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Abstract

Let G = (V, E) be a locally finite graph, Q C V be a bounded open domain, A be the usual graph
Laplacian, and 4;(€2) be the first eigenvalue of —A with respect to Dirichlet boundary condition.
Using the mountain pass theorem of Ambrosette and Rabinowitz, We prove that if @ < 1;(Q),
then for any p > 2, there exists a positive solution to

—Au —au = ul%u in Q°,
u=0 on 9Q,

where Q° and 0Q denote the interior and the boundary of Q respectively. Also we consider simi-
lar problems involving the p-Laplacian and poly-Laplacian by the same method. Such problems
can be viewed as discrete versions of the Yamabe type equation on Euclidean space or compact
Riemannian manifolds.
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1. Introduction

Let Q be a domain of R” and Wé “/(Q) be the closure of Cy(€) with respect to the norm

1/q
el = ( f (Vul? + |u|4)dx) :
Q

Then the Sobolev embedding theorem reads
LP(Q) for quSq*=%, when n > g
Wé’q(Q) —{ LP(Q) for g < p < +00, when g =n

clna(Q), when ¢ > n.
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The model problem

—Au + Au = |ulP2u,
(1)

u e Wy(Q)

or its variants has been extensively studied since 1960s. Let J : W(;’Z(Q) — R be a functional

defined by
1 1
J(u) = = f(IVul2 + uP)dx — — f lulP dx.
2 Ja P Ja

Clearly the critical points of ¢ are weak solutions to the problem (1). In the case 2 < p < +o0
whenn =1,2,0or2 < p <2* =2n/(n—2) when n > 3, one can check that supWé,z(Q) J = +o0
and ian(;,z(Q) J = —oo. In [12], Nehari obtained a nontrivial solution of (1) when 4 > 0 and
Q = (a,b), by minimizing J in the manifold

N = {ue WyAQ) : (J'(w),u) = 0, u # 0}.

In [13], he proved the existence of infinitely many solutions and in [14], he solved the case where
Q=R3 1>0and2 < p < 6 after reduction to an ordinary differential equation. When Q is
unbounded or when p = 2%, there is a lack of compactness in Sobolev spaces because of invari-
ance by translation or by dilation. Some nonexistence results follow from the Pohozaev identity.
General existence theorems were first obtained by Strauss [18] when Q = R” and by Brezis-
Nirenberg [5] when p = 2*. The Brezis-Lieb lemma and Lions’ concentration compactness
principle are important tools in solving those problems. For other existence results for variants
of (1), we refer the reader to [21].
Analogous to (1), one can consider the problem

{ —Au = f(x,u) in Q

' 2
ue WinQ),

where A, is the n-Laplace operator and f(x, s) has exponential growth as s — +co. Instead of
the Sobolev embedding theorem, the key tool in solving the problem (2) is the Trudinger-Moser
embedding contributed by Yudovich [27], Pohozaev [16], Peetre [15], Trudinger [19] and Moser
[11]. In [1], Adimurthi proved an existence of positive solution to (2) by using a method of
Nehari manifold. In [6], de Figueiredo, Miyagaki and Ruf considered (2) in the case that Q is
a bounded domain in R?, by using the critical point theory. In [7], by using the mountain pass
theorem without the Palais-Smale condition, do O improve the results of [1, 6]. In [8], using the
same method, he extended these results to the case that Q is the whole Euclidean space R”. For
related problems, we refer the reader to [9, 2, 23, 24] and the references there in.

On Riemannian manifolds, an analog of the model problem (1) arises from the Yamabe prob-
lem: Let (M, g) be a compact n (> 3) dimensional Riemannian manifold without boundary.
Does there exist a good metric g in the conformal class of g such that the scalar curvature R;
is a constant? This problem was studied by Yamabe [22], Trudinger [20], Aubin [4], and com-
pletely solved by Schoen [17]. Though there is no background of geometry or physics, there
are still some works concerning the problem (2) on Riemannian manifolds, see for examples
[26, 10, 28, 25].

