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Abstract

Various Poincaré-Sobolev type inequalities are studied for a reaction-diffusion
model of particle systems on Polish spaces. The systems we consider consist of
finite particles which are killed or produced at certain rates, while particles in the
system move on the Polish space interacting with one another (i.e. diffusion). Thus,
the corresponding Dirichlet form, which we call reaction-diffusion Dirichlet form,
consists of two parts: the diffusion part induced by certain Markov processes on
the product spaces E™(n > 1) which determine the motion of particles, and the
reaction part induced by a @Q-process on Z, and a sequence of reference probability
measures, where the Q)-process determines the variation of the number of particles
and the reference measures describe the locations of newly produced particles. We
prove that the validity of Poincaré and weak Poincaré inequalities are essentially
due to the pure reaction part, i.e. either of these inequalities holds if and only if
it holds for the pure reaction Dirichlet form, or equivalently, for the corresponding
Q-process. But under a mild condition, stronger inequalities rely on both parts:
the reaction-diffusion Dirichlet form satisfies a super Poincaré inequality (e.g. the
log-Sobolev inequality) if and only if so do both the corresponding @Q-process and
the diffusion part. Explicit estimates of constants in the inequalities are derived.
Finally, some specific examples are presented to illustrate the main results.
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1 Introduction

In this paper we consider interacting particle systems in continnum, say in R¢ or, more
generally, in a Polish space E. At any given time we have finitely (but arbitrarily) many
particles interacting with one another (called the diffusion in F). In addition, the system
kills or produces particles at certain rates (called the reaction). We refer e.g. to [6] where
the corresponding discretized model (on the lattice Z¢ instead of F) is analyzed in detail.
The main aim of this paper is to derive functional inequalities for the Dirichlet form
corresponding to these systems which, as is well-known, gives information about their
long-time behaviour.

Let us consider a system of finite particles on E such that the number of particles
behaves as a Markov chain on Z, generated by a regular ()-matrix @) := (g;;); j>0. Assume
that the @Q-process is reversible w.r.t. a probability measure g := {g; > 0 : ¢ > 0}; that
is,

(H1) 0iqi; = 0jq5i, 1,7 > 0.

Since we also consider the locations of particles, the state space of the underlying Markov
process for the particle system is the following finite mutiple configuration space:

Ty = {2535 LT EE,nZO},
=1

0
where J,. is the Dirac measure at « and ) d,, := 0 is regarded as the zero measure. Let

Zr, be the Borel o-field on I'y induced byltlile topology of weak convergence. In particular,
[y is metrizable to be a Polish space (cf. [1, 2, 21] and references therein for geometry
and analysis on I'y).

To describe the reaction of the particle system, we first fix the death part of its
transition rate. Since the number of particles behaves as a Q)-process, the rate to kill k
particles will be g |4k, where v € I'y is the configuration of the system and |y| := v(E).
Whenever the number of particles to be killed is fixed, we then simply let each particle die
at the same rate. Therefore, the death part of the transition rate of the system reduces
to

7] (k) .
#{nely’ :v—neA}
qa(7, A) == § :qlwl,\v\—k - (k)
k=1 #{77 S FO -1 S fy}

where # is the cardinality of a set and v —n € A means that v > n and v —n € A. By
convention we set ¢4(0,-) = 0.

Next, we go to construct the birth part of the transition rate. Once again, since the
birth rate of the particle number is determined by (), we only need to fix the distributions
of the newly produced particles. We shall use a sequence of measures {x(™} to describe the

, Fék)::{7€F0:|7|:k}, k> 0.
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distribution of new particles, where ;™ is a symmetric probability measure on E™, n > 1.
To this end, we need the following assumption:

(Hy) p'™ is equivalent to u(™ (- x E™™") for any m > n > 1.

Then the birth part of the transition rate will be determined uniquely by letting the
transition rate to be symmetric w.r.t. the probability measure (see Remark 2.1 below)

ol A) == 0015(0) + Y 0upt™ 0 o (ANTEY),

n=1

where

n

on(x) = Z(Sxm n>1x:=(x, - ,z,) € E".

i=1

It is easy to see that ¢, is continuous and hence measurable.
We now describe the construction of the birth part for the transition rate. Given

m > n, let A be a fixed version of the density of pu(™ w.r.t. p™ (- x E™™). Let
™ (21, ,,),-) be the regular conditional distribution of ™ given xy,--- ,z,. If
the system with n particles xy, - - - , x, gives birth to m —n new particles, then we let the
distribution of the new particles be

(m)

Mo, (xla"' 7'£Una) = h'glm)(xh al‘n)u(m)((ml) axn)a')'

It is trivial to see that ,uq(lm) is symmetric in x1,--- , x, and

M(m) (dxla U 7d$m) = /L(n)(dl’l, U adxn)ﬂf%m) ('Ila 5y T d$n+1, o adxm)

Since u&’")(xl, -+, xp; A) is symmetric in x4, - - -, x,, we may and will write

i=1
Therefore, the birth part of the transition rate can be written as follows:

a(y, A) == ZCJ|7|,|7|+W|(L]"+M(% {re E" v +opi(x) € A}), yeTo, A€ Fr,.
k=1

Thus, we define the g-pair for the reaction of the system by letting ¢(v) := ¢q(v,To) =
q(v;To\ {7}) and



A) =" g ik me)({x € E" v+ gi(z) € A})

k=1
. i #nely y—ne A
+qu| I~k

#{nely :n<}

, VGFO,AEﬂFO.

