By Lemma 2.1 we can estimate the first term by C|ετ| and the second by |(D_yF (ετ − ε, Φ(ε, y)) − D_yF (ετ − ε, F (ε, y)))D_yΦ(ε, y)| + |D_yF (ετ − ε, F (ε, y))(D_yΦ(ε, y) − D_yF (ε, y))| + |D_yF (ετ, y) − I| ≤ C|ε|^4(1 + C|ε|) + (1 + C|ε|) · C|ε|^3 + C|ε| ≤ C|ε| ≤ 1 2 = κ if |ε| is small. Finally, with δ = 1, we obtain (2.8) for small ε since |T (g_0(ξ), ε, ξ)| = |G̃(τ, ε, x) − x| ≤ |F (ετ, x)−x|+|χ_1(τ)(F (ετ −ε, Φ(ε, x))−F (ετ −ε, F (ε, x)))| ≤ C|ετ| + C|ε(τ − 1)| · |ε|^3 ≤ 1 2 = ( 1 σ − κ)δ. We notice that (2.9) implies an estimate of the derivative |D_xy(τ, ε, x)| ≤ C, (τ, ε, x) ∈ V. (2.19) Using D_τ G̃(τ, 0, y) = 0, y(τ, 0, x) = x and the C^k-smoothness of D_τ G̃ we have thus shown that g̃, as defined by (2.17) is of class C^{k−1} in V . Moreover, from Taylor’s theorem g is then of class C^{k−3} if we show |g̃(ε, τ, x)| ≤ Cε^2, (ε, τ, x) ∈ V. (2.20) In fact, from χ^′_0 + χ^′_1 = 0 we find for ε ≠ 0 g̃(ε, τ, y) = 1 ε χ^′_0(τ)F (ετ, y) + 1 ε χ^′_1(τ)F (ετ − ε, Φ(ε, y)) +χ_0(τ)D_tF (ετ, y) + χ_1(τ)D_tF (ετ − ε, Φ(ε, y)) − f(x) = 1 ε χ^′_1(τ)[F (ετ − ε, Φ(ε, y)) − F (ετ − ε, F (ε, y))] +χ_1(τ)[f(F (ετ − ε, Φ(ε, y))) − f(F (ετ − ε, F (ε, y)))] +f(F (ετ, y)) − f(x). (2.21) Using Lemma 2.1 and (H1) we can estimate the first term by Cε^2, the second by C|ε|^3 and for the last one we obtain from (2.18) |f(F (ετ, y)) − f(x)| ≤ C|F (ετ, y) − x| = C|F (ετ, y) − χ_0(τ)F (ετ, y) − χ_1(τ)F (ετ − ε, Φ(ε, y))| = C|χ_1(τ)(F (ετ − ε, F (ε, y)) − F (ετ − ε, Φ(ε, y)))| ≤ C|ε|^3.

In a similar way we can derive a bound |D_xg̃(ε, τ, x)| ≤ Cε^2, (ε, τ, x) ∈ V (2.22) by taking derivatives of the terms above and using (2.19) as well as Lemma 2.1. Property (ii) then follows from (2.20), (2.22) for (ε, τ, x) ∈ V .

So far we have worked with τ ∈ [0, 2]. It is now shown as in [10] that g̃ is 1-periodic in τ so that the properties (i), (ii) and (iv) follow by periodic continuation. From (2.15) we have for 0 ≤ τ ≤ 1 x = G̃(τ + 1, ε, y(τ + 1, ε, x)) = G̃(τ, ε, Φ(ε, y(τ + 1, ε, x))) hence y(τ, ε, x) = Φ(ε, y(τ + 1, ε, x)) and by (2.15), (2.17) g̃(ε, τ + 1, x) − g̃(ε, τ, x) = 1 ε (D_τ G̃(τ + 1, ε, y(τ + 1, ε, x)) − D_τ G̃(τ, ε, y(τ, ε, x))) = 1 ε (D_τ G̃(τ, ε, Φ(ε, y(τ + 1, ε, x))) − D_τ G̃(τ, ε, y(τ, ε, x))) = 0. Finally we prove (iii). It is easy to see that (H2) and (2.21) imply G̃(τ, ε, 0) = 0, y(τ, ε, 0) = 0, Φ(ε, 0) = 0, g̃(ε, τ, 0) = 0. Without loss of generality we can choose coordinates in R^m so that

A = D_xf(0) = ( 0 0 0 B ) , B ∈ R^{m−1,m−1} where the eigenvalues of B have nonzero real parts. Then

D_xF (t, 0) = e^{At} = ( 1 0 0 e^{Bt} ) . Taking x-derivatives in Φ(ε, x) − x = εf( x + Φ(ε, x) 2 ) shows that D_xΦ(ε, 0) = Q_ε(A) = ( 1 0 0 Q_ε(B) ) (2.23)

where Q_ε(M) = (I − ε 2 M)^{−1}(I + ε 2 M) for a matrix M.

