FUNCTIONAL INEQUALITIES FOR BROWNIAN MOTION ON
MANIFOLDS WITH STICKY-REFLECTING BOUNDARY DIFFUSION

MARIE BORMANN, MAX VON RENESSE, AND FENG-YU WANG

ABSTRACT. We prove geometric upper bounds for the Poincaré and Logarithmic Sobolev
constants for Brownian motion on manifolds with sticky reflecting boundary diffusion i.e.
extended Wentzell-type boundary condition under general curvature assumptions on the
manifold and its boundary. The method is based on an interpolation involving energy
interactions between the boundary and the interior of the manifold. As side results
we obtain explicit geometric bounds on the first nontrivial Steklov eigenvalue, for the
norm of the boundary trace operator on Sobolev functions, and on the boundary trace
logarithmic Sobolev constant. The case of Brownian motion with pure sticky reflection
is also treated.

1. INTRODUCTION AND DESCRIPTION OF MAIN RESULTS

Let 2 be a smooth compact connected Riemannian manifold of dimension d > 2 with
smooth connected boundary 02. We consider the semigroup on C(£2) induced from the
Feller generator (D(A), A) given by

D(4) = {J € C(Q) | Af € C()}
Af = Af1g+ (BAT] =758 ) Lan,

where % is the outer normal derivative, A7 is the Laplace-Beltrami operator on 0f2,
B >0 and v > 0. The induced Markov process is a diffusion on €2 which performs Brownian
motion in the interior and sticky reflected Brownian motion along the boundary. The case
of pure sticky reflection but no diffusion along the boundary corresponds to the regime
B = 0. First rigorous constructions of such processes on special domains €2 date back to
[26, 46, 51] and were later extended to jump-diffusion processes on general domains cf.
[7], [45]. Renewed interest for models with 5> 0 emerges from applications in interacting
particle systems with singular boundary or zero-range pair interaction [1, 16, 23, 31, 40].
An efficient construction in the diffusion case via Dirichlet forms was given recently in
[21, 25], the associated JKO-Wasserstein gradient flow structure is investigated in [10].

In this work we come back to the problem raised in [30] of estimating the speed of
convergence of this family of processes to their equilibrium state. Any such equilibrium
is a composition of the two mutually singular uniform measures on the interior and the
boundary and thus has infinite negative curvature even if 2 and 92 are positively curved.
As a consequence, standard arguments for e.g. log-concave measures are not applicable.
However, as shown in [30] one can use a simple interpolation together with the Reilly
formula to obtain explicit estimates for the L2-spectral gap in the positive curvature case.
We aim to extend the interpolation approach in two ways. First we go beyond the strictly
positive curvature assumptions on €2 and 92 by circumventing the Reilly formula via an
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integration by parts against a carefully chosen test function to obtain explicit estimates
for the crucial bulk-boundary interaction terms also under negative lower curvature bound
assumptions. The second main extension is concerned with an analogous approach to the
derivation of an explicit logarithmic Sobolev inequality. We develop the interpolation for
this case and show how to obtain the needed boundary-bulk interaction estimates, again
via integration by parts against properly chosen test functions. As side results we obtain
new explicit geometric estimates of independent interest for the first Steklov eigenvalue
(Corollary 2.1), the boundary-trace operator for Sobolev functions (Proposition 6.2) and
the boundary trace logarithmic Sobolev constant (Proposition 6.5), which in special cases
was considered before in e.g. [4, 39]. As we go along we also discuss how to treat the case
£ =0 of purely sticky reflection without boundary diffusion.

2. POINCARE INEQUALITY

For simplicity throughout this paper we restrict the analysis to the case § =1 (and
S =0 for the case of pure sticky reflection) and v > 0, where we assume that 2 and 92
have finite (Hausdorff) measure || < oo and |09 < co. Furthermore by A resp. Agq we
denote the normalised volume measure on €2 resp. normalised Hausdorff measure on 052
and choose « € (0, 1), such that

a |09
o
a |9
Moreover we set
Ao = g + (1 - @) Xaq.

and find that —A is \,-symmetric.

Our aim is to estimate the Poincaré — and further down below — the logarithmic Sobolev
constants for such processes in terms of the geometry of €2 and its boundary 0f).

We say that a Poincaré Inequality is fulfilled if there is a constant C,, such that V f € C1(Q2)
Vary, (f) < Cala(f),

Vama(f):fngd)\a—(fod)\af
é’a(f):ocfQ|vf|2d)\Q+(1—oz)/89|v7f|2d/\39

and V7 denotes the tangential derivative operator on 9¢). In the following we denote by
C,, the optimal such constant. By Cq and Cyq we denote the usual (Neumann) Poincaré
constants of Q and 0f) respectively. We assume that Cq and Cpsq (or respective upper
bounds for them) are known. In [30, Proposition 2.1] the following statement was proved
in the setting introduced above using an interpolation approach:

where for f e C'(Q)

Proposition 2.1. Assume there exist constants Koq q, K1, Ko such that for any f € C1(§2)
(1) Va?“,\m(f) < Kag,g /Q |Vf|2d)\g

2) (fgfdAQ—fmfdAm)ZsKlfQ|vf|2dAQ+K2 faQ|va|2dAaQ,



then it holds for any a € (0,1)
C, < maX(Cg +(1-a)Kq,aK,,

(1 Oé)KaQ QC@Q + OlCQCaQ + Ol(l Ol)(KaQ QK2 + CaQKl) )
(1 Ol)Kag ot aCaQ

In [30, section 3.2] constants Kpq o, K1, Ky were found under the assumption of a posi-
tive lower bound on Ricci curvature and a positive lower bound on the second fundamental
form on the boundary € (i.e. a convex boundary). Our aim is to find Kyq q, K, K2 and
thus an upper bound on C', assuming any upper bound on Sectional curvature and lower
bound on Ricci curvature and any upper and lower bound for the second fundamental
form on the boundary and to thereby generalise section 3.2 in [30].

The constants K7 and K, in (2) are not unique. In fact we could add another optimisation
over the pairs of values K7, K fulfilling (2) and thus improve the upper bound on C,.

In order to find suitable constants K, K fulfilling (2) we start with the following
proposition where we do not yet make any assumptions on the geometry of the manifold.
Later it will be combined with assumptions on curvature and second fundamental form
to obtain explicit admissible choices for K, K.

Proposition 2.2. For any ¢ € C*(Q2) such that “loa = £1 and Vi is Lipschitz continuous
on § inequality (2) in Proposition 2.1 is fulﬁlled with Ky =0 and

2
€2 .
K, = (|aQ| nf [(1+2)IVels+ (1+)CalApl],
where |- | denotes the L?-norm on € with respect to \q.

Proof. Let f e C'(§). Without loss of generality we can assume that [, fdAq = 0. Now
Ve>0

([0 f 0]
(o -

2r

Q 2 9
(Bl oo )]
0 2
< % -(1+€)‘/§2|Vf|2dAQ[2|V@|2dAQ+(1+g1)‘/Qf2d)\ﬂ‘/g;(Agp)2d)\Q:|
2
< % (1+6)f§2|vf|2d)\§2,/9|v90|2d)‘9+(1+6_1)CQ‘/Q|Vf|2d)\ﬂfg(ﬁcp)2d)\g:|
Q) \'r
= % _(1+€)A|v¢|2dAQ+(1+€_1)CQA(A¢)2dAQ]A|Vf|2dAQ

O

We next find Kyq o such that inequality (1) is fulfilled by proceeding similarly as in the
proof of Proposition 2.2:



4 MARIE BORMANN, MAX VON RENESSE, AND FENG-YU WANG

Proposition 2.3. For any p € C1(Q) such that Lloa = =1 and Vp is Lipschitz continuous
on § inequality (1) in Proposition 2.1 is fulﬁlled with

Koo = |(|99|| (2|V| Col? + |(Ap)_|oocn),

where (-)~ denotes the negative part of a function and |-|. denotes the L*®-norm on Q
with respect to \q.

