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Probability Theory III - Homework 5

Due date: Wednesday, November 21, 12:00 h

Solutions to the assigned homework problems must be deposited in Daniel

Altemeier's drop box 161 located in V3-128 no later than 12:00 h on the due

date. Homework solutions must be completely legible, on A4 paper, in the

correct order and stapled, with your name neatly written on the �rst page.

Unless stated otherwise let B = (Bu)u≥0 be a standard Brownian Motion on a �ltered
probability space

(
Ω,F , {Fu}u≥0,P

)
.

Exercise 5.I

a) Verify that the given processes solve the given corresponding stochastic di�erential
equations:

(i)
(
X1(t), X2(t)

)
=
(
t, exp(t)Bt

)
solves(

dX1

dX2

)
=

(
1
X2

)
dt+

(
0

exp(X1)

)
dBt.

(ii)
(
X1(t), X2(t)

)
=
(

cosh(Bt), sinh(Bt)
)
solves(

dX1

dX2

)
=

1

2

(
X1

X2

)
dt+

(
X2

X1

)
dBt.

b) Solve the following stochastic di�erential equations

(i)

(
dX1

dX2

)
=

(
1
0

)
dt+

(
1 0
0 X1

)(
dB1

dB2

)
(ii) dXt = Xtdt+ exp(−t)dBt.
(iii) dYt = rdt+ αYtdBt,

where r, α are real constants, Bt ∈ R.
Hint: Multiply the equation by the 'integrating factor'

Ft = exp
(
− αBt +

1

2
α2t
)
.



Exercise 5.II (The Brownian bridge)

For �xed a, b ∈ R consider following 1-dimensional equation

dYt =
b− Yt
1− t

dt+ dBt, 0 ≤ t < 1, Y0 = a,

Verify that

Yt = a(1− t) + bt+ (1− t)
∫ t

0

1

1− s
dBs, 0 ≤ t < 1

solves the equation and prove that limt→1 Yt = b a.s. The process Yt is called the
Brownian bridge (from a to b).

Hints: Use the Borel�Cantelli Lemma for the events

An =

ω ∈ Ω : sup
t∈
[
1−2−n,1−2−n−1

](1− t) ∣∣∣∣∫ t

0

1

1− s
dBs

∣∣∣∣ > 2−
n
4

 , n ∈ N.

to show that for a.a. ω ∈ Ω there is N(ω) <∞ such that

n > N(ω)⇒ w /∈ An.

Exercise 5.III

The technique used in Exercise 5.I b) (iii) can be applied to more general nonlinear
stochastic di�erential equations of the form

dXt = f(t,Xt)dt+ c(t)XtdBt, X0 = x (?)

where f : R×R→ R and c : R→ R are given continuous, deterministic functions.

a) De�ne the 'integrating factor'

Ft = exp

(
−
∫ t

0
c(s)dBs +

1

2

∫ t

0
c2(s)ds

)
.

Show that (?) can be written

d
(
FtXt

)
= Ftf(t,Xt)dt. (??)

b) Now de�ne Yt = FtXt so that Xt = F−1t Yt. Deduce that equation (??) is transformed
into

dYt
dt

= Ftf
(
t, F−1t Yt

)
; Y0 = x. (? ? ?)

Note that this is just a deterministic di�erential equation in the function t 7→ Yt for
each ω ∈ Ω. We can therefore solve (? ? ?) for given ω and then obtain Xt.



c) Apply this method to solve the stochastic di�erential equation

dXt =
1

Xt
dt+ αXtdBt; X0 = x > 0

where α is constant.

d) Apply the method to study the solutions of the stochastic di�erential equation

dXt = Xγ
t dt+ αXtdBt; X0 = x > 0

where α and γ are constants. For what values of γ do we get explosion?

Exercise 5.IV (Preparation for a mini-presentation on Tuesday, November

27)

Prepare a short talk on the topic given below. You should present the ma-

terial in your own words without relying on your notes. The presentation

should be made using the blackboard, writing down keywords and the essen-

tial formulae.

For stochastic di�erential equations we know the concept of strong and weak solutions.
Explain these two concepts. Give one example with a strong solution and one example
with a weak solution that is not a strong solution.


