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Exercise 4.I:(Stopping times)
Consider X = (X”)n N @ Markov Chain with countable state space I on some probability

space (Q, F, ]P) where F = (J,cn Fi is the natural filtration of the Markov Chain X.
(a) Show that for all i € I, the first hitting time,
Ti(w):=inf{ ne N | X,(w) =i} V we,
with the convention inf{ () } = 4o, is a stopping time'.
(b) Show that for any A C I the first hitting
TA::inf{ne]N ’ XneA},
is a stopping time, where we again use the convention inf{(}} = +oc.
(c) Show that the random variable
vi:=sup{neN ! Xp(w) =1}
(set sup()) = —o0)in general is not a stopping time.

Exercise 4.11:

Againlet X = (X")n eN be a Markov Chain with countable state space I on a probability
space (Q,]-", ]P) where F is again the natural filtration of X. Consider two F-stopping
times S and 7. Show that the following claims hold:

1. The random variable S + T is again a stopping time, does the same hold true for
S—TifS>1T7

2. If S < T, then Fg C Fp.

3. For which o € R+ is o1 again a stopping time?

'see A.IV.1 b)



Exercise 4.111:
Consider X = (Xn)nelN a Markov Chain on (Q, F, lP) with countable state space I.

(a) Show that the random variable
Xr(w) = Xp)(w) forall weQ,
is measurable w.r.t. 2 Fp if T is a stopping time.

(b) Find an example for T': Q@ — N such that Xp is not Fp-measurable.

2An I-valued random variable Y : Q — I is called measurable with respect to some set A of subsets of
Q,if foralli € I, theset { w € Q| Y =i } is included in A