Our goal is to consider problems (1) and (2) when an Euclidean domain Q is replaced by a
graph. Such problems can be viewed as discrete versions of (1) and (2). In this paper, we only
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concern finite graph, which is one of the simplest graphs. The key point is an observation of
pre-compactness of the Sobolev space in our setting. Using the mountain pass theorem due to
Ambrossete and Rabinowich [3], we prove the existence of nontrivial solutions to Yamabe type
equations on finite graphs.

This paper is organized as follows: In Section 2, we give some notations on graph and state
main results. In Section 3, we establish Sobolev embedding such that the mountain pass theorem
can be applied to our problems. Local existence results (Theorems 1-3) are proved in Section 4,
and global existence results (Theorems 4-6) are proved in Section 5.

2. Settings and main results

Let G = (V, E) be a finite or locally finite graph, where V denotes the vertex set and E denotes
the edge set. For any edge xy € E, we assume that its weight w,, > 0 and that w,, = w,,. The
degree of x € V is defined as deg(x) = X, , Wy, where we write y ~ xif xy € E. Letu: V > R
be a finite measure. Then the u-Laplacian (or Laplacian for short) on G is defined as

M) = 2%t = o G)
The associated gradient form reads
T )0 = 5 3" wiyuy) — D) = v, @
p(x) £
Write I'(«) = I'(u, u). For any function u : V — R, we denote the length of its gradient by
1/2
[Vul(x) = YT (u)(x) = [ﬁ ; Wy u(y) —u(0))*| . ®)

For any positive integer m, we define the length of m-order gradient of u by

|VA%M|, when m is odd
[V™ul = (6)

n .
|AZu|, when m is even,

where |VA% u| is defined as in (5) with u is replaced by A" u, and |A% u| denotes the usual
absolute of the function A% u. Let Q be a domain in V. To compare with the Euclidean setting,
we denote, for any functionu : V — R,

f udy = " p(ou(x). 7
Q xEQ

The first eigenvalue of the Laplacian with respect to the Dirichlet boundary condition reads

Vul?d
M@= int O%, ®)
uZ0, ulpa= u /J
[9)

where 0Q is the boundary of Q, namely 0Q = {x € Q : dy ¢ Q such that xy € E}. Moreover, we
denote the interior of Q by Q° = Q \ 9Q. Our first result is the following:
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Theorem 1. Let G = (V, E) be a locally finite graph, Q C V be a bounded open domain with
Q° # &, and 1,(Q) be defined as in (8). Then for any p > 2 and any a < A;(Q), there exists a
solution to the equation

—Au—au=uf?u in Q°
©

u>01in Q° u=0 on 0Q.

The p-Laplacian of u : V — R, namely A,u, is defined in the distributional sense by

f (Apu)ddp = — f IVulPT(u, g)dp, V¢ € Ce(V),
1% Vv

where y(u, ¢) is defined as in (4) and C.(V) denotes the set of all functions with compact support.
Point-wisely, A,u can be written as

1
Bpu) = 3= D (Va2 0) + Vil 2(0) way () = u()).

yx

When p = 2, A, is the standard graph Laplacian A (see (3) above). The first eigenvalue of the
p-Laplacian with respect to Dirichlet boundary condition reads

Jo IVulPdpe

in - 10
u0, |0 =0 fQ|M|”dM (10

Ap(Q) =

Our second result can be stated as follows:

Theorem 2. Let G = (V,E) be a locally finite graph, Q2 C V be a bounded open domain with
Q° # &. Let 1,(Q) be defined as in (10) for some p > 1. Suppose that f : Q x R — R satisfies
the following hypothesis:

(Hy) For any x € Q, f(x,t) is continuous in t € R;

(Hy) For all (x,t) € Q X [0, +00), f(x,1) >0, and f(x,0) = 0 for all x € Q;

(H3) There exists some q > p and sy > 0 such that if s > s, then there holds

F(x,s) = f f(x, Hdt < ésf(x, s), VYxeQ,
0

(Hy) For any x € Q, there holds
fx,0

lim su
p P

t—0+

< 2,(Q).

