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ABSTRACT. We establish a framework for the existence and uniqueness of solutions to stochas-
tic nonlinear (possibly multi-valued) diffusion equations driven by multiplicative noise, with the
drift operator L being the generator of a transient Dirichlet form on a finite measure space
(E, B, 1) and the initial value in F7, which is the dual space of an extended transient Dirichlet
space. L and F} replace the Laplace operator A and H ™!, respectively, in the classical case.
This framework includes stochastic fast diffusion equations, stochastic fractional fast diffusion
equations, the Zhang model, and apply to cases with E being a manifold, a fractal or a graph. In
addition, our results apply to operators — f(—L), where f is a Bernstein function, e.g. f(\) = \*
or fA)=A+1)*-1,0<a<]l.
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1. INTRODUCTION

The concept of variational inequalities (VIs) was first introduced by Stampacchia [55] and
Lions-Stampacchia [41] in order to study regularity problems for partial differential equations.
VIs were later used as a technique to solve optimal stopping-time problems and produced numer-
ous new results. E.g., they allow to obtain the regularity of solutions under very weak regularity
assumptions for the data, provide a very convenient characterisation of the solution from the
algorithmic point of view and they turn out to be particularly useful to treat evolutionary cases
(cf. [17, Chapter 3] for further details). The notion of stochastic variational inequalites (SVIs)
was developed by Rascanu, Haussmann-Pardoux and Rascanu-Bensoussan in a series of works
(cf. [48, 37, 18] and the references therein). As pointed out in [18], it arouse from the following
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problems. Considering the evolution of a state X; of a dynamical system perturbed by noise of
the form:

dXt = f(t7 Xt)dt + g(t7 Xt)tha

where X; takes value in R? and W; is a d-dimensional Wiener process. If ¢ is not degenerate,
ie., g¢* > al, a > 0, then X; can take any value in R?. In other words, X; can be located in
any domain O C RY with strictly positive probability. However, for certain applications, one
might prefer X; to remain within a convex domain @ C R¢. For instance, one might want to
constrain Xy € [a,b] when d = 1. Consequently, the following model should be considered:

{ dXy + 8]@(Xt)dt = f(t, Xt)dt + g(t, Xt)th,

B (1.1)
Xo=29€ O,

where 0I5 denotes the subdifferential of I5, which is defined by

Io(z) = 0, if v € O,
O\ =1 too, if 2 € RI\ O.

This gives rise to the motivation for studying the following more generalized model:

{ dXy + 0p(Xy)dt > f(t, Xy)dt + g(t, X;)dWy,

1.2
Xo = zo € Dom(p), (12)

where ¢ denotes the subdifferential of a proper convex lower-semicontinuous function ¢, and
Jy is a maximal monotone function (possibly multi-valued), hence leading to the notation “ > ”.

To treat equations like (1.2), alternative concepts of strong solutions, weak solutions (or
SVI solutions) and almost weak solutions to equation (1.2) have been proposed (see e.g. [48],
[18]). The readers are refer to Definitions 3.5 and 5.6 below for the key differences between SVI
solutions and strong solutions. In recent years, SVI solutions have also been developed by Barbu-
Da Prato-Rockner, Gess-Rockner, Gess-Tolle (see e.g. [9], [33], [36], [46] and the references
therein) as an effective approach when studying some types of multi-valued stochastic partial
differential equations (SPDEs) which can be written as gradient flow equations. These provide
a strategy to gain the information about the structure of the limit process of the approximation
equations. In addition, the limit process is allowed to have its initial value in a larger space and
the assumptions on the coefficients of the SPDE can be weakened.

Before we introduce the general class of equations we are concerned with in the present paper,
let us start with the following special case, i.e., stochastic generalized porous media equations
(PMEs):

{dXt € AB(Xy)dt + B(t, X;)dW;, in [0,T] x O, 3

Xo=xz0€ H N

Here A is the Dirichlet Laplacian with zero boundary conditions on a bounded domain O of
R d > 3. B(:= 9Y) : R — 2% is the subdifferential of ¥ : R — [0, 00), where 1 is a convex,
lower-semicontinuous function (cf. (H1)-(H3) in Section 3 for the exact conditions on S and
1, see also Examples 3.3 and 3.4 below). It is well known that § is a maximal monotone
multi-valued function (cf. Remark 3.2). Furthermore, H ! is the dual space of H}(O), which
is the usual Sobolev space of order two in L?(O,dz) (dz denotes the Lebesgue measure). B is
a Hilbert-Schmidt operator-valued map fulfilling certain Lipschitz and growth conditions.
Equation (1.3) can be reformulated as a gradient flow equation:

dX, € —9p(X;)dt + B(t, X,)dW;, in [0,T] x O,
Xo=xz0€ H!,
where ¢ is a proper potential function (see [33, 46]). Equation (1.1) is a typical case where dp

is in fact multi-valued. But there is also a strong motivation for studying the multi-valued case
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originating from physics. The exploration of (1.3) expands upon the study of the classical PME
perturbed by multiplicative noise, as follows:

-1 (1.4)
Xo=x9p€ H " on O,

{dXt = A(|Xt"y)dt + B(t,Xt)th, in [O,T] X O,
where 7 > 1. There are numerous applications of (1.4) in the deterministic case, i.e., when
B := 0, in physics. These include describing the flow of an isentropic gas through porous
media, heat radiation in plasmas, the study of groundwater infiltration and so on. We refer to
[58, 59] for more details on PMEs, and [11] for more details on stochastic PMEs. By extending
A(]-]7) to a maximal monotone operator AS(-) as in (1.3), the framework becomes applicable
to stochastic fast diffusion equations (FDEs), which is a crucial model for singular nonlinear
(density-dependent) diffusive phenomena and has applications across various fields, see e.g.
Example 3.3. Analytically, the rationale for considering 8 as a multi-valued function is the
following. Applying the chain rule, we obtain:

AB(Xy) = B (X)) AXy + B"(Xy) | VX2 (1.5)

This shows that 3'(X;) is the diffusion coefficient of the equation, which is dependent on the
solution. This explains why f is usually called the “diffusivity (function)” and why it must
be assumed to be increasing. If 3 is strictly increasing, which corresponds to 3 > 0 on R
in (1.5), then we would have local strict ellipticity, hence we would be in the non-degenerate
case. However, we do not make this assumption in this paper, so the degenerate case is covered.
(1.5) reveals why it is important to include multi-valued diffusivities, as it allows us to cover
non-continuous f (see Example 3.4). This means that its generalized derivative 8’ (in the sense
of Schwartz distributions) would be a weighted Dirac measure d,, at a point of discontinuity rg
of 8. Therefore, if we consider the time evolution ¢ — X;(£) of the substance density at a point
¢ € O and it encounters a discontinuity point g € R of 3, the diffusion coefficient '(X;(&))
would jump to 400, indicating a “very large” diffusion of the system at that moment. This is an
interesting case of high relevance, especially in physics, and it is also the reason why the solution
to (1.3) are sometimes called singular diffusions. An important example is the Zhang model that
descrides self-organized criticality (SOC), which has applications in various dynamical systems,
e.g., earthquake mechanisms, forest fires, and sandpiles, etc., see Example 3.4.

In fact, equation (1.3) is also of high interest if we replace the Laplace operator A by other
operators. For example, nonlocal pseudodifferential operators, such as the fractional Laplacian
—(—A)%, 0 < a < 2. These are infinitesimal generators of stable Lvy processes (see e.g.
Corollary 3.4.11 and Example 3.4.13 in [24]), and they relate to models in physics, such as the
study of hydrodynamic limits of interacting particle systems with long-range dynamics (see [22,
Appendix B| and the references therein). More generally, one considers nonlocal operators of
type —f(—A), where f is a Bernstein function (see [54]), or even more broadly, by a self-adjoint
operator L satisfying certain properties. It turns out that a suitable general enough framework
to cover all these operators is to assume that they are generators of transient Dirichlet forms on
L?(0,dz). Additionally, many interesting operators on O are not self-adjoint on L?(O, dx), but
on L?(O, i) for some other measure u replacing dz. An example is the Friedrichs extension of
the operator Ly = A + 2% -V on L(0, p?dx) ([52]), where p € H}(O). Moreover, one is also
interested in more general “state spaces” than O, for example, a smooth or even non-smooth
Riemannian manifold, such as a fractal, or allow infinite-dimensional state spaces, such as the
Wiener space.