This ¢-pair is regular and symmetric w.r.t. 7, , (see Propositions 2.1 and 2.2 below); that
is, there exists a unique g-process with transition probability kernels satisfying

o) o P03 4) = 0,(4)

t—0 t

=q(7, A) — q(7)0,(A)

for all v € I'g and A € Fr, such that lim; .o sup. ¢ 4(1— FPi(7, {7})) = 0, and the process is
reversible w.r.t. 7, ,. In particular, (1.2) holds for all A € Fr, satisfying sup,c [7] < o0,
see e.g. [7, Theorem 1.5(1)].

Since ¢(7, dn) is symmetric w.r.t. m,,, the corresponding quadratic form is given by

ED(F,G) =+ / ((F) = F@)(GO) = Gl dn)msg(a)

. S / . F(m) ) = Fm)(G () — G0))as(, dn)mp(dr)

m>n>0

- S ttn / @) [ (DFE)D.GO),da)

n=0 m=n+1 mon

for all F,G with &°(F, F) + &°(G,G) < oo, where D, F(7) := F(y + @pm_n(z)) —
F(v), € E™ ™. To ensure that the form is well-defined in the L*(T'g, 7, ,)-sense, we
assume that

(Hj) u )(7, ) is absolutely continuous w.r.t. p(™~™ for any m > n > 0 and any v € F(()n)

Under this assumption g,(7,-) is absolutely continuous w.r.t. m,,, so that @@Eo is well-
defined on 2(&°) = {F € L*(Tg,m.,) : Ep°(F,F) < oo}; that is, &°(F,G) =
@‘0150 (F',G") if F, G represent the same classes as I, G’ respectively in L*(Tg, 7,,). Thus,
(65°, D(&5°)) is a conservative symmetric Dirichlet form on L?(T'y, 7, ,) associated to the
unique reversible g-process (see Proposition 2.2 below).

If, in particular, ™ = pM" for all n > 1 and ¢;; = 0 for |i — j| > 1, the system is
called a spatial birth-death system which goes back to [22], see also [13] for the study of a
class of birth-death systems on infinite configuration spaces. In these two references the
existence of the associated Markov processes and the description of reversible measures
were studied. Recently, there has been increasing interest in the study of functional
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inequalities for spatial birth-death systems, see e.g. [33] for the modified log-Sobolev
inequality of spatial birth-death systems on Poisson spaces, [14, 34] for the Poincaré
inequality (or spectral gap) of spatial birth-death systems on configuration spaces. In
this paper we first study functional inequalities for the above constructed g-process (i.e.
the reaction process) then pass to the reaction-diffusion setting where the particles are
allowed to move dependently on FE| i.e. undergoing interactions between them.

We prove that if the support of ') is infinite then the Dirichlet form 5150 does not
satisfy the super Poincaré inequality (hence the associated semigroup is not uniformly
integrable, see [11, 29]), and it satisfies the Poincaré or the weak Poincaré inequality if
and only if so does &, the Dirichlet form of the Q-matrix (see Theorem 3.1 below):

=3 onttam(rn = ) (50 — 5m),

n=0 m=n+1

r={r},s={s.} € 2(&) = {r e L*(Z;;0) : &(r,r) < 0}.

Furthermore, one has

(1.4) gap(ég) > gap(&R°) > oogap(&y),

where gap(-) is the spectral gap of a conservative Dirichlet form. The first inequality
in (1.4) follows immediately by taking reference functions which are constant on each
F(()”) (n > 0), while to obtain the second inequality, one has to show that, up to a mul-
tiplicative constant, the Dirichlet form of a function F' dominates the square of the L>-
distance between F' and some function with constant value on each F(()”), see the proof of
Theorem 3.1 for details. Moreover, we present an example to show that in general one
has gap(&p) > gap(&3°) (see Example 3.1 below).

Since in general 5’;0 does not satisfy the super Poincaré inequality, to derive stronger
(e.g. the log-Sobolev) inequalities one has to enlarge the Dirichlet form. To this end, we
let particles in the system move as Markov processes. More precisely, let (éa , D (8 (v )
be a symmetric conservative Dirichlet form on L?(E™; u(™). For any functlon F on Ty,
let F(™ := Fo,; that is,

F(")(x1,~~-,xn) :zF(Z(Smi), n > 1.
i=1
Define
éol"o F G an F(n (n))

with 2(&1°) := {F € L2(Tg,m.,) : F™ € 2(&™),n > 1,E°(F, F) < oo}. According

to Proposition 2.3 below, (& °, 2(&,°)) is a conservative symmetric Dirichlet form on
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L2(m,.,). Moreover, Proposition 2.4 says that &' := &,° + &° with domain 2(&1°) :=
PD(8,°) N D(Ex°) is a symmetric Dirichlet form on L?(7,.,).