Then there exists a nontrivial solution to the equation

=Apu = f(x,u) in Q°
u>0in Q°, u=0 on 0Q.

Y

In Theorem 2, if p = 2, then s]92s (g > 2) satisfies (H) — (Hy). Moreover, the nonlinearities
in Theorem 2 include the case of exponential growth as in the problem (2). For further extension,
we define an analog of 4,(€2) by

|Vﬂ1u|pd
Aup(Q) = inf u (12)

ueH fglul”d/l ’
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where m is any positive integer and H denotes a set of all functions u # 0 with u = [Vu| = --- =
[V"~lu| = 0 on AQ. Then we have the following:

Theorem 3. Let G = (V, E) be a locally finite graph and Q C 'V be a bounded open domain with
Q° + @. Let m > 2 be an integer and p > 1. Suppose that f : Q X R — R satisfies the following
assumptions:

(A1) f(x,0) =0, f(x,1) is continuous with respect to t € R;

(A2) lim sup, o LN < 4,,,(Q);

[
(A3) there exists some q > p and M > 0 such that if |s| > M, then

0 < gF(x,s) < sf(x,s), VxeQ.
Then there exists a nontrivial solution to the equation

{ Lnpu=f(x,u) in Q°

‘ (13)
Viul=00n9dQ,0< j<m-1,

where L,, , u is defined as follows: for any ¢ with ¢ = |V¢| = ---
holds

[V"=1g| = 0 on 09, there

fg |V’"u|p‘21"(AmTf1 u, A ¢)du, when m is odd,
(Lm,p u)¢d/l = n m .
Q fQ [V ulP2AT uA? ¢du, when m is even.
In particular, if p = 2, then L, , u = (—A)"u.

If G = (V,E) is a finite graph, we also have existence results similar to the above theorems.
Analogous to Theorem 1, we state the following:

Theorem 4. Let G = (V, E) be a finite graph. Suppose that p > 2 and h(x) > 0 forall x € V.
Then there exists a solution to the equation

(14)

—Au+hu=uP?u in V
u>0in V.

Similar to Theorem 2, we have

Theorem 5. Let G = (V, E) be a finite graph. Suppose that h(x) > 0 for all x € V. Suppose that
[ VXR — R satisfies the following hypothesis:

(H‘l,) For any x € V, f(x,1) is continuous in t € R;

(H‘z,) For all (x,1) € V X [0, +00), f(x,) 20, and f(x,0) =0 forall x e V;

(H%,) There exists some g > p > 1 and sy > 0 such that if s > s, then there holds

F(x,s) = f f(x,Hdt < cl]sf(x, s), VxeV,
0

(Hi‘,) For any x € V, there holds

t (IVul? + hlulP)du
lim sup (x’l) < A,(V) = inf b .
T [ vd
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Then there exists a nontrivial solution to the equation

{ —Apu+hlu|/"2u = f(x,u) in V
(15)

u>01inV,
where Aju denotes the p-Laplacian of u.
Finally we have an analog of Theorem 3, namely

Theorem 6. Let G = (V, E) be a finite graph. Let m > 2 be an integer and p > 1. Suppose that
h(x) > 0 for all x € V. Assume f(x,u) satisfies the following assumptions:

(A%,) Forany x €V, f(x,0) =0, f(x,?) is continuous with respect to t € R;

o AVl s

(A%,) there exists some q > p and M > 0 such that if |s| > M, then

(A3) Tim sup, g L2 < 4,,,(V) = infz0

0<qF(x,s) <sf(x,s), VxeV.
Then there exists a nontrivial solution to
Lypu+hul’u=f(x,u) in V, (16)

where L, , u is defined in the distributional sense: for any function ¢, there holds

m—1

[, IV"ulP LA™ u, A ¢)dy, when m is odd,
| o= e |
|4 fv V™ ulP~> A2 uA2 ¢du, when m is even.