By definition of g(ε, τ, x) D_xg(ε, τ, 0) = ε^{−2}(−A + 1 ε D_yD_τ G̃(τ, ε, 0)D_xy(τ, ε, 0)). (2.24) With P_ε(M) := e^{−ετ} Q_ε(M) − I we find upon differentiation of (2.18) I = e^{ετA}[I + χ_1(τ)P_ε(A)]D_xy(τ, ε, 0), D_xy(τ, ε, 0) = ( 1 0 0 (I + χ_1(τ)P_ε(B))^{−1}e^{−ετB} ) . Furthermore, using χ^′_0 + χ^′_1 = 0, χ_0 = 1 − χ_1 and F_{ty}(t, 0) = Ae^{At} we find

D_yD_τ G̃(τ, ε, 0) = χ^′_0(τ)F_y(ετ, 0) + χ^′_1(τ)F_y(ετ − ε, 0)Φ_y(ε, 0) +ε[χ_0(τ)F_{yt}(ετ, 0) + χ_1(τ)F_{yt}(ετ − ε, 0)Φ_y(ε, 0)] = ( 0 0 0 B_1(ε, τ) )

where B_1(ε, τ) = e^{ετB}[εB + (χ^′_1 + εχ_1B)P_ε(B)]. Collecting terms we end up with the desired block structure D_xg(ε, τ, 0) = ( 0 0 0 B_2(ε, τ) )

where B_2(ε, τ) = ε^{−2}(−B + 1 ε (εB + (χ^′_1 + εχ_1B)P_ε(B))(I + χ_1P_ε(B))^{−1}). After

some calculations one finds B_2(ε, τ) = 7 12 χ^′_1(τ)B^3 + O(ε). �

Remark 2.4 As the proof of Theorem 2.3 shows one can generalize the results to the case of m_c eigenvalues of D_xf(0) with zero real parts which generate m_c eigenvalues of D_xg(ε, τ, 0) on the unit circle with the same eigenvectors. Moreover this can be extended to one-step methods whose growth function Q_ε (compare (2.23)) satisfies

Re(z) = 0 ⇒ |Q_ε(z)| = 1.

3 Backward error analysis

In a backward error analysis of a numerical method the approximate solution is interpreted as an exact solution of a perturbed problem. For a one-step method with step-size ε this means that we look for a perturbed dynamical system, depending on ε, such that its ε-flow is precisely the one-step mapping. Unfortunately, such a strong embedding is impossible in general (see [4], [12], [20] for the obstructions). But it is possible to set up a perturbed system the ε-flow of which approximates the one-step mapping to arbitrary order in ε. These systems are called modified equations. A clear exposition of their construction for Runge-Kutta methods is given in [7] (see also [9], [15]).

Now Theorem 2.3 states that we can perform an exact backward error analysis if we leave the category of autonomous systems and work with nonautonomous, in fact rapidly forced systems. This perturbed system is certainly not unique since there are many ways to choose a proper interpolation, e.g. by varying the cut-off function χ_0. It is then natural to ask how these rapidly forced perturbations relate to the autonomous modified equations.

In this section we will show that the limit of equation (2.2) as ε → 0, but with t/ε fixed in g(ε, t/ε, x), is a suitable nonautonomous modified equation. Indeed, from (2.21) and the fact that only the first term is of order ε^2 we obtain

lim_{ε→0} g(ε, τ, x) = lim_{ε→0} 1 ε^3 χ^′_1(τ)[F (ετ − ε, Φ(ε, y)) − F (ετ − ε, F (ε, y))] = χ^′_1(τ) lim_{ε→0} { ∫ 1 0 D_xF (ετ −ε, sΦ(ε, y)+(1−s)F (ε, y))ds · · 1 ε^3 [Φ(ε, y) − F (ε, y)] } . Now the integral converges to I since D_xF (0, x) = I and y(τ, 0, x) = x. Moreover, from Lemma 2.1

g_0(x) := lim_{ε→0} 1 ε^3

(Φ(ε, x) − F (ε, x)) (3.1)

exists and together with y(τ, 0, x) = x we find

lim_{ε→0} g(ε, τ, x) = χ^′_1(τ)g_0(x).

By a standard Taylor expansion we have Φ(ε, x) = x + εf(x) + 1 2 ε^2D_xf(x)f(x) + 1 6 ε^3[ 3 4 D^2_xf(x)[f(x), f(x)] + 1 2 (D_xf(x))^2f(x)] + O(ε^4) = F (ε, x) + ε^3g_0(x) + O(ε^4) (3.2)

where g_0(x) = − 1 12 [ 1 2 D^2_xf(x)[f(x), f(x)] + (D_xf(x))^2f(x)]. (3.3)

Our nonautonomous modified equation then takes the form ẋ = f(x) + ε^2χ^′_1(t/ε)g_0(x). (3.4) We notice that χ^′_1 is a bump function on [0, 1] with integral 1. It has an obvious 1-periodic and smooth extension to R, so that (3.4) is defined for all t ∈ R. We will show that the ε-evolution of (3.4) is an O(ε^4)-approximation to the one-step map Φ(ε, ·).

Proposition 3.1 Assume (H1) and denote by Ψ(t, ε, x) the solution of (3.4) with Ψ(0, ε, x) = x. Then uniformly for x ∈ R^m |Ψ(ε, ε, x) − Φ(ε, x)| = O(ε^4). Proof. With τ = t/ε and x^′ = dx dτ equation (3.4) becomes x^′ = εf(x) + ε^3χ^′_1(τ)g_0(x) (3.5) with solution Ψ̃(τ, ε, x) = Ψ(ετ, ε, x). Now we expand Ψ̃(τ, ε, x) in ε at ε = 0 for all τ ∈ [0, 1]. Clearly, Ψ̃(τ, 0, x) = x from (3.5) and by taking ε-derivatives we find for x_i(τ) := D^i_εΨ̃(τ, ε, x)(i ≥ 0) the variational equations x^′_1 = f(x_0) + εD_xf(x_0)x_1 + 3ε^2χ^′_1(τ)g_0(x_0) + O(ε^3) x^′_2 = 2D_xf(x_0)x_1 + εD^2_xf(x_0)[x_1, x_1]

+εD_xf(x_0)x_2 + 6εχ^′_1(τ)g_0(x_0) + O(ε^2).