Now, we consider the ¢-variance inequality studied in [32] (see also [15] for a special
case). This inequality interpolates the Poincaré and the log-Sobolev inequalities and has
the additivity property which is in particular crucial for applications in infinite dimensions.
For any probability space (2, &, P) and any decreasing function ¢ € C([1,2]) with ¢(p) >
0 for p € [1,2), define the ¢-variance by

P(f?) = P(|f]7)*"
Vop(f) == sup ,
’ p€(1,2) o(p)
When ¢ = 1 and f > 0 this quantity coincides with the variance of f, and when ¢(p) =

(2 — p)/p it reduces to P(f?log f?), see e.g. [15]. Thus, the following quantity is an
extension of the spectral gap and the log-Sobolev constant:

f e LX(P).

(1.5) Ap(E10) i=inf{&E"°(F,F) : F € (), Vyr, ,(F) =1}

In particular, if ¢ = 1 then A\, = gap while if ¢(p) = (2 — p)/p then A\, (£'°) coincides
with the log-Sobolev constant

L(&') == inf{&"°(F,F) : F € 2(&6"°),Ent,, (F?) = 1}.

Let Ap(&™) and Ay(&,) be the corresponding quantities of & (w.r.t. ™) and &,
(w.r.t. 0). By Theorem 4.1 below, we have

No(EQ) = Ao(670) = As(&q) A inf Ag(&5™).

Moreover, let &, be the Dirichlet form of an independent system on L?(E™Y; u); that
is, u = p" and & is the sum of single Dirichlet forms &Y, 2(6M)) on L2(E; pM).
According to Theorem 4.2 below, under a mild condition, &° satisfies the log-Sobolev
(or the super log-Sobolev) inequality if and only if so do 5’0(1) (on L*(E; uM)) and &, (on
L?*(Z,; 0)). Finally, some specific models are presented in Section 5 to illustrate the main
results.

2 The Dirichlet Forms

Proposition 2.1. Assume (Hsy). Then (q,q(-,dv)) is a totally stable and conservative q-
pair on (Lo, Zr,). If (Hy) holds then q(-, dv) is symmetric w.r.t. 7, ,, i.e. 7, (dY)q(vy,dn) =

Tue(dn)g(n, d).
Proof. Since @ is totally stable, by (1.1) we have

]

9(v) = q(v, E) = Z Ayl y+k + Z iyl v~k = Gy < 00, 7y € Ty,
k=1 k=1
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so that the g¢-pair is regular too. It remains to prove the symmetry of the measure
J(dy,dn) == 7,,,(dv)q(7,dn). For any m > n and measurable sets A, C r{” B, cT{™,
let A, := ¢, 1(A,) and B, := ¢, (B,,). By (1.1) we have

J(A, % By) = / 07 B ()

2.1) =Gnm / n P (g {z € E™ iy 4 o(x) € B} mu,(dy)

= On / um (y; {x € B (y,2) € By })p™ (dy)
An
=Gnm0np™ (A, x E™™™) N B,,).

On the other hand,

J(By % A,) = / G, A )T ()

m

1
~ | > o).
B

(n) . <
m #{77 € FO ‘N gpm(.ilﬁ)} nEFén)lﬂg‘Pm(x)

Since A, B,, and ;™ are symmetric in coordinates, one has

J<Bm X An) :qm,an/~ 1[1n (1’1, e 7xn)/fl(m) (dxly T 7d$m)
Bm
=G O™ (A X E™ ) N Byy).

Combining this with (2.1) and (H;), we obtain J(A,, x By,) = J(B,, x A,). Therefore,
for any measurable sets A and B, letting A4, := ANTY and B, := BNT™, we have

J(A x B) ZJA X Bp) = Y J(BnxAy) =J(BxA).

n,m=0 n,m=0

O

Remark 2.1. Once the death part g4(vy,dn) is given, ¢(v,dn) (hence the birth part
q(7y,dn)) is uniquely determined by its symmetry w.r.t. m,,. Indeed, since the measure
J(dy,dn) = m,,(dv)q(y,dn) is symmetric, it is uniquely determined by J(A, X B,)
for n > m and A, B € Fr,, which depends only on ¢4 and 7,,. Then ¢(v,dn)/q(v),
as the regular conditional measure of the probability measure J(dv,dn)/q(vy) given T,
is uniquely determined by ¢4 for 7, ,-a.e. I'y (note that m,,(dy) is the first marginal
measure of J(dvy,dn)/q(v)).



Proposition 2.2. Assume (Hy) — (Hs). Then there exists a unique q-process, which is
reversible w.r.t. 7, , with Dirichlet form (&5°, 2(&x°)).

Proof. According to [6, Lemma 6.52], (&5°, 2(&%°)) is a Dirichlet form on L?(T'y, 7,.,).
Since q(v) = q(v, E) by [6, Theorem 3.8|, to prove the uniqueness of the g-process, it
suffices to verify that for any bounded nonnegative measurable function F' such that

(2.2) LY F(y) = / (F(n) — F(y))q(y.dn) = F,

1)

one has ' = 0, or equivalently, dim%) = 0 for all A > 0 as indicated by [6, Theorem
2.37]. To this end, let ro := F(0) and r, := Qi frW Fdn, , for n > 1. We first prove that
n 0

r, = 0 for all n > 0. By (2.2) and the symmetry of the g-pair, we have

i [ () = PO)muld)al. )

00 n—1
- Z QnQn,m(rm - T”> + Z QQO,n<rm o 7’”)
m=0

m=n+1
00
= Z QnQn,m(rm - Tn)-
m=0

Since the Q-process is unique, by this and [6, Theorem 6.42] we have r,, = 0 for all n > 0,
that is, F' = 0 m, ,-a.e. Next, it follows from (Hj) that g,(v,-) is absolutely continuous
w.r.t. m,,. Hence (2.2) implies that

[v[—1
dly|,n B
; #{n <~ :[nl =n} ng%n F(n) = F(y)(q(v) +1).

