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1 Introduction

The classical Harnack inequality says that if u is a non-negative harmonic function
in a ball B (z, R) in R" then

sup v < C inf w
B(z,4R) B(x.5R)

where the constant C' depends only on n. The same inequality holds for solutions
of a uniformly elliptic equation

"0 ou

i,j=1

where now the constant C' depends only on n and on the ellipticity constant of the
operator L. The Harnack inequality has proven to be a powerful tool in analysis
of elliptic PDEs. For example, it can be used to obtain the Holder continuity of
solutions, convergence properties of sequences of solutions, estimates of fundamental
solutions, boundary regularity, etc.

A parabolic version of the Harnack inequality, which was discovered by Hadamard,
says that if u = u (¢, ) is a non-negative solution of the heat equation 2% = A in

at
a cylinder (0,7T) x B (x, R) where T'= R? then

sup u(t,x) <C inf u(t,x), (1.1)
(A7.1T)xB(z,LR) (37.7)xB(z,3R)



where again C' depends only on n. By a theorem of Moser [29], the same inequality
holds also for solutions of the parabolic equation % = Lu where the constant C'
depends in addition on the ellipticity constant of L (here the coefficients of L are
allowed to depend on ¢ as well). A spectacular application of Moser’s Harnack
inequality was the proof by Aronson [I] of the Gaussian estimates of the heat kernel

pi (z,y) of the equation % = Lu:

&ex —c 2=yl < ps(z )<ﬁex —c =" (1.2)
tn/2 p 2 ¢ > Pe YY) = tn/z p 1 n . .

To be more precise, the Harnack inequality was used in [I] to prove the lower bound
in (CZ), while the upper bound was obtained using an additional argument. Even
earlier Littman, Stampaccia and Weinberger [27] used the elliptic Harnack inequality
of Moser to obtain estimates of fundamental solution of the operator L. It was first
observed by Landis that conversely, if one had proper two sided estimates of the
fundamental solution of L then one could deduce the Harnack inequality, although
in a highly elaborate manner. The argument of Landis was further developed by
Krylov and Safonov [24] in the context of parabolic equations, and then was brought
by Fabes and Stroock [I1]] to a final, transparent form.

In the meantime, the development of analysis on Riemannian manifold raised
similar questions in the geometric context. Let now A be the Laplace-Beltrami op-
erator on a complete non-compact Riemannian manifold X. Then one can consider
the associated Laplace equation Au = 0 and heat equation % = Awu and ask the
same questions as above. It was quickly realized that the Harnack inequalities and
heat kernel bounds require quite strong restrictions on the geometry of the mani-
fold. The questions above are transformed in the context of the heat equation as
follows: under what geometric hypotheses can one obtain analogues of the parabolic
Harnack inequality (LTl) and the heat kernel bounds (L) on Riemannian manifold
and whether these two properties are equivalent? The first breakthrough result in
this direction is the following estimate of Li and Yau [26]: if the Ricci curvature of
X is non-negative then the heat kernel p; (z,y) admits the bounds

- ¢ ex —CL (z.9)
(2, y) < v (x’ \/1_5) p ( / ) (1.3)

where d (z,y) is the geodesic distance, V (z,7) is the Riemannian volume of the
geodesic ball B (x,r), and < means that both inequalities with < and > take place
but possibly with different values of positive constants C,c. In fact, Li and Yau
proved the uniform Harnack inequality (ILTI) for solutions of the heat equations
on X, and then used it to obtain (L3)) as in Aronson’s proof. Similar estimates for
certain unbounded domains in R™ with Neumann boundary conditions were obtained
by a different method by Gushchin [20].

An analysis of the arguments of Fabes and Stroock [II] and Aronson [I] shows
the following:

1. If the killed heat kernel on X satisfies the lower bound

pf(xo’R) (z,y) > m forall z,y € B (xo,a\/%) (1.4)
0>
3




for all 79 € X and 0 < t < eR?, for some positive constants ¢, ¢, then the
Harnack inequality ([CTI) holds.

2. If the Harnack inequality (III) holds then also the estimates ([L3) are satisfied.

It is not difficult to show that (3) implies (). Hence, we obtain the equiva-

lence

) « (@3 < [Td). (1.5)
Note that the proof of the equivalence ([CH) requires also the following general prop-
erties of Riemannian manifolds:

(a) For any y € X, the function f(z) = d(z,y) has its gradient bounded by 1,
that is, |V f| < 1. (This is used to obtain the upper bound in ([L3))

(b) For any couple z,y € X, there is a geodesic connecting x and y. (This is used
to obtain the lower bound in ([L3)).

During the past two decades the study of heat kernels and Harnack inequalities
has gained a new momentum from analysis on fractals and more general metric
measure spaces. Let (X, d) be a locally compact metric space and p be a Radon
measure on X with full support. We refer to the triple (X, d, ;) as a metric measure
space. As it was shown in [, H], [I2] various classes of fractals (X, d, u) admit a
natural Laplace operator, whose heat kernel satisfies the following estimates

Bz y)\ 71
P (w,y) < ta%exp (—c (d (t’y)) ) : (1.6)

where o > 0 and § > 1 are positive parameters. In fact, « is the Hausdorff dimension
of (X, d), and is also the exponent of the volume growth function, that is,

(B (z,7)) = Cro (1.7)

where B (z,7) is the metric ball of d. The parameter [ is called the walk dimension
of the associated diffusion process; one has always § > 2. The Harnack inequality
([T is also satisfied on such spaces, although the relation between the time and
space dimensions 7 and R has to be changed to T = R”.

Under the assumptions that (X, d) is a length space and the heat kernel on X
is a continuous function, it was shown by Hebisch and Saloff-Coste [22], that the
Harnack inequality with 7' = R” is equivalent to the following heat kernel estimates:

B(x )\ 1
P o) = e (—c (H52) ) , (18)

where V' (z,7) = u (B (z,7)). It is clear that under the condition (L), the estimate

([CX) is the same as (H).

The purpose of this paper is to study the equivalence of the heat kernel estimates
and Harnack inequalities in a general setting without additional assumption on the
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metric d, and without the continuity of the heat kernel. In particular we do not
assume that d is a geodesic metric. Our main result is an analogue of the equivalence
([CH) in a general setup. Our weaker hypotheses make our arguments much more
technical, but in return allow much more flexibility in applications. We remark that
typically the continuity of the heat kernel cannot be established a priori. To deduce
the Harnack inequality from the heat kernel estimates, we use a modification of
the argument of Fabes and Stroock [II]. To obtain heat kernel estimates from the
Harnack inequality, we use the following.

e For the on-diagonal upper bound — an adaptation of the argument of Aronson
[M. (However, in this more singular setting much more work is required.)

e For the lower bounds — a new argument, based on [9], which allows one to
avoid gluing solutions in time as in [IJ.

e For the off-diagonal upper bounds — a modification of the argument of Hebisch
and Saloff-Coste [22]. Note that the classical argument of Aronson does not
work because the estimate |Vd| <1 is no longer true.

We do not touch here on the interesting question of deducing either the Harnack
inequality or the heat kernel bounds from some simpler properties, and refer the
reader to [0], [T4], [33], [34] and references therein.

Finally, note that there are various examples of distances that are not geodesic.
For example, the resistance metric that gives an effective resistance between two
points is an important metric for the heat kernel estimates for diffusions on fractals
(see for example [21]), and the external metric is often useful for global analysis
on metric spaces (see Fig. [ in Section B where the 2-dimensional Riemannian
manifold X is embedded in R?; the external metric is then the Euclidean metric on
R3).

2 Framework and background material

2.1 (General setup

Let (X, d) be a locally compact complete separable metric space. Let p be a Borel
measure on X with full support, that is, 0 < p(£2) < oo for every non-void relatively
compact open set @ C X. We will refer to such a triple (X, d, i) as a metric measure
space.

Let (€, F) be a regular strongly local symmetric Dirichlet form on L*(X, ). The
regularity means that the intersection F N Cy (X) is dense both in F and Cj (X),
where the latter is the space of all compactly supported continuous functions on X
with sup-norm, and the norm of F is given by the inner product (f,g) + &€ (f, g).
The strong locality means that &€ (u,v) = 0 whenever u, v are functions from F with
compact supports such that u = const in an open neighborhood of suppv. (Here
the support of v means the support of the measure vdu.) We refer to the quadruple
(X,d,u,E) as a metric measure Dirichlet space. For any open set Q C X, Fq is
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defined as the closure in F of the set of all functions from F that are compactly
supported in €. It is known that (&€, Fq) is a regular strongly local Dirichlet form
on L? (2, 1) (see [I3, Section 4.4]).

Denote by £ the (negative definite) generator of £, which is a self-adjoint operator
in L? such that

g(fag) = _(‘Cf>g)L2

for all f € dom (L) and g € F. Let {P;};>0 be the heat semigroup of the form
(€, F), that is, P, = e'* where e'* is defined by the spectral theory as an operator in
L?. For any open set Q C X, denote by £ the generator (€, Fo) and by { P}
the associated heat semigroup.

A family {p},., of non-negative ;1 X py-measurable functions on X x X is called
the heat kernel of P, if, for all t > 0 and f € L*(X, ),

>0

Pf (2) = /X P (29) £ (9) dps ()

for p-almost all x € X. In other words, the heat kernel is the integral kernel
of P,. The heat kernel does not have to exist in general, and its existence under
appropriate conditions is one of the issues of this work. If the heat kernel does exist
then it satisfies the following properties (cf. [16]):

L. pi(x,y) = pi (y,z) for all ¢ > 0 and p x p-almost all x,y € X;

2. Py (2,y) = [ pe (2,2) ps (2,y) dp (2) for all t,s > 0 and p x p-almost all
x,y € X;

3. Jxpi(z,y)du(y) <1 forallt>0and p-almost all z € X.

Let Y = ({Yi},5 . {P"},cx) be the Hunt process associated with the Dirichlet
form (£,F) (see [I3, Theorem 7.2.1]). Since & is strongly local, by [I3, Theorem
7.2.2] Y is a diffusion.

