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1 Introduction
Let us consider a stationary Schrédinger equation in R?,
Au —up(z) =0, (1.1)

and study the question if the equation (1.1) has a bounded non-vanishing global
solution in RY. Here pu(z) > 0 is either a measurable function or, more generally,
a measure of a certain class. Our aim is to characterize those p which admit such
solutions.

Let us note that the Laplace operator can be replaced by a more general elliptic
or subelliptic operator as well as R? can be replaced by a more general harmonic
space X. However, for the sake of Introduction, we restrict our attention to the
simplest setup and let X = R%.

We start with description of admissible measures p. We shall deal with the
following three classes of measures (in ascending order):

1. measures of Kato class (see exact definition in Section 2);
2. smooth Radon measures, i.e., Radon measures which do not charge polar sets;

3. smooth measures, i.e., measures which are countable sums of Radon measures,
not charging polar sets.

Respectively, the simplest examples of such measures are:

1. Lebesgue measure and any Radon measure with a locally bounded density
with respect to Lebesgue measure;

2. a Radon measure with a locally summable density with respect to Lebesgue
measure;

3. ameasure with a measurable (possibly, infinite) density with respect to Lebesgue
measure.

The equation (1.1) is understood in the distribution sense. If y is a smooth Radon
measure, then for any bounded measurable u, the product uu is a distribution, and
the meaning of (1.1) is straightforward.. If u is a smooth measure then we have to
assume in addition that u € £} (1) to ensure that uu is a distribution.

The following notion is our main tool:

Definition 1.1 A measure u on X s called big if one of the following statements
is true (and non-big' otherwise):

"'We reserve the natural antonym “small” for another notion.



(1) w is a Kato measure and equation (1.1) has no bounded continuous solution u
in X except for the constant zero;

(2) w is a smooth Radon measure and equation (1.1) has no bounded finely con-
tinuous® solution u in X except the constant zero;

(8) p is a smooth measure and the inequality

Au > up (1.2)

1
loc

has no positive bounded finely continuous solution uw € L () on X except the

constant zero.

Remarks. 1. As a matter of fact, each of these definitions contains the previous
one as a particular case (see below Propositions 2.9 and 2.6). Let us emphasize the
differences between (1)-(3):

e (2) differs from (1) by the requirement of fine continuity of the solution;

e (3) differs from (2) by the assumption of positivity of u and by considering
inequality (1.2) instead of equation (1.1) (note that in definition (2), we have
u € Li..(p) automatically since u is bounded and the value of y on any bounded
Borel set is finite).

2. It is natural to consider only finely continuous solutions of (1.1). Suppose
that u € L] (X) and let v € £2(X) satisfy (1.1). Fix a ball B with closure in
X and let g denote the difference of potentials generated by the density uu on B.
Then A(u+ q) = Au—up = 0 on B, hence there exists a harmonic function h on
B such that u +q = h a.e. on B. Then w := h — q is finely continuous on B and
Aw —wp = (u —w)p = 0 (in the sense of distributions). Using the fact that non-
empty finely open sets have strictly positive Lebesgue measure we obtain: There
exists a unique finely continuous function @ on X such that @ = u a.e. Moreover,
@ is a solution of (1.1). (For a stronger statement see [13, Theorem 5.4].) If, on
the contrary, p # 0 is supported by a Borel set A having Lebesgue measure zero,
then f := 1y\a satisfies Af =0 = fpu, so f trivially is a bounded solution of (1.1),
a solution, which is of little interest. However, the only finely continuous function
being equal to f a.e. is the constant 1, which is no solution of (1.1).

By default, all measures considered are smooth. The term “big” with respect to
a measure is justified by the following property which will be proved among others
in the main body of the paper:

If 1 and v are measures and j > cv for some constant ¢ > 0 then
bigness of v implies bigness of p.

2We recall that open sets are finely open, superharmonic functions on open sets are finely
continuous, and that the fine topology is the coarsest topology having these properties. Note that
superharmonic functions are lower semi-continuous by definition.



Our main purpose is to provide criteria for bigness. In R%, d < 2, any u # 0
is big. Indeed, if u € L} (n) is positive and bounded then Au > up > 0 which
together with fine continuity of w implies that « is subharmonic (see [12]). Since
any bounded subharmonic function on R? d < 2, is constant then u = const. Since
up < Au =0 then g # 0 implies u = 0.

So, let us assume now that d > 3. One of our principal results is a character-
ization of a non-big measure in terms of splitting it into two parts each of them
being non-big for different reasons. Before we can state it, we describe the two basic
classes of non-big measures. Using the Green function G of the Laplace operator,
Cd

G(x,y) =

|z —y|*?
we define the function G* by
6" = [ Gl.iduty) (13)
X

Our first claim is:
(i) If G* # oo, then p is non-big.
To state the second case of non-bigness, we need another definition.

Definition 1.2 We say that a set A C X s thick if for any positive superharmonic
function s on X, s > 1 on A implies that s > 1 on X.

It is easy to see that if A C B and A is thick then B is thick as well. Another
useful property: If A is thick then A\ K is thick as well for any compact K. Thickness
has a very natural probabilistic characterization: The set A is thick if and only if
Brownian motion starting from an arbitrary point, hits A with probability 1 (see
e.g. [4, p. 264]), i.e., if and only if it is recurrent in the sense of [3].

We say that p is supported by a Borel set A if u(X\A) = 0. Our second claim
is:

(ii) If p is supported by a non-thick set then p is non-big.
It turns out that the two cases of non-bigness of measure p - finiteness of G*
and being supported by a non-thick set - and their combination, exhaust all non-big

measures as stated by the following main theorem.

Theorem 1.1 (Criterion of non-bigness) A smooth measure p on X is non-big if
and only if it decomposes into a sum (= p; + o of two smooth measures such that
1y s supported by a non-thick set A and GM2 # oc.

The following particular cases were known before:

1. The first author [8] proved that if x is a continuous function on a Riemannian
manifold then G* < oo implies that p is non-big.

4



2. Arendt, Batty and Benilan [2] proved that if 4 is a locally integrable function
in R4, d > 3, and u = pu; + j, where p, is supported by a compact and
G"2 < 0o then p is non-big (and that the converse holds if p is radial).

3. Batty [3] gave the characterization of Theorem 1.1 for the case of a measurable
function x> 0 on R? by means of probabilistic methods, i.e., using Brownian
motion and Feynman-Kac formula (see Remark after Proposition 2.9 at the
end of Section 2.2).

Let us mention for comparison that our proof is entirely analytic and uses only
very basic properties such as the minimum principle for superharmonic functions
and the solvability of the Dirichlet problem.

Theorem 1.1 may provide an efficient way of verifying that a given measure is
non-big. On the other hand, it seems to be more difficult to use it for proving that
a measure is big. We state below a sufficient condition for bigness in the spirit of
the Wiener criterion. Let By denote a ball of radius 2* centred at the origin x¢, and

Ak = Ek\kal'

Theorem 1.2 Given a smooth measure i on R?, let us denote for any k = 1,2, ...
su(e) = [ Glag)duty) (1.4
A

and
ap = sup{sg(z) : ¢ € Ay}

If

> = 15)

then p 1s big.

Although condition (1.5) is not necessary for bigness of p, it is not very far from
that as is shown by the next statement.

Theorem 1.3 Let a smooth measure p on X be supported by a set A C X and let
B = 1inf{sg(z) : x € Ay N A}. (1.6)

where si(x) is defined by (1.4). If

ST
Pt 1+ B,

then p 1s non-big.



Figure 1 Sets Ay, B, and A

Let us remark that Theorems 1.1 and 1.3 remain true in a very general setting
of harmonic spaces whereas Theorem 1.2 relies on a uniform Harnack inequality
which imposes a rather strong restriction on the geometry of the space X. We tried
to underline this by denoting the underlying space in Theorems 1.1 and 1.3 by X
rather than R

The structure of the paper is the following. In the next three sections, we dis-
cuss the problem on Riemannian manifolds. Restricting our attention first to this
case allows us to avoid many technical difficulties which appear in the general case
of harmonic spaces and to give (hopefully) clear ideas of the proofs. We introduce
Liouville functions associated with Kato measures and, more generally, smooth mea-
sures. Studying the correspondence between measures and Liouville functions we
obtain simple proofs of Theorems 1.1, 1.2, 1.3 for the case when X is a Rieman-
nian manifold. In Section 5 we develop Wiener type criteria. In Section 6, we
consider various examples - applications of the above theorems, and some counter-
examples to show to what extent the hypotheses of Theorems 1.2 and 1.3 are sharp.
Section 7 starts with a brief introduction to the theory of perturbation of harmonic
spaces which is an abstract counterpart of the Schrédinger equation. It contains also
further examples of differential operators to which our results are applicable. More-
over, we explicitly write down the generalization of the results previously obtained
for Riemannian manifolds. Instead of being bounded the functions we consider are
supposed to be bounded by multiples of an arbitrary positive harmonic function A
(which is of considerable interest also in the special case of a Riemannian mani-
fold). In Section 8 we discuss relations to the minimality of the harmonic function
h. Appendix contains the proof of Proposition 2.1 and the relation between smooth
measures and Kato measures.

The work was done when the first author enjoyed hospitality of the Bielefeld
University. He gratefully acknowledges support of DAAD (Germany) and EPSRC
(UK).



2 Schrodinger equations on Riemannian manifolds

Let X be a (connected) Riemannian manifold and let A denote the Laplace operator
of the Riemannian metric of X. A reader who is not familiar with Riemannian
geometry, may safely assume that X is R? or an arbitrary domain in R%. The
general case when X is a harmonic space, is more involved and will be considered
in the next sections.

Let O, denote the set of all regular® precompact regions in X, and for every
B € O, let us introduce the following notation:

1. Cy(B) (By(B) resp.) - the set of all bounded continuous (Borel resp.) functions
on B;

2. Hpf - the (Perron) solution to the Dirichlet problem in B € O,,

Au =0,
ulos = f,
for continuous real functions f on OB (for later generalizations, it will be

convenient to interpret this as Hg f being a harmonic function on B such that
lim, ., Hgf(x) = f(z) for every z € 0B),

3. Gp(z,y) - the Green function of the Laplace operator in B, i.e., for any y € B,

AGB(Jy) - _5y7
Gs(y)lop=0

4. G'5 - (p being a measure on X) defined by
Glyi= [ Galt.y)duty).

We define a function G on X x X by

G(z,y) == sup Gp(r,y) = lim Gp(z,y)
Bccx BrX
where B T X means an exhaustion of X by an increasing sequence in O,.

Let us note that the function G(x, y) may happen to be infinite for all x, y or it is
finite for all z # y. The manifold X is called parabolic if G = oo and non-parabolic
(or a Green space) otherwise and then G is a global Green function. For example,
R? is parabolic if and only if d < 2 (see [22] for potential theory of Riemannian
manifolds).

A countable sum of Radon measures p1 > 0 on X is called smooth if u(P) =0
for every polar set P in X. For example, Lebesgue measure A% on R? is smooth,
and any measure having a density (finite or not) with respect to a smooth measure
is a smooth measure.

3 Alternatively, we may assume that O, is the set of all precompact regions with smooth bound-
ary.



Kato measures are particularly nice smooth Radon measures: A measure y > 0
on X is called a (local) Kato measure if for any B € O, the function G’ is continuous
and real on B.