Proof. Let f e C*(£2). Without loss of generality we can assume that [, fdAg = 0. Now
we can calculate similarly as in the previous result

Vars,,(f) = f deAaQ—( f fd)\ag) f P = - f I 9p A

|aQ| foA Ao
<2 JIwAIAD + S [ A0

Q
<2 B ivol. [ 170 flare + ,'amKAp) o [ S

|aQ||VpI (/de/\ f|vf|2d)\ ) ||a$|| Ap)” IoofodAQ

| | 1/2f 2 2 - f 2
dhq + — (A o d\

19 o2 f 2
- 50l (2|Vp|oo +1(80) [wCa) [ IVfPdNa.

f2fvf VpdAg — - |m|

O
Remark 2.1. Denote by o the first nontrivial eigenvalue of the Steklov eigenvalue problem

Af=0, in €2
A =of, onodQ,

which is characterised (using normalised measures) by

_12 e felViPd
09 reci@)  [oq f2dNon
Joq Fdroa=0
Thus we have for the optimal constant Kyq ¢ in inequality (1) in Proposition 2.1
Var/\aﬂ(f) _ faQ de)\OQ _ |Q|

Kpon= sup —————-= sup = o
feCl(Q) fQ AR feCH () fQ IVfPdAa 109
faQ fdAasz =0
Therefore by finding upper bounds for the optimal Kyq o we find lower bounds for the first
nontrivial Steklov eigenvalue. We use this connection in the computations for Example
2.1.2 below.

To obtain an explicit constant it now remains to specify functions ¢ and p with the
desired properties. Note that despite fulfilling the same assumptions, ¢ and p may be
chosen independently in order to optimise the estimates. It seems natural to define both
functions of the form v o pgn for some appropriate function v, where psn denotes the



distance to the boundary function.
We use for k,v € R the function

. B cos(Vkt) - lksm(\/Et)’ k>0
(3) h:[0,00) > R, h(t):= {cosh(\/—_kt)\/__\/i__kSinh(\/__kt), k<0,

Let A~1(0) :=inf{t > 0: h(t) = 0}, where h~1(0) = oo if h(t) >0 for all £ > 0. We denote by
Ric and sect the Ricci and sectional curvatures of (2, and by II the second fundamental
form on the boundary 0f2, i.e.

II(X,Y):=(VxN,Y), X,Y €T, 00, €00,
where N is the outward pointing unit normal vector field of 0f).

Lemma 2.1. Let ki, ko € R such that Ric > ki(d—1),sect < ky and v1,72 € R such that
mid < Il < vyid. We construct a function ¢ € CY(QQ) such that g—mag = -1 and Vo is
Lipschitz continuous on 0 and for tq € (0, h;1(0))

1 [t t\?
IVel3 < —f Hy1({poc Zt})(l——) dt,
|§“ 0 to

s (o 01-2) 1)

(f-viiofs-2)-4) )

where h;,i=1,2 are as defined above in (3) with k = k; and ~ = ;.

Proof. Tt is easy to see that h;'(0) < hy'(0). Let psq be the distance function to the
boundary. By the Laplacian comparison theorem, we have

() Apog < LML) on {poa < b (0)),
(5) Apoq > M(Pm) on {paa < hy'(0)}.

ha

Indeed, (5) follows from [49, Theorem 3.1] for the Laplacian comparison theorem due to
[27], and by [49, Corollary 3.2] which says that the injectivity radius of 0f) is larger than
hy'(0). Next, for x € Q with pga(x) < h*(0), let p € 9Q be the projection such that
~v(s) == exp[-sN(p)],s € [0, paa(x)] be the minimal geodesic from p to x. Let {X;}1<ica-1
be orthonormal vector fields around « orthogonal to Vpaa(z). Let J;(5))se[0,0p0(2)] P€ the
Jacobi fields along the geodesic v such that J;(psa(z)) = X;(z) and

(J;(0),v) = ~T1(J;(0),v), v eT,00.

Let R be the Riemannian curvature tensor. By the second variational formula (see page
321 in [13]) we have

poa(z) , . ) )
Hessyo (X X0 () = -T1CAO), L) + [ (11(5)P = (RG(5), ()Y, 4(5)) s
Let (X;(5))se[0,ps0(2)] be the parallel displacement of (X;(0) := X;(2))se0,ppq(z)], and de-

note
hl(S)

) = lea(@))

Xi(s), 1<i<d-1,s¢€][0,paa(x)].
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Then the index lemma yields

poa(r) ) )
Hess (X3, X,) (2) < ~T1(Ji(0), J;(0)) + / (I7:()F = (R(3(5), i()), Ji(s)) ) ds.
Noting that h{(s) = —k1h1(s), this implies (4).
Now for ¢ € (0,h5'(0)) we define

P +
<p=fm(1—i) ds.
0 t(]

Vpoa(z) - (1 - pasf—o(x)) , poa(x) <to
0, else,

We have
Ve(z) = {

and thus g—mag = -1 and Ve is Lipschitz continuous. Furthermore

Apoa(z) (1 - pag,f—o(z)) —i poa(r) <to,
0 else.

Ap(r) ={

Using the Coarea formula we get

2 2
[ vePdra= [ (1—%—”) [VpaoPdra = [ (1—@) e
Q {poasto} to {poasto} to

1ft0f (1 t)de dt
Qo Jipan \T 1) T

_ ﬁ f0t° Hyr({po0 = 1) (1 - %)th,

where H,;_; denotes the (d - 1)-dimensional Hausdorff measure. Furthermore

[@rda= [ (a9) - (30) ) dha= [ (Ap)) dra+ [ (A¢)) dra.

We see that by inequalities (4) and (5) on {psq < to}

B> (@12 o) (1-222) - & = (A < (@D oon) (1-22) - )
A < (@= 1 (poo) (1-22) - L = (ap) < ((@- D pon) (1-22) - 2

Thus

Jaermns [ ((@-iom(1-52)-7)
+ (((d— 1)%(089) (1-22)- l)+)2dAQ

Lo to

ﬁ JA t°Hd_1<{paﬂ=t}>(((<d—1>Z—§<t>(1‘%)‘%)_)

(o tio-2) 2 e
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In the previous Lemma t € (0, h;1(0)) may be chosen to either optimise |V¢l|3 or |Apl3.

Lemma 2.2. Let ks € R such that sect < ky and v, € R such that IT < yotd. Then ko > —fy%,

and for all € > 0 there exists a function p € C1 () such that sarlon = =1 and Vp is Lipschitz
continuous on ) and

Vpleo <1,

[(Ap)7lew < inf ((d 1) hy (t)(l—i)—tl)+5.

t1€(0,hy (0))te(0 tl) 131 1

Proof. Let hy be the function defined as in (3) with k = ks and v = y9. If ky < =42, then
h31(0) = oo, so that [49][Corollary 3.2] implies that the cut locus of 9 is empty, which
is contradictive to the fact that the maximum point of pyq is in the cut locus. Hence,

kQ > —’)/22
Let t; € (0,h5(0)) to be chosen later. By (5)

!/

(6) Apoa > (d - 1)2—2(/)@9) on {poa <t1}.

p +
p=fm(1—ﬁ) ds.
0 tl

v z)- (1 - Lol x) <t
V,O(x)z{ pon(@)- (1- 252) lezé) 1

Now define

We have

and thus §—]@|ag =-1, |Vple <1 and Vp is Lipschitz continuous. Furthermore

A 1 pon(@)) 1 <t
Ap(x):{ Pasz(a?)( t1 ) o) pealg;ix)_ 1

and thus by inequality (6) on {psq <1}

1

Bp> (d-1)22 () (1-22) = £ = (20 < ((@- 172 (o) (1-22) - 1)

We can still choose t; € (0,h51(0)) to obtain for arbitrary € >0
(Ap)|w < inf ((d )52 h (t)(1-i)-l)+g.
t1€(0,h; 1(0))te(0 t1) i)t

O

Inserting ¢ and p as defined in Lemma 2.1 and Lemma 2.2 in Proposition 2.2 and
Proposition 2.3 we now get explicit constants K, Ky and Kpo o in terms of bounds on
sectional and Ricci curvature and second fundamental form on the boundary. We state
these in the following Proposition.



