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DIMENSION OF SPACES OF HARMONIC FUNCTIONS

A, A, Grigor' yan

Suppose H i s a smooth connec~ed non·comp~c~ Riemannian manifold. Le~ B(M) be ~he space
of bounded harmon i c func~ ions on M ~nd DB(H) t he sp~ce of bounded harmonic funct ions whose
Dirichle t int egr a l is f inite . In this ~rticle we study dimension of sp~ce5 B(M) and OB(H) .
Since const~nt func~ions belong to bot h of these sp~ces. they are ~t le~st one-dimens i onal .
If B(H) is one· dimensional then the two-sided Liouville theorem holds. i .e• • every bounded
harmonic f unc tion on H is const ant. If D8(H) is one-dimensional t he n the following so·
ca l l ed D- Liuuville theo r em holds : every harmon i c f unc tion on H with a f i n ite Dirichl e t
int egr al i s constant [ I ) . I f these Liouvi lle theorems are not satisf i ed it i s t hen na t ural
t o ask t he ques t ion about d imension of spaces B(M ) and D8(H).

Dimens ion of the s pace 8(M) has been studied in numerous art icles for various classes
of manifolds. For example, Anderson [2J and Sullivan [3] proved that if H is a Cartan
Hadamard manifold t hen dimB(H ) • - . On the other hand , if H is a complete manifold with
non-negative Ricci curvature out s i de a compac~ set then dim8(H) < - ( see [4, 5] ) . A some"
wh~t more gener~l situation is discussed i n (6) .

In contrast to the ment ioned ~rticles ( and many others ), we do not res~rict t he ~n i ·

f old H a priori in any way . We define massive and D- mass i ve subsets of H and prove that
B(H) (respec~iYely . dim DB(H» i s equal to ~he maximal number of pairwise non- intersect ing
mass ive ( r es pec t ive ly. D·massive) subse~ of H.

To effectivel y us e the stated t heor em we need cr i teria of massivi~y and D-mass i vi t y
of sets . We proved in [1 ] a criterion of D-massivity i n terms of c~pacity (there we also
pr oved ~ p~rt icul~r c~se of our main theorem . namely we cited condit ions for wh ich dimB •
I, dimDB - 1) . I n particular. it implies that the di mension of the space DB (H) i s an in
var i ant under quasi-isome~ric mappings.

At present there is no effective criterion of mass ivity .

We no~that Lyons [7J recently proved that d imB(M ) is not i n general an inv~ r iant
under quasi- i sometries.

We no~ sta te the ex~ct formulations. A ha rmonic f unc t i on on H is called a smoot h sol u·
tion of an equat i on du • O. where d i s t he Laplace oe pr ato r associ~ted wi th the Riemannian
met ric on t he man i fold H. If manifold H ha s a boundary then in t he de finit ion of ~ harmonic
function we ~ lso requ ire that Neumants· condi t ion is sat i sf ied on t he bounda ry aH. i. e ••
au /awlaH • 0, where ~ is t he normal t o aH .
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A continuous function u defined on some open set 0 c M is called ,subharmoni c (super
harmonic ) if, for every domain C ~ a and a harmonic function, v • C (G), ul ac - vlsc implies
u s v in C ( r espect ive ly , u ~ v).

Definit i on . An open proper subs e t [] c H i s cal l ed massive if the re is a subha rmonic
function u (I[ C (0) such that u Iao - 0 , 0 s us 1 , uta O. Such functi on u is called an i nner
potential of t he set O. If the inner potential u • W2 . l oC

1 (0) and

then n i s ca lled D·massive.

Clearly, by applying the principle of maximum for subharmonic funct ions, we see that
a massive set is not precompact .

We will need the following useful property of mAssive sets.

LEMMA 1. Suppose 01 c O2 are open proper subsets of M. Then

a) if 0 1 is massive ( D· mas s i ve ) then 0: is also massive ( r espective l y , D-massive)i

b) if O2 is massive (D-massive ) and O2\ 0 1 compact then 0 1 is also massive (respect i ve 
ly. D·massive ) .