3. Preliminary analysis

Let G = (V, E) be a locally finite graph, Q C V be an open domain, Q2 be its boundary and
Q° be its interior. For any p > 1, W™P(Q) is defined as a space of all functions u# : V — R

satisfying
m 1/p
||M||Wm»P(Q)=(Zf|Vku|pdu) < 0. 17)
k=0 v

Denote Cfj'(2) be a set of all functions u : Q — R withu = [Vu| = --- = [V~ 1yl = 0 on Q. We
denote W,"”(Q) be the completion of Cf(€2) under the norm (17). If we further assume that Q is
a bounded domain, then Q is a finite set. Observing that the dimension of W(')" "P(Q) is finite when
Q is bounded, we have the following Sobolev embedding:

Theorem 7. Let G = (V, E) be a locally finite graph, Q be a bounded open domain of V such
that Q° # &. Let m be any positive integer and p > 1. Then Wg’ P(Q) is embedded in L1(Q) for
all 1 < g < +oo. In particular, there exists a constant C depending only on m, p and Q such that

1/q 1/p
( f Iulqd,u) < c( f IV’"ul”du) (18)
Q Q

forall 1 < g < +o0 and for all u € Wy""(Q). Moreover, W,""(Q) is pre-compact, namely, if uy is
bounded in W' (Q), then up to a subsequence, there exists some u € W' (Q) such that ux — u
in W (Q).
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Proof. Since Q is a finite set, W;"’(Q) is a finite dimensional space. Hence W;*’(Q) is
pre-compact. We are left to show (18). It is not difficult to see that

I/p
ey = ( | IV'"uI”d,u) 19)
Q

is a norm equivalent to (17) on W;*"(€). Hence for any u € W;;""(€Q), there exists some constant
C depending only on m, p and Q such that

1/p l/p 1/p
( fg Iulpd#) =(Zu(x>|u(x)|"] SC( fQ IV’”qud,u) : (20)

xeQ

since Wg’ "’(Q) is a finite dimensional space. Denote yyi, = min,cq u(x). Then (20) leads to

min

C
el ) < ’u_Hu”W(')”"’(Q)’

and thus for any 1 < g < +o0,

e ¢ C
( [ Iul"dﬂ) < S0 ullyrry < ~— (1 + @Dy,
Q H

HMmin min
where Q| = Y cq p(x) denotes the volume of Q. Therefore (18) holds. O

If V is a finite graph, then W"7(V) can be defined as the set of all functions u : V — R under

the norm
1/p

lleel lwmr vy = (f(IVmulp + hlul)dp | (2D
14
where h(x) > 0 for all x € V. Then we have an obvious analog of Theorem 7 as follows:

Theorem 8. Let V be a finite graph. Then W™P(V) is embedded in L1(V) for all 1 < g < +oo.
Moreover, W™P(V) is pre-compact.

Obviously, both Wé’p (Q) and W*P(V) with norms (19) and (21) respectively are Banach
spaces. Let (X, || - ||) be a Banach space, J : X — R be a functional. We say that J satisfies the
(PS). condition for some real number c, if for any sequence of functions u; : X — R such that
J(ur) — c and J'(uy) — 0 as k — +oo, there holds up to a subsequence, u; — u in X. To prove
Theorems 1-6, we need the following mountain pass theorem.

Theorem 9. (Ambrosetti-Rabinowitz, [3]). Let (X, || - ||) be a Banach space, J € C'(X,R), e € X
and r > 0 be such that ||e|| > r and

b= Hir”17f J(u) > J(0) = J(e).
If J satisfies the (PS). condition with ¢ := inf,cr maxpo,17 J(y(?)), where
[:={yeC(0,1],X) : y(0) = 0,y(1) = e},

then c is a critical value of J.



4. Local existence

In this section, we prove Theorems 1-3 by applying Theorem 9.