(3.6)

At ε = 0 we have x_1(0) = x_2(0) = 0 and hence by integration D_εΨ̃(τ, 0, x) = τf(x), D^2_ε Ψ(τ, 0, x) = τ^2D_xf(x)f(x). Finally, computing the third derivative of (3.5) at ε = 0 yields x^′_3 = 3τ^2[D^2_xf(x)[f(x), f(x)] + (D_xf(x))^2f(x)] + 6χ^′_1g_0(x) + O(ε), and by integration

D^3_εΨ̃(τ, 0, x) = τ^3[D^2_xf(x)[f(x), f(x)] + (D_xf(x))^2f(x)] + 6χ_1(τ)g_0(x). Comparing with (3.2), (3.3) we end up with |Ψ(ε, ε, x) − Φ(ε, x)| = |Ψ̃(1, ε, x) − Φ(ε, x)| = O(ε^4) which completes the proof. � Let us finally discuss the relation of the nonautonomous equation (3.4) to an autonomous modified equation ẋ = f(x) + ε^2g_1(x). (3.7) Suppose that the t-flow G(t, ε, x) of this system satisfies Φ(ε, x) − G(ε, ε, x) = O(ε^4). (3.8) Expanding G with respect to the second variable one finds G(ε, ε, x) = F (ε, x) + ε^3g_1(x) + O(ε^4) and by comparison with (3.1), (3.8) ε^3g_1(x) = Φ(ε, x) − F (ε, x) + O(ε^4) g_1(x) = lim_{ε→0} 1 ε^3 (Φ(ε, x) − F (ε, x)) = g_0(x). Therefore, the nonautonomous system (3.4) is just a smeared version of the autonomous modified equation (3.7), or to put it the other way around, (3.7) is an averaged version of (3.4) over the time interval [0, ε]. Remark 3.2 Several generalizations are rather obvious. We can use any p-th order one step method for (1.1) and get in the limit ε → 0 the nonautonomous term χ^′_1(t/ε)g_0(x) where now g_0(x) = lim_{ε→0} 1 ε^{p+1} (Φ(ε, x) − F (ε, x)) and the evolution of (3.4) is O(ε^{p+2}) close to the discrete solution. Moreover, by further expansion of g(ε, τ, x) with respect to ε we can set up nonautonomous modified equations which approximate the one-step mapping to higher order.

4 Existence and estimates of the invariant manifold

In this section we study center manifolds for the rapidly forced system (2.2) under the assumptions of Theorem 2.3. As in the proof of Theorem 2.3 it is convenient to work with the scaled time variable τ = t/ε, so that (2.2) becomes x^′ = εf(x) + ε^3g(ε, τ, x). (4.1)

Notice that the standard trick of adding the equation ε^′ = 0 to this system does not work here. The system (4.1) becomes trivial at ε = 0 and hence the center manifold will be the whole space.

Therefore, we are forced to repeat the center manifold proofs (for example as in [6]) and take care of the balance between the f and g-terms in (4.1) as ε → 0. As in the proof of Theorem 2.3 we use the eigenvectors of D_xf(0) to define proper coordinates θ ∈ R, u ∈ R^{m−1} such that the system (4.1) has the following form

θ^′ = εf_1(θ, u) + ε^3g_1(ε, τ, θ, u) u^′ = εBu + εf_2(θ, u) + ε^3g_2(ε, τ, θ, u). (4.2)

The functions f_1, f_2 and g_1, g_2 are determined by f and g respectively and satisfy the following properties (with l = k − 1 ≥ 3)

(C1) f_i ∈ C^l(R^m , R^m ), ε^2g_i ∈ C^l((−ε_0, ε_0) × R × R^m , R^m ) for i = 1, 2.

(C2) f_i(0, 0) = 0, g_i(ε, τ, 0, 0) = 0, D_θf_i(0, 0) = 0, D_uf_i(0, 0) = 0, D_θg_i(ε, τ, 0, 0) = 0, D_ug_1(ε, τ, 0, 0)=0, for i = 1, 2, |ε| < ε_0, τ ∈ R.

For the matrix B ∈ R^{m−1,m−1} we make the assumption

(C3) Re(λ) < 0 for all eigenvalues λ of B.

As usual this will simplify the construction of a center manifold compared to the general case when B has eigenvalues on both sides of the imaginary axis.

Our first aim is to construct for any 0 < ε < ε_0 a locally invariant manifold for the system (4.2) of the form M_ε = {(τ, θ, u) ∈ R^{m+1} : u = h(ε, τ, θ), |θ| < δ} (4.3) where h(ε, τ, ·) is of class C^l, 1-periodic in τ and satisfies

h(ε, τ, 0) = 0, D_θh(ε, τ, 0) = 0. (4.4)

Introducing t = τε again we then obtain a locally invariant manifold M̃_ε = {(t, θ, u) ∈ R^{m+1} : u = h(ε, t/ε, θ), |θ| < δ} (4.5) for the original system (2.2).

In a second step we investigate the behavior of M_ε as ε → 0. We will show that the original system (1.1) has a center manifold of class C^l

M_0 = {(θ, u) ∈ R^m : u = h̃(θ), |θ| < δ} (4.6)

such that |h(ε, τ, θ) − h̃(θ)| ≤ Cε^2 for all τ ∈ R, 0 < ε < ε_0, |θ| < δ. (4.7) Defining h(0, τ, θ) = h̃(θ) we will then have an invariant manifold M̂ = {(ε, τ, θ, u) : τ ∈ R, 0 ≤ ε < ε_0, |θ| < δ, u = h(ε, τ, θ)}. We notice however that we prove only smoothness with respect to τ and θ. With respect to ε there is only continuity at ε = 0. Smoothness with respect to ε seems to be a delicate matter and some comments and partial results will be given in Section 6.