To meet all these demands in generality, we need to extend the study of (1.3) to a sufficiently
wide framework as follows:

{dXt € LB(X;)dt + B(t, X;)dW;, in [0,T] x E,

1.6
X():ajon:OnE. ( )



Here (E,B,u) is a standard measurable space ([47, page 133, Definition 2.2]) with a finite
measure i, (L,D(L)) is the generator of a symmetric strongly continuous contraction sub-
Markovian semigroup {P;}¢~o on L?(u), which additionally is assumed to be the generator
of a transient Dirichlet form (€, D(E)) (cf. Section 2.1 and note that D(E) replaces H}(O)
from above, more precisely the homogeneous Sobolev spaces H D). Throughout the paper, for
1 < p < o0, we write LP(u) for LP(E, B, ) and | - |, for the norm in LP(p). W is a cylindrical
Wiener process on some separable Hilbert space U defined on a probability space (€2, F,P) with
normal filtration (F;)¢>0. B is a Hilbert-Schmidt operator-valued map fulfilling certain Lipschitz
and growth conditions (cf. (H4) in Section 3). F; is the dual space of the transient extended
Dirichlet space F, of (£, D(E)) (cf. Section 2.1 and note that F* replaces H~! from above, more
precisely (H')*, the dual space of H'). B(:= dv¥) : R — 2R is defined as in (1.3), and satisfies
(H1)-(H3) in Section 3.

A series of papers have contributed to the study of (1.3) on a domain of R%, see e.g., [6, 7, 8,
9, 10, 12, 13, 14, 15, 31, 33, 34, 36, 46], and (1.6) on general measure spaces but with § being
a single-valued function, see e.g., [49, 50, 52] and the references therein. However, as far as we
know, there are only two papers that address (1.6) on general measure spaces with 8 being a
multi-valued function. The existence and uniqueness of strong solutions (see Definition 5.6) to
(1.6) for more regular initial values zo € L%(u) N L*™(u) NF, where m € [1,00), was established
in [51], however, requiring more restrictive assumptions on the Dirichlet forms (£, D(£)) (see
Remark 5.8). Furthermore, in [35, Example 7.3] the well-posedness of “generalized solutions”
(see [23, page 211]) to (1.6) were proved under the assumption D(E) = F.. In [35], such solutions
were called “limit solutions” (see [35, Definition 4.5].) As an improvement, in our paper, under
more general assumptions we prove that these “generalized solutions” are exactly the solutions
in the sense of SVI to (1.6) (see Definition 3.5). This shows an important characteristic of
SVI solutions, namely they give sense to “generalized solutions” as a true solution to stochastic
(partial) differential equations in the SVI sense.

We will employ the approach introduced in [33] (which was also used in [46]). Given that we
are working with a general measure space, the techniques available for Euclidean spaces in [33]
cannot be directly applied to our framework. Consequently, it becomes necessary to consider
the space L'(u) N FF (cf. Section 5.2), prove the lower semicontinuity of the energy potential
functional (cf. Proposition 5.2), and construct appropriate convergent sequences in F. that
satisfy certain properties (cf. Proposition 5.3). The main difficulty is to prove the uniqueness
of SVI solutions to (1.6), in which Proposition 5.3 plays a key role. Since it is of independent
interest, and its proof is independent of the rest of the paper, we include Proposition 5.3 in
Appendix 5. For the proof of Proposition 5.3, we need to use the semigroup {P;}i~o as a
mollifier, which is, therefore, assumed to be ultrabounded (cf. Remark 3.7). This is necessary to
replace the use of convolution as a mollifier in the special case F := O in [46], which is also used
in [33]. Finally, in Appendix 5 we compare the notion of SVI solutions to (1.6) to the notion of
strong solutions to (1.6) in the sense of [51] (see Definition 5.6 below).

The remaining sections of the paper are organized as follows: In Section 2, we introduce
notations and provide a brief summary of some known results used in this paper. In Section 3,
we present our assumptions, the definition of SVI solutions to (1.6) and state our main theorem
(Theorem 3.6). Section 4 is devoted to applications of our main result. To enhance the clarity
of the proofs’ structure, some lemma and propositions are put in Appendix 5.

2. PRELIMINARIES AND NOTATIONS

2.1. Dirichlet spaces. Consider the I'-transform V,.(r > 0) of a symmetric strongly continuous
contraction sub-Markovian semigroup {P; }+~0 on L?(p):

1

oo
Viw = —— / t2te "t Pawdt, w e L*(p).
I'(5) Jo
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Define the Bessel-potential space (F12,| - || .,) ([28]) by
Fio:=Vi(L*(1)), with norm |ullFy, = |wl2, for u=Viw, we L% (),
consequently,
Vi=(-1)7% Fip=D((1-1)2) and lullp, = (1~ L)2uls
where (L, D(L)) is the generator of {P;}t~0 on L?(p). The dual space of Fy 5 is denoted by Fy
and Ff, = D((1 - L)72).
The Dirichlet form (&€, D(£)) of {P:}+~0 on L?(p) associated with (L, D(L)) is by definition

given by

D(€) = D(V~-L),

E(u,v) = p(v—Luv/—Lv), Yu,v € D(E),
and accordingly we have the identification

Fio=D(E), |lullf,, = &, u) + (u, u)s,

where (-, -)2 denotes the inner product in L?(p).

Recall from [29, page 40] that a Dirichlet space (£, F} o) relative to L?(p) is transient if there
exists a bounded p-integrable function g strictly positive p-a.s. on E such that

/ lulgdp < \/E(u,u), Yu € Fi 9.
E

If (£, F1,2) is transient, then let F, be the completion of Fj o with respect to the norm

I l7 = €)%,
in this case, from [29, page 43, Theorem 1.5.3], we know that Fj o = F, N L?*(u), and Fy o is
dense both in L?*(y) and in F,. Let F; be the dual space of F, with inner product (-,-) 7+ and
corresponding norm || || 7+, which is induced by the Riesz map F, > u +— £(-,u) € F;. F; is also
a Hilbert space. Since F 2 C F. continuously and densely, we have F7 C FY', also continuously
and densely. For more background knowledge on Dirichlet forms, we refer to [29, 43].

2.2. Some known results. From now on, we need to assume:
(T) The symmetric Dirichlet form (€, D(€)) associated with (L, D(L)) is transient.
Consider the inner product &, := & + v(-, )2, v € (0,00), on Fj 9, i.e.,

ol = E(v,0) + v / fof2dp = [[o]%, + v / jof2dp, Vo € Fra,

and
1
ey, =r, G =L)TDE = sup  1(v), VI € Ffy,
- ’ ’ vEF] 2
lollsy 5., <1

|l == sup I(v), VI € F.
VESe
[[vl| e <1
Recall from [51, Propostion 2.1] that

I - =sup |-, = ||l 5 . .
Yo 1y, = sup ey, = IWl7:, VE€ 7o o)

Now, define F} N LP(u), 1 < p < oo, in the following sense:

FrNLP(u) :={v e LP(u)|3C € (0,00) such that p(uv) < C|lul|z,, Yu € FeN L%(,u)}, (2.2)
5



equipped with the norm [[v|| () + [[v]|7+. Since (€, D(E)) is a transient Dirichlet space, from
[49, page 131, Proposition 3.1], we know that F. N Lp%l(u) is a dense subset of both F. and
Lp%l(,u), which in particular implies that F} N LP(u) is really a subset of F and we have

£ (v, u) 5, = pluv), Yu € Fo 0 Lo-T (), v € Fr 0 LP(p).

The following lemma was proved in [49], the part (ii) here is a special case of [49, Lemma 3.3
(ii)], (iii) is a special case of [49, Lemma 3.3 (iii)]. We shall heavily use this lemma, especially
(2.4), in the proof of Theorem 3.6.