For example, for Brownian motion in R¢, we have

e(fo) = [ (V£.5g)ds

F=W"(R?), and £ = A/2 with domain dom (£) = {f € F: Af € L*}.

2.2 Caloric functions

We need to define what it means that a function wu(t,z) is a caloric function in a

cylinder I x €2, where [ is an interval in R and €2 is an open subset of X. In the

classical case of analysis in R", a caloric function w (¢, x) is a solution of the heat
ou

equation ¢ = Au. In the abstract setting there are various definitions; for our

purposes, any definition will do as long as it satisfies the following properties:

1. The set of all caloric functions in I x 2 is a linear space over R.
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2. If I' € I and ' C Q then any caloric function in I x §2 is also a caloric function
in I’ x €.

3. For any g € L*(Q, u), the function (¢,z) — Pflg(z) is a caloric function in
R, x €.

4. If Q) is relatively compact then a constant function in €2 is the restriction to 2
of a time independent caloric function in R, x €.

5. (Super-mean value inequality) For any non-negative caloric function u (¢, z) in
R, x , the following inequality holds: wu (t,-) > P2 u(s,-) for all 0 < s < t.
(We remark that when we write inequalities of this kind, we intend them to
be for functions in L*(X, i) rather than pointwise.)

We now give one definition of caloric functions that satisfies all these require-
ments. Write for simplicity L? = L? (X, ), and let I be an interval in R. We say
that a function w : I — L? is weakly differentiable at t, € I if for any f € L?,
the function (u (t), f) is differentiable at ¢y (where the brackets stand for the inner
product in L?), that is, the limit

lim (u (ti : ? (to),f)

exists. By the principle of uniform boundedness, in this case there is a function

w € L? such that
(020 )
—ty

for all f € L?. We refer to the function w as the weak derivative of the function u
at to and write w = u’ (tg). Of course, we have the weak convergence

u(t) —u(to)
t—to

lim
t—to

— (to) .

Similarly, one can introduce the strong derivative of u if %Z)(to)

in the norm topology of L2.

converges to u' (tg)

Definition. Consider a function u : I — F, and let {2 be an open subset of X. We
say that u is a subcaloric function in I x € if u is weakly differentiable in the space
L?(9) at any t € I and, for any non-negative f € Fq and for any t € I,

(W', f)+&(u, f) <0 (2.1)

Equivalently, u is subcaloric if (u, f) is differentiable in ¢t € I for any f € L* (),
and

(u, f) +E(u, f) <0 (2.2)
for any non-negative f € Fq. Similarly one defines the notions of supercaloric func-
tions and caloric functions; for the latter the inequalities (I]) and (Z2) become
equalities for all f € Fq.

Clearly, the properties 1 and 2 above are satisfied. In what follows, we check
3 —5.



Example 2.1 (i) Let us verify that, for any g € L? (2, u), the function w (¢,-) =
Pfg is a caloric function in Ry x Q. Note first that u (t,-) € Fq C F. Next, let
{Ey} be the spectral resolution of —L£®. Then we have, for any f € L? (),

(w(t.”) . )= (P2, f) = / T e Md(Erg, f)

whence, for any ¢t > 0,

(it ). g == [ rea(Erg. £)
0
(the integral in the right hand side converges locally uniformly in ¢ > 0 because the
function A — Ae~* is bounded). On the other hand, for any f € Fq, we have

E(ult,) ) == (P80, 1) = = (€% ). 1) = [ Aed(Erg. ).

0

whence
(u, /) + & (u, [) =0, (2.3)

that is, u is a caloric function.

(71) Let Q be relatively compact. Then there is a cutoff function of €2, that is, a
function u € Cy (X) N F such that u = 1 in a neighborhood of Q. We claim that
the function (¢, z) — wu (x) is caloric in R x Q. Indeed, any f € Cj (©2) N F we have
E (u, f) = 0 by the strong locality, and this identity extends by continuity to all
f € Fq. Since v’ = 0, the equation ([Z3) is trivially satisfied, so that u (z) is a time
independent caloric function in R x €.

The following maximum principle was proved in [I8] (see also [I5] for the case
of the strong time derivative). For any real a, set a; = max (a,0).

Lemma 2.2 Fiz T € (0,00], an open set Q@ C X, and let u : (0,T) — F be a
subcaloric function in (0,T) x Q. Assume in addition that u satisfies the boundary
condition
uy (t,-) € Fo forall t € (0,T) (2.4)
and the initial condition
L2(Q)
uy (t,-) — 0ast — 0.

Then uy =0 in (0,7) x Q, so that u <0 in (0,7 x Q.

Remark. The condition (7)) can be verified in applications using the following
result from [T5]: if v € F and u < v for some v € Fq then uy € Fg.

Finally, we can establish the super-mean value inequality.



Corollary 2.3 Let f € L%(Q) and u be a non-negative supercaloric function in
(0, T) x Q such that u (t,-) pa fast— 0. Then, for anyt € (0,T),
w(t,) > PEf in Q. (2.5)
In particular, for all0 < s <t <T,
w(t,-) > P& ou(s,:) in Q. (2.6)
Proof. Consider the function v = P! f —u, which by property 2 above is a weak
subsolution in (0, 7)) x €. Since f € L?

2
v(t,-)ﬂ)OastﬁO

and, for any t > 0,

U(tu') < Pth
Since Pf € Fq, we conclude by the Remark above that v, € Fo. By Lemma
22, we obtain v < 0, which proves (Z3). Inequality E4) follows from (ZH) with

f=u(s-). =

We note that an alternative approach to define caloric functions and develop a
parabolic potential theory is via time dependent Dirichlet forms. Such forms can
be defined by integrating time derivatives of space-time functions and the original
Dirichlet forms over the time variable. Roughly speaking, for a parabolic cylinder
Q =1 x B(xg, R), u(t,x) : Q — R is a caloric function in @) if

/J[/f(t,x)w(t,x)du (z) +5(f(t,~),u(t,-))]dt:07

for all compact subintervals J C [ and f : I x X — R so that f(¢,-) has compact
support in B(xg, R) for a.a. ¢ € I. Time dependent Dirichlet forms are no longer
symmetric and time derivatives should be considered in the distribution sense. We
do not pursue this approach here, but refer the reader to [30], [31], [32] for the the
theory of time dependent Dirichlet forms.

3 Main result
Consider metric balls
B(x,R) ={y : d(z,y) < R},

and set
V(z, R) = u(B(x, R)).

We assume in the sequel that all balls B(x, R) are relatively compact for all z € X
and R > 0. In particular, the function V' (x, R) is finite and positive. For any x € X
and T, R > 0, we define the cylinder

Q(x,T,R)=(0,T) x B(z,R)
as a subset of R x X.



3.1 The Harnack inequality

We introduce here the Harnack inequality and other necessary properties for caloric
functions on metric measure Dirichlet spaces. Let 7 : (0,00) — (0,00) be a con-
tinuous strictly increasing bijection that satisfies the following property: there exist
1<) <Py <ooand C >0 such that, forall 0 <7 < R < o0,

o (?)m < Z((f)) <C (?)62. (3.1)

1

It follows that the inverse function 77" satisfies the following condition: for all

0<t<T < o0,
1/B2 “1 1/61
T < (1) < cr . (3.2)
Ct 71 (t) t

Definitions. We say that a metric measure Dirichlet space X satisfies the weak
parabolic Harnack inequality with the rate function 7 (for short w-PHI(7)) if there
exist constants 0 < C7] < Cy < C3 < Cy, C5 > 1 and Cy > 0 such that, for any
non-negative bounded caloric function u(¢,x) in any cylinder Q(xg,7(C4R), C5R),
the following inequality is satisfied

esssup u < Cg essinf u, (3.3)
Q_ Q+
where (see Fig. [)
Q+ : = (7(C3R), 7(C4R)) x B(xg, R) (3.4)
Q- : = (7(CiR),7(CyR)) x B(xo, R).. (3.5)

We say that X satisfies the strong parabolic Harnack inequality with the rate
function T (shortly, s-PHI(7)) if, for any choice of constants 0 < C; < Cy < C5 < Cy
and C5 > 1, there exists C4 = C4 (Ch,...,C5) > 0 such that w-PHI(7) holds with

this set of constants.

It is immediate that s-PHI(7) implies w-PHI(7). The difference between the
strong and weak PHI is one of the main topics of this paper. We remark that this
difference does not occur in the classical setting when the metric is geodesic and
7(t) = t¥ with 8 > 2; in this context a standard chaining argument shows that
w-PHI(7) implies s-PHI(7) (cf. Theorem B2 below).

In the following definitions we use the parameters /; and (5 from (BII). Also,
71 denotes the inverse function of the function 7.

Definitions. (i) We say that X satisfies HKE(7;¢), where ¢ € (0, 00) is a parameter,
if {P,} possesses a heat kernel p,(z,y) that satisfies the following inequalities:

g r(d (x,9) )Y
pi(7,y) < mexp <—C2 (f) (3.6)

for all ¢ > 0 and pu x p-almost all (x,y) € X x X, and

C3

pe(z,y) = m, (3.7)
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Figure 1: Cylinders Q4 and @ _
for all ¢ > 0 and p x p-almost all (z,y) € X x X with
d(z,y) <er™(b), (3.8)

where ¢, ¢o, c3 = c3(e) are positive constants.

(ii) We say that X satisfies w-HKE(7) if HKE(7; ) is satisfied for some € > 0.