Proof of Theorem 1. Let p > 2 and @ < 4;(Q2) be fixed. For any u € Wé’z(Q), we let

s = fg (Vul - au)dya - 11—7 fg Wy du,

where u*(x) = max{u(x),0}. It is clear that J € CI(W(;‘Z(Q),]R). We claim that J satisfies the

(PS). condition for any ¢ € R. To see this, we take a sequence of functions u; € W(;’z(Q) such
that J(u;) — ¢, J'(ur) — 0 as k — +oo. This leads to

1 1
3 f (Vur? = au)dp — — f () dy = ¢ + o (D), (22)
Q P Ja

[ vt - audrd - [ wpran
Q Q

Noting that p > 2, we conclude from (22) and (23) that u; is bounded in WS’Z(Q). Then the
Sobolev embedding (Theorem 7) implies that up to a subsequence, u; converges to some function
u in Wé’z(Q). Hence the (PS). condition holds.

To proceed, we need to check that J satisfies all conditions in the mountain pass theorem
(Theorem 9). Note that

< Ok(l)”uk|lw(;<2(g)~ (23)

J(0) =0. 24)

By Theorem 7, there exists some constant C depending only on p and Q such that

1/p 1/2
( f (u+)pdu) < C( f |Vu|2d,u) )
Q Q

Hence there holds for all u# € W(;’Z(Q)

J) > L., croop
@2 Sy, = Ml o

One can find some sufficiently small r > 0 such that

inf  J(u) > 0. (25)

llll 12 =T
\Vo Q)

Take a function u* € W(;’2(Q) satisfying u* > 0 in Q°. Passing to the limit # — +oco, we have
£ 1P
sy =5 [[Qv = a - [ @y e
2 Ja P Ja

Hence there exists some 1y € Wé’z(Q) such that

J(wo) <0, luollyzgy > 7 (26)
8



Combining (24), (25) and (26), we conclude by Theorem 9 that ¢ = inf,er maxeo,17 J(y(¢)) is a
critical value of J, where I' = {y € C([0, 1], Wé’z(Q)) :¥(0) = 0,v(1) = up}. In particular, there
exists some function u € WS’Z(Q) such that

“Au—au=@wH?" in Q. 27

Testing this equation by = = min{u, 0} and noting that u~u* = u~(u*)?~! = 0, we have

—fu_Aud,u—a/f(u_)zd,u =0.
Q Q

Since u = u* + u~, the above equation leads to

ad f \VuPdu > « f (u)?du = f \Vu Pdu — f w Autdu. (28)
41(Q) Jo o o Q

- f u” Autdu
Q

Note that

= D@ Y wet () - u* (%)

xeQ° y~x
= = D WU () 2 0. (29)
xeQe° y~x

Inserting (29) into (28) and recalling that @ < 1;(£2), we obtain fg |Vu’|2dy = 0, which implies
that u~ = 0 in Q. Whence u > 0 and (27) becomes

“Au—au=uP"! in Q°
(30)

u>0in Q°, u=0 on 0Q.
Suppose u(x) = 0 = min,cp u(x) for some x € Q°. If y is adjacent to x, then we know from (30)
that Au(x) = 0, and thus by the definition of A (see (3) above), u(y) = 0. Therefore we conclude

that u = 0 in Q, which contradicts (25). Hence u > 0 in ° and this completes the proof of the
theorem. 0

Proof of Theorem 2. Let p > 1 be fixed. For any u € W(;’p(Q), we let

1
J,,(u):—f|Vu|pdy—fF(x,u+)dy,
P Ja Q

where u*(x) = max{u(x),0}. In view of (H,), there exist two constants A and § > 0 such that

A < A,(Q) and

(u+)p+l
6p+l

F(x,u™) < %(bﬁ)” + F(x,u").

For any u € Wé’p (©) with ||u||W|,,,(Q) < 1, we have by the Sobolev embedding (Theorem 7) that
0
|lu|lc < C for some constant C depending only on p and €, and that

F(x,u") < ﬁ(w)f’ + Cuh)rP!,
9



This together with (10), the definition of 1,(2), and Theorem 7 leads to

1 1+1/p
F(x,u™)du < f [Vu*|Pdu + C (f |Vu+|”d/,t) )
j(; PA(Q) Ja Q

Here and throughout this paper, we often denote various constant by the same C. Noting that

1
e Z W (u(y) — u(x))?