8 MARIE BORMANN, MAX VON RENESSE, AND FENG-YU WANG

Proposition 2.4. Let ki, ko € R such that Ric > (d —1)ky, sect < ko and 1,72 € R such
that y1id < 11 < yoid. Then the assumptions in Proposition 2.1 are fulfilled with

K= [[ (1+2)H, 1({p39_t})(1-i)2

|02 toe(0,1; 1(o»se(o %)
+ (1 " g) CoHar({poo = t})((((d— 1)2—'2(15) (1 _ %) _ %))

(- viio-5)-2)) )]

KQZO

KaQ’Q‘|(|%| (201/2 +Cq  inf ((d 1) 2(t)(1——)—l)_)

t1€(0,h31(0)) te(O t1> ti) t

As explained in Remark 2.1, upper bounds for the optimal Kyq o correspond to lower
bounds for the first nontrivial Steklov eigenvalue. Thus we now also get a lower bound
on the first nontrivial Steklov eigenvalue ¢ that is explicit in terms of upper bounds on
sectional curvature and second fundamental form on the boundary:

Corollary 2.1. Let ko € R such that sect < ky and v, € R such that 11 < vid. Then for
the first non-trivial Steklov eigenalue o of € it holds that

02(203{%09 inf ((d 1) 2(t)(1——)—1)_)_1.

t1(0,h; (0))te(0 tl) ti) t

Example 2.1. As an example one may consider a ball of radius one around the origin in
the hyperbolic plane. Then Cq ~ 0.3377 and hs(t) = cosh(t) — coth(1)sinh(t) (for more
details on this see also Example 2.1.2 below). This results in the lower bound o > 0.5145
while as stated in [20] o = coth(1) —tanh(1/2) ~ 0.8509 for this example.

By inserting the set of constants stated in Proposition 2.4 into Proposition 2.1 we get
an explicit upper bound on the Poincaré constant again in terms of bounds on sectional
and Ricci curvature and second fundamental form. For comparison we state the following
obvious upper bound for the optimal Poincaré constant without the interpolation, which
can be derived from Proposition 2.1 by considering the limit as Kpq o tends to infinity.

Proposition 2.5. Assume there exist constants Ky, Ky such that for any f e C*(Q)

2
( [raxa- [ fdAm) <6, [[19fPdA+ Ky [ 197 fPdAao,
Q o0 Q o0

then it holds for any a € (0,1)
Ca < max (CQ + (1 - Oé)Kl, O@Q + CYKQ) .

2.1. Examples. In the following we consider as examples balls in Fuclidean plane and in
hyperbolic plane and compare the results obtained above with or without the interpolation
approach. While the former example has already been treated in [30], the latter was not
included there due to negative curvature.
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2.1.1. Ball in R2. Let ) := By be the unit ball in R2. In this case the sectional curvature
equals k = 0, and for the second fundamental form on the boundary we have v = 1. The
constants K, Ky and Kpq o are now to be computed for this specific example. The general
results in [30, section 3.2] concerning the values for these constants are not applicable.
However the same paper also contains a computation adapted to this specific example. In
the following we will consider the values for the three constants obtained by computations
adapted to this specific example as well as the values obtained by the above general results.
For both sets of constants we will compare the upper bounds on Poincaré constants
obtained by the interpolation approach with the bounds obtained without interpolation
as in Proposition 2.5 and the exact values for the Poincaré constants.

We first recall the results of the computations adapted to the ball example made in [30,
section 3.1]:

1 3
v —, Cha=1, K1 =—
339" 9T BTG

The upper bound obtained from Proposition 2.1 is

8(1-a)+16aCq + 3a(l - a)
8(1+a) ’

1
Ca , Ky =0, KaQ,Q=§-

Cq <

while the upper bound obtained for the same values of K1, Ky and Kpq o from Proposition
2.51is C, < 1. Moreover we also refer to [30] for the procedure to calculate the exact values
for C,,a € (0,1). Using the results from the previous pages instead, we find different
constants: We have hy(t) = ho(t) = 1 —t from which follows by Lemma 2.1 and Lemma
2.2 that

Ve>03p:|Vpli<e, [Aps<l+e
and
Ve>03p: |Vple <1, [(Ap) | <2+,
Inserting this in Proposition 2.2 and Proposition 2.3 we get

;- Co
4

Inserting this in Proposition 2.5 results in C, < 1 while inserting in Proposition 2.1 we
get

, K3 =0, Kjyqw0.8381.

l1-a)K), o +aCo+a(l-a)K]
CasmaX(CQ+(1_&)K{7( ) 0,0 Q ( ) 1).

(1- oz)KéQQ +«

We depict these results in Figure 1. Note that the green and purple curves overlap.
From this we see that the upper bounds obtained from the above general results are only
slightly worse than the upper bounds obtained by computing with the specific example in
mind. Furthermore it is obvious from the proof of Proposition 2.1, that results obtained
from the interpolation approach must be at least as good as results obtained without
interpolation. However the figure shows for both sets of constants that the interpolation
results clearly differ from the no interpolation results and give significantly better bounds
than the approach without interpolation.

We remark that using the interpolation approach with K7, K} and Kpg o (i.e. combining
the respective best constants from above) would result in an even better approximation
of the curve of exact values.
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10 1 —— exact value
example specific interpolation estimate

0.9 1 — gxample specific no interpelation estimate
0.8 — general interpolation estimate

’ general no interpolation estimate

0.7 1

0.6 1

0.5 1

0.4 1

0.3 1

00 0z 04 0.6 0.8 10

FIGURE 1. Exact Poincaré constants (blue), interpolation (yellow) and no
interpolation (green) results using computations specifically adapted to the
example, interpolation (red) and no interpolation (purple) results using
computations not specifically adapted to the example.

2.1.2. Ball in hyperbolic plane. We consider the unit metric ball in the hyperbolic plane
and compute the exact Poincaré constants C,,a € (0,1) numerically. As in the previous
example we compare these with general/specific example and interpolation/no interpoal-
tion results. In more detail we consider the unit ball B;(0) c R? with the hyperbolic
metric

4
(7) gh = mga

where g = (dz')? + (dz?)? is the standard metric in R2, resulting in the space form of
constant sectional curvature K = —1. € will be a unit ball in this hyperbolic plane. We
will start by computing the exact values for C,, « € (0,1). Using that |Q] = 27(cosh(1)-1)
and |09 = 2wsinh(1) the operator A = A, associated with the Dirichlet form &, then
becomes

AafZAf]lQ+(ATf_ a  sinh(1) (9f)]lag'

1 -« cosh(1) - 1N
An eigenvector of —A, for eigenvalue X\ > 0 is then a function f € D(A,) such that the
following system of partial differential equations is fulfilled

{Af:—)\f in Q

- o sinh(l1) Of _ :
A f " 1—a cosh(1)-1 N — _)\f on 9

Since f and A, f are continuous on ), this is equivalent to

Af=-\f in
ATf— o s OF _ A¢ o on 90

1-a cosh(1)-1 N

(8)

Following the well-known procedure for the Laplacian with Neumann boundary condi-
tions, see e.g. [12, Chapter 2.5], we introduce spherical coordinates about x =0 by

x=r&, r=tanh(t/2),
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where r € [0,1], t €[0,00), £ € SI. Q is then characterised by restriction of ¢ to [0,1]. In
these coordinates (7) reads

gn = (dt)? + sinh?(t)|d¢|.
We then separate variables, i.e. f(¢,£) = T(t)G(¢). Furthermore we denote by O the
Laplacian on S! and by ’ differentiation with respect to ¢. Using the Laplacian in spherical
coordinates, the first equation of (8) becomes
sinh(t) ™ (sinh(t)T'(t))'G(€) + sinh(t) 2T (t) 0 G(£) = -\T(t)G(€).

and in terms of G and T

0G(€) +74G(€) = 0

(sinh()T'(t))" + (A —ysinh(t)2)sinh(t)T(t) = 0,
where v = [2, [ € N are the negatives of the eigenvalues of O on S!. According to [12,
Chapter 12.5] the solution 7" is given via

T(t) = P¥(cosh(t)),

where P}'(-) is the associated Legendre function of first kind with p and v given via

1 1
=l, v=—2 A+,
pEbv=mg®\ 7Ty

We thus obtain a two parameter family of eigenfunctions f,;(¢,&) = PL(cosh(t))G (&)
where G, is the eigenfunction for eigenvalue —[? and n respectively A, is constrained via
the boundary condition as follows. Using that AT f = Wlm)T O G, the second equation
of (8) which holds on the boundary, i.e. for ¢ = 1, becomes

ATGY1.9 = LT () (e - )
cosh(1) sinh(1) «
sinh(1) i cosh(1)-11- a)

~T'(1)G(E)

<T"(1) +T’(1)(

" ! ) h/2 ]_
< P! (cosh(1))sinh*(1) + P! (cosh(1)) (QCOSh(l) + 008;7;(15 _)1 N féa) = 0.
We obtain a two-parameter family of values ), satisfying this equation. For « € (0,1)
A i=ming , Ay, is the desired spectral gap and C,, = 1/A,.