In the following theorem we consider a general system of the form (4.2) under the assumptions (C1) – (C3). Of course our application later on is to the interpolated system (2.2).

Theorem 4.1 Let (C1), (C2) and (C3) hold with l ≥1. Then there exist constants ε_0, δ, c > 0 and functions h ∈ C((0, ε_0) × R × (−δ, δ), R^{m−1} ), h̃ ∈ Cl((−δ, δ), Rm−1 ) with the following properties

(i) for ε ∈ (0, ε_0) fixed, h(ε, ·, ·) ∈ C^1(R × (−δ, δ), R^{m−1} ) and also for τ ∈ R fixed, h(ε, τ, ·)∈C^l((−δ, δ), R^{m−1} ) h(ε, τ, 0) = 0, D_θh(ε, τ, 0) = 0, τ ∈ R, (4.8) h(ε, τ + 1, θ) = h(ε, τ, θ), (4.9) (ii) M = {(ε, τ, θ, u) : u = h(ε, τ, θ), 0 < ε < ε_0, τ ∈ R, |θ| < δ} is a locally invariant manifold of the system (4.2), (iii) h̃(0) = 0, h̃^′(0) = 0 and M_0 = {(θ, u) : u = h̃(θ), |θ| < δ} is a locally invariant manifold of the system (1.1), (iv) |h(ε, τ, θ) − h̃(θ)| ≤ cε^2, ∀ 0 < ε < ε_0 , τ ∈ R, |θ| < δ. (4.10)

Proof. Let ψ ∈ C^∞(R, [0, 1]) be a cut-off function with ψ(θ) = 1 for |θ| ≤ 1 and ψ(θ) = 0 for |θ| ≥ 2. For δ > 0, i = 1, 2 define H_i(ε, τ, θ, u) = εf_i(θψ(θ/δ), u) + ε^3g_i(ε, τ, θψ(θ/δ), u) (4.11) and consider the cut-off system θ^′ = H_1(ε, τ, θ, u), (4.12) u^′ = εBu + H_2(ε, τ, θ, u). (4.13) Global invariant manifolds of this system will then be locally invariant for (4.2). For p, p_1 > 0 consider the function space X= { h∈C((0, ε_0)×R×R, R^{m−1} ) : h(ε, τ, 0)=0, |h(ε, τ, θ)|≤p, |h(ε, τ, θ_1)−h(ε, τ, θ_2)|≤p_1|θ_1 −θ_2|, for 0<ε<ε_0, θ, θ_1, θ_2 ∈R } . It is a complete metric space under the sup-norm ‖h‖ = sup_{ε,τ,θ} |h(ε, τ, θ)|.

For given h∈X, 0<ε<ε_0, θ_0 ∈R and τ ∈R let θ(s)=θ(s, τ, ε, θ_0, h) be the solution of θ^′ = H_1(ε, s, θ, h(ε, s, θ)), s ∈ R, θ(τ) = θ_0. (4.14) The global bounds on H_1 and h ensure existence of the solution for all s ∈ R. The operator T on X is then defined by (T h)(ε, τ, θ_0)= ∫_τ −∞ e^{−εB(s−τ)}H_2(ε, s, θ(s, τ, ε, θ_0, h), h(ε, s, θ(s, τ, ε, θ_0, h)))ds. (4.15) We show that T is a contraction on X for suitably chosen p, p_1, δ and ε_0.

If h ∈ X is the fixed point of T then the invariance of the graph of h is obtained in the following way.

For given θ_0, τ ∈ R we claim that θ̃(t) := θ(t, τ, ε, θ_0, h), ũ(t) := h(ε, t, θ̃(t)) solves (4.12) and (4.13) and has initial values θ̃(τ) = θ_0, ũ(τ) = h(ε, τ, θ_0) (4.16) The invariance then follows by the uniqueness of the solution to the initial value problem. Since (4.16) and (4.12) hold by construction it remains to prove (4.13). By the cocycle property θ(s, t, ε, θ̃(t), h) = θ̃(s) and hence by (4.15) ũ(t) = h(ε, t, θ̃(t)) = (T h)(ε, t, θ̃(t)) = ∫_t −∞ e^{−εB(s−t)}H_2(ε, s, θ̃(s), h(ε, s, θ̃(s)))ds = ∫_t −∞ e^{−εB(s−t)}H_2(ε, s, θ̃(s), ũ(s))ds. From this (4.13) follows by differentiation.

By the definition of H_1, H_2 and properties (C1), (C2) there is a continuous function ω : [0, ∞) → [0, ∞), ω(0) = 0 such that the following estimates hold for all 0<ε<ε_0, i=1, 2, τ ∈R, θ, σ ∈R and u, v ∈ R^{m−1} with |u|, |v| < δ |H_i(ε, τ, θ, u)| ≤ Cε(δω(δ) + ε^2), (4.17) |H_i(ε, τ, θ, u)−H_i(ε, τ, σ, v)|≤Cε(ω(δ)+ε^2)(|θ−σ|+|u−v|). (4.18) Moreover, by (C3) there exist constants β, c>0 such that for s≤0, u∈R^{m−1} |e^{−εsB}u| ≤ ce^{εβs}|u|. (4.19) In the following we assume p ≤ δ so that we can use (4.17) and (4.18) to estimate terms involving H_i(ε, s, θ(s, τ, ε, θ_0, h), h(ε, s, θ(s, τ, ε, θ_0, h))). In the following we collect various conditions on p, p_1, ε_0, δ and finally show that they can be satisfied simultaneously.