Lemma 2.1. (i) The map L : F. — F defined by
Lv:=—&(v,-), v € Fe (2.3)

(i.e. the Riesz isomorphism of F. and F} multiplied by (-1)) is the unique continuous linear
extension of the map

D(L) 3 v~ p(Lv-) € F}.
(11) Let uw € Fe N Lﬁ(u), v e FrNLP(u). Then
R P—— (2.4)

If there is no danger of confusion, below we write L instead of L. For a Hilbert space H,
throughout the paper, let L?([0,7] x Q;H) denote the space of all H-valued square-integrable
functions on [0, 7] x Q, C([0,T]; H) the space of all continuous H-valued functions on [0, 7], and
L*>(]0,T); H) the space of all H-valued essentially bounded measurable functions on [0,T]. For
two Hilbert spaces Hy and Hs, the space of Hilbert-Schmidt operators from Hy to Hs is denoted
by Lo(Hy, Hy). For simplicity, the positive constants C, Cy, Cy and Cs used in this paper may
change from line to line.

3. ASSUMPTIONS AND MAIN RESULTS

Recall that in (1.6), we set 3 := 9v. Let K := L'(u) N L (1) N F7. Besides assumption (T),
we need the following assumptions:

(H1) ¢ : R — [0,00) is a convex, lower-semicontinuous function with ¢(0) = 0.
(H2)

im 20 _ o (3.1)
Irl=vo0 7]
(H3) There exists 0 < ¢ < oo such that
inf{|n| :n e B(r)} <c(lr|+1), Vr eR. (3.2)

(H4) B :[0,T] x K xQ — La(U, FY ) is progressively measurable, i.e. for any ¢ € [0, 77, this
mapping restricted to [0,t] x K x € is measurable w.r.t. B([0,t]) x B(K) x F, where B(-) is the
Borel o-field for a topological space. B(t,u) satisfies:

(i) There exists C; € [0,00) such that for all v € (0, 1],
I1B(:,u) — B(‘av)H%Q(U,FiQYV) < Chffu - U||2F1*727V7 Vu,v € K on [0,T] x ©,
where for simplicity, we write B(t,«) meaning the mapping w — B(t, u,w).
(ii) There exists Co € (0,00) such that for all v € (0, 1],
) < Ca(||ul %iw +1), Yu e K on [0,T] x Q.

HB(WU)H%Q(U,FI*&V
(iii) There exists C3 € (0, 00) such that
IBC Wl w22 < Ca(lulz +1), Yu € K on [0,T] x Q.
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Remark 3.1. (3) (2.1) and (H4)(3), (i) imply that,
1BCow) = BOw)l20me) < Cillu— vlE, Vuyu e K on [0,7] x 0. (33)

IBC L w.z) < Calllul

Remark 3.2. From [5, page:47, Theorem 2.8|, we know that zfvz : R — (—o0,+00] is a lower
semicontinuous proper convex function, then its subdifferntial ([5, page 7, (1.15)]) denoted by
B:R— 2R e,

5 +1), Yue K on [0,7] x Q. (3.4)

B(x) == 0p(z) = {y € R;P(x) < P(u) + (y, & — u), Yu € R},

is a mazximal monotone graph. Therefore, (H1) implies this strictly weak condition
(H1)’ 3 : R — 2R is a mazimal monotone graph such that 0 € 3(0).

Example 3.3. Typical examples for 1 which satisfies (H1) and (H2), and for [ satisfying
(H3) are
—|r|?*t, Vr e R,

) = 9+1

where 6 € (0,1), and
B(r) = o(r) = |r|”"1r, Vr € R.

In this case, (1.3) is the stochastic FDE perturbed by multiplicative noise. Applications for
FDFEs include for instance: plasma diffusion with the Okuda-Dawson scaling leads to the FDE
with 0 := % (119]); if 0 := g_é, d > 3, it is related to the famous Yamabe flow of Riemannian
geometry (see [58, Section 7.5]); in the case that 0 < 6 < 1, King studied it in a model of
diffusion of impurities in silicon ([40]). One property of the solutions to FDEs is that they decay
to zero in finite time with positive probability. We refer to [58] for more details on FDEs, [33, 49]

and the references therein for more details on stochastic FDEs.

Example 3.4. Other examples for 1 which satisfies (H1) and (H2), and for B satisfying (H3)
are

W(r) = { %7"2-—&- r, if r >0,

0, if r <0,
and
r+1, ifr >0,
B(r)=0v(r) =4 [0,1], if r=0,
0, if r <Q.

In this case, (1.3) is related to the Zhang model ([63]), which is a modified version of the Bak-
Tang- Wiesenfeld (BTW) model introduced in [4]. Both models are cellular automaton models
that describe SOC. SOC models have applications in various dynamical systems, e.g., earthquake
mechanisms, forest fires, and sandpiles, etc. These systems have a critical state in which small

perturbations can lead to large-scale events, and SOC models attempt to explain this behavior.
We refer to [3, 31, 13, 12| and the references therein for more studies of SOC model.

To describe the SVI solutions, we introduce the energy functional ¢ : F — [0, 00] by
p(dx), v e LY (u) N Fr,

—I—oo else
Definition 3.5. Let xg € L?(Q, Fo; FY). An Fi-adapted process X € L*(Q;C([0,T); Fr)) is
said to be an SVI solution to (1.6) if the followings hold:
(i) (Regularity)

o(X) € L'([0,T] x Q). (3.6)
7



(ii) (SVI (stochastic variational inequality)) For each Fi-progressively measurable process G €
L2([0,T] x Q; F¥), and each Fi-adapted process Z € L*(2; C([0,T); FX)) N L2([0, T] x ; L?(1))
solving the equation

t t
Zy = Z +/ Gsds —I—/ B(s, Zs)dWy, Yt € [0,T], (3.7)
0 0
we have that for some C > 0,
t
E||X, - Z|%. + 2B / P(X,)ds
0
t t
< Ellzo — Zol| 75 + QE/ o(Zs)ds — QE/ (Gs, Xs — Zs) Frds
0 0
t
+CE/ | Xs = Zs|%-ds, ¥t € [0,T]. (3.8)
0

The following theorem is the main result of this paper, i.e., the well-posedness of (1.6) in the
sense of Definition 3.5.

Theorem 3.6. Let xog € L*(2, Fo; F2). Suppose (H1)-(HY4) and (T) are satisfied, then there
exists an SVI solution X to (1.6) in the sense of Definition 3.5. Furthermore, if

||Pt||1~>2 < 00, Vi > 07 (39)
then for two SVI solutions X, Y with initial conditions xo,y0 € L*(Q, Fo; F), we have
sup E[|X; — Yi[%: < CE[zo — yol % (3.10)
te[0,7

Remark 3.7. Explanation of (3.9): Throughout the paper we use || Py||,—q4 to denote the norm
of Py from LP(u) to LY (u). Recall from [60, page 154, Definition 3.3.1] that P; is ultrabounded
means || Plla—oo < 00, Vt > 0. But since P; is symmetric, we have, ||P||3_ o = [|P|3s =
| Pat]| 100, t > 0, (cf. the proof of [60, Theorem 3.3.15]). In particular, our results apply to
—f(—=L), where f is a Bernstein function as in e.g. Examples 4.2 and 4.5.

To prove Theorem 3.6, we need the existence of strong solutions to the following approximating
equations for (1.6).

{ dth:L(ﬁE(XtE)_|-5Xt€)dt+B(t,Xf)th7 (3.11)

XS = 20,

with 0 < e < 1, 29 € L3(Q, Fo; L?(p) N F¥). Here B¢ : R — R is the Yosida approximation of 3
(See Appendix 5.1 for more properties of 5°). We have the following Proposition for (3.11).