Since g > 0 and F' = 0 7, ,-a.e., one has F'(0) = 0 and hence by inducion in n and apply-
ing the above formula, we prove that F' = 0. Thus, the g-process is unique and according
to [6, Theorems 6.7 and 6.56], the unique g-process is m, ,-reversible and associated to
the Dirichlet form (&3°, 2(&3°)). O

Proposition 2.3. (& °, 2(&,°)) is a symmetric Dirichlet form on L*(m,,).

Proof. Obviously, 2(&,°) contains the set

€ ={Fe%: F™ea&™), n>1}.

Since 2(&™) is dense in L2(E™; ™), €} is dense in %) and hence in L*(T'o, 7,,). Next,
the sub-Markovian property and the symmetry follow from that of @‘"0(") (n > 1). So, it
remains to verify the closedness. Let {F)}r>1 be a Cauchy sequence w.r.t. the corre-
sponding Sobolev norm, and let F' be its limit in L*(T'y, 7, ,). By the definition of &y
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one concludes that for all m > 1, {F, ém)} is a Cauchy sequence w.r.t. the Sobolev norm
induced by &. Since (&, 2(&)) is a Dirichlet form, it follows that '™ € 2(&) and

F k(m) — F(™) in the Sobolev norm for each m > 1. Therefore, by Fatou’s lemma we obtain

> 0n&(FW, FM) =3 lim inf on & (FM FMy < lim inf & (Fy, Fr) < oc.
n=1

n=1

Hence F € 2(&,°). By using Fatou’s lemma again, we obtain &) °(F — Fy,, F — ) — 0
as k — 00. O

Proposition 2.4. Let 2(&"°) = 2(&°) N 2(&3°) and E™(F,G) = & °(F,G) +
ER°(F,G). Then (870, 2(EM0)) is a symmetric Dirichlet form on L*(m,.,).

Proof. Simply note that Z(&') D %) and hence is dense in L?*(Tg, 7,,). For the proof
of closedness see [17, Chapter I, Section 3]. O

3 Poincaré and weak Poincaré inequalities for the re-
action process
We first consider the spectral gap of (63°, 2(&5°)):
gap(&3°) = inf {ER(F,F) 1 F € D(ER°), mo(F?) = 1,m,,(F) = 0}.
Since &, }1;0 is induced by the @-matrix, it is natural for us to relate its spectral gap to that

of &g:

gap(&p) := inf {gQ(r,r) ‘T € P(8y),0(r) =0, Q(r2) = 1}.
Next, we consider the weak Poincaré inequality introduced in [23], which describes the
general convergence rate of the associated semigroup:

(31)  muo(F?) < ar(n)&p’(FF) +rl|Fl%, >0, F € 2(&), mue(F) =0,

where ag : (0,00) — (0,00) is a positive function. Similarly, this inequality is related to
the corresponding one for &y:

(3.2) o(r?) < ag(r)ég(r,r) +rsupr’, >0, r={r,} .0 € 2(&,), o(r) =0.
n>0
Theorem 3.1. Assume (Hy) — (Hs).
(1) gap(&y) > gap(&R°) > oogap(8y). Consequently, gap(&x°) > 0 if and only if
gap(&y) > 0. In particular, for the birth-death case where l, == Gy 1 > 0 for alln >0
but ¢nm = 0 for m >n+ 1, one has gap(&x°) > 0 if and only if
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n

1
(3.3) iglg o([n+1,00)) jz:; ol < o0.

(2) 5150 satisfies the weak Poincaré inequality if and only if so does @@Q. More precisely,
(3.1) implies (3.2) for ag = aR while (3.2) implies (3.1) for agr(r) = aQ((Qor)/4).

(3) If the support of uV) is infinite, then éj.go does not satisfy the super Poincaré
inequality, i.e. the following inequality does not hold for any (3 : (0,00) — (0,00):

(3.4) Tuo(F?) < 18" (F,F) + B(r)muo(|[FI)?, r>0,F € 2(&").
Proof. (1) For any r = {r,,} with o(r) = 0 and o(r*) = 1, let F':= 3" 7,1 (. We have
0

Tuo(F) =0 and 7, ,(F?) =1, and by (1.3),

(g;FO FF Z Z QnQnm Tn —T m)2:5Q(I',I').

n=0 m=n+1

Then

gap(éa}go) < inf{&y(r,r) : o(r) =0, Q(I‘2) =1} = gap(&p).
Next, by the triangle inequality of the L2?-norm,

EN(F, F) Z Z Ontln,m / (P () = FO ()™ (g da) p™) (dy)

(35) n=0 m=n+1 .
> Z Z ann,m<\/u‘m)(F‘m)2) - \/u(")(F(”)2)> :
n=0 m=n+1
Let

Mo(&q) = inf{&y(r, 1) : o(r*) = 1,70 = 0}.
It follows from (3.5) that if F/(0) = 0 then

- n n 2
ER(F,F) > Mo(60) Y 0ntt™ (F™7) = No(Q)muo(F?).