For h ∈ X we obtain from (4.17), (4.19) |T h(ε, τ, θ_0)|≤ ∫_τ −∞ e^{εβ(s−τ)}ε(δω(δ)+ε^2)ds= c β (δω(δ)+ε^2)≤p. Hence we require c β (δω(δ) + ε^2) ≤ p. (4.20) Next for θ_1, θ_2 ∈ R and s ≤ τ we have from (4.14), (4.18) |θ(s, τ, ε, θ_1, h)−θ(s, τ, ε, θ_2, h)| ≤ |θ_1 −θ_2| + c ∫_τ s ε(ω(δ)+ε^2)(1+p_1)|θ(t, τ, ε, θ_1, h) − θ(t, τ, ε, θ_2, h)|dt and therefore by Gronwall’s inequality |θ(s, τ, ε, θ_1, h)−θ(s, τ, ε, θ_2, h)|≤|θ_1 −θ_2|e^{−εγ(s−τ)} (4.21) where γ =c(1+p_1)(ω(δ) + ε^2).

Using (4.15), (4.18) and (4.21) we obtain |(T h)(ε, τ, θ_1)−(T h)(ε, τ, θ_2)| ≤ cγε|θ_1 −θ_2| ∫_τ −∞ e^{ε(β−γ)(s−τ)}ds = cγ β−γ |θ_1 −θ_2| which leads to the conditions γ =c(1+p_1)(ω(δ)+ε^2)<β, cγ β−γ ≤p_1. (4.22) Consider now h_1, h_2 ∈ X and τ, θ_0 ∈ R. For s ≤ τ we obtain from (4.14), (4.18) (omitting the arguments τ, ε, θ_0) |θ(s, h_1)−θ(s, h_2)| ≤ ∫_τ s |H_1(t, θ(t, h_1), h_1(t, θ(t, h_1)))−H_1(t, θ(t, h_1), h_2(t, θ(t, h_1)))| +|H_1(t, θ(t, h_1), h_2(t, θ(t, h_1)))−H_1(t, θ(t, h_2), h_2(t, θ(t, h_2)))|dt ≤ ∫_τ s cε(ω(δ)+ε^2)‖h_1 −h_2‖+cε(ω(δ) + ε^2)(1+p_1)|θ(t, h_1)−θ(t, h_2)|dt and again by Gronwall’s inequality |θ(s, h_1) − θ(s, h_2)|≤cε(ω(δ)+ε^2)e^{εγ(τ−s)}‖h_1 −h_2‖, s≤τ. Combining this with (4.15) and (4.18) yields |(T h_1)(ε, τ, θ_0) − (T h_2)(ε, τ, θ_0)|≤κ_ε‖h_1 − h_2‖ where κ_ε = c β (ω(δ) + ε^2)+cε(ω(δ)+ε^2)^2

1+p_1 β − γ . For contraction we require κ_ε ≤ κ < 1 for all 0<ε≤ε_0. (4.23) It is then easy to see that with p = δ, p_1 = 1 and δ, ε_0 sufficiently small all the conditions (4.20), (4.22), (4.23) can be satisfied. Finally, it is readily seen that h(ε, τ, 0)=0 implies θ(s, τ, ε, 0, h) = 0 and thus (T h)(ε, τ, 0) = 0.

Periodicity of h in τ follows by showing that ĥ(ε, τ, θ) := h(ε, τ + 1, θ) is a fixed point of T in X and hence coincides with h. In the main step one uses the τ-periodicity of H_1, H_2 and shows θ(s, τ, ε, θ_0, ĥ)=θ(s + 1, τ + 1, ε, θ_0, h).

In order to prove (iii) and (iv) we notice that the contraction argument above can be repeated for any fixed ε ∈ (0, ε_0) with X replaced by

X̃ = { h ∈ C(R × R, R^{m−1} ) : h(τ, 0) = 0, |h(τ, θ)| ≤ p, |h(τ, θ_1) − h(τ, θ_2)| ≤ p_1|θ_1 − θ_2| }

and with T_ε : X̃ → X̃ defined as in (4.15). Then h(ε, ·, ·) is the unique fixed point of T_ε in X̃ and with κ from (4.23) we have the estimate

‖h_1 − h_2‖ ≤ 1 1 − κ ‖(I − T_ε)(h_1) − (I − T_ε)(h_2)‖, ∀h_1, h_2 ∈ X̃. (4.24)

We now consider the autonomous case when the g_i in (4.11) is identically zero. With H_i(ε, θ, u) = εf_i(θψ(θ/δ), u), i = 1, 2 we then define the operator T̃_ε as in (4.15) and obtain contraction on X̃ with the same constant κ as before. The corresponding fixed points h̃_ε(τ, θ) in X̃ are independent of ε and τ as may be seen from the fact that h̃_ε(τ + Δ, θ), Δ ∈ R and h̃_{ε0} (τ, θ) are also fixed points of T̃_ε. Hence we have h̃_ε(τ, θ) = h̃(θ), θ ∈ R, 0<ε<ε_0, τ ∈ R for some function h̃ ∈ C(R, R^{m−1} ) with h̃(0) = 0, |h̃(θ)| ≤ p, |h̃(θ_1) − h̃(θ_2)| ≤ p_1|θ_1 − θ_2|.