(iii) We say that X satisfies s-HKE(7) if HKE(7; ¢) is satisfied for all £ € (0, 00).
(iv) We say that X satisfies f-HKE(7) if {P;} possesses a heat kernel p;(z,y) that
satisfies (B) and the lower bound

1/(B2-1)
T(d (l', y))) ’ ) ’ (39)

Pl ) 2 Gy (‘( :

for all ¢ > 0 and p x p-almost all z,y € X.
(v) We say that X satisfies LLE(7;¢), where ¢ € (0,1) is a parameter, if for all
2o € X and R > 0, there exists a heat kernel pP"™ (2, y) of {PP“™} that

satisfies the estimate .
5

Vo, 771(t))”
for all 0 < t < 7(eR) and p-almost all z,y € B(wg,e71(t)), with some positive
constant cs.

(vi) We say that X satisfies w-LLE(7) if LLE(7;¢) is satisfied for some ¢ € (0, 1).
(vii) We say that X satisfies s-LLE(7) if LLE(7;¢) is satisfies for all € € (0,1).

9

B(Z‘(LR)

Py (,y) > (3.10)

Here the abbreviation ‘HK’ stands for ‘heat kernel’ estimates, ‘w-" stands for
‘weak’, ‘s-” stands for ‘strong’, ‘f-” stands for ‘full’, and LLE stands for ‘local lower
estimate’.
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3.2 The statement of the main result

We say that a metric measure space (X, d, u) satisfies the volume doubling property
VD, if there exists a constant C' such that

V(z,2R) < CV(x,R) forallze X, R> 0. (VD)

It is easy to see that VD implies the following; there exist Cyp,~ > 0 such that

d R\"
V(z,R) < CypV(y,r) <%) , forall z,y e X,0<r<R. (3.11)

Our main result is as follows.

Theorem 3.1 Let (X, d, u,E) be a metric measure Dirichlet space and assume that
all metric balls are relatively compact and VD is satisfied. Then the following con-
ditions are equivalent:
(a) X satisfies w-HKE(T).
(b) X satisfies w-LLE(T).
(¢) X satisfies w-PHI(7).

Further, under any of the conditions (a), (b), (c), the heat kernel p, (x,y) is a
continuous function of (t,x,y) € Ry x X x X and, for any open subset Q C X, the
heat kernel p$* (x,y) is a continuous function of (t,z,y) € Ry x Q x Q.

Let us emphasize that in this paper we never assume that (€, F) is conservative.

We say that a metric space (X, d) is geodesic if, for any couple z,y € X, there
exists a (not necessarily unique) geodesic path, that is, a continuous path connecting
the points z, y and such that, for any point z on this path, d(z, 2)+d(z,y) = d(z,y).
The following statement refines Theorem Bl in the case of a geodesic space.

Theorem 3.2 Let (X, d, u,E) be a metric measure Dirichlet space and assume that
all metric balls are relatively compact and the metric is geodesic. Assume also that
the function T satisfies the conditiondl

(5)61 <1 6 (5)ﬁ2 ., 0<r<R (3.12)

r T

The following are equivalent:

(a) X satisfies s-HKE(T).

(a') X satisfies VD and w-HKE(7).
(a") X satisfies {-HKE(T).

(b) X satisfies VD and s-LLE(T).
(o'

(

(

¢) X satisfies s-PHI(7).
) X satisfies w-PHI(7).

!Note that ([FI3) is stronger than (BI) since the coefficient in the left hand side inequality is 1
rather than C~1.
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Remark. Theorem B2 shows that s-LLE, s-HKE and s-PHI are equivalent provided
the metric d is geodesic. Without the latter assumption the statement of Theorem
3.7 is not true in general. See Section @ for an example of a space that satisfies
s-HKE but neither s-PHI nor s-LLE.

Remark. In this framework we can also define harmonic functions as a caloric
function which is time independent. For example, according to the above definition,
a function v € F is harmonic in Q if £ (u, f) = 0 for all f € Fq. The Har-
nack inequality for harmonic functions (called also the elliptic Harnack inequality
— EHI) can be stated as follows: there are constants C5, Cs > 1 such that, for any
non-negative bounded harmonic function u(x) in any cylinder ball B (xy, C5R) the
following inequality is satisfied

esssup u < (g essinf u.
B(z0,R) B(zo,R)

Clearly, the parabolic Harnack inequality w-PHI(7) with any function 7 implies EHI.
The connection between EHI and other properties of interest is not yet properly
understood and is beyond the scope of this paper.

4 Proof of Theorem [B.1]

4.1 Proof of (a) = (b) (w-HKE implies w-LLE)

We prove here that VD +w-HKE(7; ) implies w-LLE(7). Let us first show that the
heat semigroup PP possesses the heat kernel for any ball B = B (2, R). Indeed, by
the upper bound (B) and [BII) we have

/
1

s ) Ssppr s < i (B ) < r0.

Therefore, for any non-negative function f € L' (B) and p-almost all z € B,

PEf(x) < Pif (x) = / P (2,9) £ () dia () < F (&) |l

Hence, the semigroup PP is L' — L ultracontractive, which implies the existence

of the heat kernel p? (see [, [8], [10], [16]).
By [15, Lemma 4.18], for any open set U C X and any compact set K C U, for

any non-negative function f € L?(X, u) and any ¢ > 0, the following holds.

Pif(z) < PV f(z) + sup esssup P.f, (4.2)
s€fo,t] Ke©

for p-almost all z € X. Let us apply this inequality with U = B := B(zy, R) and
K = B(x, R/2). Fix some 0 < r < R/4 to be specified later on, set A = B (zo,7)
and let f be a non-negative function from L' (A4). We have

sup esssup P,f (z) = sup esssup / pe (229) £ () due () < MIIf o,
A

s€l0,t] zeKc¢ s€(0,t] ze€Kc¢
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where

M := sup esssup ps(z,y) (4.3)
s€(0,t] zeK€c,ycA

(note that the value s = 0 can be dropped from SUp,epo, because Fyf = f and
esssup f(z) =0).

zeKe¢
Multiplying (EEZ) by a non-negative function g € L' (A) and integrating, we
obtain

/ (P gdp < / (P2S) g+ M| flls gl
A A

which is equivalent to

//pt z,y) f(y)g(z)dp(z //pt z,y) f(y)g(z)dp(z)du(y)

+M | fllzellgllzr-
Dividing by ||f||z1]lg]|z: and taking inf in all test functions f, g, we obtain

inf < essinf p? M. 4.4
ess i1y pe(x,y) < ess nf p; (z,y) + (4.4)

By the definition of w-LLE(7), we need to estimate ess irfle pP(x,y) from below
x,ye

assuming
t<7(eR) and r <er ' (1), (4.5)

for some € € (0, 1) . For that, we estimate the left hand side of ([Z]) from below and
M from above. The value of € will be chosen small enough to satisfy a number of re-

quirements. From the beginning we can assume that ¢ < 1/4 and that w-HKE(7; ¢)
is satisfied. Then we have by (B

. 03
> —
exszér}xf pe(w,y) = Vi(z, 7 1(t))

To estimate M from above, observe that, for all z € K¢ and y € A,

R R
> —.
Ol(zy)_2 Tz

Also, for any s < ¢, using € < 1/4, we obtain by (Bl

) T o (R Y
- 471 (s) '

Hence, for all 0 < s <t and p-almost all z € K¢ and y € A, we have by (B0)

oo () )Y
S (X0 Xp( ()
o Vo) (B \M*E
Vi, 71(6) Vg, 7 (s) ( ’ ( <s>)

V(!Eo,f‘l(t)) (7—11?5)))7exp <—C/2 (T_F(S)>Bl/(ﬁ2—l)> |

(4.6)

S S

IN

IN




where we have used (BII) and 77! (¢t) < R. Note that by (BT
R

-1

> et
-

—~

s)

Using the fact that, for positive a, b,
E%exp (—cggb) — 0as & — oo,

we conclude that if € is small enough then

C3/2
V (w0, 71 (1)

where c¢3 is the constant from (L6). It follows that also

03/2
M= V@)

which together with ([@dl) and (EH) implies

ps (z,y) <

03/2

essinf pP(z,y) > —=1—
m,yEA pt ( 7y) - V(xQ,T_l(t))’

which was to be proved.

4.2 Proof of (b) = (¢) (w-LLE implies w-PHI)

Here we prove that VD + LLE(7;¢) implies w-PHI(7). The argument mostly fol-
lows [I1], Section 5], with modifications that are appropriate to the present setting.
Observe first that LLE(7; €) implies

Ce
‘/(io,}%)’
for p x p-almost all z,y € B(xg,er) provided r and ¢ satisfy the conditions

B(zo,R
pl 0 (@, y) >

(4.7)
7(r) <t <7(eR).

Indeed, we have r < 771 () whence z,y € B (z9,e7 ' (t)) and hence, (B10) holds,
which implies () because 77! (1) < eR < R.
For all s e R, r > 0 and = € X, define the cylinder

D((s,z),r):= (s —7(r),s) x B(x,r).
For any set A C R x X and a function f on A, define

esssup f =sup esssup f(t,x),
A t {a:(t,r)eA}
and define ess Ainf f analogously. Set

osc f : =esss —essinf f.
S f Aupf ] f
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4.2.1 Oscillation inequality and the Holder continuity

Proposition 4.1 Assume that VD and LLE(7;e) hold. Then, for any bounded
caloric function u in a cylinder D((s,x), R), the following inequality holds

osc  u<f osc wu, (4.8)
D((s,z),0R) D((s,x),R)

(see Fig. @), with constants 0,0 € (0,1) that depend only on the constants in the
hypotheses.