1
= 3 2 @O = 0 @) - )?
y~x

IVul*(x)

—2ut (Y)u~(x) = 2u" (x)u” ()}

> |Vu'f(x),
we have |Vu*|? < |Vul?. Hence if ||u||W1.p(Q) < 1, then we obtain
0
1) > Ap(Q) -4 Vuld C(f Vupd )l+l/b
u) > — ulPdu — ul’du .
g PAQ) Jo a
Therefore

inf  J,w) >0 (31)

leall 1. ) =
Wyt @

provided that r > 0 is sufficiently small.
By (H3), there exist two positive constants ¢; and ¢, such that

F(x,ut) > e - cy.

Take ug € WS”’ () such that uy > 0 and uy # 0. For any ¢ > 0, we have
1P
Jp(tug) < — f [VuolPdu — ¢t f updp — 2|Q.
P Ja Q

Since ¢ > p, we conclude J,(tup) — —oo as t — +oco. Hence there exists some u; € Wé’p Q)
satisfying
Jp(ul) <0, ”ul”W(}"’(Q) >r. (32)

We claim that J, satisfies the (PS ). condition for any ¢ € R. To see this, we assume J, (i) —
c and Jy,(u) — 0 as k — +oco. It follows that

1
—fIVukI”dﬂ—fF(x,uZ)dﬂ=C+0k(l)
P Jo Q

LIVuklpdu—fQukf(x,uZ)dM = o(Dlluell -

In view of (H3), we obtain from the above two equations that u; is bounded in Wé’p (©). Then
the (PS ). condition follows from Theorem 7.
10



Combining (31), (32) and the obvious fact J,(0) = 0, we conclude from Theorem 9 that there
exists a function u € Wé’p(Q) such that J,(u) = inf,er max;ejo,17 J,(y(#)) > 0 and JI’,(u) =0,
where I' = {y € C([0, 1], W(;’p (Q)) : v(0) = 0,¥(1) = u;}. Hence there exists a nontrivial solution

ue WOI"" () to the equation
-Apu = f(x,u*) in Q°.

Noting that T(u™,u) = T'(u™) + T(u~,u*) > |Vu~|*, we obtain

f|Vu’|”dﬂ§fIVu’I”’zl"(u’,u)d,uz—fu’Apud,uzfu’f(x,u*)dxz()
Q Q Q Q

This implies that = = 0 and thus u > 0. O

Proof of Theorem 3. Let m > 2 and p > 1 be fixed. For any u € W(’)””’(Q), we write

1
Jnp(u) = —f|V’"u|”d,u—fF(x,u)du.
P Ja Q

By (A), there exists some A < A,,,(Q) and 6 > 0 such that for all s € R,

|s|+!

p+1

1
F(x,s) < —lsl” + [F(x, s)l.
p

By Theorem 7, we have

1+1/p
f lulP ™ dp < C( f |V’”u|pd,u) , (33)
Q Q
1/p
el sc( fﬂ IV’"ul”dﬂ) . (34)

Forany u € Wg’ P(Q) with ”M”W(r]n,p(g) < 1, in view of (34), there exists some constant C, depending
only on m, p and Q, such that [|u||z~) < C and thus ||[F(x, u)||z=) < C. This together with (33)

gives
d 4 ¢ p+1
F(x,u)du < lul”dp + — [P F (x, u)|du
Q P Ja 0P+t Ja
1 1+1/p
< ———— | V"ud +C(f [V™ulPd ) .
Hence .
Juplay 2 20 =4 f V™ ulP dy — ( f IV"u Ipdu)+ !
P mp(Q) ’
and thus

inf  Jp(u) >0 (35)

=

for sufficiently small r > 0.
By (A3), there exist two positive constants ¢ and c¢; such that

F(x,s)>cils|? — ¢y, VYseR.
11



For any fixed u € W;*"(Q) with u # 0, we have

tP
Jmp(tu) < l f V" ulPdu — cq|t|? f [ul?du + c,|Q| —» —o0
P Ja Q
as t — co. Hence there exists some u; € W, (Q) such that