We then use h_1 = h(ε, ·, ·) and h_2 = h̃ in (4.24) and find ‖h̃ − h(ε, ·, ·)‖ ≤ 1 1 − κ ‖T̃_εh̃ − T_εh̃‖. The estimate (4.10) then follows from |(T̃_εh̃−T_εh̃)(τ, θ_0)| = | ∫_τ −∞ e^{−εB(s−τ)}(H̃_2 −H_2)(ε, θ(s, τ, ε_0, h̃), h̃(θ(s, τ, ε_0, h̃)))ds| ≤ ∫_τ −∞ e^{εβ(s−τ)}ε^3‖g_2‖ds = Cε^2. The C^{l−1,Lip}-smoothness of the function h(ε, τ, ·) follows in the standard way by proving contraction of the operator T in the following set Y with respect to th C^{l−1} norm: Y = { h∈X : h(ε, τ, ·) ∈ C^{l−1}((−δ, δ), R^{m−1} ), |D^j_θh(ε, τ, θ)| ≤ q for j =0,· · · ,l−1 and |D^{l−1}_θ h(ε, τ, θ_1)−D^{l−1}_θ h(ε, τ, θ_2)| ≤ q_1|θ_1 −θ_2| }

Actually, the functions h(ε, τ, ·) are of class C^l in θ which can be proved by well known techniques, cf. [3]. � Combining Theorem 2.3 and 4.1 we obtain C^{k−1}-manifolds W_ε = {(θ, u) ∈ R^m : u = h(ε, 0, θ), |θ| < δ} (4.25) which are locally invariant under the one-step mapping Φ(ε, ·). Suppose that (θ, u) = (θ, h(ε, 0, θ)) ∈ W_ε and that (θ_1, u_1) := Φ(ε, θ, u) satisfies |θ_1| < δ. Then from G(ε, ε, θ, u) = Φ(ε, θ, u) and the invariance of M̃_ε from (4.5) we obtain u_1 = h(ε, 1, θ_1) = h(ε, 0, θ_1), i.e. (θ_1, u_1) ∈ W_ε.

Summarizing we arrive at the following corollary.

Corollary 4.2 Let the condition (H1) – (H3) hold. Then there exists an ε_0 > 0 and invariant C^{k−1}-manifolds for the one-step method which are of the form (4.25) and satisfy

h(ε, 0, 0) = 0, D_θh(ε, 0, θ) = 0, (4.26) sup_{|θ|<δ} |h(ε, 0, θ) − h̃(θ)| ≤ Cε^2 (4.27) where h̃ defines a suitable locally invariant C^k-center manifold of the system (1.1).

Remark 4.3 As in Theorem 2.3 we can allow in the corollary a general set of eigenvalues on the imaginary axis. Similarly the results can be extended to general one-step schemes. However, the relation D_θh(ε, 0, 0) = 0 will only hold if the growth function of the method has the property mentioned in Remark 2.4. In general, the invariant manifold W_ε need not be a center manifold for Φ(ε, ·) and this is discussed in [5]. Such a result is also compatible with the more general discretization theorems for ‘pseudo - hyperbolic’ manifolds in [14]. Finally, we notice that we can extend the estimate in (4.10) to the θ-derivatives and obtain |D^j_θh(ε, τ, θ) − D^j_θh̃(θ)| ≤ cε^{min(2,k−1−j)}, j = 1, · · · , k − 1. This will then yield corresponding estimates in (4.27) as in [14].

5 An example

For an illustration of the results from section 3 and section 4 we consider as an example the simplest system with a saddle node

θ^′ = θ^2 u^′ = −u. (5.1)

It is easy to see that the exact flow is F (t, x) = ( θ/(1 − tθ) u exp(−t) ) (5.2)

where x = (θ, u). This system does not satisfy the global condition (H1). But we will only consider it in a bounded domain |θ| ≤ 1, |u| ≤ 1 and assume that it has been cut off outside.

Consider the discretization of (5.1) by the centered Euler method θ_{n+1} − θ_n ε = ( θ_{n+1} + θ_n 2 )^2 u_{n+1} − u_n ε = − u_{n+1} + u_n 2 . (5.3)

This does not have a unique solution θ_{n+1} globally. But if we consider the bounded domain above and add the ε-restriction

Δ = 1 − 2εθ ≥ 0

we obtain the one-step map

Φ(ε, x) = ( 2θ +^1_2 εθ^2 1 −^1_2 εθ + √ Δ , 1 −^1_2 ε 1 +^1_2 ε u )_T . (5.4)

For simplicity we choose a cut-off function in C^3 rather than in C^∞ for constructing the interpolated equation (2.2) as follows

χ_0(τ) = 1 , τ ≤ 0 (1 − τ^3)^3 , 0 < τ < 1 0 , τ ≥ 1 and define χ_1(τ) = 1−χ_0(τ). Using the same procedure as described in Section 2, we get the flow G(t, ε, x) of (2.2) from equation (2.10).

In the following discussion, we fix the step-size at ε = 0.1.

In Figure 5.1, we show how the exact solution F (t, x_0), the numerical solution Φ^n(ε, x_0) and the interpolated solution G(t, ε, x_0) fit to each other. At time t = 0, we choose the initial value x_0 = (−1, −1).

For θ > 0 the center manifold of the equation (5.1) (resp. (2.2)) is unique, and given by u = 0. But for θ < 0 it is nonunique and can be any of the curves h_c(θ) = ce^{1/θ}, c ∈ R. We assume that the cut-off has been done in such a way that the point x_0 = (−1, −1) is on the manifold, i.e. h̃(θ) = −e^{1+1/θ}, θ < 0. In Figure 5.2 we show the invariant manifold M_ε of the interpolated equation (2.2) with t restricted to [0, ε].