Proposition 3.8. Suppose (H1)’, (H3), (H4) and (T) are satisfied. Let € € (0,1), xg €
L2(Q, Fo; L?(u) N Fr). Then there exists an Fy-adapted strong solution to (3.11) such that

X° e LX(0([0,T]; 7)) N L2 ([0, T] x 5 L*(u)), (3.12)
/. (8°(X3) +eX3)ds € C([0,T); Fe), P—a.s., (3.13)
0

t t
X7 :xo—i—L/ (5€(X§)+5X§)ds+/ B(s, X5)dWs, holds in F), P—a.s., Vt € [0,T]. (3.14)
0 0

Moreover, there ezists a constant C € (0,00) which is independent of € such that

T
IE[ sup |Xt€|§} + 5]E/ |\X§||%1 ,ds < C(]E|x0|§ +1). (3.15)
te[0,T] 0 ’
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Proof. (3.12)-(3.14) follow from [51, Theorem 3.2], in which we take m := 1 and u(E) < oo. To
prove (3.15), consider the following equations for (3.11) used in [51, Theorem 3.2]

dX;" + (v —1L) (ﬁE(Xf’V +eX;")dt = B(t, X" )dWr,

Xo" = wo € L*(, Fo; L* (),
with € € (0,1), v € (0,1]. Recall from [53] that L*(p) C F}', continuously and densely (cf. four

lines before [53, (2.5)]). From [53, Claim 3.1] we know that there exists a constant C' > 0 which
is independent of € € (0, 1), v € (0,1] such that

T
E[ sup \va”g} +5E/ XSV |15, ,ds < C(Elzol5 + 1), (3.16)
t€[0,7T] 0 ’

so we may extract a weakly (weak* respectively) convergent subsequence (for simplicity we stick
with the same notation X=), and there exists an X¢ € L2([0, T]x€; F1 2)NL2(; L>=([0, T]; L?(u)))
such that as v — 0,

X X¢, in L*([0,T] x Q; Fi2) € L*([0,T] x 5 L*(n)) € L*([0,T) x ; Ffy)

X = X2 in A L0, T L3 (w)) € LA L2([0, T L2 (1) © L2([0,T) % 5 FY).
But from the proof of [51, Theorem 3.2] (cf. arguments around [51, (4.52)]), we know that
X — X in L*(Q; C([0, T]; Ff5)), hence also in L*(€; L*([0,T]; Fy'5)) € L*([0,T] x Q; Ff5),
therefore, Xe=X ¢ dt ® dP ® du-a.s.. By weak lower semicontinuity of the norms we may pass

to the limit in (3.16) and get (3.15) as claimed. O

Remark 3.9. We can drop the assumptions (H3)(ii) and (H4) in [51], because (H3)(ii) is used
in the proof of [51, Lemma 4.3], while (H4) is used in the proof of [51, Lemma 4.4] (cf. (4.54),
(4.40) and (4.45) in [51]), which are not needed in our paper.

Remark 3.10. The right hand-sides of (H4) (i) and (H4)(%i3) look different from the assump-
tions (H2)(i1) and (H3)(i) in [51, Theorem 3.2], where there is no constant term. However, by
using similar ideas as in the proofs of [51, Theorem 3.2] and [53, Claim 3.1], it is not difficult
to get Proposition 3.8, see e.g. [61, Lemma 4.1] and [62, Proposition 4.1], which are follow-up
works of [53], for the treatments of the linear growth conditions as in this paper. So, here we
still regard (H4) (i) and (H4)(%i3) as the corresponding assumptions in [51, Theorem 3.2].

Remark 3.11. By the property of the Bochner integral (see e.g. [42, page 212, Proposition
A.2.2]), (3.15) allows us to interchange the order of L and fg - ds in (3.14), i.e., we have

t t

X7 _3:0+/ L(Ba(X§)+5X§)ds+/ B(s, X5)dWs, holds in F), P—a.s., Vt € [0,T]. (3.17)
0 0

Proof. (Proof of Theorem 3.6)

(Convergence) From (3.17) we know that for two strong solutions X1, X2 to (3.11) with
initial conditions x3, 23 € L2(Q, Fo; L*(u) N FY),

Xi - X
t t
=" _x3+/ L(B(X3Y) —552(X§2))ds+/ L(e1 X5 — e2X2%)ds
0 0
t
+/ (B(s,X5') — B(s, X5?))dWs, holds in F}, P—a.s., V¢t € [0,T].
0

Applying Ito’s formula to e X*|| X7 — X;2||%. with K € [0,00), we observe that V¢ € [0, T7,

e X - X

2
iz
t
b K [ X - X B ds
0

9
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t
+2/ TOL(BT(XEY) - B(XE)), XS — X ) Fds
0
t
0
+2 /0 e XG — X3, (B(s, XJ1) — B(s, X3))dW.) 7

t
+ [ B (5, X5) = Bl XTI (3.18)

For the fourth term in the right hand-side of (3.18), from (3.12) we know that X¢1 X°©2 ¢
L3(Q;C([0,T); F2))NL*(Q2 % [0, T); L*(1)), and from (3.15) we know that e1 X1, 9 X%2 € L*(Q x
[0,T7; F1 2). Hence by (2.4) with p = 2,

(L(Engl — €2X§2),X§1 — X§2>]:;<
= —/ (e1X5' — e2X5?) - (X5 — X52)dp
E
< 2(e1 +e2) (| XS5 + \X§2|§), ds@P — a.e..

For the third term in the right hand-side of (3.18), by (3.15) and [43, page 35, Proposition 4.11]
we know that °1(X21), 8°2(X52) € L?(Q x [0,7]; F12), then by (3.12), (2.4) with p = 2 and
(5.5),

(L(BEH(X5Y) — B72(X52)), X5t — XJ2)
= - [ () - ) - (65 - X3
< Oler + &) (|XE 3+ | X223 + u(E)), ds®@P —ae..
Thus, V¢ € [0, T], we have

e MY X - X723

= o el — & [ eI X s
+OG1+e) [ (X0 + XEB + () s
#2 [ R - X3, (B, X2) ~ Bls, X)W,
) /Ot e | B(s, X51) — B(s, X327, 1.7y ds-

Using the Burkholder-Davis-Gundy (BDG) inequality for p = 1, (3.3) and (3.15), we obtain

E sup e | X5 —Xf2||2;g
te[0,T

< 2E|zp — 3]

.27:;‘ + CK,T(El + £2) (E‘Jf(l) % + E|x3 % + 1), (3.19)

for K > 0 large enough, where C'x 7 depends on K and 7', but is independent of €1 and e2.
Now assume that z§ = 23 = 29 € L*(Q, Fo; L*(u) N F7). Then from (3.19) we have

E sup e | X5 —X?H%::
te[0,7

< Ofer + &2)(Elzol3 + 1),
10



where C' is independent of €1 and €9, and thus, by completeness there exists an Fi-adapted
process X (-, wg) € L?(2; C([0,T]; F7)) such that

E sup || X{ — X(t,20)||% — 0, as e — 0. (3.20)
te[0,T7] €

Then, for x}, 23 € L?(Q, Fo; L?(p) N FY), taking €1,e2 — 0 in (3.19), we get

E sup e KX (t,ah) = X(td) |3 < 2B|ab — B3 (3.21)
te[0,7] €

Then by (3.21)
LX) N FE 3 w0 = X (- 20) € LR C((0,T): 7))
is Lipschitz continuous, hence it has a unique Lipschitz continuous extension from F* to L?(2; C([0, T]; F))

which we denote by the the same symbol X (-, 9), zo € L?(£2, Fo; F), and this process is a can-
didate for the SVI solution to (1.6) with initial value zo € L?(§2, Fo; FJ).

(Regularity) We are going to prove the regularity of X := X (-,z¢) in the sense of (3.6),
ie., p(X) € LY([0,T] x Q), where ¢ is defined as in (3.5). Let X;" := X°(¢,28), t € [0,T],
€ (0,1), be strong solutions to (3.11) with initial value x§ € L?(Q, Fo; L*(n) N F), where
{28 }nen converges to x in L2(Q, Fo; ) as n — oo (such {28 },en exists because L?(p) N Fy

is dense in F, hence L%(€2, Fo; L?(p) N F7) is dense in L?(€), Fo; F)). Denote X' := X (t,z3),

e

€ [0, 7], the limit of X;™ in (3.20). Applying It6’s formula to e Xt|| X" ||%., by (3.17) we
obtain that V¢ € [0, 77,

KX

t
(a3 +2 / KL LXEM XM . ds
0

t t
42 [T, X s 2 [ €O Bl XY
0 0

t t
#2 [ B X5 s - K [ e
By (3.12), (3.15) and (2.4) with p = 2, we have
(eLX™ XM pr = —| XS5 <0, ds®@P — ae..

2
Fi ds.

For v € F}, we set

+o00, else.