Jmp(u2) <0, Nluallyrr ) > 7. (36)

Now we claim that J,,,, satisfies the (PS ). condition for any ¢ € R. For this purpose, we take
ur € Wi (Q) such that J,,,,(ux) — ¢ and Jy, ,(ux) — 0 as k — +co. In particular,

1
—fIV’”ukl”du—fF(x,uk)du=C+0k(l), (37
P Ja Q

fleuklpd#—fukf(% u)dpe = op(D)llugllyr - (38)
Q Q

By (A3), we have

q f Flxudp < g f |F(x, w)ldu + q f F(x, w)dp
Q lurl<M [ |>M
< f i f(x, up)du + C
|ug|>M
< f u f(x, up)du + C. 39)
Q

Combining (37), (38) and (39), we conclude that u; is bounded in W;"’(Q). Then the (PS).
condition follows from Theorem 7.

In view of (35) and (36), applying the mountain pass theorem as before, we finish the proof
of the theorem. (Il

5. Global existence

In this section, using Theorem 9, we prove global existence results (Theorems 4-6). These
procedures are very similar to that of Theorems 1-3. We only give the outline of the proof.

Proof of Theorem 4. Let p > 2 be fixed. For u € W'2(V), we let

Jy(u) = % j; (Vul® + hu*)du — % fv (uhPdu.

We first prove that Jy satisfies the (PS). condition for any ¢ € R. To see this, we assume
Jv(ur) — c and J{,(ur) — 0 as k — oo, namely

1 1
3 f (Vurl® + hug)dp — — f W )Pdp = ¢ + o (1), (40)
v P Jv

f (Vourl* + hu)dp - f <u,:)"du‘ < ox(Dlluellwrzgy).- (41)
\%4 )%
12



It follows from (40) and (41) that u; is bounded in W'2(V). By Theorem 8, W2(V) is pre-
compact, we conclude up to a subsequence, u; — u in W2(V). Thus Jy satisfies the (PS),
condition.

To apply the mountain pass theorem, we check the conditions of Jy. Obviously

Jy(0) = 0. (42)

Note that #(x) > 0 for all x € V. By (21),

1, = f (VuP + i), u € W),
14

By the Sobolev embedding (Theorem 8), we have for any p > 2,

ﬁ(u+)pd# S C”M”‘p;l/lZ(V)

Hence
inf  Jy(u) >0 43)

llellyy1.2)=r

for sufficiently small > 0. For any fixed # > 0 with & # 0, we have Jy(tii) = —oco as t — —oo.
Hence there exists some ¢ € WH2(V) such that

Jv(e) < 0, ”e”Wl,Z(V) >r. (44)

Combining (42), (43) and (44) and applying the mountain pass theorem (Theorem 9), we find
some u € W"2(V) \ {0} satisfying

“Au+hu=@wH" in V

Testing this equation by u~, we have
f (Vu > + h(u)*)du < f u (=Au + hu)du = 0,
1% v
which leads to u~ = 0. Therefore u > 0 and

—Au+hu=u""" in V

If u(x) = 0 for some x € V, then Au(x) = 0, which together with # > 0 implies thatu = Oin V.
This contradicts u # 0. Therefore # > 0 in V and this completes the proof of the theorem. ]

Proof of Theorem 5. Let p > 1 be fixed. For u € W»(V), we define

1
Jyp(u) = — f(|Vu|‘” + hlulP)du —fF(x, u*)du.
pJv 1%

Write
1/p
lleellwr.e vy = (f(IVulp +h|u|”)du) .
v

13



By (H?,), there exist two constants A and 6 > 0 such that A < /lf},(V) and

(u+)p+1
6p+1

A
F(o,u™) < —(u™)? + F(x,u").
p
For any u € W"(V) with |lullw1.»(, < 1, we have by Theorem 8 that ||ull < C, and that
A
F(x,u™) < Zh? + CuhHr+!.
p

This together with the definition of /IZ(V) and the Sobolev embedding (Theorem 8) leads to

A
+ +1P +p+l
R T Mo+ O
Then we obtain for all u with [|ully1,y < 1,
/lh _
Jup(u) > L=——ull?, ., = Cllull73", .
pxlp(V) wlr(v) wlr(v)
Therefore
inf  Jy,u) >0 (45)

llly 1., =

provided that » > 0 is sufficiently small.
By the hypothesis (H%,), there exist two positive constants ¢; and ¢, such that

F(x,u™) > ci(u*)? —cs.