A
s -
D((sX),0R)
st(5R) -
D((sx),R)
. X

Figure 2: Cylinders D ((z,s), R) and D ((z,s),dR)

Proof. Let m(R) and M(R) denote, respectively, the essential infimum and
essential supremum of u on D((s,z), R). Since u + const is a caloric function, we
obtain by the super-mean-value inequality for caloric functions (cf. Corollary EZ3])
that

ult,y) —m(R) > / Pl (y, 2) (€, 2) — m(R))u(dz), (4.9)

B(z,R)
forall s — 7 (R) < £ <t < s and p-almost all y € B (z, R). Choose here

E=s—1(eR).
By the properties of the function 7 (-), there is a constant &’ € (0,¢) such that
7(er) > 27(e'r) for all r > 0.
Then, for any t € (s — 7(¢'R), s), we have

t—& T(eR),

<
t—& > 7(eR)—7(¢'R) > 7(¢'R).
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It follows from () that, for this range of t,

pf_(g’R) (y,2) > ﬁ for all p-a.a. y,z € B(z,ee’'R). (4.10)
:I;,
Set § = e’ so that both [I0) and (X)) are satisfied for (t,y) € D((s,x),0R).
Restricting the integration in (L) to B (x, 0 R), using (EI0), and taking the essential
infimum in (¢,y) € D((s,x),0R), we obtain

&1

m(oR) =m(R) > o / o 6D ). ()

By a similar argument using M (R) — u(t,y), we obtain

&1

M(R) — M(6R) = Ve R) /B(x’éR)(M(R) — u(§, 2))p(dz), (4.12)

which together with (EZIT]) implies

a1V (z,dR)
> 2D ar() - ()

> (M(R) —m(R)),

M(R) — m(R) — (M(6R) — m(5R))

where VD has been used in the last inequality. Rearranging this inequality, we
obtain
(1 =) (M(R) —m(R)) > M(0R) — m(0R),
which proves 8) with 6 =1 —c,. =
From the oscillation inequality, a standard argument gives the Holder continuity
of caloric functions as follows.

Corollary 4.2 Assume that VD and LLE(7;¢) hold. Then, for any bounded caloric
function u in a cylinder D((to, o), R), the following inequality is satisfied

-1 / " A/} (€3
- +d(2, 2")
u(s’, 2') —u(s",2")| < C T (=5 ’ ) osc 4.13
| ( ) ( )| o < R D((to,x0),R) ( )

for dt x p-almost all (s',2'), (s",2") € D((tg, xo),0R), where o,0 € (0,1) and C >0
are constants that depend on the constants in hypotheses VD and LLE(T;¢).

Proof. We will prove the following equivalent form of [ZI3): for any r > 0 and
for dt x p-almost all (s',2"), (s",2") € D((to, zo), dR) such that

(s = §"|) +d(z’, ") <7, (4.14)

the following inequality holds:

lu(s', 2") —u(s",2")| < C (%)a o (4.15)
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It suffices to show that any two points (s',2'), (s”, 2") € D((to, z0), dR) with condi-
tion (LIl are contained in an open subset 2 C D((tg, o), R) such that

r\ o
oscu < (C (—) 0SC Uu. 4.16
Q o R D((to,z0),R) ( )

Since the metric space (R x X)? is separable, the set S of couples ((s', z'), (s”,2")) in
D((tg, xo), 0R) x D((to, xo), 0 R) satisfying (EEI4) can be then covered by a countable
family of sets like €2 x  where (2 is as above. Because in each 2 x {2 the estimate
(ETH) holds almost everywhere, it follows that (EIH) holds almost everywhere in S.
Assuming that s’ > s”, set y = 2/ and choose t to be a bit larger than s’ so that
s’ <t <tyand
Tt —s8)+d(z,y) <7 (4.17)
for both the points (s,z) = (¢',2') and (s,x) = (s”,2") (the strict inequality in
(T provides a flexibility for making ¢ strictly larger than s’). Then define the set
Q by
Q= D((tay) ,’l“) mD((thxO) >R) :

By construction, we have (t,y) € D((ty, x¢),0R), that is,
to—7T(0R) <t <ty and d(xg,y) < IR.

Also, it follows from (I7) that both the points (s',2") and (s”,z”) belong to
D((t.y).r).

Consider first the case when D ((¢,y) ,r) is not contained in D ((tg, zo) , R). Then
we have

d(zo,y)+r>R or to—7(R)>t—1(r),
which implies that

r>((1—=0R or 7(r)>7(R)—71(0R)>7(0R)

whence it follows in the both cases r > JR. (Here we may and will assume that
d < 1/2.) Clearly, in this case (LI is trivial for any a > 0 just by taking the
constant C' larger than .

Assume now that D ((t,y),r) C D ((to,zo),R), and let & > 1 be a possibly
large integer (to be specified below) such that

D ((tv y) 75_kr) cD ((t(]a .Z’(]) 7R) (418)
(see Fig. B).
Then by Proposition Bl we have
osc u<60 osc w<6 osc u. (4.19)
D((t.y),r) D((t,y),0=kr) D((to,x0),R)

The value of k in (EI8) can be estimated as follows. The condition ([EIS) means
that
to—7(R)<t—7(0"%) and d(zo,y)+6 "r <R,
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A
(tOYXO)
fo
D((to,%0),6R)
i (ty)
to-t1(6R)
D((ty),5"T)
t-r(S_kr)
D((to,%0),R)
to-t(R)

Figure 3: Cylinder D ((t,y),6 "r)

which will follow from
T(6R)+7 (67" r) <7(R) and §R+ 6 *r <R. (4.20)
The value of § can be assumed to be so small that

+ (6R) < %T (R) and 6 <1/2.

so that both the conditions in [Z0) will follow from §~*r < §R. Hence, [{LIN) and
a forteriori (ELI9) hold with

oo [os®m) | ls(rr)
log (1/0) log (1/0)
It follows from [ETJ) that
r\ o
0SC <C|= 0sC , 4.21
D((tvy)vT) = <R> D((tOv'EO)’R) ! ( )

where o = }Zi%gg and C =072 m

Remark. It follows from Corollary that any locally bounded caloric function
u (t,z), defined in a cylinder, is continuous in its entire domain; more precisely, it
has a version that is jointly continuous in (¢,x). Hence, in the rest of the proof of
(b) = (c¢) we can assume that all locally bounded solutions are continuous.
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4.2.2 Obtaining the Harnack inequality

We can now complete the proof of (b) = (¢). It follows from (BI) that there exists
a (small) constant [ € (0, 1) such that

T(r) > 27 (Ir) (4.22)

for all » > 0. We will prove w-PHI(7) in a slightly different, but equivalent form:
if u (t,x) is a bounded (and hence continuous) non-negative caloric function in the
cylinder

Q= (0,7 (¢R)) x B(xo, R),

where o € X and R > 0 are arbitrary and ¢ is the parameter from LLE(T;¢), then

supu < C'inf u,
Q_ Q+

where
Q_ = (7(PeR), 7(I*cR)) x B(zo,nR), Q. = (1(IeR),7(¢R)) x B (w9,nR), (4.23)

and the constants n € (0,1), C' > 1 depend only on the constants in the hypotheses.
It is enough to show that if infgy, u <1 then supg u < C.
The essential part of the proof is contained in the following claim.

Claim. Let (t,x) € @ and r > 0 be such that
D((t,z),r) C Q= (0,7(I%R)) x B (zy,0R) (4.24)

where ¢ is a constant to be specified later on; so far let us assume n < o < 1 (see
Fig. @). If

U (ta ZIZ') > )\7
then
sup u > K\,
D((t,x),r)

with some constant K > 1, provided A satisfies the inequality

A>C (5)77 (4.25)

r

where 7 is the constant from (BI1) and C' is a large enough constant. Both constants
C and K depend only upon the constants in the hypotheses.

Observe first that, by the super-mean-value inequality (cf. Corollary E33), we
have, for all t <T < 7 (eR) and p-almost all z € B (xg, R), that

w2z [ P gutt yuldy), (4.26)
B(zo,R)
Restrict 7' to the interval 7(leR) < T < 7(¢R). For any 0 < t < 7(I*cR), it follows
that
T(kR) < T —t < 7(eR), (4.27)
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A
1(eR) 5
*(T,2) Q
t(IeR)
1:(|28R)
DN | g Q. 3
’L'(|38R) K|
0 B(xo0,nR) B(xo, R | X
B(%, oR)

Figure 4: Cylinder D ((¢,z),7)

where k = [%¢, which is true by [@2J). Applying D) with » = xR, [EZ7), and

VD, we obtain
&1

\% (Io, R) ’
for almost all z,y € B (z9,exR). We can assume that the constant o from 24 is
so small that

B(zo,R)

pro 7 (2,y) 2 (4.28)

o < eR. (4.29)

Then [E28) holds for almost all z,y € B (xg,0R) (see Fig. H).

Reducing the domain of integration in ([20) to the ball B (z,0r) C B (x¢,0R)
(where 6 < 1 is the constant from Proposition Bl) and using ([28), we obtain, for
all T as above and all z € B (29,0 R),

u(T,z) = m /B o u(t,y)u(dy).

In particular, this inequality holds for all (7', z) € .. Since the right hand side
does not depend on T, z, taking the infimum in (7 z) € Q4+ and using infg,, u <1,
we obtain

&1
1> 7/ u(t, y)pu(dy),
V(x(]vR) B(z,6r) ( ) ( )
whence V (20, R)
. Zo,
f t <Ai=—-—""
yEé{l:c,ér) b ( ’y> - 01V (LU, (57’)

Combining with the hypothesis u (t,2) > A, we see that

osc u>A—A,
D((t,x),0r)
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Figure 5: Estimating the function u(t,y) in the ball B(x, dr)

whence by Proposition E]

sup u> osc u>0""(A—A),
D((t,x),r) D((t,x),r)

where 0 < # < 1 is the constant from Proposition LTl We are left to make sure that
01 (N—A) > K\,

with a constant K > 1. Observe that by (BT

v
ASCl(E) ;
r

where C1 = C4(c1, Cyp, 7, 9). Assuming from the beginning that

20, (R\"
> —
>\_1—9<r) ’

we obtain that A < )\12;9 and, hence,

01 +1
0 (A= A) > ; A
so that we can set K = LQH > 1. This completes the proof of the Claim.
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We can reformulate the Claim as follows. Define a function

R
P(A):W

so that the condition ([ZH) is equivalent to r > p(\). If for some point (s,y) € @,
we have A :=u (s,y) > 0 and

D ((s,y),p(N) C Q,

then there is a point (s',y’) € D ((s,y), p(N)) such that u (s',y") > KA.
Start with an arbitrary point (sg, y9) € Q— where A\ := u (Sg, yo) > 0. Assuming
that

D ((SO7 yO) ' P ()‘0)) C @7
choose a point (s1,y1) € D ((S0,%0),p (Ao)) where

A= (s, y1) = K.