As we found no explicit account of C and Cyq we also compute these here. Following
the same procedure as above including spherical coordinates and separation of variables
we see that eigenfunctions f of the Laplacian on €2 with Neumann boundary conditions
on 0f) are again of the form

1 1
f(tuf) = T(t)G(§)7 with T(t) = PzﬁL(COSh(t)% = lv V= _5 + -A+ 17
where G are eigenfunctions of the Laplacian on S* for the eigenvalues -2, [ € N.
Now the boundary condition amounts to
g—]{[ =0 on 0 < P"(cosh(1)) =0.
We again obtain a two-parameter family of values )\, satisfying this equation. Again

Api=ming, A, ~ 2.9614 is the desired spectral gap and Cq = 1/A; ~ 0.3377.
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Furthermore by scaling we can deduce that since the eigenvalues of AS1 are known to

be Ay := k2, k € Ny (see e.g. [12, Chapter 2.4]), those of AS}{ are \j, = m, ke N
and thus Cyq = sinh?(1).

We now compute K; and K, in a fashion adapted to the specific example. The following
computation is similar to the one referenced above in Example 2.1.1. Using that for

f e L1(09):
[ r@oaty) = [ faflehraldn),

we get
(- f o)
< [ (@) - £/ lal)*hade)
:ﬁ [f L (Fltanh(t/2)€) - F(tanh(1)2)€))? sinh(t)dtde

SN L f(ranh(s/2€)ds) sinh(tyivi
|Q|_/ f( t)f( f(tanh(8/2)§)) ds sinh(t)dtd¢

|Q| f f f (1—tsmh(t)dt( (tcmh(s/2)§)) dsdg
- fa ) fo (smh(s)—(s—l)cosh(s)—1)((Vf(tanh(s/Q)g),d%tanh(s/?)ﬁ))stdg
gﬁfmfol(smh(s)—(3—1)cosh(s)—1)|vf(tanh(s/2)§)|2dsdg
gKlﬁ fa ) fo 'V F(tanh(s/2)€) Bsinh(s)dsde
- Ky [ 9 £@)PAadr).

where
K, = max sinh(s) - (3 —1)cosh(s) -1 ~ 0178,
se[0,1] sinh(s)

In particular, with K as above setting K5 =0 is an admissible choice.

As explained in Remark 2.1 we may obtain the optimal constant Koo in Proposi-
2]

tion 2.1 as 097 -1, where o denotes the first nontrivial Steklov eigenvalue. In the present
example the first Steklov eigenvalue is coth(1) — tanh(1/2), cf. [20] and thus

cosh(1) -1
sinh(1)

Inserting this in Proposition 2.5 results in C, < Cyq » 1.3811. Furthermore we insert the
same set of constants in Proposition 2.1.

Using the general results from the previous section instead, we find different constants:

Ko = (coth(1) —tanh(1/2))™" ~ 0.5431.
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FIGURE 2. Exact Poincaré constants (blue), interpolation (yellow) and no
interpolation (green) results using computations specifically adapted to the

example, interpolation (red) and no interpolation (purple) results using
computations not specifically adapted to the example.

We have hq(t) = ho(t) = cosh(t) — coth(1)sinh(t) and Hi({paq = t}) = 2nsinh(t) from
which follows by Lemma 2.1 (with ¢y - 0) and Lemma 2.2 (with ¢; - 1) that

! +e
2(cosh(1)-1) 7’

Ve>03p: |Vols <e, [Apf <

and
dp: Vol <1, [(Ap)7|e < 2.3131.
Inserting this in Proposition 2.2 and Proposition 2.3 we get
,  sinh?(1/2)
Lo sinh?(1)
Inserting this in Proposition 2.5 results in C,, < Cyq. Furthermore we insert the same set
of constants in Proposition 2.1.

<O % 0.0664, Kj=0, Koo~ 0.8081.

The curves for actual Poincaré constants and respective upper bounds via Proposi-
tion 2.1 as well as via Proposition 2.5 obtained by plugging in the quantities collected
above are depicted in Figure 2. Note that the green and purple curves overlap. Again from
the figure we may see that our general results are only slightly worse than the ones ob-
tained from computations specifically adapted to the example, and that the interpolation
approach results in a significant improvement compared to no interpolation.

3. PURELY STICKY REFLECTION CASE (f =0)

The above results may as well be used to give upper bounds for Brownian motion with
sticky reflection from the boundary (but without boundary diffusion). I.e. under the same

assumptions on € as above we consider a diffusion on  with Feller generator (D(A), A)

D(A)={feC(Q) | Af eC(Q)}

- 0
Af =Aflg - ’78—]{[]1%7



14 MARIE BORMANN, MAX VON RENESSE, AND FENG-YU WANG

where g—]’\; is the outer normal derivative and ~ > 0, which corresponds to inward sticky

reflection at 0. A construction was given again in [25] using Dirichlet forms. We choose
a€(0,1), such that
a |09
o
and set
/\a = Oé/\Q + (1 - Oz)/\aQ.
We find that —A is A,-symmetric with spectral gap 6, characterised by the Rayleigh
quotient resp. Poincaré constant C,

o= in M, C’a = &;1 = sup M
rect@) Vary,(f) rect @) Ea(f)
Vary, (f)>0 Ea(f)>0

where

Var (5= [ Far( [ i) &0 =0 [ 9P, feci@)

By Cq and Cyq we still denote the usual (Neumann) Poincaré constants of 2 and 0f2
respectively, which we assume to be known.

The eigenvalue problem corresponding to the Poincaré constant may be stated as

Af=-\f in €,
—’y% =-\f on Of.

This type of eigenvalue problems with eigenvalue featured in the boundary condition has

been of separate interest, see e.g. [5], [48], [22], [3], [9]. For Brownian motion with sticky

reflection spectral asymptotics have been examined e.g. in [48], however we are not aware

of results on the spectral gap.

Proposition 3.1. Assume there exist constants Kaqq, K1 such that for any f e C*(Q)

Vary,,(f) < Koo A IV f?dAq

(fﬂfdxg—[andAaQ)QgKlfﬂwﬂzdm,

then it holds for any « € (0,1)

and

(1-a)

OQSCQ+ K397Q+(1—05)K1.
Proof. Let feCY(Q)
2
Vary,(f)=aVary,(f) + (1 -—a)Vary,,(f) +a(l - a) (fQ fd g - faQ fd)\ag)

SO(CQ/(;|Vf|2d)\Q+ (1 —a)KaQ7Q[2|Vf|2d)\Q +Oz(1—Oé)K1 [2|Vf|2d)\g

:(CQ+ (1;Q)Kagﬂ+(1—Oé)K1)Oé/Q|Vf|2d)\Q.
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For fe C1(Q2) with Vamdﬂ(f) > 0 the term Vary, (f) stays positive as « tends to zero
while &, (f ) vanishes. Thus C,, blows up as « tends to zero and accordingly so does the
bound on C,, proven in Proposition 3.1. Of course the interpolation approach from above
is not of any use anymore in this setting. As we have previously shown that inequality (2)
can be fulfilled with K5 = 0, we may now insert K; and Ko q as computed above. Thus
in sum the results obtained above for Brownian motion with sticky reflecting boundary
diffusion may also be used for the case without boundary diffusion precisely for the reason
that we were able to show that inequality (2) is fulfilled with K5 = 0. If we make the more
strict assumption of respective positive lower bounds ki on Ricci curvature on €2 and
on second fundamental form on 0€ aS in [30, section 3.2] we may as well insert the set of
constants K = dk L K, =0, Koo = |aQ|— obtained there. Note that this is possible as we
again have K5 = 0.