For some u* € W"(V) with u* > 0 and u* # 0, we have for any t > 0,
* tp *1|1P *
JWOM)S;ﬂmHwﬂw—cﬁiLW)QM—cﬂW.

Hence Jy,,(fu*) — —co as t — +co, from which one can find some e € W'(V) satisfying
Jvp(e) <0, lellwryy > . (46)

We claim that Jy,, satisfies the (PS). condition for any ¢ € R. To see this, we assume
Jyp(ux) — ¢ and J{,’p(uk) — 0 as k — +oo. It follows that

1
Sty - f Fx,u)d = ¢ + og(1)
Vv

[ [ fqu(x, ug)dp = o(Dllugllwrov)-
14

In view of (H, 3,), we conclude from the above two equations that u;, is bounded in W'»(V). Then
the (PS). condition follows from Theorem 8.

Combining (45), (46) and Jy,(0) = 0, we conclude from Theorem 9 that there exists a
nontrivial solution u € W'»(V) to the equation

—Apu + hlulPu = f(x,u™) in V.
14



Noting that T(u~,u) = T(u™) + T(u",u*) > |Vu~[?, we obtain
f(|Vu_|” + hlu”|P)du < — f u”Apudy + fhu_lul”_zud,u = fu‘f(x, ut)dx = 0.
14 1% 1% 1%
This implies that 4™ = 0 and thus u > 0 in V. (]
Proof of Theorem 6. Let m > 2 and p > 1 be fixed. We define
1 m
J,Zp(u) =— f(IV ul” + hlu|”)du —fF(x, u)du.

P Jv 14

By (A%,), there exists some A < 4,,,(V) and § > 0 such that for all x € V and s € R,

|Sw+1

6p+1

A
F(x,s) < —|sl” + |F(x, 5)].
p

For any u € W™P(V) with [lullym.,(v) < 1, we have ||ullc < C and thus ||[F(x, u)|l < C. Hence

Pl C
f F(x,udu < = f |ulPdu + f [P F (x, w)ldu
% pJv o+t Jy

m”“”"ww &
It follows that
Iy W) 2 %||u||@,,,,,,(v) = Cllulliyly,
and thus
inf  J, () >0 47)

[leellyym.p vy =r

for sufficiently small r > 0.
By (A%,), there exist two positive constants ¢; and c¢; such that

F(x,s)>ci|s]! —cp, VYseR.

For any fixed u € W™P(V) with u # 0, we have

t|P
Iy < f (V"ul? + Hlul? e = 1o f il + ol V] — —o0
p Jv 14
as t — oo. Hence there exists some e € W?(V) such that
Typ(€ <0, lellwnv) > . (48)

Now we claim that J,Xp satisfies the (PS ), condition for any ¢ € R. For this purpose, we take

i € W™P(V) such that J) (i) — ¢ and (J),,)' (ux) = 0 as k — +co. In particular,

1
P f(IV'"uklp + hlug|”)dp — f F(x, up)dp = ¢ + ox(1), (49)
Vv Vv

f(Wkal‘” + hlug|”)dy - f uy f(x, w)dp = op(D)llugllwms vy (50
v v
15



By (A%,), we have

q f Fx,updp < ¢ f |FCx, u)ldu + q f F(x, up)du
Vv Jurl<M lug|>M
< f i f(x, up)du + C
lug|>M
< fukf(x, w)du + C. oy
1%

Combining (49), (50) and (51), we conclude that u; is bounded in W™?(V). Then the (PS),
condition follows from Theorem 8.

In view of (47), (48) and the fact J,‘,:p(O) = 0, applying the mountain pass theorem, we finish
the proof of the theorem. (]
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