n=0

Thus, for any F € 2(&3°) with 7, ,(F) =0,
Ep(F, F) = E3°(F — F(0), F = F(0)) = M(6Q)mo(F = F(0))*) = Xo(Q)mo(F?)-
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This implies that gap(&5°) > A\o(&g). Since for any r with o = 0 and m,(r?) = 1 one has

o(r*) = o(r)” = o(r*) = o(r*)(1 - o) = co,
Mo(65) > 00gap(8y) and hence the desired lower bound of gap(&°) follows. Therefore,
the proof of (1) is finished by noting that for the birth-death case one has gap(&y) > 0 if
and only if (3.3) holds, see [20] or [7].
(2) By taking I := ) > (7,1, one concludes that (3.1) implies (3.2) for ag = ar.
0

On the other hand, for any F' € 2(&%°) with F(0) = 0, it follows from (3.5) and (3.2)
that

aQ(r)ER (F, F) 2 7, (F?) - (Zgn\/ @ (F0) | FI%
> o (F?) 00 — T||F||§o-
Therefore, for any F' € 2(&5°) with 7, ,(F) = 0,

To(F?) < muo((F = F(0))%) < é@cz(r)@g“(ﬂ F) + éHF - F0)1%

1 4
< —ag(r)ER(F, F) + —||F|2.
Qo Qo

This implies (3.1) for ag = ioz@(gor/él).
(3) For any nonnegative f € L*(u), let F(y) :=~(f)1,0. Then
0

Tuo(F) = 010V (f), muo(F?) = 01 (%)

and

Ep’(F F) = 00go1™ (%) + o1 Z Qi (f?) < (00 V o)™ (f2).

Thus, if the super Poincaré inequality holds then there exists a constant ¢ > 0 such that
M (£2) < euM(f)? for all nonnegative f, which is impossible if the support of p)
infinite. O

Remark 3.1. Let 7, be the Poisson measure with (o-finite) intensity o. It is well-known
that the following Poincaré inequality holds (see [33, Remark 1.4]):

(3.6) Te(F?) < /F dn, /E (D F)?o(dz) + 7,(F)?, F € L*(n,).
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See [3, 14, 34] for extensions to a class of Gibbs measures with £ = R¢. Thus, in our
present setting one has gap(é" °) > 1 provided ¢ = 1 and [, := @1 > 1,¢nm = 0 for
m > n+ 1. But it is easy to see that in this case (3.3) holds 1f and only if inf,>¢nl, > 0.
Therefore, Theorem 3.1 (1) provides a much weaker and sharp condition for gap(é&; }go) > 0.

To conclude this section, let us present an example to show that in general gap(@@]?)
is strictly less than gap(&p).

Example 3.1. Let ¢1, = B > 0 and g1 = % for £ # 1, and ¢;; = 0 for 7,5 # 1. By
(Hy) one has g = (14 2¢q;)~" and g = 2010x(k # 1), where ¢; := > k1 @1k < 00. Then

gap(ég) = % (see [8, Example 4.7]). On the other hand, if u(V) is non-trivial, then there

exists f € L*(E;p) with p(f) = 0 and pM(f?) = 1. Let F(v) == v(f)1.0 (7). We
0
have 7, ,(F) =0 and 7, ,(F?) = ¢;. Moreover, by the symmetry of the g-pair,

& (F,F) ZC]ka— (1—o01).
e}

Therefore,

1

1—-o0 .
! = gap(&y), if o1 > 3

201

gap(&3°) <

l\')l»—l

4 Functional inequalities for the reaction-diffusion
process

We first consider A\4(&°) which provides a certain exponential convergence rate of the
corresponding Markov semigroup, see [32].

Theorem 4.1. Assume (Hy) — (Hs). Let A\y() be the quantity defined as in (1.5) for a
Dirichlet form. We have

No(EQ) = Ao(670) = As(&q) A inf Ao(&5™).

Consequently, if inf,,>1 )\¢,(éao(n)) > Ns(80), then Ag(ET0) = \y(&p).
Proof. Let F € 2(&") with V., ,(F) = 1. We have

o ”) Jal)
& (F,F) Zgn ) 2 inf Ay(& Zgn%m
(4.1) A
infr>1 Ay (& (n) |p\2/
> sup <7r, F?) — 00 F (0 onpt™ (|[FTP) ”)
pe[1,2) d(p) ! g( ’ Z ’ |

Next, letting ro := F(0) and 7, := u™ (|F™[P)1/? for n > 1, we have
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wF (O + 3 0PI =3 o,
n=0

2/p &o(r,r
(4.2) < (Zgn ) %
=7m,g(|F|”)2/p+ Z Z 0nnm(rm = 7).

Since F® is symmetric, we have u® (|F®P) = p® (|F®P) for any k& > 1. Then, by the
triangle inequality and Jensen’s inequality,

n n m 2
n—Tm)? (N( ]F( P 1/p_u )(]F( )|p)1/p)

2/p
< ([ 1) = PP o)
< [E (P, y) = FO () (y; do)u™ (dy).