¢ (v) = {fE"‘/’E Ju(dz), if v e L () NFZ, (3.22)

By (3.15) and [43, page 35, Proposition 4.11], (3.12), (2.4) with p = 2, and since ¢ = 9¢° and
1° is convex (see Appendix 5.1), we have

<L55<Xs,n) Xa,n> Fx
/ (97,/)8 Xan . X;’n)du
(XS, ds®@P —ae.. (3.23)

So, Vt € [0,T], we have
X5

]_‘*

t t
< gl =2 [ e i s+ [ B XE g

t t
+2/ e FHXI™ B(s, XS AW, e — K | e 7% X5 5 ds,
0 0

11



where the fourth term in the right hand-side of the above inequality is a continuous real-valued
martingale (cf. e.g. [42, Lemma 1.0.3]). After taking expectation on both sides of the above

inequality, by (3.4), choosing K := Cy, we get Vt € [0,T],

Ee™ || X; "% <Ellzg|

t t
%_—: - 2€C2tE/ goE(Xg:’")ds—i—/ e~ 25 Cyds.
‘ 0 0

Choosing t = T and multiplying both sides of the above inequality by %eCQT,

T
IE/ o (X2)ds < O (E[l22]%: +1) < oo,
0

where C7 is a constant which is dependent on 7', but independent of ¢, n.
By (3.5), (3.22), (5.3) and (3.2), we have for v € L?(u) N FZ,

|0°(v) = @(v)]
< [ W) - vl
E

2
< /E lB(v(a))Pu(dz)

< ce [ (0@ + Dutde) = ce((olf + (),
which implies
P(X5™) — o (X5") < cs(\X?"B + ,u(E)), ds@P — a.e.,

S0,

T T T
E / S (XEM)ds > / P(XEM)ds — coE / (X5 + u(E))ds.
0 0 0

(3.24)

(3.25)

(3.26)

Since X¢(s,z) — X(s,28) in L2(;C([0,T); FZ)) as € — 0, hence also in L2(2 x [0, T]; F).

e

By selecting a subsequence if necessary, X¢(s,z3) — X(s,2(), ds ® P-a.s., in F}. Hence by
the lower semicontinuity of ¢ on F} (cf. Lemma 5.2), Fatou’s Lemma, (3.26) and (3.15), we

e
conclude

T
E / P(XT)ds
0

T
< liminfE/ e(X5™)ds
e—0 0
T T
< liminf [E / & (XE™)ds + ceE / (X573 + u(E))ds]
0 0

e—0

T
< limianE/ O (X™)ds.
e—0 0

(3.27)

Since X (s,x8) — X(s,m0) in L2(Q; C([0,T]; FZ)) as n — oo, hence also in L2(Q x [0, T]; F).

e

By selecting a subsequence if necessary, X (s, zj) — X (s,20), ds ® P-a.s., in F;. Hence by the
lower semicontinuity of ¢ on F;, Fatou’s Lemma and taking (3.27), (3.24) into account, we get

E/OT P(Xs)ds

T
< limianE/ e(X1)ds
0

n—oo

T
< liminfliminfE/ (XM ds
0

n—oo  e—0

< Cr(Ellzol

.27.‘6* +1) < 0.
12



(SVI) Let G, Z be as in Definition 3.5 (ii). Applying It6’s formula to || X;" — Zt||3_-e*, by
(3.17), ¥t € [0, T, we have

E|X{" = Zi|Z

t
= Blaf — Z0l3: +28 [ (eLXE" + L(XE) = Guu X5 = Ziyds

t
+B [ 1B X5 = Bl Z)I 1200 7y
Using the convexity of ¢¢, similarly as to get (3.23), we have
(LB=(X3™), Xo" = Zs)Fz < ¢°(Zs) — 7 (XT"), ds @ P —ae..
By (2.4) with p = 2, Holder’s inequality and Young’s inequality,
(eLXE", XE™ — Z) 5o

—E/X“‘- (XS — Z)dp

N

e[XT" 2+ | XS = Zsla
1 1 en|2 1 2 yen _ 2 _
< 253|X5 5+ 253|Xs Zslz, ds @ P — a.e..
So, by (3.3), we have that V¢ € [0, T,
t
2E/ O (X™)ds
0
t
“EIXE" - Zil: + Bt - Zolfy: +2E [ o5(Z2)ds
0

t t
—2E/ (G, X" — Zy)peds + ClE/ |X5m — 7,3 ds
0 0

t
+E / (31X 4 3| X" — Z,3)ds. (3.28)
0

Since (5.2) holds, for v € L?(u) N FZ, we have ¢°(v) < ¢(v). Taking liminf. o in both sides of
(3.28), by (3.15), we have that Vt € [0,T7,

t
QIiminfE/ O (X™)ds
e—0 0
~E| X7 — Zil|%: +Ell2§ — Zol %
t t t
—|—2E/ ¢(zs)ds_21@/ <Gs,xg_zs>f;ds+011@/ IX7 — 7% ds.
0 0 0
Taking (3.27) into account, we observe that V¢ € [0, T],
t
QE/ o(XM)ds
0
~E|| X7 — Zil|%: +Ellzg — Zol %
t t t
—|—2E/ o(Zy)ds — 2E/ (G, XI' — Z4) peds +C’1E/ XD — Z|%ds.  (3.29)
0 0 0

Then taking n — oo in both sides of (3.29), by the lower semicontinuity of ¢ on F (cf. Lemma
5.2) and Fatou’s lemma, we have that V¢ € [0, 77,

t
2E/ o(Xs)ds
0
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t
/ liminf p(X7)ds
0

n—oo

t
< 2liminfE/ e(XM)ds
0

n—oo

—E[|X: — Zi|| % + Ellzo — Zo| %
t t t

+2E/ o(Z.)ds — 2]E/ (Go Xa— Z)eds + C1E [ [|X, — Z,|[%ds,
0 0 0

which yields (3.8).
(Uniqueness) Let X be an SVI solution to (1.6) and let Y™ = Y*(t,4%), t € [0,7],
€ (0,1), be strong solutions to (3.11) with initial value y& € L?(Q2, Fo; L*(u) N F), where
{yo }neN converges to yo in L2(, Fo; F), as n — o0.
From (3.12) we know that Y&" € L2(Q; C([0,T]; F¥)) N L2([0,T] x Q; L?(n)). By (2.3), the
fact that F o C F. continuously and densely and by (3.15),

B [ 10 s =B [ et <B [ IVt s <o
Furthermore, by [43, page 35, Proposition 4.11],
E/OT 1L (Y™ |5 ds = E/OT 18°(Y5 ™) |5, ds < oo,
hence, LY®", LA*(Y*") € L2([0,T] x Q; F¥). Therefore, Z := Y51, G := eLY™ + L3 (Y
are admissible choices for (3.7).

Then (3.8) yields,

t
BIX — Y7 + 2B [ o(X.)ds
0

t
< Bllro — 413 + 2K / P(YE™)ds
0

t t
_9E / (eLYS™ + LE(YE™), Xy — Yo) pods + CE / |X, — YEn|2ds, ¥t € [0,T].
0 0

For v € L?(u) N FZ, by (3.12), (3.15) and [43, page 35, Proposition 4.11], (2.4) with p = 2 and
the convexity of ¥°¢, we have

LBE (YE n) Y€ 7’L>
/ ﬁs st . 7szs,n)dﬂ
= [ vy = enn

/ U (0) — v (V)
e (YSM), ds®@ P — a.e.,

s0,
—(LAT(YS™), 0 = YoM m + o7 (Y") < ¢ (v), ds @ P —ae.. (3.30)
By (3.25), we have
P(YE™) < ec([VEME + u(E)) + 9= (VE™), ds 9P — ace.. (3:31)

Hence, summing the left and right hand-sides of (3.31) and (3.30) respectively, by (5.2), we get
—(LA(YS"), v = Yo e 4 p(Y5T)

< ¢ (v) +ec(|YE"5 + w(E))
14



< o(v) + 56(|Yf’"\% +u(E)), ds®@P — a.e.. (3.32)
Let {ek}ren be a subsequence of (0, 1) such that limg_,o, e = 0. Define
A = {(s5,w)|YF"(w) € Fio N FS, Ve, k€N, Vn e N}

Then Af, which is the complement of A;, is a measure zero subset of [0, 7] x Q. For simplicity,
below we stick with the notation e for ;. Define

Ag = {(5,w)|p(Xs(w)) < oo}

Then A$ is dt ® P measure zero.
Assume that (3.9) is satisfied. Let (s,w) € Aj; N Ag, then by Proposition 5.3 below, there
exists a sequence vy, (s,w) € L%(u) N FZ such that v, (s,w) = Xs(w) in FF and p(X4(w)) =

