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Let B = (Bs)s≥0 be a continuous Brownian Motion on a �ltered probability-space(
Ω,F , {Fs}s≥0,P

)
.

Exercise 1.I

Prove directly from the de�nition of the stochastic integral:

(i)

∫ t

0
sdB(s) = tBt −

∫ t

0
Bsds für alle t ≥ 0.

Start with a elementary function f(t, ω) =
∑

j ej(ω)1[tj ,tj+1)(t), where (t1, . . . , tn)
is a partition of [0, t] and ej always Ftj -measurable for all j = 1, . . . , n. Use the
following advice:∑

j

(
sj+1Bj+1 − sjBj

)
=
∑
j

sj
(
Bj+1 −Bj

)
+
∑
j

Bj+1

(
sj+1 − sj

)
.

(ii)

∫ t

0
B2

sdBs =
1

3
B3

t −
∫ t

0
Bsds.

Exercise 1.II

Consider f : [0,∞)→ R, i.e. deterministic, with
∫ t
0 f

2(s)ds <∞ for all t ∈ [0,∞). Show

that the stochastic integral
∫ t
0 f(s)dB(s) is always a Gaussian Process.



Exercise 1.III

A result of Kiyoshi Itô yields the below formula for an iteration of stochastic integrals:
For n ∈ N

n!

∫
un−1≤un≤t

∫
un≤un−1≤un−2

. . .

∫
u1≤u2≤u3

∫
0≤u1≤u2

dBu1dBu2 . . . dBun = t
n
2 hn

(
Bt√
t

)
(1)

where hn is the Hermite polynomial of degree n de�ned by

hn(x) = (−1)n exp

(
x2

2

)
dn

dxn
exp

(
−x2

2

)
; n ∈ N.

(i) Show that all stochastic integrals in (1) are well-de�ned.

(ii) Show (1) for n = 1, 2, 3. You may use the results of exercise I.1 and from the
lecture.

(iii) Prove with the help of (ii) that the process de�ned by

Nt := B3
t − 3tBt für t ≥ 0

is a {Fs}s≥0-martingale.

Exercise I.IV (Preparation for a mini-talk)

Prepare a short talk on the below stated topic for the tutorial on tuesday,

october, 30th. For that you should present the material in your own words.

The form of the presentation is left to you.

Explain the construction of the stochastic integral.