Clearly, sums and positive multiples of Kato measures are Kato measures. More-
over, any measure v > (0 majorized by a Kato measure p is a Kato measure: It
suffices to note that, for every B € O,, we have the equality

Gy + Gl = Gl

and the functions G% and G% ” are lower semi-continuous®. This implies that G%
is continuous if G'5 is continuous.

In particular, a measure p with a locally bounded density with respect to the
Riemannian measure ), is a Kato measure. Indeed, the Riemannian measure is Kato,
which follows from local integrability of the Green function. Therefore, any measure
1 < const is Kato as well. Finally, due to the local nature of the definition of Kato
measure, it suffices to have p < constA on any compact, with const depending on
the compact, which is equivalent to p having a locally bounded density with respect
to A.

It is not difficult to see that a measure p > 0 is smooth if and only if it is the
limit of an increasing sequence of Kato measures or, equivalently, if and only if it
has a density with respect to a Kato measure (see Proposition 9.1 in the Appendix).

Let us mention that u being a Kato measure is not only a sufficient condition
(see [1], [7], [11], and Proposition 2.9 below), but also a necessary condition for
continuity of finely continuous bounded solutions of (1.1) (see [17], [20]).

We first show that Theorem 1.1 is trivially true if X is parabolic. Since parabol-
icity is equivalent to the fact that any bounded subharmonic function on X is nec-
essarily constant (see [22]) then we can refer to the argument from Introduction,
which shows that any non-big measure on a parabolic manifold is identically zero.

On the other hand, any non-polar set A is thick on a parabolic manifold. Indeed,
the only positive superharmonic functions on a parabolic manifold are constants.
Hence, Definition 1.2 is trivially satisfied: If s > 1 q.e. on A then s > 1 on
X. Therefore, the property “u, is supported by a non-thick set” means that p, is
supported by a polar set which is equivalent to p; = 0. The property “G*2 # o0” is
equivalent to p, = 0 since G = 0.

We conclude that the statement of Theorem 1.1 holds because all measures
involved are zero.

So we may turn to the main case when X is a Green space. We will constantly
use the Green function G(x,y) and the following integral operators defined by

Kif = Gl = / G () f()duly)

and the localized version

Kif =Gl = / Go( ) fW)duly)  (BeO,).

4Lower semi-continuity of G* for any measure p follows from Fatou’s lemma.



If i is a Kato measure, B € O,, and f € B,(B), then
KLif=GLr —Gh " ey (B)

since fTp and f~u are Kato measures. Moreover, for every B’ € O, containing the
closure of B,

GB('7y) = GB’('ay) _HBGB/(.7y) (2‘1)

and hence

This shows that K f is continuous up to the boundary 0B and (K% f)|ss = 0.
By definition of G and using (2.1), we obtain that

Gﬁé+/BHBG(->y) du(y)=/BG(->y) du(y) = G*#* (2.3)

where x — [, HgG(-,y) du(y) is harmonic on B for any Radon measure p on X.
Thus a Radon measure p > 0 on X is a Kato measure if and only if, given any
B € O,, the function G*## is continuous and real on B (and hence on X).

In the following proposition, we have collected the technical tools which facilitate
considerably working with the Schrodinger equation. The main purpose of them is
to construct the solution to the Dirichlet problem for the Schrodinger equation, and
to provide the identity (2.5) which will be constantly used.

Proposition 2.1 Let p be a Kato measure on X and B € O,. Then the following
holds:

(1) K% is a compact operator on By(B) (with respect to uniform convergence).

(2) If t is a positive superharmonic function on B and s € By(B) such that s +
K%s+t is a positive superharmonic function on B, then s+t > 0.

(3) The operator I + K is invertible on By(B).
(4) For every f € C(OB), the function
Hif = (1 + Kb Hy f (2.4)
is the unique (Perron) solution to the Dirichlet problem

Au —up =0,
ulop = f.

If f >0 then 0 < Hif < Hpf and, more generally, Hy™ f < H%f for every
Kato measure v on X.

(5) The function u:= Hif satisfies the following identity in B:

u+ Kgu=Hgf. (2.5)



U
Hyf

B
Figure 2 Hgpf and Hif

It is easy to see that a function w satisfying (2.5) is a solution of the Dirichlet
problem for A — p. Indeed, we have Kju = G3' and AGY' = —up on B, hence
(2.5) implies that Au — up = AHgf = 0 on B. Moreover, Khu|sgp = 0, hence
ulas = (Hpf)|lop = f. A detailed proof for Proposition 2.1 can be found in [7] and
[11] (except for the minor modification of an additional ¢ in (2)). For convenience
of the reader, we reproduce the proof in the Appendix at the end of the paper. Of
course, the key identity (2.5) is just another form of (2.4).

The main technical tool for proving Theorem 1.1 is a so-called Liouwille function
of a measure p which will be denoted by L* and which is basically equal to the
maximal function v such that 0 < v < 1 and Av > pv. A careful definition of
L* will be given in the following two subsections. Let us highlight the following
properties of L* which will be proved below among others and which are crucial for
Theorem 1.1:

e a 0— 1 law: either L* = 0 and p is big or supL* = 1 and p is non-big
(Proposition 2.8 and Lemma 3.3);

e monotonicity of bigness: a positive multiple of a big measure is again big
(Lemma 3.2, Proposition 3.7), which is based on the inequality L* + L¥ <
1+ LF* (Lemma 3.5);

e inequality of Corollary 2.7: if u is supported by a set A then L" + RA1 > 1
where R41 is a regularized reduced function of A;

e inequality L* 4+ G* > 1 (Lemmas 2.2 and 2.4).

2.1 Liouville function for Kato measures

Given a Kato measure p on our Riemannian manifold X, it is natural to construct
a global bounded solution to (1.1) which might serve as function deciding bigness of
1 by using the following procedure. Let us choose an exhaustion of X - a sequence
(By) in O, such that By C By, and |J By = X. For example, in R? it may be a

k=1
sequence of concentric balls with radii tending to oco.

10



Let us denote by uy, the solution in By, of the Dirichlet problem for the Schrodinger
equation with the boundary function 1 : ug := H gkl. Proposition 2.1 implies that
0 < wu, <1 and the sequence (uy) is decreasing:

_ 1 (4 _
Upi1|p, = Hp uprr < Hp 1= uy,.

Therefore, there exists the limit:

LH(x) := lim ug(x) (x € X). (2.6)

k—o0

Figure 3 Liouville function L* as the limit of Hj 1

Clearly, L* does not depend on the choice of the sequence (By). The function L*
will be called Liouville function of 1 with respect to p.

Lemma 2.2 Let u be a Kato measure. Then L* is a continuous subharmonic func-
tion on X, 0 < L* < 1. The function L* + K*L* is harmonic and

LF 4+ KFLF <1< LM+ G
In particular, L* is a solution of (1.1).

Proof. Take (By) and (uy) as above and let w = L*. Since each uy, is subharmonic
on By, the function w is subharmonic on X, and of course 0 < v < 1. For every

keN,
= U + nguk S U, + G%k

Letting £ tend to infinity and applying Fatou’s lemma we obtain that
u+ Kty <1<u+ GH.
Now fix k € N. By Proposition 2.1, for every m > k,
U + K U = Uy + Kg U, — Hp, K Uy =1 — Hp, K i,

hence u,, + K ]’g’,kum is harmonic on Bj. This implies that the infimum u + K gku is
harmonic on Bj, and u is continuous on Bj,.

The sequence (u + K u)ren is increasing to u + K*u which does not exceed 1.
Thus u+ K*u is harmonic (which shows again that u is subharmonic). In particular,
Au — up = 0 (which of course follows as well directly from Awuy — ugp = 0 on By).
|
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Lemma 2.3 Let (u,) be an increasing sequence of Kato measures. Then the se-
quence (LF~) is decreasing. If u = sup, u,, is a Kato measure as well then L* =
inf,, L¥n.

Proof. The first statement follows from Proposition 2.1. Let (By) be a sequence
in O, exhausting X and fix k € N.
Defining
Uk, = H g:l

we know by Proposition 2.1 that
1= Ukn =+ Kg:uk’n = Ugn + ng’l,tk’n — Kg}:un'LLkm

for every n € N and that the sequence (uy,)nen is decreasing to a function wuy.
Moreover,
H—Hp H—Hp
0 S KBk Uk,n S GBk

and
lim G%;“ = 0.
n—oo

So we obtain that
1= U + nguk,

hence u, = Hp, 1. Thus
L* = inf ug, = inf inf uy ,, = inf inf uy ,, = inf LF».
k E n ’ n k ’

2.2 Liouville function and bigness for smooth measures

We now extend the definition of L* to arbitrary smooth measures: For every smooth
measure 4 let
L¥ .= inf{L" : v Kato measure, v < u}. (2.7)

Again, L* will be called Liouville function of 1 with respect to p.
Lemma 2.3 implies that
L* = inf L (2.8)
for any sequence (u, ) of Kato measures increasing to p. Indeed, if v is any Kato

measure such that v < u then the sequence (u,, A ) is increasing to v (where p,, A v
denotes the largest measure which is smaller than yu,, and v), hence

LV = inf L**Y > inf LH»,
It is now easy to show that (2.8) holds for any sequence (u,,) of smooth measures
n
increasing to p.)

Proposition 2.4 For every smooth measure p, 0 < L* < 1, the function L*+ KLV
18 subharmonic, and
M+ KFLIF <1< LF+GH.

In particular, L* is subharmonic, AL* > L*u.
If p is a smooth Radon measure, then L* + K*L* is harmonic, AL* = L*u.

12



Proof. Let p be a smooth measure and fix a sequence (u,) of Kato measures
such that p,, T p. Define
v:= L, vy = LFn,

Every v, is subharmonic and we obtain from (2.8) that the sequence (v,,) is decreas-
ing to v, hence v is subharmonic, 0 < v < 1. Moreover, by Lemma 2.2

v+ Kty < v, + Ko, <1 <w, + G <o, +G*

for every n € N, hence
v+ Kty <1<wov+4+ GH

The function w := v + K*"v is finely continuous. For every n € N, the function
vp + K#rv, is harmonic by Lemma 2.2 and hence

vp + KFv = (v, + KHruy,) — K (v, —v) (2.9)
is subharmonic. This implies that
w = nh_)nolo(vn + K#nv)
is subharmonic as well. In particular,

Av —vp=Aw > 0.

Suppose finally that p is a smooth Radon measure and fix B € O,. Then, by (2.9)
and (2.3),

0<Hpw—w = lim (K" (v, —v)— HgK""(v, —v))
= lim Ky (v, —v) < lim Kl(v, —v) =0

on {G% < oo}. Since {G'5 = oo} is a polar set and Hpw — w is finely continuous,
we obtain that Hpw — w = 0. Thus w is harmonic, Av —vp = Aw =0. W

Lemma 2.5 Let p be a smooth measure on X and let v be a finely continuous
function on X such that |v| < 1. Assume that, for every B € O, and for every Kato
measure v < i, the function v+ Kjvt — Ko™ is subharmonic on B. Then v < LF.

Note that the additional assumption on v is satisfied if K*|v| is bounded and
v+ K*v is subharmonic. Indeed, using (2.3) we obtain that v+ Kzv is subharmonic
on B and hence

v+ Kjvt — Ko™ = (v+ Kiv) — Kiy "ot

is subharmonic on B.
Proof. Fix a Kato measure v on X such that v < p and let B € O,. Define
functions s and £ on B by

s:=Hjl —w, t:=1—(v+ Kpot — Kho™).