Thus,

i i Onnn(rm — 1n)? < ER°(F, F).

n=0 m=n+1

Combining this with (4.1) and (4.2), we obtain

&Ep°(F, F)
ELOF FY > inf M\, (™ Fy_2r Yo"
0 ( ) )—7111’211 ¢( 0 ){V(bvﬂp,,g( ) )\(b(éaQ) }

Equivalently,
&y °(F,F) ERO(F, F) _ &ET(F,F)
infs1 Ao(EM™)  Ae(6Q) T infusg Ao(EM™) A As(ED)

This implies that Ay(€70) > infos; Ag(E™) A Ag(&y). Finally, for any r € 2(&), let
F=3"0 ol We have & °(F,F) = 0since F™ :=r,,n > 1. Moreover, V., ,(F) =
¢ :

Vs o(r). Hence A\s(&g) > Ag(&10). O

V(z)yﬂ',u,g (F) S

Obviously, if ¢ € C[1,2] is strictly decreasing with ¢(2) = 0 then A\y(&'°) > 0 implies
the following super Poincaré inequality for some positive function 3 :

(4.3) Tuo(F?) <r&Y(F F) + B(r)mu(lf1)?  r>0F e g(&).

13



Thus, according to Theorem 3.1, if u™) is not finitely supported, then the non-triviality
of & is necessary for A\,(&'°) > 0. But in general, A\,(&'°) > 0 only implies a certain

functional inequality of & rather than inf,>, /\¢(é"0(")) > 0. To see this, let us consider a
simple situation where & is the Dirchlet form of an independent particle system. More
precisely, let 1 = ,u(l)N be the product measure and let (@“’0(1), @(éao(l))) be a conservative
symmetric Dirichlet form on L?(E; u™M). For any f € L2(EN;p) and 2 = (21,29, --) €
EN let

fac|z(y) = f('rh &=, Y, T, )7 1> lye E.
Define

50 =3 [ Y gun(s),
o1.0)= 3 [ &7 G g

D(&) = {f € L*() : fap € D(EY), prace. 2, > 1,67 (f. f) < o0},

(4.4)

Then it is easy to see that (&y, Z(&p)) is a symmetric conservative Dirichlet form on
L?(EN; 11). Moreover, since a function on E™ can be regarded as a cylindrical function on
EY we have the following Dirichlet forms:

45) & (f,9) = E(f,9), DE™) = {f € LHE™ (uD)") : &(f, f) < oo}, n>1.

We study the log-Sobolev inequality

4.6 Tuo(F?log F?) < CL(EM0)ET(F, F) + Co(81°), F € D(E), m,,(F?) =1
w0 w0

by using the following corresponding ones:

47) V(P log £2) < CUEDED (f, 1) + Col&"), fe 2(EM), V(1) =1,

(4.8) o(r’logr?) < C1(&)éq(r, 1) + Ca(Ep), T € 2(&g), o(r?) = 1.

Theorem 4.2. Assume (Hy) — (H3) and let 50(") be given by (4.4) and (4.5).
(1) Assume that (4.7) and (4.8) hold. If there exists § > 0 such that Y oo, 0, < 00
then (4.6) holds for

Ci(&M°) = Ci(&) Vv {(1+07Ca(&))Ci(&g) ),

Co(ET0) = Co(E9) (1 + 610 (&) + 671 Co(&) i one? 1,

n=0

14



(2) If (4.6) holds then (4.8) holds for Ci(&g) = C1(ET°) and Co(&g) = Co(EM°), and
(4.7) holds for C1(&M) = C1(EM0) and

1
Ca(&) = inf ~{log 0, + C1(E™)g, + Col ™)}

Proof. (1) Let F € 2(&™) with 7, ,(F?) = 1. By the sub-additivity property of the
entropy (see e.g. [16, (4.2)]), for any F' € 2(ér,) we have

Ent (n) (n)2 < Z/ Ent'uu) a:|r; )u(")(dx).
Then by (4.7) we have

2
Ent,o (F™7) < C1(&)&(F™, FM) + nCy(&)pt W (F™?),

Thus,
To(F?log F?) < Z 1og s (F(")z)
n=0

+ CUE)ET(F,F) + Co(6) Y noun™ (F™7)

(4.9) . n=0
< (1+67Co(&) Y 0up™ (F?) log u™ (F0%)
n=0
+C1(&)E (P F) + 671 Co(&) D 0ne™ !,

n=0

where the last step is due to Young’s inequality. Next, by (4.8) we have

n Tl2
Za H (F) log p) (FO) = 7, (F2) log 7o F?)

(4.10) < C1(&) Z Z annm<\/u (Fm?) \/M )

n=0 m=n+1

+ Co(EQ) Mo (F?).

We may regard F'™ as a function in L?(E™; u(™) so that the triangle inequality and the
symmetry of F(™ and F™ imply

(Vi (P = et )

(% F?) =y Jum (pe )

< ul )((F(”) F(m))Q)'
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Therefore, combining (4.9) and (4.10) and noting that 7, ,(F?) = 1, we arrive at

Tuo(F?log F?) <Ci(6)& (P, F) + (1+ 67 Ca(6))C1(60) " (F, F)

+ (1 + 5_102(600))02((?@) + 5_102(0500) Z gne‘sn_l
n=0
(2) Assume that (4.6) holds. For any r € (&), letting F := 3 7 (7,1 we
0
have & °(F,F) = 0 and &3°(F,F) = &g(r,r). Moreover, Ent,, ,(F?) = Ent,(r?) and
Tuo(F?) = o(r?). Then we obtain (4.8) for Cy(8y) = Ci(&x°),i = 1,2. Next, for any
fe .@(éao(l)) with u((f?) =1 and any n > 1, let

fl@) - fza), ify=3", 68, ey

0, otherwise.