€ €

lim,, 00 (Ui (s, w)). Hence, by (3.32) we have
—(LB°(Y5™), X =Y Fr +0(Y)
< o(Xs) + (Y3 + u(E)), ds @ P —ae.,
and

t
B|X — Y% + 28 [ p(X)ds
0

t t
< Bllog — g1 + 28 | p(X)ds+ 28 [ ey
0 0

5+ w(E))ds
t t
—2]E/ (eLYE™ X, — YE™) peds + CIE/ 1X, — Yo |2eds, ¥t € [0,T).
0 0

By (2.3), the fact that F} 3 C F. continuously and densely, and by (3.15) and Young’s inequality,

<€LY§’”, X, — Y;a,n>]__e*
el LY r - 1K = Y | 7
= ellYo"llm - 1Xs = Yo 7

SV, + 31X, — Yo, ds P — ace.,

N

N

hence, Vt € [0,T],

2
F:

t
< Efloo — 4|, + 28 | eC(lyin
0

|| X — Vi7"

5+ u(E))ds
’ 4 e,n||2 2 e,n|2 ! en||2
48 [ (I + I~ YR ) ds + CE [ X, - Y s
Taking £ — 0, then n — oo, we get that V¢ € [0, T,
t
BI1X; — Vil < Blao — ol + CE [ X~ Yil3ds
0

where Y is the SVI solution which has been constructed from {Y="} in the limiting procedure.
By Gronwall’s inequality, one has

E|[X: - Vi

.27:6* < eCtEHxO - Z/OH%—‘ga vt e [OaT]

Clearly, the above inequality implies (3.10). This completes the proof of Theorem 3.6. O
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4. APPLICATIONS

In this section, we give some examples of transient Dirichlet forms on finite measure spaces
with their associated semigroups satisfying (3.9).

Let E := O, which is a bounded domain of R% d > 3, with smooth boundary 90. Let
dp := dx be the Lebesgue measure. Let H} denote the Sobolev space of L?(Q) functions whose
first order weak derivatives exist and belong to L?*(0), and have zero trace. The norm on H{ is
defined as [Jul| g1 = [Vulz, Yu € Hg.

Example 4.1. Consider the Dirichlet form (£, D(E)) on L*(O), which is generated by the
L :=Laplacian with zero boundary condition on the boundary 0O, let { P;}i>o be the corresponding
semigroup, then D(E) = H} and

E(u,u) = |Vul3, Yu € H.
From [26, page 279, Theorem 3], we know that
|U|d27d < C|Vauls, Yu € HE, (4.1)
-3

where C' depends on d and O. This implies (€, HY) is transient. From [54, page 233], (4.1) is
equivalent to

1P |[1—00 < ct™E, V>0,
which by Remark 3.7 implies (3.9).
Example 4.2. Let (£,D(€)) and {P,}i>0 be defined as in Example 4.1. Let
fA) =2 0<a<l,

which is a Bernstein function (see e.g. [54, page 21, Definition 3.1]). Let {Ptf}t>0 be the
subordinate semigroup of —f(—A(O)) = —(—A(0))®, where —A(O) denotes —A on O with

zero boundary condition. Then
1P/ [l1o2 < 00, ¥t > 0. (4.2)

Proof. The Dirichlet form (£7, D(£f)) on L?(0) associated with —f(—A(O)) = —(—=A(0))? is
transient (see e.g. [54, page 257]). By [25, page 75, Theorem 2.4.2], (4.1) is equivalent to

d
| Ptl|2—o0 < ct™ 1, VE > 0.
Note that

1
ot~ <exp{cpqt P 1}, VE>0,p>1,d> 3,

where ¢, 4 is a constant depends on d and p. Let p > é > 1, then

< o ]
/1f()\p)d/\:/l A < 0. (4.3)

Hence, by [54, page 241, Corollary 13.45.(i)] we know that {Ptf}t>0 is ultrabounded, i.e. ||Ptf”24>oo <
oo, Vt >0, since {Ptf}@o is symmetric, we then have (4.2), which corresponds to (3.9).

O

Example 4.3. Let (£,D(€)) and {P;}i>0 be defined as in Example 4.1. Let f be a Bernstein
function as following

FAO=+1)*-1,0<a<l.

Let {Ptf}t>0 be the subordinate semigroup of —f(—A(O)) = —(—=A(O) + I(0))* + I1(O), where
1 is the identity function. Then

1P ||122 < 00, V> 0.
16



Proof. The proof is the same as the proof of Example 4.2, if we can prove that (4.3) holds for
fO=+1)*-1,0<a<l. Letp>l>1 then

o q oo
f()\p)d)\—/l ()\p+ d)\ / —d)\<oo

Let {v;}+~0 on R? be a continuous symmetric convolution semigroup, its Lévy-Khinchin for-
mula ([39]) is as follows:

ﬁt(x)( = fRd ei(:ﬁ’y)Vt(dy)) = e_t¢($)7

0

P(x) = 5(Sz,2) + [ra(1 — cos(x,y))J (dy),
where

S is a non-negative definite d X d symmetric matrix,

2
J is a symmetric measure on R?\ {0} such that / 2] J(dx) < o0

ra\{o} 1+ |2]?

{v4}4>0 defines a Markovian transition function p;(z, A) on (R?, B(R9)) by
pi(x, A) = (A —x).

When v;(dy) is of the form g;(y)dy with g; € L?(R%), then

Pul) = | uta+ pa)dy = (o< (@), Vue LR

which by Young’s inequality ([2, page 5, Lemma 1.4]) implies
HPtH1_>2 < o0, Vt > 0.

By [29, page 31, Example 1.4.1], the regular Dirichlet form £ on L?(R?) determined by the above
{Vt}t>0 is

= Jpa W(x)0(x)(x)dx,

D(€) ={u € L*(RY) : [pali(z)[*¢(z)dz < oo}
By [29, page 48, Example 1.5.2], the extended D1r1chlet space (&, F.) of (4.4) is
={ue L} (RY :uis atempered distribution and @ € L?(¢ - dx)},

(4.4)

loc

E(u,v) = [pat(z)0(z)p(x)dz,u,v € Fe.
It is shown in [29, page 48, Example 1.5.2] that (£, D(E)) is transient iff % is locally integrable

on R?. Typical examples (cf. [21, Example 5.31] for more examples of ¢ and their applications)
are:

Example 4.4. (i) ¢(z) = |z|%, (£,D(&)) is transient if 0 < a < 2, o < d. The generator of
(€,D(E)) is the fractional Laplacian A% . In this case, the extended Dirichelt space (€, F,) can
be identified with the Riesz potential space of index § ([29, page 50]). For the case o = 2, the
associated symmetric Hunt processes (|29, Chapter 4]) is the d-dimensional Brownian motion
with variance being equal to 2t;
(i) ¢(x) = log(1+|x|?), (€, D(E)) is transient if d > 2, it is related to the subordinate Brownian
motion (|21, page 110]) known as the variance gamma process, which has applications in finance
(130]);
(iii) ¢(x) = (J|* + m%)% —m, m >0, (£,D()) is transient if 0 < o < 2, d > 2, it is related
to the subordinate Brownian motion called the symmetric relativistic a-stable process;
(iv) ¢(x) = log((1+ |x|?) + /(1 +|z]?)2 — 1), (&, D(E)) is transient if d > 1, it is related to the
subordinate Brownian motion with the Bessel subordinator.
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Now, let us construct transient Dirichelt forms on G, which is an open set of R% with finite
measure. Set L (RY) = {u € L2(R?) : u = 0 a.e. on D¢}, which can be identified with L?(G).
The Dirichlet form £ on G is denoted by E; with D(Eg) = {u € D(€) : 4 = 0 g.e. on D},
where @ is a quasi continuous version of u. By [29, page 174, Theorem 4.4.3], (g, D(Eg)) is a
regular Dirichlet form on LZ(R%). By [29, page 175, Theorem 4.4.4], (€g, D(£g)) is transient if
(€,D(&)) is transient.

