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Exercise 18: [Invariance condition for a stable manifold]
Consider a two-dimensional system
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s u= (7). s = (400 0
where f € C?(R? R?). Assume that 0 is a hyperbolic saddle, i.e.
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=0 pro = 7). A <o<n ®
+

Let H = {(z,h(z)) : * € R} be the graph of some function h € C3(R, R) satisfying h(0) = 0.
Show the following

a) The manifold H is invariant under the flow of (1) if and only if

B (z) fi(z, h(z)) = fo(x, h(z)) forall z € R. 3)

b) Let one of the conditions from a) hold. Show #/(0) = 0 and derive a formula for 2" (0).

(7 points)

Exercise 19: [Exponential behavior on the stable manifold]
a) Show that the following weighted spaces are Banach spaces for all > 0,k > 0:
Cy([0,00),R™) ={v € C*([0,00),R™) = |||y < 00},

i 4)
v]|k,y = E sup [e"vV) (¢)].
—o 120

b) Letu = f(u) with f € C1(R™,R™) be a dynamical system which has 0 as a hyperbolic
saddle. Let R™ = X, & X, be the decomposition into stable and unstable subspaces of
D f(0) and let P, be the corresponding projector onto X. Show that there exist constants
d9, 0, > 0 such that the boundary value problem

0= f(v)on[0,00), Pew(0) = v, € X, [vs] <o (5)
has a unique solution v € C}([0, 00), R™) with [|v||, < 4.

Hint: Apply the Lipschitz inverse mapping theorem with parameter A = v; (Appendix 8.4 of
the manuscript) by using the weighted spaces from a). The main work is in the linear estimate.
(7 points)