(4.11) F(y) = {

Then it is easy to see that

To(F?) = 0n, Ent,, (F?) = no,u™ (f?log f2) — o log 0,

& (F,F) =nouéy (£, f), EX(FF) Z@qun+ Z Onlni = Onn,
l=n+1

where the last equality is due to (H;). Thus, (4.6) implies (4.7) for the desired constants.
O]

Now, let ¢(p) := (2 — p)/p so that Ay coincides with the log-Sobolev constant and let
o satisfy > 7 e”"p, < oo for some § > 0. According to Theorem 4.2, if \y(&p) > 0 and
(4.7) holds, then (4.6) holds. Since A\4(&p) > 0 implies gap(&y) > 0, we have gap(&™°) > 0
according to Theorem 3.1. Thus, A3(&1°) > 0. On the other hand, however, there are a lot

of examples where (4.7) holds but )\¢(6"0(1)) = 0 (hence, inf,>; )\¢(6°‘0(")) = 0). Therefore,
as claimed before, A\y(£1°) > 0 does not imply inf,>; )\¢(é"0(n)) > 0.
Theorem 4.2 enables us to study the super log-Sobolev inequality

(4.12) Tuo(F2log F?) < r&™(F, F) + B(r), F € D(&E°),m,(F?) =1,

where § : (0,00) — (0,00) is a positive function. According to [9], this inequality is
equivalent to the supercontractivity of P : HPtFO | 22(Comp)— LA (7o, ) < 00 for all £ > 0.
We shall study this inequality by using the corresponding ones for & and @@0(1)

(4.13) pO(f2log £2) < r&ED(f, )+ Bolr), [ € D(ED), uD(f2) =1
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(4.14) o(r?logr?) < rég(r,r) + Bo(r), € 2(&), o(r?) = 1.
The following result is a direct consequence of Theorem 4.2.

Corollary 4.3. Consider the situation of Theorem 4.2 and assume thaty 0,6°" < 00
for some 6 > 0. Then (4.13) and (4.14) imply (4.12) for

B(r) = Bo(8/(8 + Bo(r))) (1 + 67" Bo(r)) + 07" Bo(r) Zgn

On the other hand, (4.12) implies (4.14) for Bg = § and (4.13) for

1
Fo(r) = inf —{log 0n + 5(r) +7qa}-
Finally, the above arguments can be also applied to the super Poincaré inequality.

Corollary 4.4. Consider the situation of Theorem 4.2 and assume that gap(&y) > 0
Then &' satisfies (4.3) for some B if and only if there exist By, Bg : (0,00) — (0, 00)
such that

(4.15) pOD) <rED ) + Bolr)pD ()2 f e 2(ED),r >0,

(4.16) o(r?) < rég(r,r) + Bo(r)o(r])®, r € D(&),r > 0.

Proof. The proof that (4.3) implies (4.15) and (4.16) is similar to the proof that (4.6)
implies (4.7) and (4.8), so we only prove the converse. Since the super Poincaré inequal-
ity is equivalent to a Sobolev type inequality, that is, replacing the function log in the
log-Sobolev inequality by some function increasing to infinity as the variable goes to in-
finity (see [11] or [29]), and since gap(&p) > 0, by [32, Theorem 1.1] and (4.15) we have
inf,>; >\¢(éao(”)) > 0 for some strictly decreasing ¢ € C([1,2]) with ¢(2) = 0. For any
F € 9(&%), by the sub-additivity of Vj,, we have

1
Vi o0 (F™) < ———— &M (FO) )y > 1,
Ao(ED)
This implies
- o(p) -
(4.17) To(F2) < S 0upu™(IFMP)2r 1 L glo(p By pe1,2).
e Z Ao(&M) |
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Next, we claim that for any probability space (€2, %, P) and any function h € L*(P) one
has

(1.18) PR < SP2) + (PP PP, pe (1,2)

Indeed, letting P(|h|) =1 we have

2
PP < = (PP oy P17+ RE) < 2(RZEDPP(R) 4+ ). R >0,

N

Taking R = (3)?/*77) we prove (4.18). Letting c(p) := (3)*/®77), by (4.17), (4.18) and
(4.16) we obtam

2y~ _20(P) org
Tuo(F7) < )\¢(é30(1)§ (£, F) + 2c(p E ot
2¢( ) F() c r F() Is r)mw 2
< AV + 2SO )+ 20 ol

for any p € [1,2) and any r; > 0. Since ¢(2) = 0, (4.3) holds with

2¢(p)
infnzl /\¢ (éao(n) )

B(r) := inf {QC(p)ﬁQ(rl) :p € [1,2),r1 > 0 such that V (2¢(p)r1) < r}

which is finite for any r > 0. O

5 Examples

In this section we present three specific models where the underlying Markov chain is
the birth-death process; that is, @ and p satisfy (H;) with I, := ¢un+1 > 0 forn > 0
and ¢,,, = 0 for m > n + 1. In the first two examples & refers to some infinite-
dimensional diffusion on a manifold, where in the first example the diffusion process is
without interaction but the manifold is non-compact, and in the second example the
diffusion process is given by the one-dimensional stochastic Ising model over a compact
manifold. Finally, as a supplement to Theorem 3.1(3), we show in the last example that
the pure reaction Dirichlet form 5150 may satisfy the log-Sobolev inequality if E is finite.