By [29, page 173, Theorem 4.4.2], the strongly continuous semigroup {P};~o on L%(RY)
corresponding to (g, D(Eg)) is determined by the restriction of transient function {p;}¢~o to
(G, B(@)) defined by [29, page 153, (4.1.2)] for X = G. It remains to prove that

| PE |12 < 00, YVt > 0.
Indeed, let u € LL(R?) := {u € LY(RY) : u = 0 a.e. on G°} (which can be identified with L}(G)),

([ 1reu@par)”
(/ (PEul(z)) d:c);
(/ (Piful(= d:c)é

< C |u(z)|d.
Rd

Remark 4.5. There are interesting examples satisfying (T) and (3.9) on manifolds (see e.g.
[56, Section 4], [1], [57]) or graphs (see e.g. [38, page:3, Example 1.5]).

5. APPENDIX

5.1. Moreau-Yosida approximation of maximal monotone operators. Let ¢y : R —
[0, 00) be a convex, lower semicontinuous function with 1(0) = 0. Let 3(:= d%) : R — 2% be the
subdifferential of ¥. We recall some properties of 5¢, which is the Yosida approximation of 3,
i.e.,

1
Fr)=—(r—(1+ ef)7H(r) € B(L+ep)"1r), VreR,
and ¢, which is the Moreau regularization of 1, i.e.,
GE(r) = mf{“ r” + U (F); re]R}, Vr € R.

Lemma 5.1. For e > 0, ¢° is convex, continuous, Gateauz differentiable and 5 = OY°. [° is
monotone, Lipschitz continuous with Lipschitz constant %

18(r)] <18, Wr e R, (5.1)
where |B(r)| :=inf{|n| : n € B(r)},Vr € R.
P(J(r) <P°(r) < o(r), Vr eR, (5.2)

where for every r € R, s:= J(r) is the solution to the equation

0€s—r+eb(s).

Furthermore,
[(r) — 9 (r)| <elB(r)?, Vr e R. (5.3)
For all r,7’" € R, 1,69 € (0,00),
(61 (r) = B= (")) (r —1") > —%(51 +e) (187 () * + 1872 () [?), (5.4)
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and if (3.2) is satisfied, then
(B71(r) = B2(r") (r = 1) = =Cler + &) (Ir* + [r']> +1). (5.5)

Proof. The first statement and (5.2) can be found in [5, page 48, Theorem 2.9]. The second
statement can be found in [5, page 38, Proposition 2.2] and [5, page 41, Proposition 2.3 (ii)].
(5.1), (5.3) and (5.4) can be found in [45, page 98, Lemma 3.D.3], [45, page 98, Lemma 3.D.6.]
and [45, page 99, Lemma 3.D.8.], respectively. By (5.4) and (3.2) we can get (5.5).

O

5.2. Lower semicontinuity of the energy potential funtional on F}. Since the measure
is finite, it follows from [29, page 425, Theorem A.4.1 (i)] that, F' o N L>(u) is dense in (F7 2, || -
|7 ,). Since (£, D(€)) is a transient Dirichlet space, it follows that F1 2 N L°(u) is dense in

(Fe - Ml 7.)-

Define L'(u) N F? in the following sense:

LY )N F: = {v e L' (u)|3C € (0,00) such that p(uv) < Ollu||z., Yu € FroNL®(u)}.
For each v € L'(u) N FZ, one can define a map
(u) == p(uv), Yu € Fi 2N L>(p),

by continuity, it can be uniquely extended to a bounded linear functional on F,. Then L' (u)NF*
can be considered as a subset of F; by identifying v with v, and we have

Fr(v,u)F, = p(uv), Yu € Fia N L®(u),v € L (p) N Fr. (5.6)
Similar to Lemma 2.1 (ii) (cf. [49, page 134] for its proof ), we also have
(Lu,v) s = —p(uwv), Yu € F1oNL>(n),v € LY(u) N Fr.
Recall from (3.5) that ¢ : F} — [0, 00] is defined as following
, v e LY (u)nFr,
ot = [ eenan, v

+00, else.

Proposition 5.2. Suppose that (H1) and (H2) are satisfied. Then ¢ is a proper, conver,
lower-semicontinuous function on F.

Proof. We first claim that ¢ : L' (u) — [0, oo] which is defined as following

o = {laegten v 20007

is a proper, convex, lower-semicontinuous function on Ll(,u).

Note that (0) = 0, hence @ is a proper function on L!(x) and ¢ is a proper function on Fy.
Since 1 : R — [0, 00) is convex, it implies that @ is a convex function on L!(u) and ¢ is a convex
function on F;.

To prove & is lower-semicontinuous on L! (), we have to prove that for every ¢ € R, the level
subset {v € L'(u); p(v) < &} is closed in L(p). Consider a sequence {v"},en C L(p) such
that $(v") < & (which implies that {v"},en C LY(p) N FY), and with an element ¥ € L'(u)
such that v™ — 9 in L(p). We must prove that @(v) < €. Since v™ — U in L'(p), there exists
a subsequence {v"* }ren such that v™ — v, a.s.. Since 1) is lower-semicontinuous,

¥(0(x)) < liminf (0™ (2)), a.s..

By integrating the above inequality over F with respect to u, and by Fatou’s lemma, we obtain
that

/ (@) uldz) < / lim inf (0" (2) ju(dx)
E E

k—o0

< lim inf / (V™ () p(d)



<&

To prove ¢ is lower-semicontinuous on F, we have to prove that for every £ € R, the level
subset {v € Fl;p(v) < &} is closed in FJ. Consider a sequence {v,}neny C Fi such that

e

©(vy) < € (which implies that {v, }nen C LY (p) N FY), and with an element v € F such that
v, — v in FF. We must prove that ¢(v) < €. But since ¢ is convex and lower-semicontinuous
on L'(p), it suffices to show that {v, }nen is weakly sequentially compact in L' (1) ([44, page 80,
Theorem 2.3]). Since the measure is finite, according to Dunford-Pettis ([27, page 175, Theorem
2.54]), we need to prove the following two things:

(i) {vn}nen is bounded in L' (u);

(ii) for every € > 0, there exists 6 > 0 such that

/ o (&) (d) < e
.

for every measurable set E' C E with u(E’) < 0.

By (3.1), we can find a C > 0 such that 2% > 1 if |r| > C. Then,

Ir|

[ leu@lnaz)
= vp(2)|p(dz o ()| p(dz
[N CERS BN R

{lon|<C)}

N

/ (on(@))u(d) + / Cu(de)
{lvn|>C?} {lvn|<C}
< E+Cu(E),

which implies (i).

To prove (ii), by the proof of [20, page 267, 4.5.3. Proposition], we only need to show that
{vn}nen is uniformly integrable ([20, page 267, 4.5.1. Definition]), which is true according to
the proof of [20, page 272, 4.5.9. Theorem]| since (3.1) and ¢(v,) < € are fulfilled.

Therefore, there exists a subsequence {v,, }reny and v' € L'(p) such that v, — o' in L'(u)
as k — 0o. So, for all u € Fy 9 N L>®(u), by (5.6) applied to vy, replacing v, we have

. . /
Fv,u)r, = Iim zx (v, u)r, = lim [ vpudp = [ v'udp,
} k—o0 ) k—o0 E E

which implies that v' € L'(u) N FF and that v = v’ because Fy N L>®(u) is dense in Fe.
Consequently,
o(v) = p(v) < liminf (v,) < &.
k—o0
O

Proposition 5.3. Suppose that (H1), (H2) and (3.9) are satisfied. Then, for any v satisfying
¢(v) < oo, there exists a sequence {v, tnen with v, € L*(u) N F7 such that v, — v in FF and
‘P(U) = limp, 00 (P(Un)-

Proof. Since (3.9) is satisfied, by [60, page 156, Theorem 3.3.15], we know that the following
inequality holds:

p(u?) < rE(u,u) + b(r)u(lu))?, ¥r > 0,u € Fi o,
where

P,
b(r) = inf 7SH tlh o0
s<r,t>0

exp{t/s — 1}.
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Since (€, F} 2) is transient, there exists a bounded p-integrable function g strictly positive p-a.e.
such that

/ lulgdp < v/ E(u,u), Yu € F 9. (5.7)
E

From [60, page 142, Theorem 3.2.1], we also know that for the above g, there exists b (0,00) —
(0, 00) such that

p(u?) < r€(u, u) +g(r)(/JE |u|gdp)2, Vr > 0,u € Fip. (5.8)
Taking (5.7) into (5.8), we have
p(u?) < rE(u, u) + b(r)E(u,u), Vr > 0,u € Fis.
Therefore, the Poincaré inequality holds, i.e. there exists a constant ¢ > 0 such that
w(u?) < c&(u,u), Yu € Fya.
Since F. is the completion of Fjo with respect to the norm || - ||z = £(., )%, it follows that