3.1. Examples. We again consider as examples a unit ball in R? and a unit metric ball
in the hyperbolic plane.

3.1.1. Ballin R?. As in Example 2.1.1 we consider a unit ball in R2. In order to compute
the exact values for C,,a € (0,1) we again proceed as described in [30, section 3.1] and
only need to adapt the boundary condition. I.e. an eigenfunction f fulfills

Af=-\f in O
~ 22 8L - Af  on 90

1-a ON

and by passing to polar coordinates and seperating variables we obtain a family Xm,l, m,l €
Ny characterised by

VATLVR) + (T = (0 =0

where J,,, m € Ny are the Bessel functions of the first kind. We then get 5\(1 = MiN,y, feN, j\m,l
and C, = /\L

(e}

In order to calculate the explicit values for the upper bound stated in Proposition 3.1 we
need Coq, Kpa o and K;. All of these have been computed in Example 2.1.1, in particular
Kpa o and K; have been computed once in a manner adapted to the specific example and
once from the previously stated general results (the latter marked by /).

The curves for actual Poincaré constants and respective upper bounds via Proposition 3.1
obtained by plugging in the quantities collected above are depicted in Figure 3. As
mentioned before C,, blows up as « tends to zero. We therefore only consider a > 0.2
for the plot. Figure 3 suggests that Proposition 3.1 offers a precise upper bound for C,
that is (in particular for small «) highly depended on how close the values of K; and
Kaqq are to the optimal constants in inequality (1) and inequality (2). More precisely
for small values of « it is mainly the precision of the value for Kpq o that is relevant. Note
that the value K (gQ’Q obtained from our general results is worse than Ky o obtained from

computations adapted to the specific example, while the opposite is true for the values of
K{ and Kl.

3.1.2. Ball in hyperbolic plane. As in Example 2.1.2 we consider a unit ball in the hyper-
bolic plane and use the notation introduced above. To calculate the exact values of the
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FIGURE 3. Exact Poincaré constants (blue), estimates using computations
specifically adapted to the example (yellow), estimates using computations
not specifically adapted to the example (green).

Poincaré constants we proceed as explained in Example 2.1.2 and only need to adapt the
boundary condition (see the second equation in (8)) to

—a sinh(1) Of
1-acosh(1) - 19N
Inserting f(¢,€) = T(t)G(&) and then using T'(t) = P}'(cosh(t)) as before, this results in

a coii;(}ll()lz TGE) = (COSZEBT’(U T”(l)) G(&) + ZZ,S()U 0G(¢)

@T’(l)(

=Af on 09.

a  sinh(l)  cosh(1) . T(1)
1-acosh(l)-1 " sz’nh(l))+T ( )_'YW—OQ
i) Pl (cosh(1)
1-acosh(1) - sinh?(1)

=0.

P (cosh(1))sinh*(1) + P*'(cosh(1)) ( Tt QCosh(l)) -

We obtain a two-parameter family of values /\ln satlsfymg this equation. For « € (0,1)
A\, i= min; n N\ n 1s the desired spectral gap and C, = 1/)\

In order to calculate the explicit values for the upper bound stated in Proposition 3.1 we
may again use the values for Co, Kgq o and K; as computed in Example 2.1.2 in a manner
adapted to the specific example or from the previously stated general results (the latter
marked by /). The curves for actual Poincaré constants and respective upper bounds via
Proposition 3.1 obtained by plugging in these quantities are depicted in Figure 4. Again
we only consider o > 0.2 for the plot, as C., blows up as « tends to zero. From Figure
4 we may again see that the precision of the upper bound for C, offered in Proposition
3.1 depends particularly for small o highly on how close the values of K; and Ky o are
to the optimal constants in inequality (1) and inequality (2). Note that in this example
again the value K éQ,Q is worse than Ky o, while the opposite is true for K| and Kj;.

4. LOGARITHMIC SOBOLEV INEQUALITY

Using the notation from above we say that a (tight) logarithmic Sobolev inequality is
fulfilled if
Lo 20 st Enty, (f?) < Lo-Eu(f) VfeCHQ).
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FIGURE 4. Exact Poincaré constants (blue), estimates using computations
specifically adapted to the example (yellow) and estimates using computa-
tions not specifically adapted to the example (green).

where

Enty (f2) = fQ f2log(f2)d)\a—( fQ f2d)\a)log( [Q f?dAa)
Sa(f):a/Q|Vf|2d)\Q+(1—a)fm|vff|2d)\m, FeCH(Q)

and V™ denotes the tangential derivative operator on 9f).

In the following by L, we will denote the optimal such constant. By Lq respectively
Lsa we will denote the optimal logarithmic Sobolev constant associated to the Laplace
operator on €2 with Neumann boundary conditions and the logarithmic Sobolev constant
associated to the Laplace-Beltrami operator on 9€2. We assume that Lo and Lgg (or
upper bounds for them) are known. We aim at bounding L, for o € (0,1) from above.

We consider here the entropy with respect to A, which is a mixture or more specifically
a convex combination of the two measures Ao and Ago. The entropy with respect to
mixtures of two measures such as A, has been considered previously e.g. in [11], [43], [37].
We first show an analogue of [30, Proposition 2.1] for the entropy with respect to A,:

Proposition 4.1. Assume there are constants Koq q, Loa.q, K1, Ko such that ¥V f € C1(Q2):

9) ch\agz(f)SKaQ,QfQ|Vf|2d)\Q
(10) Entr,. (f2) < Looo fQ IV f[2dAq
2
(11) (/Qfd)\n—faﬂfd)\aﬂ) sK1fﬂlvﬂzdkg+K2[69\v7f|2cuaﬂ.

Then it holds for any a € (0,1)

(1-a) . (1 - a)(log(a) - log(
« Shoan 20— 1

1 —
L, < inf max{LQ + @) (Ca+tKsaa+ K1),

s,te[0,1]

(1= )0+ WA= ()1 1)),
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Proof. Applying (9) and (10) we can estimate for any f e C1(Q):
Vara(f) < tona [ |9/ +(1=0Con [ V7 fPdAn

Enty,,(f?) < sLaaq [Q [V fI?dAq + (1 - s) Log fm V7 fPdNag

for any s,t € [0,1]. We apply this in the following after first using a decomposition of the
entropy with respect to the mixture of two measures as well as an optimal logarithmic
Sobolev inequality for Bernoulli measures as described in [11, section 4]

Enty, (f?) < aBEnty, (f*) + (1 -a)Enty,,(f?)

A=) og@) g0 =) (1, (£) 4 Vars () + (Bag () - B (1))

< /Q |Vf|2d>\g (OzLQ + (1 - Oé)SLaQQ +

a(l-a)(log(a) —log(1-a)) (Cq +tKpa.0 + Kl))

200 -1
a(l-a)(log(a) —log(1l -«
+[ |VTf|2d>\ag((1—@)(1—3)L39+ (1= a)(log(e) ~ log( ))((1—t)OaQ+K2)).
o0 200 — 1
And thus
La < inf maX{LQ + (1-0[) 5L8QQ+ (1 —Oé)(ZOQ(OZ) —log(l —CY)) (CQ+tKaﬂQ+K1),
s,te[0,1] o ' 20— 1 '

(1-5)Loo+ O‘(Z"g(o‘;; l_"f(l =) (1= 1)Cho + KQ)}.

[l

As mentioned previously one may again add another optimisation over the pairs of
values K7, K fulfilling (11) in order to improve the upper bound on L.