Pr oo f. Fi rs t of al l . we note t ha t i f u i s inner pot ent i a l of an open set 0 then by
ext endi ng u outside a with zero we obta in a subharmonic function on the entire manifold
H, which will also be called inner potential of n and also denoted by u .

a ) If u is an inner potential then u i s also an inner potential of O2 ,

b) Suppose u is an inner potential of 0 2 such that supu - 1. The strict maxLuum prin
ciple then implies that

Then a function ( u - m)+ i s an inner potential of n 1 • Clearly, i f D(u) < - , then D « u 
m)+ ) < _.

We now prove our main result.

THEOREM. Let III ~ 2 be a natural number. The following statements are equivalent :

1) dilllB(H} ~ m (diIllDB(H) ~ Ill};

2 ) there exist m pairwise non· intersection mass ive (respectively, D·massive) subsets
of H.

COROLLARY 1. A manifold H satisfies the two·sided Liouv~le theorem (respect ively,
the n·Liouville theorem) i f and only if every two massive (respectively, D-massive) subsets
have a non-empty intersection.

This as ser t i on is obtained from theorem 1 by letting III - 2 . We proved it using a dif·
ferent method in (1 J.

COROLLARY 2. If manifolds H1 and H2 are such that if the exteriors of some compactums
K1 i n HI and K: in H2 are isomet ric then dimDB(H1 ) - dimDB(H2 ) , dimB(H 1} - dimB(H 2 ) .

Indeed, if d1==dimB(H1 ) Z m, then there exist m non· intersection massive sets °1>

... • Om in H1 • Then Lemma 1 implies that sets 0i \K1 are also massive. Their isometric
images in H2\K2 are ~ssive and do not i nt er sec t , so therefore d 2==dimB{H: ) Z m. Since
t his app lies for all m, we have d : z d 1 • We similarly prove the inequality the other way,
obt ain i ng d: • d 1 • We s imilarly prove that dimDB(H2 ) - dimDB(H1).

COROLLARY 3. The dimension of the space DB(H} does not change under quasi-isometr ic
mappings of the manifold H.

Indeed . as shovn i n {il. t he notion of n·massivi t y is an i nvariant under quasi·isometric
mapPin gs , wh ich i mp l i es the above resul t .
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Proof of Theorem . 2) ..... O. Suppos e 01 ' • • . • Om are p.airvi_ non-intersaction .......{
subsets of H with i nner potential s U 1' u, • • • • • Um. respective l y . We prove t ha t dtm B(H) t

m. and i f 0 1 ' . • . • em are D-massive. t hen dimDB( H) ~ m.

Let {Bk} be ~n exhaustion of the man ifold H by precompac t domains vi th smooth
( t ransver sal t o aM if the boundary i s not empt y ). We solve t he following boundary
l ems i n Bk :

j041' "'" lim u~tl•.-
ex i s t s and i s a h~rmon i c function i n M. I n add ition. I ~ y ( i ) 2 Ui 2 O. We can as s ume
t hat sup Ui • 1. Then we a lso hav e sup v( i ) • 1 . We prove tha t ha rmonic funct i ons v( 1).

V(~)•.. .• v( m) are linearly i ndependen t . i n which ease dimB(H) ~ m. To do th i s . we note
that Qi n ~j • ( f or i + j) impl i es t ha t u i + Uj S 1. Ther efor e . Vk( i) + vk(j ) s 1 and

( r ecal l tha t ui - 0 out s i de Oi' . Since ui i s subharmonic. we have Vk( i ) ~ u i in Bk. There~

f ore . i n aBk we have Vk+l(i) ~ vk(i ) - u i ' and the maximum principle implies that Vk+ l ( i ) ~

Vk ( i ) i n Bk . Furthermore . ui s I impl i es vk( i) s 1. Therefore . a sequence of harmonic func~ {
t i ons {Vk( i)} (k • 1. 2• • •. ) increases and i s bounded . Consequent l y . a limit f

I
!

We now use ( 1 ) and the
l i near l y independent .

t a c t t hat su p v(t ) • I to prove that y ( t) (i - 1. 2•• . .• m) an
I ndeed. fo r eve ry E > 0 we can find a point Xi e H such that

11" 1 (z.) :> t - E.