13



By assumption, ¢ is superharmonic and
t+ Kpot =(1—v)+ Ko™ >0,
hence t > 0. Moreover,
s+ Khs+ Ky v =1— (v+ Kjv) + Ky v~ = t.
Using (2) of Proposition 2.1 we conclude that
s+ Ky v > 0.

If (v,,) is a sequence of Kato measures increasing to u, then

lim K5"v™ =0 on {Kjv < oo}
n—oo
So we obtain that
inf H"1 > on {KMv~ < oo}
By assumption, K%Zv~ # oo, hence the set {Kjv~ = oo} is polar. The function

inf,, H}"1 is subharmonic, hence finely continuous, and we get that inf, H;'1 > v
on X. Thus finally

LV = inf inf H}'1 > 0.
BeO, n

Proposition 2.6 Let o be a smooth measure. Then L* can be characterized in the
following way:

(1) L* is the maximal finely continuous function v on X such that |v| < 1, v €
Ll (w), and Av > vp.

(2) If 1 € L (n) then L* is the mazimal finely continuous solution v of (1.1)
such that |v| < 1.

Proof. 1t follows immediately from Proposition 2.4 that L* has the desired
properties.

Conversely, let v be a finely continuous function on X such that |v] < 1, v €
Ll (1), and Av > vu. Fix B € O, and a Kato measure v < u. Then

loc
w:=v+ Kjv" — Khv~
is upper bounded, finely continuous, and

Aw=Av—vv+ov pu>0

on B, hence w is subharmonic on B. Thus v < L* by Lemma 2.5.
If, in addition, 1 € £{ (u) and v is a finely continuous solution of (1.1) with
lv] <1, then of course v € L}, (1) and we obtain that +v < L*. H

14



Let ST(X) denote the set of all positive superharmonic functions on X. For
every A C X and s € ST(X), we define

R = inf{ve ST(X):v>son A}
= inf{v € ST(X):v<son X,v=son A},
R*s(z) = liminf R*s(y).
y—a
Then R4s € ST(X) and, of course, RAs < R4 < s on X and R4 = s on A.
Moreover, { R4s < R%4s} is a polar subset of A.

Let us note that thickness of A is equivalent to RA1 = 1 which is in turn
equivalent to R41 = 1.

Corollary 2.7 Let p be a smooth measure which is supported by a (Borel) set A.
Then R
L*>1— R, (2.10)

Proof. Since RA1 € S*(X), the function v := 1 — R*1 is subharmonic and
0 < v < 1. Moreover, v = 0 on A\ {R41 < RA41}, and the measure p does not
charge the polar set A\ {ﬁAl < RA1}. Therefore Av > 0 = vu. Thus v < L* by
Proposition 2.6. W

Figure 4 v=1- RA1 is a subsolution: Av > v, and 0 < v < 1 whence v < L¥

Example. Let A be an open subset of X and let u = col4A. Then pu is a smooth
measure and

L' =1— R (2.11)

Indeed, L* > 1—R"1 by Corollary 2.7. On the other hand, K*L* < 1 by Proposition
2.4 and hence L* = 0 M-a.e. on A. Since L* is subharmonic, we conclude that L* = 0
onA. Sos:=1—-L*e€SH(X),s=1on A, hence s > R41, ie., 1 — R41 > L*

Note that L* = 1 — R“1 is no solution of (1.1) if A is a non-empty open set
which is non-thick!

15



More generally, we get the equality (2.11) in the following situation: v any Kato
measure, 1 = oov, and A a set supporting v such that v(V) > 0 for any € A and
any (Borel) fine neighbourhood V' of z.

Proposition 2.6 shows that the definitions for bigness given in the Introduction
are consistent and that we have the following characterization:

Proposition 2.8 (Criterion of bigness) For a smooth measure p consider the fol-
lowing statements:

(1) p is big.
(2) L+ = 0.
(8) If u is a bounded continuous solution of (1.1), then u = 0.

Then: (1) < (2) = (3). If u is a Kato measure, then the three statements are
equivalent.

For sake of completeness let us add the following:

Proposition 2.9 If i is a Kato measure then every bounded finely continuous so-
lution of (1.1) is continuous.

Proof. Fix a bounded finely continuous solution v of (1.1) and take B €,. Then
Alv+ Kgv) =Av—vp=0 on B,

hence there exists a harmonic function g on B such that v + Khv = g A-a.e. on B.
By assumption on pu, the function K% is continuous, hence the function v + Ko is
finely continuous. Therefore v + Kv = g on B, i.e., v|p = g — Kzv is continuous.
|

Remark: Assuming that X = R% d > 3, and that p is absolutely continuous with
respect to Lebesgue measure, i.e., that © = VA with a Borel measurable function
V > 0 on R? it is now easily seen that p is big if and only if the Schrédinger
semigroup associated with V' is strongly stable on £!(RY) (see [3, page 464]). Let
(Xi)¢>0 denote Brownian motion on R?. By Feynman-Kac formula (see e.g. [7,
Theorem 6.7]), we know that, for every ball B in R? and every m € N,

HEVmA (1) = B (exp (- /0 v min(V (X,), m) dt)> (z € RY)

(where 75 denotes the first exit time from B). Hence, by (2.6) and (2.7),

LV z) = E* (exp (— /Ooo V(X,) dt)) (x € RY).
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3 Small and big measures on Riemannian mani-

folds

Unless stated otherwise, we shall assume in what follows that X is a Riemannian
manifold which is a Green space and that u, v are smooth measures on X.

For the study of non-big measures it will be useful to introduce the subset of
small measures. We begin with the following simple observation: The subharmonic
function L* has a smallest harmonic majorant P*, namely

P* = lim HpL". (3.1)
B1X

Of course,
LF< Pr<,

and p is big if and only if P* = 0. Moreover, P* < P” if v < p.
Definition 3.1 We shall say that a smooth measure p is small, if P* = 1.
Lemma 3.1 p is small if and only if 1 — L* is a potential.

Proof. The function s := 1— L* is a positive superharmonic function on X, hence
we have a Riesz decomposition s = g + p where g is a positive harmonic function
and p is a potential on X. So L* +p = 1 — g is harmonic. Since limpx Hpp = 0,
we conclude from (3.1) that P* =1 — g. Thus p is small if and only if g = 0, i.e., if
and only if s=p. A

Lemma 3.2 (Monotonicity of bigness and smallness) If v < p, then u is big if v is
big, and v is small if p is small.

Proof. In view of Proposition 2.8 it suffices to recall that 0 < L* < LY and
PrF<P'<] N

Lemma 3.3 (A0 —1 law) If L* # 0 (i.e., if p is non-big) then sup L* = 1.

Proof. Indeed, let us denote u = L* and a = supu. Then0 < a < 1,0 < u/a < 1.
By Proposition 2.6, the function u is the maximal finely continuous function on X
satisfying |u| < 1, u € £} .(u) and Au > up. Therefore, we obtain that u/a < u,

whencea >1landa=1. N1
In some cases every non-big measure is small:

Proposition 3.4 If every bounded harmonic function on X is constant (i.e., if 1
is a minimal harmonic function), then each p is big or small (and conversely).

Proof. If p is non-big, then sup L* = 1 by Lemma 3.3, hence sup P* = 1. This
implies that P* =1 if 1 is minimal (for the converse see Corollary 8.4). W

We note that the assumption of Proposition 3.4 implies as well that each subset
is either thick or thin (see Proposition 8.3).

®By definition, a potential is a non-negative superharmonic function which admits no non-
negative harmonic minorant except for zero.

17



Lemma 3.5 We have L* + LY <14 LF" and P* + P < 14 P#tV,

Proof. By (2.7), we may assume that u, v are Kato measures. For every k € N,
let
U = Hgk]., Vi = Hlugkl, Wg = Hg:yl

Then we have by (2.5) and Hg, 1 =1
up + Kpup =1, v+ Kjv =1, wyp+ Kg:”wk =1.
By Proposition 2.1, wy < u and wy < v, and hence

(1 — uk) + (1 — ’Uk) = nguk + ngvk

“+v

Letting k& — oo we obtain that (1 — L*) + (1 — L”) > 1 — L** whence the first
inequality. The second inequality now follows by (3.1). H

Lemma 3.6 If v is small, then P*t" = PH,

Proof. We always have PFt” < P, If v is small, i.e., if P = 1, then Lemma
3.5 implies that P* < P+t R

Proposition 3.7 (1) If i is non-big and v is small, then p+ v is non-big.
(2) The set of all small measures is a conver cone.

(8) Any strictly positive multiple of a big measure is a big measure.

Property (3) was proved by A.Grigor’yan and N.Nadirashvili [10] in the case
when p is a continuous function. Let us mention that our proof is much shorter and
more general than that of [10].

Proof. (1) If p is non-big and v is small, then P#*” = P* 2 0, hence p + v is
non-big.

(2) Suppose that p and v are small. Then by Lemma 3.5

1+1=Pr4+ P <1+ PHY,

hence 1 < PHt¥ ie., u+wv is small. In particular, 2u is small if p is small. And then
monotonicity (Lemma 3.2) implies that any multiple of a small measure is small.
(3) By Lemma 3.5
2LF <1+ L.

So, if 2u is big, then 2L* < 1, hence L* = 0 by our 0-1-law (Lemma 3.3), i.e., p is
big. Another application of our monotonicity lemma finishes the proof. B

If 1 is a minimal harmonic function, then non—big measures form a convex cone
by Proposition 3.4 and Proposition 3.7. We note that the converse holds as well (see
Proposition 8.4), i.e., if 1 is not minimal then there are non—big measures p, v on X
such that p + v is big.

Lemma 3.8 (First case of smallness) If G # oo, then the measure p is small.

18



Proof. By Proposition 2.4, 1 < L* 4+ G* whence for any B € O,
1= Hgl < Hgl* + HgG*.

Since G* # oo then JETI?( HpG* = 0. Hence

1 < lim HgL* = P*,
B1X

and g is small. W R
We recall that a subset A of X is non-thick if R41 #£ 1. Tt is called 1-thin (or
thin at co) if R™1 is a potential.

Lemma 3.9 (Second case of non-bigness and smallness) If p is supported by a set
A and A is non-thick (thin resp.) then u is non-big (small resp.).

Proof. By Corollary 2.7 R
1 < L'+ RM.

If A is non-thick, then R41(z) < 1 for some 2 € X and then L*(z) > 0, 11 is non-big.
If A is thin, then ggl( HpRA1 =0, hence 1 < P*, ;1 is small. W

It may be interesting to note the following:
Lemma 3.10 If i1 is a smooth Radon measure, then L* + KFLF = PH.

Proof. Let u = L*. By Proposition 2.4 the function g := u + K*u is harmonic.
Moreover, for every B € O,, g = Hgg = Hgu + HgK*u. Since 1131%1;1( HpK*Fu = 0,

we obtain that
g = lim Hgu = P*.
BIX

|
Moreover, we note that, for every ¢ > 0,

p = p*
(for a proof see Proposition 7.20). This implies that

PF =lim L#

e—0

if p is a Kato measure (see Corollary 7.21).

4 Characterization of small and big measures

It is now easy to obtain a characterization of non-big and small measures which
generalizes and improves Theorem 1.1 stated in the Introduction.

Theorem 4.1 For any Riemannian manifold X and any smooth measure p on X,
the following statements are equivalent:
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(i) w is non-big (small resp.).