Remark 4.1. Using that for any a,b,c,d, e, 0 € Ryq it holds

inf max(a+ sb+te,d-se—td)
s,t€[0,1]

a, ifa>d
d-e-0, ifd-e-0>a+b+c
a+c+b-(d_“_c_9), ifa<dd-e-0<a+b+cb—c- <L >0, &t >

a+c~(‘i+;0), ifasd,d—e—9§a+b+c,b—c.§T+ZZo’d—:g_9<0
a+b-(%), ifagd,d—e—9£a+b+c,b—c.%g<07%51
a+b+c-(d‘2;g‘b)7 if@Sd,d—e—HSa+b+c,b—c-§%2<0,%>1

d-a-c-0
:max{a,d—e—9,min[a+c+b(L)7
e+b

d-a d-a d-a-e-b

ave(rg) eve(Srg) e ore (g )

we may rewrite the result of Proposition 4.1 in analogy with Proposition 2.1 as follows:
For any a € (0,1)

L, Smax{a,d—e—&,

. d-a-c-0 d-a d-a d-a-e-b
m1n[a+c+b(—€+b ),a+c(—c+9),a+b(e+b),a+b+c(—c+9 )]},
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where
o Los (1-a)(log(a) - log(1 —a))(Cle)’ b= o0
200 — 1 « ’

1-a)(log(a) —log(l — o a(log(a) —log(1l — «

.- (1-a)(log(a) - log( ))Kam’ d= Lo+ (log(a) —log( ))(Casz)
200 -1 2a0-1
o= Lo, oo a(log(a) —log(1 - «)) Coa
20-1

For comparison we also state the simpler result one can obtain based on [11, section 4]
without interpolation.

Proposition 4.2. Assume there exist constants Ky, Ky such that ¥V f e C1(§2):

2
(f fda - f fd)\ag) <K, f IV f2dAg + Ks f V7 f2dAso.
Q o0 Q oN
Then it holds for any a € (0,1)

(1 - ) (log(a) —log(1 - ))
Cao+ K

20 -1 (Ca+ Kn),
a(log(a) —log(l -«
Lo+ Q@) lo00 =) ey

a-1
Proof. As in the proof of Proposition 4.1 we use a decomposition of the entropy with
respect to the mixture of two measures as well as an optimal logarithmic Sobolev inequality
for Bernoulli measures as described in [11, section 4]:

L, < maX{LQ +

Enty, (f?) <aBEnty,(f*) + (1 - a)Enty,,(f?) + a(l- @)(10%(@043 I log(1-a))
' (VCLT)\Q(f) + Vary, (f) + (Exg (f) —E)\m(f))Q)

<aLgq ‘/ﬂ IV fI2dAa + (1 - a) Lag /89 97 fP g0 + a(l —a)(log;fxazllog(l -a))
: ((CQ + K1) [) IV f2dAg + (Coq + K>) [89 |VTf|2d>\8(2)

:(LQ+ (l—a)(log(a) —log(l—Oé))(CQ+Kl))a[)|vf|2d>\ﬂ

20 -1
. (Lag . a(log(a)z; l_Oi](l - a)) (COQ n Kg)) (1 _ Oé) AQ |VTf|2d)\OQ
<max(Lq + (1- a)(logéz)_—llog(l ~ ) (Cq + Ky),
Lo + a(log(a;é l_O.lg(l -a)) (Coa + K3)) - Ea ().

O

In general the logarithmic Sobolev constant of a mixture of two measures may blow up
as the mixture proportion goes to 0 or 1, c.f. [11]. Accordingly so may our bounds for the
logarithmic Sobolev constant as o approaches 0 or 1. The upper bound in Proposition 4.2
always blows up as « approaches 0 or 1. The same is true for the bound in Proposition
4.1 as « tends to 0 but not necessarily as a tends to 1. On the contrary the Poincaré
constant as well as the upper bound for it in Proposition 2.1 does not blow up as « tends
to 0 or 1.



20 MARIE BORMANN, MAX VON RENESSE, AND FENG-YU WANG

—— lower bound from PC
- interpolation estimate
no interpolation estimate

—

0.0 0.2 0.4 0.6 0.a 10

FIGURE 5. Lower bound via exact Poincaré constants (blue), and upper
bound via interpolation (yellow) and no interpolation (green) for the Log-
arithmic Sobolev constant

4.1. Example: Ball in R2. To show the feasibility of the approach consider again Ex-
ample 2.1.1: We consider 2 = By, the unit ball in R2. We evaluate the upper bounds for
L,a € (0,1) obtained via Proposition 4.2 and Proposition 4.1. Furthermore we use the
following quantities collected in Example 2.1.1:

= %,C@Q = 1,K{ = %,KQ = O,Kag@ = %
Added to that we need values for Lq, Lspq and Lpgq. It follows by the Bakry—Emery
criterion that Lgg < 2, cf. [2]. Furthermore from [4] we obtain Lsg o =1 and from [14] we
obtain Lq <1.1799

Since we have not computed the precise value of L, we compare our estimate with the
corresponding spectral gap, using that a logarithmic Sobolev inequality with constant C'
implies a Poincaré inequality with constant C/2, cf. [2, Proposition 5.1.3]. Thus a lower
bound for the optimal logarithmic Sobolev constants is given via

Lo>2-Cy, Ve (0,1),

Cq

with C, as computed in Example 2.1.1.

We insert the collected quantities into Proposition 4.2 and Proposition 4.1 and depict the
results in Figure 5. Note that the yellow and green curves partly overlap. The figure
shows that the interpolation results clearly differ from the no interpolation results and
give significantly better bounds than the approach without interpolation. In particular
the interpolation approach gives an upper bound that does not blow up as a tends to 1.

4.2. Example: Ball in hyperbolic plane. We revisit Example 2.1.2: We consider the
unit metric ball in the hyperbolic plane and evaluate the upper bounds for L,,« € (0,1)
obtained via Proposition 4.2 and Proposition 4.1. We recall the quantities collected above
in Example 2.1.2:

. mh?(1/2)
=0. - h2(1). K! zsm—.
Cq =0.3377,Caq = sinh*(1), K| Sini2 (1) Cq,
cosh(1) -1

K2 =0, Konq = sinh(1)(coth(1) - tanh(1/2))
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FIGURE 6. Lower bound via exact Poincaré constants (blue), and upper
bound via interpolation (yellow) and no interpolation (green) for the Log-
arithmic Sobolev constant

Furthermore it follows by the Bakry-Emery criterion that Lag < 2- sinh?(1), cf. [2] and
from [14] we obtain Lg < 3.5088.

To obtain an upper bound on Ly o we proceed as follows: Rewriting integrals over 02 as
integrals over the Euclidean unit sphere and using the dual-spectral form of the Hardy-
Littlewood-Sobolev inequality (for the Euclidean unit sphere) and bound of its right-hand
side as presented in [4][section 2] we obtain for ¢ € [2, 00)

(/;Q |f|qd)\afz)2/q < zk:aﬁ(l +(q-2)k) /f;ﬂ lyr|dAoq-

Here Y, aryx is a representation of f in terms of spherical harmonics, i.e. y; is an eigen-
function of the spherical hyperbolic Laplacian for the eigenvalue —k2/sinh?(1). Using
separation of variables we may extend each ¥, to a harmonic function on 2 with normal
derivative on 02 equal to k/sinh(1). We thus get as an analogue of [4|[equation (36)] for
our unit ball in the hyperbolic plane:

2/q
([ ) < [ 17Pdran + (4= 2)(eosh() - 1) [ [vufd,

where wu is the harmonic extension of f to Q. Proceeding as in [2, Proposition 6.2.3] (see
also [2, Proposition 5.1.8] for details), this results in

Enty,, (f?) SQ(cosh(l)—l)/Q|Vf|2d)\Q,

i.e. Lonqa <2(cosh(1)-1).
We do not compute the precise value of L,, but use the lower bound for the optimal
logarithmic Sobolev constants given via

Lo>2-Cy, Ve (0,1),

with C, as computed in Example 2.1.2.