Inequality (1) then i mplies that v(j) ( Xi ) < E . Since we a l s o have v(j) (Xt) ~ o. ~ matrix

1I1~ " (r,) 11:'.';_1

for sufficiently small E i s non-degene rate ( s i nc e the numbers on its diagonal
t o 1. and off~di~gonal numbers are close to 0) . Thus. functions v(i ) ( i • 1 .
are linearly independent .

If 0i are D~ma.sive then

are close
2•• •• • 111.)

Dirichlet's principle impl ies that

Lett ing k ~ -. we obta i n

i.e •• vet) e DB(H). dimDB{H) 2 111. .

1) - 2) . Suppose in H t here ar e III. linearly i ndepen dent f unctions u i IE B{H). We pr oVI
t ha t t here ar e m pa irwise non-inter sec tion mass i ve sets. Let Hbe the Cech compa ctitica·
tion of the mani f old H. i . e .• Mis a compact topological sp~ce suc h that M i s an open. every'
where dense subset of Hand eve ry cont i nuous bounded f unction on H can be cont inuous ly ex·
tended t o H. Let ~ • H\H. and extend funct i ons u i to Hby setting them equal t o f unction,
fi on~ . Then f l' f 2• . . . • fill. are continuous. linearly independent functions on ~. I ndeed.
i f k 1 f 1 + k2f , + .. • + kmfm • 0 for some constants k 1 • k 2 •• •• • km . then a harmon i c funct ion
u • k1u1 + k 2u 2 + •• . + kmUm i s equa l t o zero on u. The maximum pr i nc iple implies that u= O
on M. The l inear independence of functions u 1 • u, • . . . • Urn i mplies tha t k 1 a k2 • ••••

km - O. i . e . • f l' f, • . . . • fill. a r e l i nea r l y i ndependent .
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.-----------
w. could have chosen ~he desired massiva ••ts • • (z: Ut(x) > supui - £) ~(i -. 1. 2 •

• . • • ~ ). it for some ~ > 0 t~y were pa irwise non · i nt e r s ec t i on ( not e t~t • non-empty set
l UI > II } is mass ive with an inner potentbl (Ui - a)+). The latter is e qu ivalent to a
cond i tion tha t the s e t s o! poin t s i n u at which f lex) • sup!!. a re pa irwise non- i nte r s ect i ng .
Howeve r , t his is no t a l ways the case . We circumvent t h is diff iculty by using t he followin g
1...... .

LEMMA 2. Suppo•• u is a compact topologica l space, fl' £: • . ..• f m are linearly i nde 
pendent cont inuous functions on u . Then there exist function s F, . F: , • . . • Fm• which are
linea r combi na t i ons of f l ' fl • ... • f m• such that s ets ui • {x • u : FI (X) • maxF! } are
pa i rwi s e ncnlRtersacting.

The proof of L~ 2 is given below, after the completion of the proof of Theorem .

Since functions Fi 4re linear combinations of functions fl' f 2 • • • • • f m• there exist
funct ions v 1 ••• •• VIII' which are linear combinations of u l • u 2 • •••• Um such that u, I.. - Ft.
Clearly. Vi ~ B(H) .

If. in add ition. we have D (Ui) < "' . then D (Vi) < "'. i ••.• Vi c DB(H) .

Let 0i ' • ( x c H: vi(X ) > max £i - e } , Clearly. for every e > 0 the set Di£ is Illusive
(and if Vi e DB (H). then it i s D-mas s ive).

~e prove that for sufficient l y s~ll £ >0 t hese sets are pai rwi se non-int er sect i ng .
Assw:l.ing the opposi te . we have 0 i E n 0jE:' fo r some i ~ j and t • tk (k • 1, 2 • • •. I ,
where the sequence {Ek} tends to zero as k .. "'. Let xk be a point . in Ci t k n Qj t k As

k " "'. the sequence (xk) has a lilll i t point xg c H. Cl841rly. v, . (x.) '" ID&X £ ,'" sup t·, . I .

i . J . If x. e H then the strict maximum principle implies that Vi ... const . Vi • const. which
in turn i mpl i es that Fi • canst. Fj • canst . which contradicts the fact that functions Fi
and Fj do not have common ~~ points . If x•• ~. then x g is a coamon aaximum point
of functions 'i and Fjo which again contradicts their choice.