(i) p can be represented as a sum of two measures p = p; + py where py is
supported by a non-thick set (thin set resp.) and G*2 # oco.

(i1i) There is an open set A which is non-thick (thin resp.) and such that for the
measure fiy := Lpap, the function G*2 is a bounded potential.

If u is a Kato measure then each of (i)-(iii) is equivalent to:

(iv) There is an open set A which is non-thick (thin resp.) such that for the measure
Lo = 1pap, the function G*2 is a continuous bounded potential.

Proof. The discussion after the introduction of smooth measures shows that it
suffices to consider the case where X is a Green space. Then we have the following:

(iv) = (iii): = (ii): Trivial.

(ii)) =(i): Let p = py + py where p, is supported by a non-thick set (thin set
resp.) and G*2 # oo. The measure p,; is non-big (small resp.) by Lemma 3.9,
and the measure pu, is small by Lemma 3.8, hence p is non-big (small resp.) by
Proposition 3.7.

(i) = (iii): We have to prove that if y is non-big (small resp.) then there is
an open set A which is non-thick (thin resp.) and such that G't4# bounded. Let
u = L* fix areal o €]0,1[, and let

A={u<a}.

Since u is u.s.c., the set A is open.
Why A is non-thick (thin resp.)? The function 1 — u is superharmonic on X

and 1 —u >1— «a on A, hence by definition of ﬁAl, we have

RA1 < 1—u

1—a

/
Function ————
I-a

helght 1

Function R 1 j

Figure 5 Comparison of % and RA1
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If 11 is non-big, then sup v = 1 by Lemma 3.3, hence inf RAL = 0, A is non-thick. If
u is small, then 1 — u is a potential by Lemma 3.1, hence RAlis a potential, A is
thin.
Why G'ta* is bounded? We have o < v on CA. By Proposition 2.4, K*u < 1,
hence
Glear — KF1p, < lK“u < l
! a
(i) = (iv): Now we assume that p is a Kato measure. Let us choose A as above

and let pu, = 1g . Then G*2 is even continuous. Indeed, fix B € O,. Then
GH2 = G1EBM2 + GlBM2

where the first term on the right hand side is harmonic on B and the second term
is continuous, since p, is a Kato measure. Thus, G2 is continuous on B and, since
B is arbitrary, on the whole of X. W

Another way to prove it is to show directly (iii) ==(iv) by using the following
property of Kato measures:

Proposition 4.2 If i is a Kato measure and G* # oo, then G* is continuous and
real.

Proof. We note first that G* is finite on a dense subset of X. Now fix B € O,
and choose an exhaustion (B,,) of X such that B; = B. Then

GH = GlBr 1 Z GlBn~Bp1 b

n=2

where all potentials on the right hand side are continuous and real and each term in
the sum is harmonic on B. Being finite on a dense subset of B the sum is harmonic
on B. Thus G* is continuous and real on 5. W

5 Wiener type results on Riemannian manifolds

5.1 Sufficient condition for non-bigness
Let us restate Theorem 1.3 for Riemannian manifolds.

Theorem 5.1 Let i be a smooth measure on a non-parabolic Riemannian manifold
X, p=">, p where each p, is supported by some Borel set Ay,. Let us denote

su(z) = / G ) dyuy(y)

and
B = inf sp(Ax) (5.1)
(with inf ) = 0). If for some point xy € X

f: s(20) _ (5.2)

1+ B,

then p is non-big.
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Figure 6 Function si

Proof. Let us first remark that 3, < co. Indeed, if pu(Ax) = 0, then u, = 0, s, = 0,
hence , = 0. If u(Ag) > 0, then Ay is not polar, hence the potential s, = G** is
not identically infinite on Ay, and (3, < oc.

It follows from (5.2) that for a big enough K € N,

- _1
2
e
Let us split the measure p as follows:
K-1 oo
= et > (5.3)
k=1 k=K

and note that for the first sum we have by (5.2)
G,u1+,u2+...+,uK,1 =8 +S+..+8SKk_1 §_£ o0,

hence gy + pig + ... + g is small by Lemma 3.8. Therefore, non-bigness of p will
follow by Proposition 3.7 from that of the second sum in (5.3).
This means that we can assume from the very beginning that K = 1 and thus

Z +ﬁk

k=1

(5.4)

[\3|’—‘

Let us distinguish two types of sets Ax: when 3, > 1 and when (§, < 1, and split
the measure p into two parts:

= Z,Uka V2 = Zﬂk-
Br>1 Br<1

The measure v, is supported by the set A" := Ug, ~1A;. We claim that A’ is non-
thick. Indeed, let us prove that the function

S_Zm

Be>1
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is such that s|4 > 1, infs < 1 and s is superharmonic. The former is obvious

because s > (3, on Ay whereas the latter is implied by (5.4):
e = Y ) <o 37 2
Br>1 O Br>1 L+ D

which also yields s € ST(X). So, A’ is non-thick.
The measure v is small since

whence i = 17 4 v5 is non-big by Theorem 4.1. B

5.2 Sufficient condition for bigness

Let us state now a more general version of Theorem 1.2.

Theorem 5.2 Let X be a Riemannian manifold X, let (By) be an evhaustion of
X by sets in O,, and define Ay := By, Ay := Bp\By_1 for k =2,3,.... Let u be a
smooth measure on X, =Y, p;, where each p, is supported by Ay. Let us denote

() = / e (2. 9) di ()

and assume that ay, := sup ti(Ay) < oo for every k € N.

If

[e.e]

t
S it 2O
:L‘Gkaz ]. + Oék

then the measure p is big.

Function =G “*
BAH

A TS

Set Ak:Bk\Bk,j
supporting zu

Figure 7 Function t;
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Corollary 5.3 (=Theorem 1.2) Let in the setting of Theorem 5.2 X = R?, d > 3,
and By, be concentric balls of radii 28 centred at a point xo € R%. Let

sulz) = / G y)dpuy(v)

and o, = sup si(Ag).

If

> fg = 59

~~

then p 1s big.
Proof of Corollary. The hypothesis (5.6) implies (5.5) because:

1. Ay is separated from the boundary By; which implies together with the ex-
plicit formula for the Green function in R? that on A

tr > const sg ;

2. the function t; is positive and harmonic in Bjy_;, whence by the Harnack
inequality
inf ¢ (By_2) > const tx(zo) .

|

Let us emphasize that Theorem 5.2 does not require the Harnack inequality. On
the other hand, Corollary 5.3 is true not only in R? but also on any complete Rie-
mannian manifold possessing the uniform Harnack inequality for harmonic functions
and a polynomial decay of the Green function G(z,y) with respect to the Rieman-
nian distance dist(z,y) (one should take the radii of the balls By, to be C* for a
large enough C'). For example, this is the case for a complete Riemannian manifold
with non-negative Ricci curvature satisfying the following volume growth condition
for some € > 0 :

V(z, R)
V(z,r)

2+4¢
Zconst<?) , Vee M,VR>r >0

where V(x,r) is the Riemannian volume of the ball of radius r and the centre x.
See [19] for the Harnack inequality on such manifolds and estimates of the Green
function. For more general conditions for the Harnack inequality, see [9], [21], [23].

Proof of Theorem 5.2. Suppose first that p is a Kato measure and consider the
functions

w:=L" and v, := HF 1.

Byy1

We have to show that v = 0. Taking
ay, := sup u(Bg)
we obtain that, on each Bj.1,

— P P I —
Qp1V = HBk+1ak+1 > HBk+1u > HBkHu = u.

24



Defining
by := sup vy (By_2), k=3,4,..

we get in particular that

ap—2 = sup u(By_2) < apq15up vk (Br—2) = app1by.

|
Function =bg’ k]

k+1

Set Ak:Ek\Bk.]
supporting zu

Figure 8 Proof that ay_o < a0

By iteration and by a, < 1, this leads to

o0
an, < H brt243i-

=0

for every n € N. Since clearly a,, < a,11 < a9, this implies that

o0
a2 < Aplpi1Gnis < H bk (5.7)
k=n+2

In order to deduce that a, = 0 for every n (and hence u = 0), it is sufficient to know
that

[e.9]

> (1= b) = o0. (5.8)

k=3

Now we concentrate on verifying (5.8). It will follow in turn from (5.5) and from
the inequality

23
l—v > ———m— 5.9
"4y (5.9)
which is true in Bg.1. To prove it, let us fix k£ and consider
Hi v
= =Hy 1
14 2(1 + Oék) 9 w Bk+1

We obviously have v < i, and therefore

w=Hpg 1> Hgiﬂl = Vg
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Hence, (5.9) will follow from

7%
l—w>———.
- 4(1—}—0%)

Clearly, t, < ag on Bjy1, since tp = G%’;H and p, is supported by A;.We have by
the identity (2.5)

w+Kp, w=1 (5.10)
whence
v v 1 K tk 1
l-w= KB’““w =GB S 2(1+ ozk)GBZ“ - 2(1+ ag) = 2

and w > 3 in Byyy. By using (5.10) again, we have

1 1
1 —w=KY, Pt S o R —
w Bk+1w =9 Br+1 4 (1 + ak) By 4 (1 + ak)
This finishes the proof if u is a Kato measure.
Finally, consider the general case of a smooth measure p, and define the measures
1, as above. Then there are Kato measures ji;, such that i, <y, and

infil'eBk—2 %k+1 (ZI;) > infxeBk72 %k];+1 (ZI;)

1+ SUDPge 4, G%IZJA (Q?) ol SUPze A, %IZJrl (Q?) .

Hence the Kato measure fi := ) .- [i, satisfies the assumptions of Theorem 5.2.
Therefore, [1 is big. Since i < p we finally conclude that p is big as well. B

5.3 About an axiomatic approach

As we can see from the proofs of Theorems 4.1, 5.1 and 5.2, they do not use much the
Laplace and/or Schrodinger equations. Instead, we needed a few properties which
can be stated axiomatically, which leads to a similar statement in a general setup
of harmonic spaces. It should be clear from the proof above that what we need is
basically the following:

1. a notion of harmonic functions in a certain topological space and solvability
of the corresponding Dirichlet problem in a wide enough family of open sets;

2. maximum/minimum principle;

3. convergence principle: an increasing sequence of harmonic functions should
converge to harmonic function provided the limit is locally bounded;

This will be considered in detail in Section 7.
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6 Examples

6.1 Thick and thin sets in R?

It may be interesting to note that Theorem 1.2 allows us to deduce the following
result (which of course is well known):

Proposition 6.1 (Wiener’s criterion at oo) Let A be a Borel set in R, d > 2,
and let (By) denote the sequence of balls of radii 2%, centred at the origin xo. Let us
denote Ay = AN (B \ Br_1), k= 1,2, ..., and let s}, be the equilibrium potential of
Ag. Then A is thick if and only if

Zsk(l‘o) = 0. (6.1)

Remark: Since any bounded harmonic function on R¢ is constant then by Propo-
sition 3.4, non-thickness of A is equivalent to thinness. In particular, A is thin if
and only if the series in (6.1) converges.

Proof. Let us first assume that (6.1) holds. For each k£ € N we may choose a
compact subset Aj of Ay such that the equilibrium potential s = G** of A} satisfies

1
sp.(xo) > §sk(x0) .