We insert the collected quantities into Proposition 4.2 and Proposition 4.1 and depict
the results in Figure 6. Note that the yellow and green curves partly overlap. Again
this figure shows the advantage of the interpolation results as compared to the approach
without interpolation.
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5. PURELY STICKY REFLECTION CASE (3 =0)

As in section 3 instead of Brownian motion with sticky reflecting boundary diffusion
the above results may as well be used to give upper bounds for Brownian motion with
sticky reflection from the boundary (but without boundary diffusion). The Logarithmic
Sobolev inequality in this setting is

Enty, (f2) < Lo&a(f) YV f e CHQ),
where

éa(f)zafﬂ|vf|2d>\g, FeC(9).

Proposition 5.1. Assume there are constants Kaq o, Loa.a, K1 such that for f e C1(£2)

VGTAanSKaQ,Qv/(;WﬂQd)\Q,

Entkasz(fQ) < LaQ,Q fQ |Vf|2d)\ﬂ,

(fﬂfdAQ—fandAm)QgKlfQ|vf|szQ,

then it holds for any a € (0,1)

(1-0), . (1-0)(og(a) - log(1-0))
' 20— 1

ﬁaS(LQ-i- (CQ+K3QQ+K1)).

Proof. As above we use a decomposition of the entropy with respect to the mixture of
two measures as well as an optimal logarithmic Sobolev inequality for Bernoulli measures
as described in [11, section 4]:

Enty, (f?) < aBEnty, (f?) + (1 - a)Enty,,(f*)

- A= og(@) g0 =) (1 (£) 4 Vars () + Bag ()~ B (1))
(1-a) Loan + (1 - @) (log(e) - log(

o ' 2001

]__
< (LQ + Oé)) (CQ +K8Q,Q +K1))a'/9|vf|2dAQ

0

6. BOUNDARY-INTERIOR INEQUALITIES

To obtain explicit bounds on L, in the general setting we can use the results from
section 2 for estimate (9) and estimate (11) and so it remains to find Lgq o such that
inequality (10) is fulfilled. In this final section we present a general approach to establish
explicit geometric estimates for this quantity under general curvature assumptions.

6.1. Sobolev-Poincaré-Trace Inequalities. In the following we present some boundary-
interior inequalities that can be proved in a similar fashion as Proposition 2.2. They may
be seen as alternatives for Proposition 2.2 but might also be of independent interest. We
start from the following statement obtained in the proof of Proposition 2.3.
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Proposition 6.1. For any p € C1(Q) such that Lloa = =1 and Vp is Lipschitz continuous
on § it holds

f f2d>\89<|8_§£|{2|v oo (fodAQ f|Vf|2d>‘Q) |(Ap)—|oofgf2dAQ}

1/2 - |Q| / 2
< {290l Cil® +1(80) 1= Co) 15or | IVSP A

Vf e CH(Q) with [, fdAq = 0.

The statement in Proposition 6.1 is stronger than needed for inequality (2) in Propo-
sition 2.1 because we bound from above the integral of the squared function as opposed
to the square of the integral. Nevertheless the proof of the next corollary follows directly
as we may assume for inequality (2) without loss of generality that [, fd\q = 0. We thus
get an upper bound for K7 in inequality (2) that is alternative to Proposition 2.2.

Corollary 6.1. For any p € C*(2) such that g—maﬁ = -1 and Vp is Lipschitz continuous
on § inequality (2) in Proposition 2.1 is fulfilled with Ky =0 and

12

1/2
Ky = {21971=Ci” +1(80) |Co} 150

Additionally we think that this computation is of independent interest for the following
reason:

Remark 6.1. We may calculate as in the proof of Proposition 6.1 to obtain for f € C1(2)
(but not necessarily centered on 2):

L fszaQ<|a—Q'|{2lv ([ e [imema) o [ deAQ}

| —
Sm{|Vp|<><>/9|vf|2d>\g+(|Vp|oo+|(Ap) |oo)[9f2d)\g}‘

From this it follows that for K3 := % (IVPloo + [(AP)7|o0)

|f|i2(ag,>\aﬂ) < K3|f|12/V1,2(Q,>\Q) g |f|L2(aQ,)\3Q) <V K3|f|W1v2(Q,AQ)-

As W2(Q, \q) is the completion of smooth functions whose derivatives up to degree 1 are
in L2(£2, \q), the inequality also holds for all functions in W12(£2, A\q). Thus via stating a
specific constant K3, as can be obtained from Lemma 2.2, we also give an upper bound for
the norm of the Trace operator |gq : W12(Q, Ag) = L2(09, Agq) that is explicit in terms
of upper bounds on sectional curvature and second fundamental form on the boundary.
(An optimal upper bound in terms of the geometry of 2 seems to be unknown in this
form as of yet.)

Proposition 6.2. Let ky € R such that sect < kg and v € R such that 11 < v9td. Then the
norm of the Trace operator |sq : WH2(2, A\q) = L2(09Q, Noq) is bounded from above by

\y 1/2
9] ( . ( h, ( t) 1) ))
— 1+ inf d-1 t)[1-—])-— .
(I09| 13 (0)) 1e(00r) @-13, () t)
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It is known that on a smooth, compact d-dimensional Riemannian manifold (2, g) for
qge[1,d) and % =1 -1 (and thus for all p € [1, %]) there is a constant C),, such that for

feHMN(Q):
(f1r-Frna) " <y [1wsrana) ™
where f = [, fd)\q.

In terms of these Sobolev-Poincaré constants we may also show a generalisation of
Proposition 6.1:

Proposition 6.3. Let (€,9) be a smooth, compact Riemannian manifold of dimension
d > 3, with a connected boundary. For any p € C1(QQ) such that g—mag = -1 and Vp is

Lipschitz continuous on Q it holds V f € CY(Q) with [, fdhg =0 and p € [2, 2(? 221

L) <((Biops) czon s (Byani)” ) [rosra
o0 o0 00 =P -2 T o) ol ) IV o

Proof. We may calculate as in the previous proofs to obtain

/p
12! 1 19 i
p p- p

(|‘|99|||vp|°°p(/|f|2(p l)dA“) /Q(fan'QdAQ)” |<|“an|| (Ap)” Iooflf|pdm)2/p
(!gfl\wmwp (02(’” ”2(f VI |2dAQ)1/2)(p_l)( /) |vf|2dm)1/2

|(|9§|2|I(Ap) Ioo( p2(/|Vf|2d)\Q)1/2)p)2/p

(||a§l||vf’|wp(02<p 1)2(f|vf|2d>\9) )(p ’ ([|Vf|2d)\g)1/2) v

(|g§z|||(A ) |°°) /pCi,z [ 1w,

(B o o oo

(||agl|'(A ) |oo) p% [ 1w sPax,

(igéﬂvp' ) iy frostoas (Bispi) et fosra

2/p
L AT c;f:;”; U apy1e) ez [ v
109 (p-1) |09 0

Here we have used the Sobolev-Poincaré inequalities associated with Cyg,-1)2 and Cp .

Note therefor that for p e [2, Qdd 22] it holds p,2(p-1) € [17 d2d2] -



25

Again explicit constants may be obtained from Lemma 2.2 in terms of upper bounds
on sectional curvature and second fundamental form on the boundary.

6.2. Boundary Trace Logarithmic Sobolev Inequalities. As point of departure we
recall the following lemma, cf. [42].

Lemma 6.1 (Rothaus’ Lemma). Let f:0Q - R be measurable and assume that
Joq [Plog(1 + f2)dAgq < 0o. For every a € R

Entage ((f +0)?) < Entagy (£2) +2 [ fddn.

Lemma 6.2. If f € CY(Q) fulfills [, fd\q =0 and if there are constants C’pg such that

2/p ) 2d -2
(12) (f |f|pd)\ag) <Cp2f|vf| d)\Q,Vpe[ . 2]
then it holds
E 2) < £ P2 f 2
ntrgg () _pe[lr%d 27 2 . |V fIPdA.

The proof of this Lemma is adapted from [2, Proposition 6.2.3], see also [2, Proposition
5.1.8] for details.