Fio=Fe, FTy = F; and L2(p)NFf=L*(p) N Fiy= L2 ().

e

From [29, page 32, Lemma 1.3.3], we know that Vu € F} 5, one has P,u € F; 2 and

%g% Pou = u. (5.9)

Define P/ : Iy — Fy'y by
Fl*’Q(Pt’v,u>F1’2 = Fr, (v, Pu)py 5, Yu € Fi2,v € Fo. (5.10)
Then, it follows from (5.9) that
%i_r)r(l) Ff’2(P{U,u>F172 = %gr(l) Ff’2<U,Ptu>F172 = ry, (v, u)Fy ,, Yu € Fio,v € F1*72.
Hence,
Plv —=wv in Fiy ast— 0, Yve Ff,. (5.11)
Now let v € L?(u). Recall a Gelfand triple Fy o C L%(u)(= (L?(p))*) C FY5, then by (5.10),
[42, page 69, (4.2)], P, is symmetric on L?(u1), we have
Fl*g(Pt'v,u)FL2 = 1:1*72<11,Ptu>1:1,2 = (v, Pu)o = (P, u)e = F1*72<PtU,U>F1,2, Yu € Fi .
Hence for v € L*(u), Prv = P/v in FY,.

By (3.5), ¢(v) < oo implies that v € Ll(u)ﬂFfQ. Since (3.9) is satisfied, then Vv € Ll(u)ﬂFﬁQ,
we have Py € L*(p) C L (p) N Ff 5 and

P = Plvin FY,. (5.12)

Indeed, since L>(y) is dense in L' (u), for any v € L' (u)NFY,, there exists a sequence {v" }nen C

L>®(u) such that v™ — v in L'(u) as n — oo. Then, by (5.6), P; is symmetric on L?(u), P
is a contraction semigroup on L*(u) ([25, page 22, Theorem 1.4.1]), and (5.10), we know that
Vu € FiaN L®(u), v € LY (u) N FYo,

Fio (Ptvvu>F1,2

= / P - udu
E

= lim P™ - udp

n—oo E

= lim [ v"Pudu

n—oo E

= / vPudp
E
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= Ff,2<v’ Pou)p, ,
- ng(P[v,u)Fm,
since F 2 N L*(u) is dense in Fj 9, (5.12) follows. Together with (5.11), we get
Pw—wv in Ffy ast—0, Yve L'(p)NFfy,
which also means

Piv—wv in Ffy asn — 00, VYv€ LY(uw) N Fiy. (5.13)

n

Since 1 is convex, by [22, page 83|, we know that

Y(x) = sup {az +b | az + b < P(z), Vz € R}
a,beR

Since ¥(0) = 0, it follows that b < 0. Since P; is a sub-Markovian semigroup on L?(), it follows
that b < Pb, Vt > 0,b < 0. Set v, := P1v, n € N, we then have

Y(v,) = sup {aP;v +blaz+b<(z), Vz e R}
a€R,DH<0 n

< sup {P;(av +b) |az+b< (), Vz € R}
a€R,b<0 "

§P1< sup {av+b | az +b < Y(2), VZER})
™ N a€eR,b<L0

< Py ((0)). (5.14)

By the weakly lower semicontinuity of ¢ ([16, page 157, Theorem 9.1]), (5.13), (5.14) and
since Pi1 is a contraction semigroup on L'(p) ([25, page 22, Theorem 1.4.1]), we have

n

p(v) < liminf p(vy)

< limsup /E (o(2))u(de)

n—oo

< limsup [E Py (v(a))p(dz)

n—oo

n—oo

<timsup [ v(v()ulds)
E

= ¢(v),
which implies ¢(v) = limy, 00 ©(Vn)- O
5.3. Comparisons of different notions of solutions. Let F;NLP(u), 1 < p < 0o, be defined
as in (2.2). Define

Av ={~Lu, u € F. N Lp%l(,u), u(z) € f(v(x)), p—ae., x € E},

D(A)={ve FNL(u), p(v) < oo, Ju € Fe N Lﬁ(,u,),u(x) € f(v(x)), p—a.e., x € E}.

Let v € D(A) and —Lu € Av. Recall 3 = d¢ and that ¢ is convex by Proposition 5.2. Hence
by (2.4) and the convexity of ¢, we have for all v/ € F N LP(u),

(—Lu,v — V') Fs
= /u(x)(v(a;) —v’(x)),u(dx)
E
> /E $(o(x)) — P () p(dz)

= ¢(v) = @(v").
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Consequently, Av C dp(v). Hence, (1.6) implies that X satisfies the gradient flow equation

dX; € —ago(Xt)dt + B(t,Xt)th, in [O,T] x F, 515
Xo=x9 € F, on E. (5.15)

Definition 5.4. ([32, Definition 1.3]) Let xg € L*(Q, Fo; F). An Fi-adapted continuous process
X in FF with X € L*(Q;C([0,T); FF)) and d¢(X) € L?([0,T]x$; FF) is called a strong solution

€ e

to (5.15) if P-a.s.

t t
X = xo —/ 0p(Xs)ds —l—/ B(s, Xs)dWs, ¥t € [0,T],
0 0
as an equation in F;.

Proposition 5.5. If X is a strong solution to (5.15) in the sense of Definition 5.4, it is an SVI
solution to (1.6).

Proof. Firstly, let us verify regularity. By It6’s formula,

t t
E| X/l = Ellzo|%: — 2E / (Op(Xs), Xs) prds + B / 1Bs, Xl 12y

By the definition of the subdifferential Oy we have that
(0p(Xs), Xo)7r = (0p(Xs), Xs = 0) 2 = 0(Xs), ds®@P — a.e.
and by (3.4)

t t
E|Xi|% +E / (X)ds < Ellzo|%: + CoE / (1|1, + L)ds.
0 0

Hence by Gronwall’s lemma we get (3.6).
To verify the stochastic variational inequality, let Z € L2(Q;C([0,T];F)) N L%([0,T] x
Q; L?(p)) be a solution to

t t
Zy = 7y +/ Gyds +/ B(s, Z)dWs, vt € 0,1,
0 0
for some Fj-progressively measurable process G € L2([0,T] x Q; F). By Ito’s formula,

E||X: — Zi]

t
2. = Ellwo - Zol% + 21[«:/0 (~00(X,) — o, Xy — Z3) 5ds

t
+IE/ 1B (s, Xo) = B(s, Zs) |12, .5 ds, Yt € [0, 7.
0

By the definition of the subdifferential Oy we have that
(—00(Xs), Xs — Zs)7: < p(Zs) — p(Xs), ds®@P —a.e..
This together by (3.3) implies (3.8). O

In [51], the well-posedness of strong solutions to (1.6) was proved if zo € L?(u) N L*™ () N F
with m € [1,00). Strong solutions to (1.6) are defined as follows.

Definition 5.6. ([51, Definition 3.2]) Let o € F}. An F}-valued, F;-adapted process X is
called a strong solution to (1.6) if there exists a T € [2,00) such that the following conditions
hold:

X is F) — valued continuous on [0,T], P — a.e.;
X el (2x(0,T) x E);
there is an n € L (Q x (0,T) x E) such that

nepX), dePedu—ae onQx(0,T)x E,
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/ nsds € C([0,T); Fe), P—a.e;
0

t t
Xy :x—l—L/ nsds—l—/ B(s, Xs)dW,, Vt € [0,T], P —a.e..
0 0

Remark 5.7. Let o € L?(u) N L2 (u) N FF (= L*™(u) N FZ, since p is a finite measure). Let
X be the unique strong solution of (1.6) in the sense of Definition 5.6. From the proofs of [51,
Theorem 3.3] and Theorem 3.6 we know that X is also an SVI solution.

Remark 5.8. In [51], to obtain the strong solutions to (1.6), it was assumed that the Dirichlet
form is given by a squared field operator T', satisfying a weakened chain rule (see [51, (H4)]).
This assumption is, however, not necessary in this paper.
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