As we know, the invariant manifold M_ε of the interpolated equation (2.2) is ε-periodic in t. Therefore, in Figure 5.3 we redraw the invariant manifold using cylindrical coordinates with minimal radius 0.2. The coordinates in Figure 5.3 can be expressed in terms of those from Figure 5.2 as follows

t̃ = (u − 0.2) cos(2πt/ε) θ̃ = θ ũ = −(u − 0.2) sin(2πt/ε) In Figure 5.4, we plot the difference between the center manifold of (5.1) and the invariant manifold of the corresponding interpolated equation (2.2), given by h̃(θ) − h(ε, t/ε, θ).

u

t θ

F (ε, x_0)

F (2ε, x_0)

Φ^2(x_0)

x_0

G(t, ε, x_0) F (t, x_0)

Φ(x_0)

Figure 5.1 Exact versus interpolated flow.

t θ u

Figure 5.2 The invariant manifold of the interpolated system.

t̃ θ̃ ũ

Figure 5.3 The invariant manifold in cylindrical coordinates.

t θ u

Figure 5.4 Difference of center manifolds.

6 Dependence on parameters

In this final section we discuss the smoothness of the rapidly oscillating manifolds in Theorem 4.1 with respect to the parameter ε and with respect to further parameters in the given system (1.1).

We were not able to prove smoothness of the function h in (4.3) with respect to ε at ε = 0. This is plausible from the fact that the ε-derivative of the perturbation term in (2.2) is ε^2D_εg(ε, t/ε, x) − tD_τ g(ε, t/ε, x) which does not converge as ε → 0 and is bounded as ε → 0 only on finite time intervals. It is possible however to prove smoothness in ε for ε > 0 and to derive bounds on D_εh as ε → 0.

Proposition 6.1 Under the assumptions of Theorem 4.1 with l ≥ 2, the derivative D_εh(ε, τ, θ) exists, is continuous in (0, ε_0) × R × (−δ, δ) and satisfies an estimate |D_εh(ε, τ, θ)| ≤ c ε , 0 < ε < ε_0, τ ∈ R, |θ| < δ. (6.1) Proof. We do not give all the details of the proof which is quite similar to the proof of the C^1-smoothness of h(ε, τ, ·) in Theorem 4.1. The basic idea is to use the norm ‖h‖_ε = ‖h‖ + ‖D_θh‖ + ε‖D_εh‖ and to prove contraction of the operator T from (4.17) on the set Z = { h∈X : ‖h‖_ε ≤ q and |D_θh(ε, τ, θ_1)−D_θh(ε, τ, θ_2)|≤q_1|θ_1 −θ_2| for 0 < ε < ε_0, θ_1, θ_2 ∈ R } . In addition to (4.19), (4.20) we have bounds on the terms |D_εH_i|, |D_θH_i| and |D_uH_i| of the type c[δω(δ) + δ^2 + ε^2δ], εω(δ) and ε(ω(δ) + ε^2) and on their Lipschitz contants of type ω(δ) + cε^2, cε and cε respectively. The crucial step is to bound εD_ε(T h) and to compute its Lipschitz constant with respect to h. The bound turns out to be of the form c(δω(δ) + δ^2 + ε) + q(ω(δ) + ε^2) and the Lipschitz constant to be c(ω(δ) + ε) + cεq_1. Contraction on Z is then obtained by a suitable choice of ε_0, δ, q and q_1. � There is no problem in dealing with further parameters in the given system, such as ẋ = f(x, μ), (x, μ) ∈ R^m × R. (6.2)

Similar to section 2 we assume for some small μ_0 > 0

(HP1) f and its derivatives up to order k ≥ 4 are continuous and uniformly bounded for x ∈ R^m , |μ| < μ_0.

(HP2) f(0, μ) = 0 for all |μ| < μ_0.

(HP3) D_xf(0, μ) has a simple zero eigenvalue 0 with right eigenvector e_r(μ) which is C^{k−1}-smooth for |μ| < μ_0. The remaining eigenvalues of D_xf(0, μ) have nonzero real parts.

Condition (HP3) seems rather artificial at first sight, because in generic systems the saddle node will be destroyed by an additional parameter. However, in the application to the saddle node homoclinic orbit we will have a two dimensional parameter plane in which a curve of saddle nodes exists (see [8]). Condition (HP3) is then satisfied if μ is used for parametrizing the saddle node curve.

The centered Euler scheme for (6.2) reads x_{n+1} − x_n ε = f( x_{n+1} + x_n 2 , μ) (6.3)

and it determines a family of C^k-maps

x_{n+1} = Φ(μ, ε, x_n), n = 0, 1, 2, . . . . (6.4)

The interpolated systems are now of the form ẋ(t) = f(x(t), μ) + ε^2g(μ, ε, t/ε, x(t)). (6.5) By a straightforward extension of Theorem 2.3 we can prove the following results.

Theorem 6.2 Let the conditions (HP1) – (HP3) hold. Then there exist ε_0 >0, μ_1 >0 and a vector field g ∈C^{k−3}((−μ_1, μ_1)×(−ε_0, ε_0)×R×R^m , R^m ) such that the following properties hold for all |μ| < μ_1, |ε| < ε_0, τ ∈ R and x ∈ R^m .

(i) the map (μ, ε, τ, x) → ε^2g(μ, ε, τ, x) is of class C^{k−1} and 1-periodic in τ, (ii) |g(μ, ε, τ, x)| + |D_xg(μ, ε, τ, x)| + |D_μg(μ, ε, τ, x)| ≤ C for some C > 0, (iii) g(μ, ε, τ, 0) = 0 and D_xg(μ, ε, τ, 0) has the simple eigenvalue 0 with right eigenvector e_r(μ) and no other eigenvalues on the imaginary axis,

(iv) For ε ≠ 0 we have G(μ, ε, ε, x) = Φ(μ, ε, x) where G(μ, t, ε, x) is the t-flow of the system (6.5) with G(μ, 0, ε, x) = x.