Thus. f or some t > O. sets Ci t (i ... 1. 2•...• Ill ) are p4irwise non-intersecting and
massive (D- mass i ve) . as required .

Proo f of Lemma 2: Define a mapping I: ~ ~ n- as follows :

J (r) - UI (z) ./, (z ), . • . • / .., (z)).

compact
If that

Since I is 4 continuous mapping. its im&.e ~ - I(~) is
not contained in any (m - 2}-dimensio~l plane in R"'.
the origin are contained in a hyperplane defined by

4 1X1 + ¥, + . .. + 4 ... X ... - O.

in R....
is not

We
the

show
case

that X. is
then X and

where XI ' • • • • Xu, are moving coordinates in R... . In particular. for every :I • ~ ve have

'1/' (.r) + ':I, (.r) + . . . + a.,J. (z) - O.

which contradicts the linear independence of functions f l • • . • • f••

A point z e X. is called a support point if t he r e exists a strictly supporting hyper 
plane P containing the point z. i.e • • a hyperplane such that K\ {z ) lies strictly to one
s id . of P. It is known that every compactUCI i nR", I s contained in a closed convex enve lope
of its support points (se. (Sl ). Therefore . K has at least m support points . Indeed. if
there are no more than m - 1 support points . then their closed convex envelope. along with
the compactum K. is conta ined in some (m - 2)-dimensional plane. which contradicts the abo ve
results. Thus. there are III d ifferent support points in K. say Zl. %, • • • •• ~. Let Pl'
P2' • •• • Pili be the corresponding strictl y supporting hyperplanes. Suppose Pi is defined
by an equation If (X) ... ci. where l ; ( X ) is a linear function in n-' and ci - canst . The s i gns
of if and ci are chosen such that over K we have Ij (X) sCi ' We assert that fun ctions Fi •
I, • I are the desired ones cn u , Indeed. · functions II ar e linear combinations of coordi
nate funct ions XI ' • • • • 1m. so therefore Fi are linear combinations of funct ions Xj • I •
f j on u. Furthermore. since %i is a support point . i t i s the only max illlUlll point of the fun c
tion ' ion K. The ~imum points of Fi on \.l are preimages I- l (zi ). whic h c l ea rly are pair
wise non-inter section for i • 1. 2 • . . .• m. Q. E.D .
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Example .
( r egarded as a

Suppose H is an unbounded closed region i n RIO (0 :t -J) -v ith
mani fo ld with a boundary) . Let

F = (r =R ~ : z" ;> 0, l'r x',J'+;-.-.-.--':- z";.-_1 < I (z ,,» .

a -smooth

..

where t he continuous function f on [0 . +- ) is such that

r i(r }" - l dr < .:"C . If > ;! :

,' " d.l < ;:00,; . 11 =3•
• h' I I · · 1!1 1/))

Suppose a se t H\F has m co nnected components 01 ' . • •• Om . ea ch of whi ch conta i ns An
i nf ini te cone . t Then every un iforml y ellipt ic eq uation

~;', j"l (J dr d atj (r ) {Ju/dz,) = U (2)

with smooth coeffi cient s has at l eas t m linearly i ndependent bounded solutions in H whi cb
have a fini t e Dir i ch l e t intesral and satisfy Ne~nls condi t i on on t he conor=a l on aH .

Indeed. sets ai ' . . . • Om ar e D-mass ive in the manifold H with the Eucl i dean metri c
of RIO (1). Let H* be a mani fold equal t o H as a set with a Riemannian met ric such that
Eq . (2) is Lapl ace 's equa t i on. Since ( 2) is uniforml y e lliptic . mani fo l ds Hand H* are
quasi -isomet ric . Our theo rem dic t ates that d imDB(H) ~ m. so t he r e f or e Corollary 3 impl ies
that dim DB(H* ) ~ m, as desired .

I n co nc l usion . we would like t o t hank E. H. Landis and N. S. Nadi rashv i li f or t he i r
us eful di scussion of problems addr essed i n this article.
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