If B
D ((s1,491),p(M\1)) CQ,

then select a point (s2,y2) € D ((s1,y1),p (A1)) such that
Ay o= (82, 42) > KAy > K2,
and so on. We obtain in this manner a sequence of points {(s,, y»)} such that
An = (Sp, Yn) = K™

and _
(snayn) S D ((sn—layn—l) >p()\n—1)) C Q

(see Fig. H).
Let us continue this construction until

D (($n,yn) s p (M) & Q= [7(I*eR), 7(I?¢R)] x B (z0,0R). (4.30)

If such n does not exist then we obtain an infinite sequence (s,,y,) € @ such

that u (s,,y,) — oo which is not possible because the function u is bounded in Q.
Hence, there exists an n that satisfies (EZ30). It follows that either y, ¢ B (xo, 0 R)
or s, < 7(I*eR). In the former case, we have

d (Yo, yn) = d (20, yn) — d (x0,90) = (0 — 1) R,
and in the latter case
so— sp > 7(I’eR) — 7(I*eR) > 7 (kR)
where x = ['e.
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B (x| M—

Q.
(S0,y0)
D((s0.Y0), p(A0)) =} - = - -4 [
3 /(Sﬂ-lfYn—l)
Al — B | o
Q F == D((sYn), p(h))
t(1%eR)
Q B(xo,11R)
0 v )\Xo N X
N
B(Xo, oR)

Figure 6: The sequence of cylinders D ((sk, yx),p (Ak))

On the other hand, we have

H
i
A
3
AN

3

d (o, yn) < ) d (Y yrs1) <Y p(M) <) p (K" N) < C2R)\81/7
0 0 0

B
Il
B
Il
B
Il

and similarly

—_
[y

n—

So0—Sn=3 (sk—s611) <> T(p(\) < T(CsRAM),
0 0

n—

e
i
=
i

where we have used ([B]). Comparing with the above lower bounds of d (yo, y,,) and
So — Sn, we obtain in the both cases that

Ao < Cy=Cy(Co,Cs,0,m,7) .

Since A is the value of u at an arbitrary point in @), it follows that sup, u < Cy,
which finishes the proof of w-PHI(7).

4.3 Proof of (¢) = (a) (w-PHI implies w-HKE)
We prove here that VD + w-PHI(7) implies w-HKE(7).
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4.3.1 A technical lemma

We start with the following lemma.

Lemma 4.3 For any v € (0,1) there exist constants k,w € (0,1) depending on v
and on (1 from BI)) with the following property: for any R > 0 there isr € [wR, R|
such that

T(r)—=7(vr) > 7(KkR). (4.31)

Proof. Consider sequence r; = v'R, i = 0,1,2,... and assume that, for some
positive integer n, none of the values 7o, ..., 7,1 satisfies (E31]), that is,

T(rp_1) —7(rm) < 7(KR).
Adding up all these inequalities yields

T(R) — 7 (r,) < n7 (KR).

By (Bl) we have
7 (kR) < Cx™'1 (R)
and
7(rn) =7 (V"R) < Cv"P'1 (R)
whence

7(R) < Cv""'1 (R) + nCr”1 (R). (4.32)

Choose now n = n (f3;,v) so big that Cv"7t < % and then choose Kk = k (f1,v) > 0

so small that nCk” < 1. With these values of n and  equation ([EZ3J) cannot hold,
which means that there is ¢+ < n such that

T(r;) — 7 (riz1) > 7(KR) .

Clearly, we have
r, =V'R>V"R=wR

where w := v", which finishes the proof. m

4.3.2 Oscillation inequality and the Holder continuity

The next statement is an analogue of Proposition ELT1

Proposition 4.4 Assume that w-PHI(7) holds. Then, for any bounded caloric

function w in a cylinder D((s,x), R), the oscillation inequality BER) holds with con-
stants &, 0 € (0,1) that depend only on the constants in the hypotheses.
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Proof. Fix some r > 0 and consider the cylinders
Q(r) = Q(z, 7(Cyr),Csr) = (0, 7(Cyr)) x B (x,Csr)

and

Q_ (r) == (r(Cyr), 7(Cyr)) x B(z, 1),
Q4 (1) = (7(Csr), 7(Cyr)) x B(x,r),

as in the definition of w-PHI(7). We would like to choose 7 such that

Q(r)Cc D((s,z),R)=(s—7(R),s) x B(x,R)

and
Qi (r)DD((s,x),0R)=(s—T7(0R),s) x B(z,0R)
(see Fig. ).
A ;)«s,x),aR)
S:’E(C4r) (5X)
st(6R)
(Car) Q:(r)
©(Car)
Q(r)
©(Car)
Q(r)
0
D((sX),R)
st(R)

Figure 7: Cylinders @ (1), Q< (1), Q_ (r)

The inclusions of the corresponding balls occur if
R > Csr and r > 0R. (4.33)

To handle the inclusion of the time intervals, first make a shift of time to ensure
s = 7 (Cyr). Then the inclusions of the time interval occur provided

T(R) > 7 (Cyr) and 7(dR) < 7 (Cyr) — 7 (Csr). (4.34)

26



Setting v = g—z and R' = R/Cs, observe that by Lemma there exists r’ €
wR', R'] such that
7(r')—7 ') > 71(kR),

where k and w are positive constants depending on v and ;. Setting r = 1'/Cy we
obtain that

wR < CyCsr <R and 7 (Cyr) —7(Csr) > 7 (kC5 'R)

so that both the conditions ([33]) and [34) are satisfied with

0 = min v
n C,C5' Cs )

Let m (R) and M (R) be the essential infimum and essential supremum of u on
D((s,x), R). Applying w-PHI(7) to the function u — m(R) in @ (1), we obtain

esssup (u —m(R)) < Cgessinf (u —m (R))
Q_(r) Q+(r)

< i -
0y ()

= Cg(m(0R) —m(R)),
and in the same way

esssup (M(R) —u) < Cs(M(R) — M(JR)).

Adding up the two inequalities, we obtain

M(R)—m(R) < estis(u)p (M(R) — u)+ es@sﬁs(u)p (u—m(R))
< Cg(m(SR) — m(R)) + Cs(M(R) — M(JR)),

whence
M(R) - m(§R) < (1 = ) (M(R) - m(R)).

Hence, (LF) holds with # = (1 —1/C§). =

Corollary 4.5 Assume that w-PHI(7) holds. Then the conclusion of Corollary 22
holds. In particular, any locally bounded caloric function has a continuous version.

The proof is the same as that of Corollary L2 In what follows we will always
use the continuous versions of locally bounded solutions.
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4.3.3 Existence of the heat kernel and on-diagonal upper bound

We next show that, under the assumption w-PHI(7), the heat kernel exists, is a
continuous function of ¢, x, y, and satisfies the on-diagonal upper bound.

Let f be a non-negative function from f € L?NL*°(X, u). The function v(t, z) =
ef f(z) is a non-negative essentially bounded caloric function in R, x X. By the
previous section, this function has a continuous version; let us denote in the sequel
by P,f (x) the continuous version of e~ f.

Choose some r > 0, x € X, set B= B (z,7) and t, = 7 (Cyr) where k = 1,2, 3,4
and Cj, are the constants from w-PHI(7). Applying the Harnack inequality in the
cylinder Q(x, 7(Cyr), Csr), we obtain, for any ¢ € (t1,1s),

Pf(x)<Cs inf Pf(y). (4.35)

ta<s<ts,yeB

Since || Psfll2 < ||f]]2, it follows that

inf _(Pf(y)* < //Pf ()dng

t3<s<ts,y€B t4 — t3 Vi(x,r)
Setting in {30 ¢ = 7 (9£%27) and noticing that r = 7! (¢), where

2
O+ Oy

we obtain that, for all £ > 0 and z € X,

Cllfl2

P f(x) < 75
/@) V (z,er1 (1)Y

(4.36)

where C' = Cg.