Example 5.1. (with independent diffusions) Let M be connected and noncompact
with Ricci curvature bounded from below. Let V' € C(M) such that V + cp? is bounded,
where ¢ > 0,0 > 1 are constants, and p is the Riemannian distance function to a fixed
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point. By the volume comparison theorem (see [5]) one has Z := [, e"®dz < oo, where
dz is the volume measure. Let pM(dz) := Z~eV@dz and & (f,g) = MV, Vg))
with 2(&") := H2(u™M), the completion of C5°(M) under the Sobolev norm ||- | £2u0)+
EV (-, )2, Let & and &™ be given by (4.4) and (4.5). We have:

(i) &4° (and hence &1°) always satisfies the weak Poincaré inequality, and it (equivalently,
&) satisfies the Poincaré inequality if and only if (3.3) holds.
(ii) (4.3) holds for some (3 if and only if

n

5.1 lim o([n+ 1,00 — = 0.
(5.1) Jim o+ oo 3o

(iii) Let ¢(p) := (2 — p)® for @ € (0,1]. Then A\y(&"°) > 0 if and only if 6 > 2/(2 — «)
and

5.2 su n+1,00))( lo n+1,00 -1)" — < 00.

(52) sup o[+ 1,00) (log e[+ 1,00)) ") 30—

(iv) Assume that Y 7 0,€"" < oo for some § > 0. Then &0 satisfies (4.12) for some 3
if and only if 6 > 2 and

(5.3) lim [o([n + 1,00)) log o([n + 1,00)) '] 3~ —- = 0.

n—oo = ol
Proof. (i) follows from Theorem 3.1 (1) and (2) and the following facts: any reversible ir-
reducible countable Markov chain satisfies the weak Poincaré inequality (see [23, Theorem
3.1] or [31, Corollary 1.3]); gap(&y) = gap(é"o(l)) > 0 according to [27] or [24, Corollary
1.3]; gap(&p) > 0 if and only if (3.3) holds (see [20] or [7]).

(ii) follows from Corollary 4.4 and the facts that gap(é‘g(l)) > 0 and éao(l) satisfies the
super Poincaré inequality since 6 > 1 (see [28, Corollary 2.5] or [24, Corollary 1.3]), while
by the discrete Hardy inequality (see [20] and [28, Theorem 4.1]), so does & if and only
if (5.1) holds (see also [7]).

(iv) follows from Corollary 4.3 and the facts that 623(1) satisfies the super log-Sobolev
inequality if and only if 6 > 2 (see [28, Corollaris 2.5 and 3.3]), and so does &, if and only
if (5.3) holds (see [19]).

Finally, by [28, Corollary 2.5], (4.15) holds with By(r) = explco(1 + r~/%)] for some
co > 0 if and only if § > 2/(2 — «). Then by [32, Corollary 1.2], )\¢(£)0(1)) > 0 for the
above ¢ if and only if § > 2/(2 — «). Therefore, (iii) follows from Theorem 4.1, Theorem
4.2 (2) and and the fact that As(&p) > 0 if and only if (5.2) holds. The proof of this fact
is similar to that presented in [18] for the log-Sobolev inequality, the only difference is to
use the so-called N-function W(r) := |r|[{log(1 + |r|)}* in place of |r|log(1 + |r|), see [26]
for details. O
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Example 5.2. (with interacting diffusions) Let M be compact and # = {J4 :
A CC N} a smooth potential with finite range; that is, J4 € C°°(M*) and vanishes if the
diameter of A is big enough. A probability measure p on M?Z is called a Gibbs state with
potential _¢Z if for any A CC N, its regular conditional distribution given x4 € M A% is

e (dy) = ﬁ expl~Un(ya x 24)]¥(dy.),

where A\ is the volume measure on M4, Uy = ZA:AmAﬂ) Jp and Z4(x 4¢) is the nomal-

ization. Let p(™ be the projection of p on ML} and let &™ be determined by (4.5)
with

&L= [ S Vgl fgeFc) = | o),
k=1

ACCN

where V. is the gradient w.r.t. the k-th component. Assume that & satisfies the log-
Sobolev inequality

(5.4) p(f?log f2) < c&o(f. f), fe FC (M), u(f*) =1

for some constant ¢ > 0. See e.g. [10, Theorem 2.17] for an explicit condition on ¢ for
(5.4) to hold. Thus, if moreover (5.2) holds for o« = 1 so that &, satisfies the log-Sobolev
inequality, then Theorem 4.2 implies the log-Sobolev for &1°.

Example 5.3. (the pure reaction case with finite £) Let £ = {1,2,---, N} for
some N > 2 and let u be a product probability measure on EN. Assume that > 7 | 0,e’" <
oo for some § > 0. Then &x° satisfies the log-Sobolev inequality (i.e. L(&%°) > 0) if and
only if (5.2) holds with & = 1, while (4.12) holds for &3° in place of &0 for some 3 if and

only if (5.3) holds. Indeed, if E is finite then the trivial Dirichlet form éao(l) := 0 satisfies
(4.13) for some [y, so that the above assertions follow from Theorem 4.2 and Corollary
4.3.
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