Proof. Without loss of generality we may assume [, 00 J2dXaq = 1 and define

6: 0.1~ R, o) =log (( [ Ir1rddac) ).
¢ is convex and ¢’ (%) = —FEnty,,(f?). Now for p e [2, Qdd 22] via the convexity of ¢
(o(3)-2(5)) - 1;/2¢'<8>d83d¢’(5)(%—%)
it 256(3)-(2)
@EntAaﬂ(fZ) < ]%Qlog (([ag |f|pd)\ag)2/p).

Inserting inequality (12) we obtain
Ijzzog(épgfgwﬂzdm).

Entyo(f?) < 5
We define ¢ : (0, 00) = R, ¢(r) := -L5log(Cyar). ¢ is concave and we may thus compute
Bntran (1) < ([ 19SPaa) <) + 8 ( [ [95Pdra - )
=9() [ 19fPaxa+ (607) -9 ().

the last term vanishes and we obtain

Choosing r = =£
& Cp,2

Entxag(f2)<¢( ) [rostan - 2252 [ o rpar,
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Proposition 6.4. Assume that d > 3. For any p € C*(Q2) such that Lloa=-1 and Vp is
Lipschitz continuous on ) inequality (10) in Proposition 4.1 is fulﬁlled with

2/p
. p L[{( 19 2-1)/p , [ 19 >
L’ = f 0o A oo C
0,0 pe[éf%%;]p 26((‘8Q’|VP| p) O2(p—1)2 ]89\|( ) | p,2
€]

1/2
+2 {29l +1(80) |Ca} 50

where (-)~ denotes the negative part of a function.

Proof. Let f e CY(Q) then for a:= [, fd\g we define f:= f—a and by Lemma 6.1 it holds
Enty,, (f2) = Entr, ((F +a)?) < Enty,, (f2) +2 fa Pdrse

As f is centered on € the assumptions of Lemma 6.2 are fulfilled due to Proposition 6.3
and we obtain

Bt (< ing 2 (o N o (19040 ) ¢
et E i p—2e \{joo P a0z g ) e

[ 19,
Q

Furthermore by Proposition 6.1

~ Q| .
20000 < {2Vl CY2 + [(Ap) | C: |—f 20)q.
Sy Pt < {2901aC3 +1(30) 1C} 50y [ 97PN,

Thus we have

Ent (f2) < inf b 1 M|V | 2/p02(p—1)/29 | | |(A ) | 2/1002
N pq = pe[ 2d 2] p- 2¢ |8Q| PleoD 2(p-1),2 |aQ| o0 p,2

12 |Gt 1L it
#2{29)Cg” +1(Ap) | Ca W) | 19 fdrg

_ inf p |Q| |v | 2/pCfZ(}D—l)/p | | |(A ) | 2/p02
- pe[?,%]p—Qe o] ¥ =P 2-12 7\ |9 >0 P2

12 - 19 f 2
+2{2|Vp|oocﬂ +[(Ap) |<><>CQ} |(9§2|) Q|Vf| dAq.

Combining this with Lemma 2.2 again results in an explicit upper bound for Lq q.
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Proposition 6.5. Assume that d > 3. Let ky € R such that sect < ko and v5 € R such that
I1 < void. Then inequality (10) in Proposition 4.1 is fulfilled with

. p 1] 2(p-1)/p
tonn ot L () et

-\2/p
o (000 (-5)-3) ) e
" inf i-n2mhi-L)-2) ) c
(IGQI t1€(0h1(0))te(0t1) ( ) () t) 4 P2
+2{20;2/2 inf sup ((d 1) 2(1&)(1_1)_1) Co } 2]

t1€(0,h51(0)) te(0,t1) t1 t1 |8Q|

6.3. Semigroup Approach. Lastly we present an alternative approach via semigroup
theory to bound Lsq o and Ly:
Let PN be the Neumann semigroup on ). Then

(13) IPN|inee <1+ct™2, t>0

holds for some constant ¢ > 0, where ||;_ is the operator norm from L'(Aq) to L*=(Aq).
Next, let 2 be the set of positive functions 1 < ¢ € CZ(Q2) such that

dlog(¢)
1= ON |aM'

See Lemma 3.5.8 in [50] for concrete examples of ¢. Let
Ky =inf {Ric(X,X) - (¢A¢™)(x) 12 € Q, X e T, M,|X]| = 1}.
Let Ljq , be the smallest constant such that Vf e C(£2)
[ (Plog(s) +1- 1) ddan < L [ 19 P
Proposition 6.6. (1) We have Lagq < LaQ o and

alg+ (1- Oz)L8QQ

a =

«

(2) Let g€ P and pe C2() with 22| =1. If K, >0, then

ON lam

109
2]
In particular, when Ric > K for some constant K > 0 and Il > 0, the estimate
holds for |¢le =1 and Ky = K.
(3) In general,
[0
2]

- 1/2
00 < Lal(80) e + ¢3_2|w|m|¢|f;( [T |log<|PtN|1m>|>dt) .

— Lo a < Lal(Ap)"|e

1 oo 1/2
; ¢32|Vp|oo|¢|io( [ 1 e fog (PNt + [ e2Rsetbica |1mdt) |
0 1
Proof. (1) By Remark 1.20 in [17], we have

(14) Bt (/) = inf fa (F210g(f*) = Plog(t) +t = 1) dAag.
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By taking t = 1 we obtain
Ent/\an(fQ) < LQ (f2log(f2) +1- f2) d)‘aﬂ < L:?Q,Q L |Vf‘2d)‘ﬂ7

so that LQQQ < LéQ Q-
Applying (14) to A, replacing Mg, and assuming that ¢ = [, f2d\g = 1, we obtain

Enty, (f2) < aEnty, (f2) + (1 - ) fm (f2og(f2) +1- f2) drog
< (aLg+(1-a)Lho o) [Q IV fPd)o.
(2) Letting [, f2dAq = 1 and noting that

fPlog(f*) +1- f*>0,
and using integration by parts, we obtain

109}
1 Jon

1/2
(15) <A T Brntsg (1) + 29l ( [ 95PN [ F(log(2) )

(Flog(f)+ 1= ) dhon = [ (Flog(f)+1- )Ap+log(f)VS* VpdAa

Moreover, since [P f2 - [, f2dAgls = 0 as t — oo, we have

[ Pttog(ina == [T [ (RN tog R )y dra i

oo vPNf2 2
t

By Theorem 3.6.1(2) in [50], for the reflecting diffusion process X; on Q generated by A,
and a martingale M; with quadratic variation (M), = fot |V log ¢(Xs)|?ds, we have

(VPN P < Al (B SV f| (e KotV 2M20: )
<Ag[Ze 2K (PN [YE[|V [P (X, )e?V2M 0] = g|g 2 e Kot (PN f2) PNV f P,
where, by Girsanov’s theorem, P/ is the Neumann semigroup on 2 generated by
A + 4V log ¢,

which is symmetric in L?(¢*A\q) so that

[ P¥wiPaa < [ BYViEetda = [ [9fPotara <lolk [ (7 fPdr.

Thus,

|thNf2|2 N r2 6 —2Kyt N 2
(17) [, Spvgr(1+ 1og(PY 1)) dha < 4ofee 4 (1 [og (PNl [ 19 P
t

Combining this with (15) and (16) we obtain the desired estimate. When II > 0 and
Ric > K >0, we may take ¢ = 1 so that the estimate holds for || =1 and Ky = K.
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(3) In general, by the semigroup property and Poincaré inequality, when ¢ > 1 we have
[LIvPY PR < e 9Py Rang
<ol oe DI [ (PNITI)(PY f2)dda
<dglle Ko DClpY [ v P,
Combining this with (17) and the fact that 29" <1 for 7 > 0, we obtain

N £2|2
SR etoary yara s ot [ s

6_2K‘7’€_(t_1)/CQ|P1AN|1900, t > 1
6_2K¢t(1 + log(|PtN|1ﬁoo)), te(0,1).

Therefore, the desired estimate follows from (15) and (16). O

PthQ
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