Let us extend ([E30) to all non-negative functions f € L?(X). Indeed, setting
fn = min (f,n) we obtain f, € L? N L™ so that (@30) holds for f,. Hence, the
sequence { P, f, (z)} 7, is bounded and increasing in n and, hence, converges for any
t and x. Clearly, the limit is a pointwise version of e** f which will be denoted by

P, f (z). Applying 30) to f, — f,, with n > m, we obtain

Cllfn = fll2
V(z,crt (1)

Pifu () = Pufin (2) <

Since || f, — funlls — 0 as n,m — oo and the function (t,z) — V (z,er~" (1)) is
locally uniformly bounded away from 0 in R, x X, it follows that

P fy () — Pifm () — 0 as n,m — oo,

where the convergence is locally uniform in (¢, x), which implies that the limit P, f ()
is a continuous function of (¢,z) which satisfies ([E30). Finally, for any signed
f € L*(X), we have P,f = P,f, — P,f_, whence the continuity of P, f (z) and (E30))
follow.
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It follows from (E30) and the Riesz representation theorem that, for any (¢,x) €
R, x X there exists a function p;, € L*(X) such that

Pof (x) = (pea, f) for all f € L* (X) (4.37)

and

C
V (z,er=t (1)
Following [36], define p; (z,y) as a pointwise function of ¢,z,y € Ry x X x X by

(4.38)

Ipt.all2 <

Pt ($7 y) = (pt/2,x>pt/2,y> . (439)

In the next lemma we prove that p; (x,y) is the heat kernel of P;, that is continuous
in t,x,y and satisfies the on-diagonal upper bound, which, hence, concludes the
proof of this part of Theorem Bl

Lemma 4.6 Under the above conditions, the function p, (x,y) that is defined by
E39), is non-negative, continuous in (t,z,y) € Ry x X x X, and satisfies the
following identities:

1. For all f € L*(X) and for allt >0 and x € X,

Pf (2) = /X pr () £ () dpt () (4.40)

2. Forallt >0 and z,y € X, py (z,y) = pi (y, x)
3. Forallx,z€ X andt,s > 0,

pt+s(x>z) :/Xps(x>y)pt(yaz)d:u (y) (441)

Furthermore, for allt > 0 and x € X, we have

C

EE=Yo (4.42)

Pt (ZL’,ZL’) S

Proof. It follows from (31) that p;, is non-negative almost everywhere, which
implies b that p; (x > 0. The symmetry p; (z = p; (y, x) is obvious
p y pe\T, Yy Y Y Pe\Z, Y pe\y,

from (E39). By E38) and 3J) we have

C2
pe (z, ) ||pt/2,m||2 = Vi(z,cr ! (t/2))>

(4.43)

whence ([22) follows by (B2) and renaming the constants.
Before we prove the other claims, let us first show that, for all x € X, ¢t,s > 0,
and f € L? (X),

P (2) = /X (Prepos) £ (2) dp (2). (4.44)
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Indeed, using the semigroup identity P sf () = Ps (P.f) (z), which by the conti-
nuity of P, f (z) holds pointwise, ([Z37), and the symmetry of P;, we obtain

Pf(x) = Pi(Pf)(x)
= (ps,ma Rtf) = (prs,ma f)

_ /X Pipas (2) (=) dp (2)
- /X (Prsspo) £ (2) d (2),

which was to be proved.
Let us now show that, for all z,y € X and ¢ > 0, the inner product (ps ., pi—sy)
does not depend on s € (0,t); consequently, for all z,y € X and 0 < s < t,

Dt (fL’, y) = (ps,mapt—s,y> . (445)

Indeed, for all 0 < r < s < t, we have, using ([31) and applying [@LZd)) with f = p, ,,

(ps,xapt—s,y) - Pspt—s,y (ZL’) =P, (Ps—rpt—s,y) (1')
- / Dra (Z) (pS—T,Z7pt—s,y) d,U, (Z)
X

Pt—rpr,x (y)
= (pt—r,yapr,a:) )

which was to be proved. Combining ({44 and ([4H), we obtain (EA0).
Comparison of (EZ1) and [Z0) shows that

P (T,7) = pia 2. (4.46)

Using ({EZH) and [{44), we obtain, for all x,y € X and t,s > 0,

/Xpt (2, 2) ps (2,y) dp (2) = (P (2,+) , 05 (Y, +)) = (Pras Psy) = Peas (T,9)

which proves (EZT]).
It follows from (E37) and (EZH) that, for any fixed 0 < s <t and z € X,

Pt ('r7 ) = Rt—sps,m-

Since ps, € L?, it follows that p; (z,y) is jointly continuous in (¢,y) for any fixed .
By symmetry, p; (x,y) is also jointly continuous in (¢, x) for any fixed y.

To prove the joint continuity of p, (z,y) in (¢, x, y), it suffices to show that p; (z,y)
is continuous in x locally uniformly in (¢,y). For that, we use Corollary LA Let us
apply the estimate (ET3) to the caloric function P, f (x), where f € L? (X), in the
cylinder D ((t,zq), p(t)) where p(t) =771 (¢/2) so that

D((t,x0),p (1)) = (/2,1) X B (20, p (1)) -
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We obtain that, for all 2/, 2" € B (xq,dp (1)),

, , d l,/’ l,// @
pr@)-prEsc (NS s (R,
P (t) se(t/2,t)
zE€B(wo,p(t))

Rewrite (E36) in the form

Pof (2) < F(s,2) [ f]l2

where
~1/2

F(s,2):=CV (z,et7" (5))

is a positive continuous function of (s,z) € Ry x X, which is decreasing in s.
Combining the above two estimates, we obtain

Setting here f = p;,, with any y € X, observing that P,f = py (-, y) and estimating
| f1l2 by [E3Y), we obtain, for all 2/, 2" € B (xq,0p (1)),

sup  F'(t/2,2) [| fllz-
2€B(w0.p(1)

Pf (@) - Pof (a) < C (

/ _ /! d(:LJ7 x”) “
[par (@', y) — pou (2", y)| < O | —F— sup  F'(t/2,2) F (t,y).
p () 2€B(x0,p(t))

Clearly, this estimate implies that py (z,y) is continuous in z locally uniformly in
(t,y), which finishes the proof. m

Finally, note that the above construction of the heat kernel goes through for any
open subset 2 C X because the semigroup {Ptﬂ} satisfies the key estimate (E30)
simply by ‘Ptg f ‘ < P |f]. Hence, P possesses the heat kernel p* (x, ) that satisfies
all the properties stated in Lemma

It is worth mentioning that if © is relatively compact then the function pf (z,y)
is bounded in (z,y) € © x € for any ¢ > 0. Indeed, by ([EZIl) we have

Pz, y)? = (/Qp?p(fw)p?/g(z,y)du(Z))2
[ #tate 2P () [ st Pan )
)

= pi(z,2) pf (v, y
< pe(z,2)pe(y,y),

IN

whence by (EEZ22)

o c?
P S G T @)V e 0)

Since the function z +— V (z,c77! (t)) is bounded away from 0 on €2, it follows that
the function (z,y) — pi (z,y) is bounded from above in  x Q.
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4.3.4 Near diagonal lower bound

We start with a lemma.

Lemma 4.7 Let Q2 be an open subset of X with () < co. If for some t >0, the
operator P admits a bounded kernel p* (z,y), then the spectrum of L is discrete.

Furthermore, if A\ () denotes the bottom of the spectrum of —L%, then the
following inequality holds for all t > 0:

e—)\l (Q)t

esssup py’ (7, y) > (4.47)

xz,y€efd 2 (Q> '
Note that the inequality (EZ) holds also in a more general setting — see [9,

Proposition 2.3].
Proof. From the general theory of operators, we have the following trace formula

trace (P2)* = [ [ (e, (o) du ). (4.48)

By hypothesis, the right hand side is finite, which implies that the operator (PtQ)2 =
e£? has a finite trace. Consequently, the spectrum of P? is discrete in (0, +00),
which implies that all the spectrum of £% is discrete.

Let {\x} o be the eigenvalues of —L£%, arranged in increasing order, and counted
with multiplicity, so that A; = A; (©2). Then the operator (PtQ)2 has the eigenvalues

e~ 2t whence
o0

2 ~ _
trace (P*)" = E e 2t > gm Nt
=1

Comparing with ([EZF), we obtain

/Q/Qpi2 (z,y)% dp () dp (y) > e M,

whence ([27) follows. m

Returning to Theorem B, observe that by the argument of the previous section,
any ball B = B (xg,7) possesses the heat kernel p? (z,y) that is, for any ¢ > 0, a
bounded and continuous function of (z,y) € B x B. Hence, all the hypotheses of
Lemma 7 are satisfied and we conclude that the spectrum of £Z is discrete. Let
¢ (x) > 0 be the bottom eigenfunction of —£? with the eigenvalue \; (B). Consider
the caloric function in Ry x €2

v(t )= PP (x) = e NPy (2), (4.49)
The boundedness of the heat kernel p? implies that

esssup v (t,-) <esssup p;’ (z,y) lellLim) < oo,
B z,yeB

that is, v (¢, -) is essentially bounded in B for any ¢ > 0, whence it clearly follows that
¢ () is essentially bounded. Therefore, v (¢, z) is essentially bounded in Ry x B, and
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we conclude by Corollary that v (¢,x) is continuous in Ry x B. Consequently,
¢ (x) is continuous in B.

Let us show that ¢ (x¢) > 0. Assume that ¢ (z) = 0 at some x € B. Let p > 0
be such that

B (x,Csp) C B (xg,7) (4.50)

where Cj is the constant from w-PHI(7). Applying the Harnack inequality to the
function v in Q(z, 7(Cyp), Csp) and noticing that v (t,z) = 0, we obtain

v(s,y) =0 on (7(Cip), 7(Cap)) x Bz, p),

whence
o(y)=0 forally € B(x,p).

Assuming that ¢ (z9) = 0, let R € (0,7] be the maximal number such that

@ (z) =0for all x € B (o, R).

If R < r then set p = Tgf so that (EER0) is satisfied for any x € B (xg, R). By
the above argument, we have ¢ = 0 in B (x,p), which implies that ¢ = 0 in
B (9, R+ p), which contradicts the maximality of R. We conclude that R = r
and, hence, ¢ = 0 in B (z,7), which is impossible because ¢ is an eigenfunction.
Therefore, ¢ (zo) > 0.

Now we apply the Harnack inequality (B3) to the function v (¢, x) in the cylinder
Q(xg, T(cyr), r), where we write for convenience of notation ¢, = g—’; for k=1,2,3,4

(see Fig. ).

tA
t(Car)

L Wi QUo.r(c).r)
©(Car)
’E(Czl’) A

t * (t.%0)
T(Clr)

0 B(Xo,r/Cs)

B(Xa,r)

Figure 8: Cylinder Q (xo, 7 (c47),7)

We obtain
() (t_, l’o) < Cﬁv (t-‘ra 113'0) 5
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where t_ =7 (232r) and ¢, = 7 (<£%r). It follows then from [EZJ) that

e MBI (1) < Coe P (x0) .

Since ¢ (xg) > 0, we obtain that

1 1
A (B) < 08Cs _

Tty —t. T T (kM) (4.51)

where k > 0 is chosen so that
C3+ ¢y 1+ Co 7 (k)
_ >
T( 2 T) T( 2 7ﬂ)—logoﬁ
for all r > 0.