Here y,, denotes the equilibrium measure of A}, which is supported by A). The set of
all x € A, such that s} (z) <1 is polar. So «}, := sup s;,(A}) = 1 if A}, is non-polar.
If, however, Aj is polar then s} = 0. Therefore

S 5> i) =
k=1 k=1

By Theorem 1.2 we obtain that p = ), p, is big. Clearly, p is supported by A.
Thus, A is thick by Lemma 3.9.

Now let us assume that (6.1) is not true, and prove that A is non-thick. We first
choose a natural K > 1 such that

K‘\

[ee)

Z sk(xg) < 1,

k=K

and denote A’ = |J; ;- Aj. Since the sets A and A’ differ by a compact, they are
thick or non-thick simultaneously. There exists a positive superharmonic function
So on X such that so(zg) < % and so > 1 on the polar set | ;- - AxN{sx < 1}. Then

the function
[o¢]
S := 589+ Z Sk
k=K

is a positive superharmonic function such that s > 1 on A’, but s(xy) < 1. Therefore
A’ is non-thick. ®
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Corollary 6.2 In the notation of Proposition 6.1, A is thick is and only if

2. capAy
k=1

Let now )/ be a set of revolution in R%, d > 3, as follows:

of .= {g: = (21,2, ..ma) ERY @1 >0, y/ad + 2+ ... +22 < f(xl)}

where f is a continuous non-negative function on [0, +00).

x\

\J

X

Figure 9 Region O/

Proposition 6.3 Suppose that the function f satisfies the following reqularity con-

dition ,
C‘lg%gC, foralll <7 <t<2r (6.3)
T
and is linearly bounded:
ft) <C(1+1). (6.4)
Then the set QF is thick if and only if
i £t
td—g )dt =00, d>3, (6.5)

1

or
oo

dt
/ — = % d=3. (6.6)
/ tlog (1 + m)

The proof can be easily obtained by Proposition 6.1 (see below the proof of
Proposition 6.4 for how to estimate si(zo)).

Let us consider some examples. If d > 3 then one can see from (6.5) that Q/ is
thick for f(t) = t and non-thick for f(t) = t!=5,e > 0. If d = 3 then Q/ is thick
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for f(t) =t with any N > 0 and non-thick for f(t) = exp (—log'™*t), e > 0. In
particular, a half-space of R? is always thick since it contains a thick Q/ (if d < 2
then any non-polar set is thick).

Let us show that a hyperplane ¥ in R? is thick. Let I'y be two half-spaces with
the boundary . If s > 0 is a superharmonic function on R? such that s > 1 on ¥
then by taking min (s, 1), we may assume that s = 1 on X. Let us define two other

functions: ¢
1, if zel.
se(x) = { s(x), otherwise

Obviously, each function s, s_ is superharmonic, and by thickness of the half-space,
s3> 1 on R?. This implies s > 1 on R? and thickness of ¥.

6.2 Big and small measures in R’

Let us denote by )\ the Lebesgue measure in R%. The following is a criterion of
bigness of a measure which is nearly rotationally invariant with respect to A and
which is restricted to the domain of revolution /. Note that by Proposition 3.4,
non-bigness in R? is equivalent to smallness.

Proposition 6.4 Suppose that a function f satisfies the conditions (6.3), (6.4) and
a positive function q(z) € L] (Rd) satisfies the condition

loc

c < % < C  whenever 1 < |z| < |y| <2|x]. (6.7)
Then the measure p defined by
p=qlasA
1s big if and only if
S0 in (1,4 (0)f2()) dt = 00, d >3 (6.8)
~a—y win (1,4 = 00, , :
1
. = dt
/ n =00, d=3. (6.9)
VL)) + log (1+ )
where

g*(t) = q(t,0,0,...0).

Examples. 1. Let ¢(z) =0 (\x!ﬁ) as x — 00, and f(t) ~ t. Then both conditions
(6.8), (6.9) transform to

/tq*(t)dt = 00. (6.10)
For example, it is satisfied (and the measure p is big) if

1

~——— as t +00
t?logt -

q*(t)
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and is not satisfied if for some € > 0
1
(t) ~ ————.
a () t2log'te t
The condition (6.10) for bigness of the measure p = g(z)\ (without restriction to
Q) was obtained in [8] and [2]. The situation when p is supported by ©/, is more
subtle for proving the bigness, and neither of the previous methods works. This
becomes especially transparent if we choose the function f(t) to grow sublinearly as
below, so that R? cannot be covered by a finite number of congruent copies of /.
2. Let d > 3 and let for large ¢

t
log™t

f(t)

where 0 < a < -5 so that (6.5) is satisfied and thus, Qf is thick (otherwise, any
measure supported by 7, is small). If

d—l)—lt
t2

then it is easy to check that (6.8) holds and thus, u = g(z)1gs A is big. If for some
e>0

log®!
q*(t) N g

loga(dfl)flfg t

q*(t) ~ 2
then p is small.
3. If f(t) ~ t* with a < 1 then O is always thin provided d > 3, by Proposition

6.3. Let us consider the case d = 3 and put

flt) ~
with N > 0. By Proposition (6.3), 0/ is thick. Then for the function
t2N
* t) ~ ——
q(t) ozt
the measure p is big whereas for the function
252N

)~ —— >0

the measure p is small (both follow from the criterion (6.9)).

Proof of Proposition 6.4. To apply Theorems 1.2 and 1.3, we have to estimate
the potentials s, = G*+ where u;, = q19£A and Q£ = Q' n (Bk\Bk_l). Let us
introduce also the cylinders

Cp = {2’“‘1 <z < 2k,\/$% +ai 4. +ad < f(2k)}

of height hy, = 28! and of radius r, = f(2*), and the measures

Vi — q*(Qk)]_Ck)\
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Let s} := G"*. It is clear from conditions (6.3), (6.4), and (6.7) that the ratio of sy (z)
and s} (z) is uniformly bounded from above and below for all  and k. Therefore, in
the criteria (1.5) and (1.6), we may replace the functions s by sj.

First, we have to estimate sup and inf of s} over Cj. Since the measure v} has
a constant density on Cj, it amounts to computing G*¢*. It is not difficult to
show that under the condition r, < const by, the function G*¢* has comparable
maximum and minimum on C), which are of the order

2, d>3
{ 10g< h:),d:?)'

Next, we have obviously

)\(Ok) hkr,f_l
ok(d—2)  9k(d-2)"
Thus, by Theorems (1.2) and (1.3) u is big if and only if

q (28 her” 1 B
Z Qk(d 2) 1 + (]*(2]“)7‘,% = 00, case d > 3,

G 0) ~

*(2F)hyr? 1
Zq( lkrk =00, cased=3,
A 2 1+ g*(2%)r2 log (1 + ﬁ—:)

which easily amounts to

/ftd2 T 1;?) —oo, case d > 3,

/ - dt =00, cased=3,
Lar(t) 1102 +log (14 7iy)

f)
ie., (6.8) and 6.9. W

6.3 A scattered measure in R? which is big

The following measure appeared in [16], and its bigness was proved there by using
the scaling property of RY. Let (By,) be the sequence of balls in R? of radii 2¥, centred
at the origin zyp = 0. Let Ej, be a Borel subset of Ay := By, \ Bi_1, E := J,, Ex and

let
1

14 |z]?

q(x) ==

The measure p is defined as
w=qlg.

The claim is:
if for some ¢ > 0 and all £ > 1
A(Ey) > e (Ag)

then p is big.
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Of course, we can assume d > 3. The difficulty is that the measure ;1 may be very
scattered. However, this situation can be handled by Theorem 1.2. In the notations
of Theorem 1.2, we have

sk() :/E G(z,y)q(y)dA(y).

For any x € A, we have
sk(z) <supq(Ax) | G(z,y)d\(y) < 42_"’/ G(z,y)dy < const.
Apg B(z,2k+1)

Therefore, a;, < const.
Let us estimate s(xg) from below:

v

const [ |y[> [yl ?d\(y)
Ey

> Conste)\(Ak)Q_kd
> const.

sk(zo)

Thus, the series (1.5) is divergent, and y is big.
In the same way, one can prove bigness of u for the function
1
q(x) ~
|z|" log |z|
whereas for the function
1

~— e >0,
2| log

q(z) e

w1 is small.

6.4 Counter-example to Theorem 1.2

We will use here the notations of Theorems 1.2 and 1.3. There is a gap between the

condition (1.6)
S <
—~ 1+ 0,
for non-bigness of a measure p and the condition (1.5)
Bl
k 1+ ay
which ensures bigness of . Recall that (), is infimum of si(z) over Ay N A whereas
ay is a supremum of s over the same set. In particular, 3, < aj. We will show here

that one cannot replace 3, by «aj in the former statement.
More precisely, we construct in R?, d > 2, a big measure y such that

3 Sel(®0) _ (6.11)

k 1+ o
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Moreover, the measure p will possess a stronger property

3G (29) < 00 (6.12)
k

where
e = La,p.
Indeed, (6.12) implies (6.11) as follows:

HE

sp(zo) 1 G (z9) = Gﬂz(mo) < G (o).

1+ak_1+04k

Let Bj; be a sequence of concentric balls of radii 2 as in Theorems 1.2 and 1.3.
Inside any annulus A, = Ek\Bk,l, choose a very small ball b; so that the union of
all by, is a non-thick set. Let x be any big measure on R? and let v be a measure
supported by | J, b such that in each by, it is proportional to the equilibrium measure
v, of the ball by, :

V= Zakvk
k

with some coefficients a; > 0.

Figure 10 FEach ball by carries its equilibrium measure

Let = x + v. Regardless of choice of ai, the measure y is big because x is big.
Let vy := 14,V = a7y, and x;, := 14, x then

M, _ Xi + Vi
1+ s 1+ GXxx + GV
< Xk 4 Vi
- 1+ Gre 1+ Gve
< Xk Vi

ayGve 14 Gve'

By choosing a; large enough, we can ensure

S GRET (1) < o (6.13)
k
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The measure v is non-big because it is supported by a non-thick set. Thus, by
Theorem 1.2, we have

Y QTR (25) < oo. (6.14)
k

Since by the choice of v, we have sup G =1 and G"* =1 on by, then

Vi Vi
1+Gve 1+ supGrr

Y

and (6.14) implies
Z G1cF (370) < 0
k

which together with (6.13) yields (6.12).

6.5 Counter-example to Theorem 5.2

Here we use the notations of Theorem 5.2. We will show that the hypothesis (5.5)

S inf o) o (6.15)

P’ TEBL_o 1 =+ Qe

cannot in general be relaxed to

Ek: f’“fooél = . (6.16)

Since, in the setting of Corollary 5.3, (6.16) does imply bigness of 1 (note that
under hypotheses of Corollary 5.3, si ~ t;) then we are looking at a situation with
no uniform Harnack inequality. So, let us take X = H? - the hyperbolic plane. We
will construct a non-big measure u for which (6.16) holds.

Let B be the concentric balls of radii 2* centred at a point zy € H?2. Let v}, denote
the equilibrium measure of A; := Bj\Bj_; with respect to Bj,;. This means, in
particular, that vy is supported by Ay,

Vi —
supGg; | =1
and
Vi —
Gg,,, =1 on A
Since G  is continuous and harmonic in Bj_; then necessarily G'* = 1 on
Bk+1 . Bk+1
By_1, too. In particular,
Vi —
GB]C+1 (l‘o) — 1.
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(The measure 14 is supported by Ay J

Figure 11 v, is the equilibrium measure of Ay

Now let I" be a half-space in H? containing x on its boundary. Let us define
n = 11" Z V.
k

Since

_ (rvg Vi
ty = GBk+1 < GBk+1 <1

then ag = supty <1 and 1+ a5 < 2. By symmetry, we have

1 1
te(zo) = 50% (7o) = 3

Bi11
whence (6.16) holds.