For completeness we will also state the μ-dependent analogue of Theorem 4.1 and Corollary 4.2.

Theorem 6.3 Assume that the conditions (HP1)-(HP3) are satisfied. Then there exist constants μ_2, ε_1, δ, c > 0 and functions h ∈ C((−μ_2, μ_2) × (0, ε_1) × R × (−δ, δ), R^{m−1} ), h̃ ∈ Ck−1((−μ_2, μ_2) × (−δ, δ), Rm−1 ) with the following properties.

(i) h(μ, ε, τ, θ) is of class C^1 in the variables (μ, τ, θ) and of class C^{k−1} in the variables (μ, θ). Moreover h(μ, ε, τ, 0)=0, D_θh(μ, ε, τ, 0)=0, h(μ, ε, τ +1, θ)=h(μ, ε, τ, θ), (ii) The manifold {(μ, ε, t, θ, h(μ, ε, t/ε, θ)) : |μ|<μ_2, 0<ε<ε_1, t∈R, |θ|<δ} is locally invariant for the system (6.5), (iii) h̃(μ, 0) = 0, D_θh̃(μ, 0) = 0 and the manifold {(μ, θ, h̃(μ, θ)) : |μ| < μ_2, |θ| < δ} is locally invariant for the system (6.2), (iv) |h(μ, ε, τ, θ) − h̃(μ, θ)| + |D_θh(μ, ε, τ, θ) − D_θh̃(μ, θ)| +|D_μh(μ, ε, τ, θ) − D_μh̃(μ, θ)| ≤ cε^2, (v) the manifolds M_{μ,ε} = {(θ, h(μ, ε, 0, θ)) : |μ| < μ_1, 0 < ε < ε_1, |θ| < δ} are locally invariant for the one step map Φ(μ, ε).

Acknowledgement This work was performed while the first author visited the University of Bielefeld. He thanks the second author for his hospitality and for stimulating discussions on the subject.

References

[1] R. Abraham, J. E. Marsden & T. Ratiu, Manifolds, Tensor Analysis, and Applications. Appl. Math. Sci 75(2. ed.), Springer, 1988.

[2] B. Aulbach, A reduction principle for nonautonomous differential equations. Arch. math. 39, 217-232, 1982.

[3] B. Aulbach & B.M. Garay, Linearizing the expanding part of noninvertible mappings. Z. angew. Math. Phys. 44, 469-494, 1993.

[4] W.-J. Beyn, Numerical Methods for Dynamical Systems, Advances in Numerical Analysis (Will Light, ed. ), Vol. I, Oxford Science Publications, 175-236, 1991.

[5] W.-J. Beyn & J. Lorenz, Center manifolds of dynamical systems under discretization. Numer. Funct. Anal. and Optimization. 9, 381-414, 1987.

[6] J. Carr, Applications of Centre Manifold Theory. Springer, 1981.

[7] M. P. Calvo, A. Murua and J. M. Sanz-Serna, Modified equations for ODEs. In Chaotic Numerics (P.E. Kloeden, K.J. Palmer Eds.), Contemporary Mathematics Vol. 172, 63-74, AMS, 1994.

[8] S. N. Chow & X. B. Lin, Bifurcation of a homoclinic orbit with a saddlenode equilibrium. Differential and Integral Equations. 3, 435-466, 1990.

[9] Robert M. Corless, Error backward. In Chaotic Numerics (P.E. Kloeden, K.J. Palmer Eds.), Contemporary Mathematics Vol. 172, 31-61, AMS, 1994.

[10] B. Fiedler & J. Scheurle, Discretization of homoclinic orbits, rapid forcing and “invisible” chaos. Preprint SC 91-5. Konrad-Zuse-Zentrum für Informationstechnik, Berlin. 1991. To appear in Memoirs of the AMS.

[11] B. M. Garay, On C^j- closeness between the solution flow and its numerical approximation. To appear in J. Difference Eq. Appl.

[12] B. M. Garay, The discretized flow on domains of attraction : a structural stability result. Fund. Math. (submitted).

[13] B. M. Garay, On structural stability of ordinary differential equations with respect to discretization methods. Numer. Math. (submitted).

[14] B. M. Garay, Discretization and some qualitative propertics of ordinary differential equations about equilibria. Acta Math. Univ. Comenianae LXII, 249-275, 1993.

[15] D. F. Griffiths & J. M. Sanz-Serna, On the scope of the method of modified equations. SIAM J. Sci. Comput. 7, 994-1008, 1986.

[16] J. K. Hale, Ordinary Differential Equations. Wiley, 1969.

[17] M. C. Irwin, Smooth Dynamical Systems. Academic Press, 1980.

[18] Fuming Ma, Euler difference scheme for ordinary differential equations and center manifolds. Northeastern Math. 4, 149-161, 1988.

[19] S. Schecter, The saddle-node separatrix-loop bifurcation. Siam J. Math.

Anal. 18, 1142-1157, 1987.

[20] A. M. Stuart, Numerical analysis of dynamical systems. Acta Numerica 3, 467-572, 1994.

[21] T. Wanner, Invariante Faserbündel und topologische Äquivalenz bei dynamischen Prozessen. Diploma Thesis, Universität Augsburg, 1991.

[22] Yongkui Zou & Mingyou Huang, The computation of center manifolds and Hopf trajectories. Numerical Mathematics. A Journal of Chinese Universities (English Series). vol. 2, 67-86, 1993.

Y.-K. Zou Department of Mathematics, Jilin University, Changchun 130023, People’s Republic of China.

W.-J. Beyn Fakultät Mathematik, Universität Bielefeld, Postfach 100131, D-33501 Bielefeld, Germany.