Using ([ER])) together with the inequality (EZ27) of Lemma B we obtain that,
for all t > 0,

sup p? (z,y) > ﬁexp <— t ) . (4.52)

2yeB T (Kr)

Denote by B’ the ball B (xg,7/Cs). Applying (EER2) to the heat kernel p?’, we obtain

sup p’ (z,y) > sup p (z,y) > L e (—7t )
zyeB’ K ’ o z,yeB’ ! ’ - :u(B/) T(KT/CE!) .

Using VD and renaming the constant x appropriately, we can write

 #l ) 2 e (~ ). (453)

Applying the Harnack inequality (B3) in the cylinder Q(xq,7(c4r),r) to the
function u (t,-) = pP (x,-) where z € B’, we obtain

sup ptB (LU, y) S C6psB (LU, Z) (454)
yeB’

forall z € B', t € (7 (e17) , 7 (cor)), and
s e (1(csr), 7 (car)) - (4.55)
Taking in (ER4) sup in z € B’, we obtain

sup p. (z,y) < Cgsup p? (z,2),
z,yeB’ zeB’

which together with ([E53]) yields, in the above range of z and s,

/

B C
sup py (x,2) > .
zeB’ ( ) 2 (B)

Now we apply the Harnack inequality in the same cylinder to the function

(4.56)

Uu (t> ) = pg-to ('a Z)
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where z € B’ and
to =71 (csr) — 7 (c1r).
We obtain

Sug psB (,’L’, Z) S CﬁptB (x(]v Z) (457)
zeB’

provided
sE€ (to+7(crr), to+ 7 (cor)) = (7 (c3r), 7 (e3r) + 7 (cor) — 7 (e17)) (4.58)

and
t e (to+7(csr),to+ 7 (cur)) . (4.59)

Comparison of (E5H) and (L) shows that there is a value of s that belongs to the
intersection of these intervals. Choosing this value of s and combining (EER8) with
[ST), we obtain, for all z € B' = B (z,7/C5) and t from ({E59),

B(Z-O7r) C// C//

Given any ball B (xg, R) and ¢t > 0, apply ([EG0) to the ball B (xq,r), where r is
chosen to satisfy the identity

t=(7(csr) —71(cyr)) + %7‘ (csr) + %7‘ (cqr), (4.61)

which ensures the validity of the inclusion ([59). Note that the right hand side of
(X)) is a continuous function of r that takes values in the entire half-line (0, +00)
so that there exists r which satisfies (EGTI).

It follows from (ELGI) that

T (e3r) <t <27 (¢qr) . (4.62)
By (BJ) there is a (large) constant ¢ such that
27 (cqr) < 7 (),

so that (E62) implies

and, hence,

Choose € > 0 to be so small that
e<cyand ¢ < (d,C5) .

Assuming that ¢t < 7 (¢R) we obtain from the above two lines that » < R and

,
— > ).
o et (t)
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Hence, any z € B (29,7 ' (t)) belongs also to B (zg,7/C5), and we obtain from
([EDD) for such z that

/! i

B(zo,R) > B(zo,r) > C > C
Dy (.flf(), Z) = Dt (.flf(], Z) -V (xo’ 7’) “v (IO, 1 (t))’ (463)

which proves LLE(7;¢).

Letting R — oo and renaming z, to x and z to y, we obtain the lower bound
B of the heat kernel p; (z,y). Another consequence of LLE(7; ), that is obtained
by integrating [LG3) over B (zg,e7 ' (t)) and renaming zy to x, is the inequality

/ pl O (2, 2) dp(2) > o, (4.64)
B(z,R)
which is true whenever t < 7 (¢R), with a positive constant c.

4.3.5 Integrated upper bound

Given the on-diagonal upper bound of the heat kernel and LLE, the proof of the
upper bound in HKE can be obtained by at least two different ways: as in [I7,
Section 4] or as in [22, Section 5|. Here we mainly follow [22], which partially uses
a probabilistic argument. A purely analytic version of that argument can be found
in [T6].

The main part of the proof of the off-diagonal upper bound of the heat kernel is
contained in the following lemma.

Lemma 4.8 Assume that the heat kernels p; and pP are continuous for any ball B
and that the estimate L) holds for all z € X, R > 0 and t < 7(¢R). Then the
following s true.

(1) There exist c1,co > 0 such that, for all z € X,t >0,

/X exp (cl ‘i(f”léo (i, 2)p(dz) < cs. (4.65)

(12) Furthermore, for any k € N, we have

/X exp <c1%> pe(z,2)dp (2) < k. (4.66)

Proof. We follow the proof of Lemma 5.8 and 5.9 in [22] with some improve-
ments.
(7) Recall that, for any bounded Borel function f on X, we have the identity

E*lf(Y)] = P f (z) (4.67)

which is true for almost all x € X. However, since the right hand side has a
continuous version and the left hand side is quasi-continuous, the equality holds for
q.e. * € X. Using [13, Lemma 7.2.4], we see that there exists Ny C X such that

P*(Y; € Ny forsome t) =0 forall x € X\ Ny =: X',
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and Cap (Np) = 0, where Cap is the 1-capacity (see [I3, (2.1.2)] for definition).
For any open set Q) C X, let Ty, be the first exit time from €2, that is,

To:=inf{s>0:Y, € X"\ Q}.

Fix a ball B = B (z, R) and set By = B (z,kR) and T} = T, for all k € N. Then
we have by the strong Markov property, for any ¢ > 0,

P* (Tjy1 < t) = E* [1ygr, <P (Tj1 <t —T)], V€X'

(see Fig. @).

B(Yr,R)

‘ Tk+1

Figure 9: Exit points from the balls By and By

Since {Y;} is a diffusion without a killing term and P*(Y; € Ny, 3t) = 0, the exit
point Y7, is contained in By N X’ P*-a.s., whence it follows that B (Y7, R) C By
and, hence,

PYTs (Thyr <t —Tp) < P (TB(YTk,R) = t) < sup P (T < 1)
zeX'

Combining the above two lines, we obtain for x € X’

P* (Th1 < t) <P*(T), < t) sup P* (Tpepy < 1) (4.68)

ze X'’

On the other hand, we have by [I3, (4.1.2)]

P* (T > t) = PPEP1(2) = / prE (zy) duy), Vze X (4.69)
B(z,R)

Assuming that ¢ < 7 (¢R), we obtain by G) that P* (T, z) > t) > ¢y whence

P* (Tpem <t) <1-—c.
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Substituting into (ELGH), we obtain by induction in k that
P (T, <t)<(1—c)", VaeX.
Consequently, we have for all x € X’
Pilxng, (z) =P (Y, € X'\ By) <P* (T, <t) < (1 — ),
that is,
[ wleadn ) < (-
X'\ By

It follows that for all z € X’

[ e (%) pu(, 2)dp (2)

- d(z, z
- o (22) o 2 2
k=0 v (Br+1\Bi)NX’
S e
k=0 "\Bj
k=0

provided the constant ¢ > 0 is chosen small enough. Setting in this estimate R =

e71771 (t) and noting the continuity of p(z,y), we obtain D) for all z € X.

(77) Denote for simplicity

Ev (y) = oxp ( Cj{fﬁv(g) |

The estimate (ELGH) means then that, for all ¢ > 0 and = € X,
PE, . (z) < cs. (4.70)
Let us prove that, for all t > 0,2,y € X,
PE . (y) < 2By ()
By the triangle inequality, we have, for all z,y, 2 € X,
Eo(y) < Era (2) Brs () -
Considering = and z as fixed and y as variable and applying P;, we obtain
PE,, (y) < B, (2) PE, . ().
Setting z = y and using ({L70), we obtain
PE . (y) < 2B e (y).
[terating this inequality and using once again ([EZ0), we obtain
PuE; . (x) < k.
Renaming t to t/k, we obtain (LGH). m
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4.3.6 Pointwise off-diagonal upper bound
Using the upper bound ([EZ2) and (BII), we obtain

1\ T, 2 S 1/2
P S TV e )Y
C d(z,2)\""?
< Teewm Ut ) e

whence it follows that
[ e (%) 7 (2,2) die (2)
vy o (ney) (1 555wt

By reducing the constant ¢; and increasing C, the term

(253)" (1 25%)

can be absorbed into the exponential. Hence, we obtain from (E60) that

[ e (%) 7 (2, ) du (2) < V(f—k(m

Therefore, for any two points x,y € X, we obtain, using the triangle inequality and
the Cauchy-Schwarz inequality,

pu (0,y) = /X pi (2, 2) pr (y.2) dp (2)

< /}(ew((?%))pt (z,2) exp (%%) pe (Y, 2) dp (2)
C1 SL’,y
XD T T E)

< ( [ e (%) 7 (2,2) du <z>)1/2

d(y7 Z) 2 2
(Lo (o )t 0w
C1 d (.CL’, y)
e ( 27 <t/k>)
ch ( &1 d(.ﬁ(],y) )
73 XD\ — 5y )

V@, 771 (8) V (y, 771 (1)) 2771 (t/k)
Using again (B as in ([Z1l), reducing again the constant ¢;, and renaming 2t to
t, we obtain

Oy (o 4@y
o) < o (o) e
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Let us now choose k as follows. Set for simplicity r = d (z,y) and assume first

that 7 (r) > t. Using (B2), we obtain
1/pB2
T (r
exp (klog Cy — 1 (sz//l) )

1/p
exp (c’k — (M) 2 kl/ﬁ2>
t

with the obvious meaning of the new constants ¢ and ¢’. We would like to choose
k to satisfy the inequality

IN

1/B
k< %c// (#) ’ k102

1
k< T(T) 2t
- t
C_//)ﬁ2/(ﬁz—1

where " = (20, ). If the ratio # is larger than a certain constant then such
a positive integer k exists; choose k to be maximal possible so that

k ~ (T (T)) w .
t
Then () implies

—C exp | —c ™ (r) =
pt(:c,y)gwxﬁ_l(t)) p( (t) ) (4.73)

Finally, if 7 (r) /t is bounded then [ZZ3) trivially follows from [Z2) with k = 1.
By that, the proof of Theorem Blis finished.

that is,

5 Proof of Theorem

Lemma 5.1 (i) s-HKE(7) implies VD.
(1) s-PHI(7) implies VD.