At the same time, the measure pu is non-big because it is supported by a half-
space of H? which is non-thick. The easiest way to see that is to map conformally
H? onto the unit disk I in R2. A two-dimensional conformal mapping preserves
superharmonic functions and thus, thickness. A half-disk is obviously non-thick in
DD - one can construct its reduced function by solving the corresponding Dirichlet
problem in its complement. Therefore, I' is non-thick either.

Incidentally, we have now an example of two non-thick sets whose union is thick
- two half-spaces in H? which cover the whole space.

6.6 Harmonic functions with the third boundary condition

Let ' be the half-space {z; > 0} in R% and let ¥ denote its boundary {x; =0} .
Given a non-negative continuous function q on X, we define the third boundary value
problem in I as follows:

{ Au=0 in I (6.17)

g—;—qu:() on X’

It is assumed that the function u is continuous in I' U 2. The boundary condition
is understood in a weak sense. The latter means the following: Let ¥, := {x; =t}
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and let y = (22, 23, ...z4), then for any ¢ € Cg° (R?),

lim < Ou ) édy = 0. (6.18)

— —qu
t—0+ 0x1 ¢
p3

We denote by o the (d — 1)-dimensional Lebesgue measure on 3 considered as a
measure on R%.

X

I={x;>0}

&) = {x,=0}

Figure 12 Sets I' and X

Proposition 6.5 The following statements are equivalent:

(1) There exists a non-zero bounded solution to (6.17);

(2) The measure qo is non-big on RY.

Moreover, the function L?%|pys is a solution to (6.17), and for any other solution
u of (6.17) satisfying the restriction |u] < 1, we have |u| < L?%.

Remark: The idea to consider the third boundary value problem was suggested to
us by V.A.Kondratiev.

Proof. The idea of the proof is to extend the solution w evenly in z; to the
whole space R? and to observe that the extended function satisfies the Schrodinger
equation (1.1) with u = 2go. Let us note that 2¢o is a Kato measure on R? which
follows from the fact that the singularity on the Green function G(z,y) is of order
|z — > which is locally uniformly o-integrable.

Let u be a bounded smooth function on I', continuous on I' U X. Let us define
the function w on R? as follows

w (z1,y) = u(|z],y).
We claim that u is a solution to (6.17) if and only if
Aw = 2quo. (6.19)

Let us note that in both cases: “if” and “only if”, u is harmonic in I" and thus,
the function w is harmonic off . Indeed, either w is harmonic in I" as a solution to
(6.17) or w is harmonic off ¥ by (6.19) because the measure 2go is supported by X.
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We are left to show that the boundary condition (6.18) is equivalent to (6.19).
Fix a test function ¢ € C$°(RY). Applying Green’s formula, harmonicity of w off ¥
and the fact that w is even and continuous, we obtain

(Aw,¢) = (w,A¢p) :/wAgzﬁdx

Rd

= lim / wApdx + / wAeodx

t—0+
{z1>t} {z1<—t} )
) ow 0¢ ) [ Ow 0o
= 1 —¢— —w|dy—1 —¢— —w| d
tirorir/[ﬁxl axlwl y— 20 | Oz oy } 4
5
= tli%gr 8x1¢d —/a—xlwda—tlilg}r ngd +/—wd0
— 21 Ou | e +2/ éd (6.20)
= 2lim [ 5= —qu| édy quedo :
S 5

whence we see that the boundary condition (6.18) is equivalent to

(Aw, ¢) = 2(qua, ¢)

ie. to (6.19).

The above argument shows that (1) = (2). Indeed, existence of a bounded
non-trivial solution u of (6.17) implies that equation (6.19) has a non-zero bounded
continuous solution w. Therefore, the measure 2qo is non-big, and so is go by Lemma
3.7.

Let us verify (2) = (1). Since 2qo is non-big and Kato, the function w := L%
is a bounded continuous non-zero solution to (6.19) satisfying in addition 0 < w < 1.
We claim that w is even in x;. Indeed, the function w(zy,y) := w(—x1,y) is also a
solution of (6.19) with the same additional properties, and since by Lemma 2.5 w
is the maximal such solution, then w < w. We conclude w = w and w is even. Let
us set u := w|ryg, then u is continuous in I' U ¥ and harmonic in T'. Moreover, we
see by (6.20) and (6.19) that the boundary condition (6.18) is satisfied, too.

We are left to prove the last statement of Proposition 6.5. The fact that ug :=
L*7|pus is a solution to (6.17), was just shown above. Let u be another solution
of (6.17) such that |u| < 1. We will verify that |u| < ug. Indeed, if w is the even
extension of u to RY, then w satisfies (6.19) and |w| < 1. By Lemma 2.5, w < wq :=
L2 Therefore, u < up. In the same way, —u < ug whence |u| < uy. B

Depending on ¢, the potential G**° may be both finite or infinite. The set X
is thick as we saw above so we cannot conclude a priori non-bigness of 2qo. Both
existence and non-existence of a non-trivial bounded solution to (6.17) may actually
occur depending on the choice of the function g. Theorems 1.2 and 1.3 provide
efficient tools to verify that.
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7 Results for harmonic spaces

7.1 Harmonic spaces

A unifying concept in potential theory is the notion of a harmonic space. E.g.,
passing from solutions of Au = 0 to solutions of Au — up = 0 (u being a Kato
measure) means passing from the classical harmonic space (X, Ha) to the harmonic
space (X, Ha_,).

For sake of simplicity we shall restrict our attention to Bauer spaces (but of
course everything holds for general harmonic spaces and, in fact, could even be done
for balayage spaces or H-cones).

In the following let X be an arbitrary locally compact space with countable base.
For every open subset U of X, let B(U) (resp. C(U)) be the set of all Borel measurable
(resp. continuous real) functions on U. As usual, given a set F of functions on U,
Fy (resp. FT) will be the set of all bounded (resp. positive) functions in F. Let U,
denote the family of all open relatively compact subsets of X.

A harmonic sheaf on X is a map H which to every open subset U of X assigns
a linear subspace H(U) of C(U) such that the following properties hold:

(S1) For any two open subsets U,V of X such that U C V, H(U) C H(V).

(S2) For any family (U;);cr of open subsets and any numerical function h on U =
UiEIUi> h € H(U) if h\Ul € H(Ul) for every 1€ 1.

The elements of H(U) are called harmonic functions on U.
A set V € U, is called regular if every f € C(OV') possesses a unique continuous

extension Hy f on V such that Hy f is harmonic on V and Hy f > 0if f > 0.
The pair (X, H) is called a Bauer space if H has the following properties:

(B;) For every x € X, there exists a harmonic function h defined in a neighbour-
hood of = such that h(z) # 0.

(By) For every x € X, there exists a base V of regular sets such that UNV €V
for any U,V € V.

(Bs) (Convergence property of Bauer) For any increasing sequence (h,,) of positive
harmonic functions on an open set U, h = suph,, € H(U) if h is locally
bounded.

For each regular subset V' of X, the map f +— Hy f, f € C(OV), defines a kernel
on X which again is denoted by Hy (of course we take Hy (z,-) = 6, for z € X\ V).

For every open subset U of X, a lower semicontinuous function s : U —| —
00, 00| is called hyperharmonic on U provided that Hys < s for every regular
V e U.. Tt is superharmonic on U if in addition the functions Hys are locally
bounded on V. A superharmonic function s > 0 on U is called potential on U
if 0 is the largest harmonic minorant of s on U. We write S(U) (resp. P(U)) for
the set of all superharmonic functions (resp. potentials) on U. A function ¢t on U
is called subharmonic if —t € S(U). Every function s € ST(U) admits a unique
decomposition s = h+p such that h € H*(U) and p € P(U) (Riesz decomposition).
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An open subset U of X is a P-set if there exists a strictly positive p € P(U).
Any subset of a P-set is a P-set. It can be shown that X admits a covering by
P-sets. (X, H) is called P-harmonic if X itself is a P—set.

Examples. Let X denote an open subset of R, d > 1.
1. Let

1 T
=33 A+ Ay (7.1)
k=1

where Ag, Ay, ..., A, are C>®-vector fields on X and every C*-vector field A =
(a1, .y ) : X — R?is identified with the differential operator 3¢ | a;z2-. The
corresponding sheaf is defined by

HL(U)={heC*®U): Lh=0} (U open C X).

Let L(Ag, A1, ..., A,) denote the (Lie) algebra generated by Ay, A, ..., A, using the
(Lie) product [A, B] = AB — BA. Then (X,Hy) is a Bauer space provided that, for
each r € X,

{Z(x): Z € L(Ao, Ay, ..., A)} = R (7.2)

([5],[6]). A complete proof for this result using Hérmanders hypoellipticity theorem
can be found in [4]. In fact, a stronger convergence axiom holds (Doob’s convergence
axiom): If (h,) is an increasing sequence of harmonic functions on an open set U
such that h := sup h,, is finite on a dense subset of U, then A is harmonic. If 7.2
holds omitting Ay, then even Brelot’s convergence axiom is satisfied: If (h,) is an
increasing sequence of harmonic functions on a domain U such that A := sup h,, is
not identically oo, then A is harmonic.

NotethatwegetL:lAtakingr—d Ag =0, Ak—ifor1<k:§d, and

L = %Zf_ll % - 7 (operator of the heat equation, d > 2) taking r = d — 1,
Ay = aa:d Ak = for 1 <k <d-1. We point out that L can be fairly
degenerate eg, L =L 97 T2 1812 — a% on R® with r = 1, Ag = mla%g — 6%3 and

A = Bwl For subla,plamans see e.g.[14].

2. Using probabilistic techniques (martingales, limit theorem) and Krylov’s Har-
nack inequality it is possible to consider elliptic and parabolic operators where the
coefficients need not be differentiable (see [18]): Let a;;,b;, ¢ be continuous real
functions on X such that ¢ < 0. Consider the operator

d

L—lz > +Zba (7.3)
N Y o0, 2,01 = sz '

J_

on X assuming that the matrix (a;(z))¢;_, is positive definite for every z € X
(elliptic case) or the operator (for d > 2)

e
”_ U(‘?x,@x] — "Ox; Oy

assuming that the matrix (a; (x))f;il is positive definite for every € X (parabolic
case). In both cases, the pair (X,H]) is a Bauer space if we define

H(U) = {h e C(U) : Lh = 0}.
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In fact, in the parabolic case, (X, H) is P-harmonic and satisfies Doob’s conver-
gence axiom. And, in the elliptic case, (X, H ) always satisfies Brelot’s convergence
axiom and we have a P-harmonic space if e.g. one of the following conditions is
satisfied:

(i) ¢ does not vanish identically on any connected component of X.

(i) X is not dense in R? and the functions b; are bounded on bounded subsets
of R

3. It is easy to check that, except for P-harmonicity which has to be investigated
separately, nothing changes if X is a Riemannian manifold and L is a differential
operator on X which is locally of type 7.1 or 7.3.

In the following let (X,H) be a Bauer space. For simplicity let us assume that
(X, H) is P-harmonic.

The (H—)fine topology on X is the coarsest topology such that every function
s € §T(X) is continuous. Every open subset of X is finely open.

For every A C X and s € S7(X), we define

RYs = inf{ve ST(X):v>son A}
= inf{v € ST(X):v<son X,v=so0n A},
R*s(z) = liminf R*s(y).
y—T
Then RS € 8*(X) and, of course, R4 < R4 < s.
If V e U. is regular, then
REV = HVS (7.4)
for every s € ST(X). For an arbitrary V' € U.., the equation (7.4) is used to define
a kernel Hy (uniqueness is already assured by having (7.4) for all continuous real
potentials). And then, for every hyperharmonic function s on an open subset U of
X, we have
Hys <s
for every V' € U, such that V. C U. Moreover, Hys is harmonic on V if s is
superharmonic. .
A sequence (U,,) in U, is called an ezhaustion of X if | ;- , U, = X and U,, C Uyt
for every n € N. We note that X may not admit an exhaustion by regular sets (e.g.,
if X is a W-shaped region in R? x R and H is the sheaf of solutions of the heat
equation), and this is the reason why we need kernels Hy for arbitrary V' € U..
We state two elementary, but useful facts.

Proposition 7.1 1. Let s € ST(X) and let (Uy,) be an exhaustion of X. Then the
sequence (Hy, s) decreases to the harmonic part in the Riesz decomposition of s.
2. If s € S(X) and p € P(X) such that s+ p >0 then s > 0.

We shall say that a sequence (x,,) in U converging to a point z € U is regular if
lim Hy f(2,) = f(2) (75)

for every f € C(X). Of course, a point z € U is regular if every sequence in U
which converges to z is regular. And U is regular if every boundary point of U is
regular. The following minimum principle is very useful (see e.g. [4, p. 107]):
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Proposition 7.2 (Minimum Principle) Let U € U, and s € S(U) such that s is
lower bounded and liminf, ., s(x,) > 0 for every regular sequence (z,,) in U. Then
s> 0.

A potential p € C(X) is strict if, for each z € X, the Dirac measure at z is
the only measure p > 0 on X such that [pdp = p(z) and [ gdp < g(z) for every
q € P(X). If p is strict, then of course, Hyp < p on U for every U € U,. Our
assumption that (X, H) is P-harmonic implies the existence of strict potentials.

Our harmonic space (X, H) may (or may not) possess a Green function. A Borel
function Gx : X x X — [0, 0] is called a (measurable) Green function for (X, H)
provided the following hold:

(i) For every y € X, Gx(-,y) is a potential on X which is harmonic on C{y}.

(ii) For every p € P(X) N C(X) which is harmonic outside a compact set, there
exists a measure p > 0 on X such that

p:/ﬁkwaMW-

7.2 Perturbations of harmonic spaces

Let us now proceed to perturbation of (X,H). For our purpose it will be most
convenient to describe it in terms of the associated kernels.

We shall say that M = (K})yey, is a Kato family of potential kernels on X if
every KM, U € U,, is a kernel on U such that, for every f € B/ (U), the function
K¥ f is a continuous bounded potential on U which is harmonic outside the support
of f and such that K}M1 — K1 is harmonic on U NV for all U,V € U..

In the case of a Riemannian manifold X a Kato family M = (K})yey, of
potential kernels can be identified with a Kato measure p by

KY =K (U el,)

(of course, we have an analogous identification if our harmonic space (X, H) admits
a Green function).

Defining sums and positive multiples of Kato families of potential kernels in the
obvious way we obtain a convex cone. We even have a multiplication by locally
bounded functions ¢ € BT(X) given by

KM =K (of)  (Uel).

For every p € P(X)NC(X) there exists a unique Kato family M(p) of potential
kernels which is connected with p by

K[]y(p)lzp—HUp (U € U.).

Now fix a Kato family M = (K¥)yey.. The compatibility condition K1 —
K¥1 € H(UNU) implies that

KY = Ky — Hy Ky (7.6)
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if V,{W €U,, V C W. This shows that

lim K f(z,) =0 (7.7)

n—oo

for every f € B,(X) and every regular sequence (z,) in V. Defining

M ._ M
K™ := sup Ky
Ve,

we obtain a kernel K on X such that, for every f € B*(X), the function KM f is
hyperharmonic on X and, for every U € U,,

K{' + HyK" = K™

(see (2.3)).

As is the case of a Riemannian manifold, each Ki¥, V' € U., is a compact operator
on By(V), I + K is invertible, and (I + K¥)~'s > 0 for every s € S; (V) ([7, p.
103]). Hence the definition

HY o= (I + KY) 'Hy (7.8)
yields a positive kernel on X. Define
HM = {HM(U) : U open C X}
where
HM(U) = {u € C(U) : HYu = u for every V € U, such that V C U}.
It is not difficult to prove the following (see [7]):
Theorem 7.3 (X, HM) is a P-harmonic Bauer space.

The functions in HM(U) are called M-harmonic on U. The corresponding set
of M-superharmonic functions (M-potentials resp.) on U is denoted be YS(U)
(MP(U) resp.) and it is easy to show that, for every U € U,,

My (U) = (T4 K¥)'H,y(U),
MS(U) = (I+ K 'Sy(U),
Mpy(U) = (I+KM)'Py(U).

If we are in the case of a Riemannian manifold where M corresponds to a Kato
measure j, then a finely continuous locally bounded function u on an open set U
is M-harmonic (M-superharmonic, M-subharmonic resp.) if and only if Au = up
(Au < up, Au > up resp.).

It is useful to note that the fine topology of (X, H) is the fine topology of
(X, HM). Moreover, it follows immediately from (7.6) and (7.7) that any regu-
lar sequence (z,) in U € U, (regular with respect to (X,H)) is also regular with
respect to (X, HM) (and conversely).
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7.3 h-small and h-big families of potential kernels

We now extend what we did before on Riemannian manifolds to our more general
setup. In most cases it will be clear how to get the corresponding general proof and
then we shall simply omit it without further reference.

In the sequel, h always denotes a positive harmonic function on X. We stress
the fact that even for connected X the function h may vanish on a substantial part
of X without being identically zero! (It happens already for solutions of the heat
equation.)

Given a Kato family M = (K}!)yeu. we define a corresponding Liouville function
LMh by

LMh = inf HYh.
Uel.
If (Uy) C U, is any exhaustion of X then

LYh = lim Hp,h.
Proposition 7.4 If M is a Kato family of potential kernels on X then LMh is
a continuous subharmonic function on X, 0 < LMh < h. The function LMh +
KM[IMp is harmonic, LM + KMIMhp < h < LMh + KMh. In particular, LMh is
M -harmonic.
If v is any M-(sub)harmonic function such that |v| < h, then v < Lh.

Since Kato families of potential kernels form a convex cone, we have a specific
order: M’ < M if and only if there exists M"” such that M’ + M" = M.

Lemma 7.5 Let (M,) be a sequence of Kato families of potential kernels which is
specifically increasing. If (sup,, K(]}([”)Ueuc 1s a Kato family M of potential kernels,
then inf LMrh = LM,

Definition 7.1 A family M = (K}M)yey, of kernels KM on U will be called a
smooth family of potential kernels on X if there exists a sequence (M,) of Kato
families of potential kernels on X such that

KY ="K}  (Ucl).
n=1

It will be called proper if K}1 € P(U) for every U € U,.

If we have a corresponding Green function then such a smooth family M will
correspond to a smooth measure p and M will be proper if i is a Radon measure.

Let us mention that a perturbation by smooth proper families of potential kernels
(even by differences of such families) has already been studied in [15].

The set MT(H) of all smooth families of potential kernels is a convex cone and
its specific order extends the specific order introduced for Kato families of potential
kernels on X (since M', M", M € M*(H), M'+M" = M, M a Kato family, implies
that M’, M" are Kato families!). It should be clear by now how to define @M for
v € BY(X) and M € M*™(X). And then, for any M € M™(X), there exists a
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Kato family of potential kernels on X and ¢ € B*(X) such that ¢ N = M (in fact,
M = ¢M(p) for some p € P(X)NC(X) and ¢ € BT (X)).
Given M € M™(H), we define the global (potential) kernel K™ by

K" = sup K} = lim K{}/‘i
Uecl. k—o00
where (U},) is any exhaustion of X (recall that KM < KM if U,V e U, U C V).

We might note that M = M(p) for some p € P(X)NC(X) if and only if KM1 €
P(X)NC(X) and then of course p = KM1.

Proposition 7.6 For every f € BT(X) the following holds:

(i) If M is a Kato family and f is bounded with compact support, then KM f is a
continuous bounded potential which is harmonic on Csupp(f).

(ii) KM f is a positive hyperharmonic function. It is a potential if and only if it is
bounded by a superharmonic function.

Proof. (i) Choose U € U, containing the support of f. Then q := K} f is a
continuous real potential on U, harmonic on U \ supp(f). There exists a (unique)
p € P(X)NC(X) (“Hervé-lifting”) such that p is harmonic on X \ supp(f) and p—q
is harmonic on U. Fix an exhaustion (Uy) of X such that U C U;. Then it is easily
seen that K{}i f =p— Hy,p for every k € N. Since limy_,., Hy,p = 0, sequence
obtain that KM f = p.

(ii) The function f is a countable sum of positive bounded functions with compact
support and M is a countable sum of Kato families of potential kernels. Therefore,
by (i), KM f is a countable sum of continuous real potentials which are harmonic on
X \ supp(f). This implies (ii) (see e.g. [4]). W

Given M € M™*(H), we define a corresponding Liouville function L™h by

LMh = inf{L"h: N € M"(H), N Kato family }. (7.9)

Lemma 7.5 implies that
LMh = inf LMk (7.10)

for any sequence (M,,) of Kato families of potential kernels on X which is specifically
increasing to M.

Lemma 7.7 For every M € M*(H), 0
is subharmonic, and LMh + KMLMp <
subharmonic.

If M is proper, then LMh + KMLMh is harmonic.

LMh < h, the function LMh + KMLMp

<
h < IMh + KMh. In particular, LMh is

Lemma 7.8 Let M € MT(H) and let v be a finely continuous function on X such
that |v| < h. Assume that, for every U € U, and for every Kato family N € M*(H)
such that N < M, the function v + KHv™ — K}Mv~ is subharmonic on U. Then
v < LMp,.

Proposition 7.9 Let M € M*(H), h € H"(X). Then L™h can be characterized
in the following way:
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(1) LMh is the mazimal finely continuous function v on X such that |v| < h and,
for every U € U,., the function K}|v| is bounded and v+ K} v is subharmonic
on U.

(1a) LMh is the mazimal finely continuous function v on X such that |v| < h,
KM|v| is h-bounded and v+ KMv is subharmonic.

(2) If M is proper, then LM h is the mazimal finely continuous function v such that
lv| < h and, for every U € U,, the function K}|v| is bounded and v+ K is
harmonic on U.

(2a) If M is proper, then LMh is the mazimal finely continuous function v such
that |v| < h, KM|v| is h-bounded, and v+ KMv is harmonic.

Given h € H™(X), the subharmonic function LM% has a smallest harmonic

majorant PMh, namely
PMh = lim Hy LM h,. (7.11)
UtX

Of course,
ILMp < PMp < h,

and M is h-big if and only if PMh = 0.

Proposition 7.10 We have:
(1) For every h € HY(X), LMh+ KMLMh < PMh.
(2) If M s proper, then LM + KM[M = pM,
(3) The operator PM on H™(X) is idempotent.