Proof. (i) By definition of s-HKE(7), ([B) holds for every € € (0,00). Assuming
that € > 1 and integrating ([B1) over B(z,e77'(t)), we obtain

c3V(z,eT7 (1))
V(z, 77(1)) = /B(x,a‘rl(t)) P y)uldy) < 1.

Since ¢ > 1 and t > 0, z € X are arbitrary, this implies VD.
(77) Note that ([63) and Z2) control pr(xg, xo) from above and below in terms
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of the volume of balls by taking y = xo. Recalling [{30), [EZF) and B2), we see
that ¢ = 21=Y/%1/(C, + Cy) in [@AD), so we can take ¢ > 2 by taking O + Cy small.
s-PHI(7) enables these choices of constants and thus implies VD. =

Remark. As the proof of (i) shows, if (BX) holds with € > 1, then VD is satisfied.

Given Theorem Bl and Lemma BT, it is enough to prove the following proposi-
tion to complete the proof of Theorem B2 Although the proof consists of a standard
chaining argument, we reproduce it for readers’ convenience.

Proposition 5.2 Under the hypotheses of Theorem B2, the following hold.
(1) VD and w-HKE(7) imply s-HKE(T).

(27) VD and w-LLE(7) imply s-LLE(T).

(13i) s-HKE(7) implies {-HKE(T).

() w-PHI(7) implies s-PHI(T).

Proof. (i) We assume that HKE(7;¢y) holds for some 5 > 0, and will prove
HKE(T;¢) for any fixed € > g¢. Put

(36),31/(51—1)
a=|— :
€o

and n = [a]. Then by [BI2) we have, for any t > 0,

-1
(M) < 1 s <o (5.1)
nt=(t/n) — n 3e

Now let ¢t > 0, and z,y € X satisfy d(z,y) < er7(t). Then as the metric d is
geodesic, there exists a chain {x;}!" , such that o = x,2, = y and d(x;, x;11) =
d(z,y)/n fori=0,1,--- ,n—1. Let r = e7~!(t)/n and s = t/n. Then by (Bl we

have
3er™(¢)

n

3r < <eor M (t/n) = o7 ().

We also have by ([B12)

1 —1 1/B2 1-1/B2 (11/fB2
T (s) _ nt7(t/n) <" c < (1+a) C . (5.2)
r e 1(t) e\ n €
By VD, there exists a constant b > 0 such that
V(z, 7 1s)) < b 'V(z,r)
for all z € X. Thus, by HKE(7;¢¢) we have
C1 Clb
ps(2i, zig1) 2 > (5.3)

Vizi,7Y(s)) = V(zi,7)
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for p x p-almost all (z;, z;41) € B(xi, 1) X B(xi41,7). Therefore

(2,9) / / pa(, 2)pa(es ) et W)it(dznen) - pildz)  (5.4)

> / / po(@,21) - Po(znr, y)pildzn_r) - - - p(de)
B(ml,r) B(zp—1,r)

npn—1
ctb

> Vol (v<xi,f—1<s>> '”x“”) = Vo 1)

Since s = t/n < t, this gives the required bound.

e

Figure 10: Sequence of balls B (x;, s)

(77) The proof is very similar to (7): note that as the metric d is geodesic the chain
x; does not leave the ball B(x,d(z,y)).
(i79) We have that HKE(7, 3) holds. Let z,y € X and ¢t > 0, and let R = d(z,y). If
7(R)/t <1 there is nothing to prove, so we assume 7(R)/t > 1.
Forn>1let r, = R/n and s, =t/n. Let
oo R/n
T (s )
By [B32) we have lim, a,, = 0; let N be the smallest integer so that ay < 1. As
a; > 1, we have N > 2. By [B2)

Ant1 nt~(t/n) > n (n—l— 1)1/51 > ¢y > 0,
an (n+ 17 Yt/(n+1)) " n+1\ Cn

where ¢y depends only on the function 7. We thus deduce that ¢o < ay < 1, which
implies that
et Hsn) <y < 7 H(sw).

As in (i) we now construct a chain = = zg, 21, ..., 2y = y with d(z;,_1, z;) = R/N for
each i. We have
Vi(z, 7 Ysn)) < Vi(z,c5try) < bV (z,ry),

where b depends only on ¢, and the constant in VD.
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We can therefore use (B4)) to obtain

cy - exp(—csN)

Vi, 771(t/N)) — V(z,77(t))

pi(r,y) > (5.5)

Now since ay =< 1, we have 7(R/N) < t/N. So using (B2)

(R) (B

IN"INPL
£ = NAR/N) ©

This gives N < ¢(7(R)/t)Y¥ =Y and combining this with (5 this gives the lower
bound needed for {-HKE.
(iv) Assume that w-PHI(7) holds with constants C,---,Cs and take arbitrary

constants
0<C<Cy<Cy<Cy, Ci>1, C§>0.

Let
s C1+ O

= 5 and c; =

Cs+ Cy

5
Let zp € X, R > 0, and v = u(t, x) be a non-negative caloric function in Q(xq, 7(CyR), CtR).
Define the cylinders

Q-r(s,x) = (s+7(C1R), s + 7(CaR)) x B(x, R)
Q+.r(s,z) = (s + T(C3 ), s+ 7(C4R)) x B(z, R)
Q" g = (T(C1R), 7(C3R)) x B(o, R)
Q' r = (T(C5R), 7(CyR)) x B(xo, R)
and choose arbitrarily points
(s,2) € Q" g, (s,2") € Q' g

We will compare u(s,z) and u(s’,2") by taking a chain {(s;, z;)}}¥, where
(s0,m0) = (s,2), (sny,xn) = (5, 2)
and, fori =0,--- /N — 1,
(8i,2) € Q_ (55, T3), (Si41, Tig1) € Qi r(55, %), d(xi, wiq1) <7,

where

(§i7 jl) S Q(Im T<04,1R)7 CéR)
As d is geodesic such a choice of chain is possible when

2R
N <r and s;1 =s; +7(c4r) — ().

So, let us choose N = [2R/r| + 1. By the w-PHI(7), we have
u(si, zi) < CulSiry, Tis1),
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so we can obtain u(s,z) < C'u(s’,2’), where C' is independent of the choice of u
and R, provided the following inequality holds

(r(cyr) — 7(c{r))N < 7(C5R) — 7(C2R). (5.6)
By [BI2) we have

7(C3R) — 7(CyR) = (:Egzg - 1) 7 (CoR) > ((@)ﬁ B 1) 7 (CyR)

and, for any 0 < k < O,

B1
T (CyR) > (—) 7 (KkR) .
Combining these inequalities and choosing x small enough, we obtain
T(CgR) — T(CQR) Z T(FLR).

Hence, (B0)) is satisfied provided
T(cgr)—gR < 7(kR),
r

which is by (BIJ) the case if £ is large enough. m

Remark. (i) We say that a metric space (X,d) satisfies the chain condition if
there exists C' > 0 such that, for all z,y € X and any n € N, there exists a
sequence {z;}" , C X such that o = z,z, = y and d(z;, x;41) < Cd(z,y)/n for
all e = 0,1,--- ,n — 1. Clearly a geodesic space satisfies the chain condition. We
note that Proposition (i,iii) hold under the chain condition by the same proof
as above. However, Proposition (ii,iv) does not hold under the chain condition.
Indeed the example in Section [ (see Fig. [[Il) satisfies the chain condition, VD, and
w-PHI(7) with 7(r) = r? (so it satisfies w-LLE(7) by Theorem BI), but it does not
satisfy s-LLE(7) nor s-PHI(7).

(ii) Let ¢ > 1. We say that a metric space (X, d) satisfies UA(q), if the following
holds: for all 0 < r < R and z,y € X such that d(z,y) < R, there is a sequence

{x;}, with
q
r

such that z; € B(z,R) for all i = 0,....n, xy = x,z, = vy, d(z;,x;41) < r for all
i=0,...,n—1. (Note that because of the requirement z; € B (x, R), the hypothesis
(UA(q)) with ¢ = 1 is stronger than the chain condition.) It can be proved that
if (UA(q)) holds with ¢ < f3;, then Proposition and so Theorem hold by
modifying the definition of f-HKE(7) so that (B) holds with some exponent a > 0
instead of 1/(F2 — 1).
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6 Example

We give here an example that satisfies w-PHI(7) but not s-PHI(7).

Consider the following 2-dimensional Riemannian manifold X embedded in R?
(see Fig. [MI) equipped with the 3-dimensional Euclidean distance, which is not
geodesic in X.

Figure 11: Example that satisfies w-PHI(7) but not s-PHI(7)

Let xg,y9 € X be the points that attains minimum distance around two ends of
X. Note that VD holds for this example. s-HKE(7) holds as well for 7(r) = r?, since
f-HKE(7) holds for the Riemannian metric D that is geodesic, and D(z,y) < d(z,y)
in X. Thus, by Theorem Bl w-PHI(7) holds. However, B(xg, d(zo,y0) + €) is not
connected for small € > 0. A function which is 1 in the connected component of x
in B(zo,d(xo,y0) + €) and 0 otherwise is a caloric function in B(xg, d(zo, yo) +€) —
cf. Example 21(77). So s-PHI(7) cannot hold in this example.

ACKNOWLEDGMENTS. The authors thank R.F. Bass, Z.QQ. Chen, W. Hansen, J.
Hu, K.T. Sturm, and M. Takeda for valuable comments and discussions.
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