Proof. (1) By Lemma 7.7, we know that LMh + KMLM} is a subharmonic
minorant of h. In particular, K™ LM} is a potential by Proposition 7.6. By (7.11),
this implies that LMh + KM LMh < limyyx Hy(LMh + KMLMh) = PMh.

(2) If M is proper, we know in addition that L™k + K* L™h is harmonic, hence
PMp < LMh+ KMLMp,

(3) By Proposition 7.9 and (1), we conclude that LMh < LM(PMPL). Therefore,
by (7.11), PMp < PM(PMp). The converse inequality is obvious. W

Definition 7.2 We shall say that M is h-small, if PMh = h.
Lemma 7.11 M is h-small if and only if h — L™h is a potential.

Lemma 7.12 (Monotonicity of bigness and smallness) If N < M, then M is h—big
if N is big, and N is h—small if M is h—small.

Lemma 7.13 (A 0—1 law) If LMh #0 (i.e., if M is non-h-big) then
LMp
sup{T(x) cx € X, h(z) >0} =1.
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Lemma 7.14 We have LM + LN < T + LM+N gnd PM + PN < [ 4+ pPM+N|
Lemma 7.15 If N is h-small, then PM+Nh = PMp,
Proposition 7.16 The following is true:
(1) If M is non-h-big and N is h—small, then M + N is non-h—big.
(2) The set of all h-small M € MT(H) is a convex cone.
(8) Any strictly positive multiple of an h—big M € M™(H) is h-big.
Lemma 7.17 (First case of h—smallness) If K™h is a potential, then M is h—small.
We shall say that M € M™(H) is supported by a (Borel) set A if KM1¢, = 0.

Lemma 7.18 (Second case of non-h—bigness and h—smallness) If M is supported
by a set A and A is non-h—thick (h—thin resp.) then M is non-h—big (h—small resp. ).

Theorem 7.19 For any P-harmonic space (X, H) and any M € M™*(H), the fol-

lowing statements are equivalent:
(i) M is non-h=big (h-small resp.).

(ii)) M can be represented as a sum M = My + My of two smooth families of
potential kernels where My is supported by a non—h—thick set (h-thin set resp.)
and KM2h is a potential.

(iii) There is an open set A which is non-h—thick (h-thin resp.) and such that for
My = 1g 4 M, the function KM2h is an h—-bounded potential.

If M is a Kato family then each of (i)-(iii) is equivalent to:

(iv) There is an open set A which is non—h—thick (h-thin resp.) such that for
My = 1¢4 M, the function KM2h is a continuous h—bounded potential.

Moreover, we have the following result:
Proposition 7.20 For every ¢ > 0, P°M = pM,

Proof. By monotonicity, it suffices to show that PM*h < P*h for every h €
H*(X). Applying Lemma 7.14 to the function PMh, we obtain by Proposition 7.16
that

2PMp = 2PM(P")h < PMh + PPM(PMR) < PMh + P?Mp,
hence PMh < P?Mp. m

Corollary 7.21 If M is a Kato family of potential kernels, then lim. o L*Mh =
PMp,
Proof. Since
LMh + eKMLMh = P*Mp = PMp
for every ¢ > 0, the (eM)-harmonic functions LM} are increasing to a harmonic

function u < PMh as € decreases to zero. Clearly, L h < u, hence PMh < u. Thus
PMp=qy. 1
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8 Relations to minimality of h
Let us first consider a simple sufficient condition for A-bigness:

Proposition 8.1 Let M be a Kato family of potential kernels on X, let (U,) be an
ezhaustion of X, and let (o) be a sequence in [0, 1] such that

[e%S)
E ap = OO
n=1

and
HY  h<(1—an)h onU,

for every n € N. Then M is h—big.
Proof. Fix n € N. Our assumption implies that
HY h<(l—amh  ondU,
for every m € N. Induction on k yields that, for every k € N,

HY HY CHY  h<(1—a,)(1—ani1) (1 —ani)h on U,.

Unt17 7 Uny2 Untk+1

Since LM is M-harmonic and LMh < h, we know that, for every k € N,

LMh = HY HY . HY L LMh

Un+2 Untk+1
M M M
< HUn+lHUn+l HUn+k+1 h
and hence
n+k
LMh < H (1 —ap)h  onU,.
m=n

Letting &k tend to infinity we obtain that Lh = 0 on U,,. Thus L™h = 0 on X, i.e.,
M is h—big. &

M € MT(H) is called strictly positive, if K{¥1y # 0 for every U € U, and every
finely open non-empty subset V' of U, i.e. if M is not supported by a finely closed
proper subset of X. In the case of a Riemannian manifold X where M can be
identified with a smooth measure u by

K} =K} (U el,),

M is strict if and only if u(V) > 0 for every finely open V # ().

Clearly, M (p) is strict if p € P(X) NC(X) is a strict potential. Conversely, it is
not difficult to see the following: If M € M™(H) is strict, then there exists a Kato
family N of potential kernels on X such that N is strict and N < M, and we may
even get N = M(p) for some strict p € P(X) NC(X).

The following result allows us to find sections which are h—big.

Proposition 8.2 Suppose that M s strictly positive. Then there exists a locally
bounded function ¢ € BY(X) such that oM is h-big.
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Proof. By our previous considerations we may assume that M is a Kato family.
Let (U,) be an exhaustion of X and define

Wn = U2n+1 \U2nflv

Then there exists a sequence (k;,) in N such that, for every n € N,
1
HipMh < 5h on AU

Indeed (see [14, p. 144)), fix n € N and define
fi = HiMh, keN.
The sequence (fy) is decreasing. Let
f =inf f.
Since fi + kKj) fi = h, we obtain that

s = sup kK, fi
k

is superharmonic on W,, and f + s = h. Therefore f is finely continuous. Moreover,
KKy, f < kK, fi <h

for every k € N, hence K%n f = 0. Since M is strictly positive, this implies that
f =0 on W,. In particular, an application of Dini’s lemma yields the existence of
a natural number k, such that fi, < %h on 0U,,.

Define -
n=1

Then, for every n € N, ¢ < max(ky, ..., k) on Us,q1 and

1
M h< HYh=HizMh < 5h on O,

Uan+1

hence by the minimum principle

Uzn+1

1
HEMY p< §h on Us,.

By Proposition 8.1 (looking at the sequence (Us,—1)) we conclude that ¢ M is h-big.
|

We intend to show that A is minimal if and only if each M is either h-small or
h-big. To that end we have to look more closely at h-thick and h-thin sets.

Of course, every subset of an h-thin set is h-thin, and every subset of X containing
an h-thick set is h-thick. Given A C X, there always exist a Borel (even a Gs-) set
A’ C X such that A C A’ and RYh = R (sce e.g. [4, p. 250]). In particular,
every h-thin set A is contained in a Borel set A’ which is h-thin. Now suppose for a
moment that A C X is not hA-thick, i.e., suppose that there exists a superharmonic
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function s > 0 on X such that s > h on A and s(z) < h(z) for some x € X. Let s
be a strictly positive real superharmonic function on X . If z € X and s(x) < h(zx)
then s(x) + eso(x) < h(z) if € > 0 is sufficiently small and s > h on A implies that
s+ esg > h on A, hence on an open neighbourhood of A. So a subset A of X is
h-thick if and only if every open neighbourhood of A is h-thick.

Since RAYBh < RAh + RB h, the union of two h-thin sets is always h-thin. In
general, however, the union of two sets which are not h-thick may be h-thick: In
Example 1 the intervals |0, 3] and [£, 1 are not 1-thick, but of course |0, 1] is 1-thick.
The following equivalences (which of course are partly known) show that this cannot
happen if A is minimal.

Proposition 8.3 The following statements are equivalent:
(i) h is minimal.
(i1) Every subset A of X is either h-thin or h-thick.
(i1i) For all A, B C X which are not h-thick the union AU B is not h-thick.

(iv) For every (Borel) subset A of X the set A or the complement of A is h-thick.

Proof. (i) = (ii): Suppose that A is not h-thick. Choose an open neighbour-
hood U of A which is not h-thick. Then RV is a positive superharmonic function.
There exist g € HT(X) and p € P(X) such that RVh = g + p, but g # h since
RUh # h. So g = ah for some 0 < a < 1. Since RVh = h on U, we obtain that
p=(1—a)h on U, hence

1
—p>RUh>g

1—
Sog=0, RVAh = p.
(13) = (i4i): Trivial since the union of two h-thin sets is h-thin.
(131) = (4v): Trivial since X is h-thick.
(i19) = (i): Suppose that h is not minimal. Then there exist hy, ho € HT(X)\

{0} such that hy + hy = h and h; is not a multiple of hy. We may choose x1, 25 € X
and 0 < o < oo such that hy(x1) > ahe(zq) and hy(z2) < ahg(zs). Define

A= {hl S Oéhg}.

Then R*h; < ahsy, hence R
RAhl(.%'l) < hl(ZL‘l).

So A is not h;—thick. Moreover,
LA 1
R h2 S _h/la
e

hence R
REAhQ (I‘Q) < hy ((EQ) .

So CA is not_ ho—thick. Sche RBhL = RB hi + ﬁBhg for every B C X, we finally
obtain that R4k # h and R4h # h, ie., A and CA are not h-thick. W
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Corollary 8.4 The following statements are equivalent:
(i) h is minimal.
(i1) Every M is h-small or h-big.
(#ii) For all M, N which are not h-big, the sum M + N is not h-big.

Proof

(i) = (i1): Proposition 7.13.

(1) = (i4i): Trivial by Proposition 7.16.

(731) = (i): Suppose that h is not minimal. By Proposition 8.3, there is a Borel
subset A of X such that A and CA are not h-thick. Using Proposition 8.2 choose
M € M™*(X) such that h is M-big. Then M = 1,M + 1¢,M and 1,M and 1¢,M
are not h-big by Lemma 7.18. H

9 Appendix

9.1 Proof of Proposition 2.1

(1) Fix a sequence { f,} in By(V') such that 0 < f,, <1 for every n € N and choose
B’ € O, such that B C B'. Then the sequence {K%, f,,} (extend f, by 0) in Cy(B’)
is equicontinuous, since G%, is a continuous real potential on B’. So there exists a
subsequence {g,} of {f,,} such that (K%,g,) converges uniformly on B. This implies
that the sequence {K%g,} = {K% 9, — HpK5.g,} converges uniformly on B.

(2) Let w = s + Klzs +t and let C' be a compact subset of {s™ > 0} = {s > 0}
. Then w4 K%s™ is a positive superharmonic function on B and

w+ Khs™ =s+ Kis™ +t> Kiys™ > Kih(les™)  on C.

Since K%(1¢s™) is harmonic on B \ C and vanishes on 9B, the minimum principle
implies that
w+ Khs™ > Kh(1os™) on BN C.

Since C' is an arbitrary compact subset of {s* > 0}, we thus conclude that w +
Kis™ > Khst ie,s+t=w— Kgs > 0.

(3) It suffices to note that I + K is injective by (2), hence surjective as well
since K is compact.

(4) and (5). Let u= Hyf = (I + K&)"'Hpf. Then

In particular, u is continuous on B and tends to f at the boundary of B. Moreover,
Au—up = Alu+ Khu) = AHgf = 0.

Suppose that v is any continuous real function on B such that Av —vu = 0 and v
tends to f at dB. Then s := u — v tends to zero at 0B and satisfies

A(s+ Kis) = As — sp =0,
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i.e., s + Kls is harmonic. Hence s + Kizs =0, and s = 0 by item (2).

Now assume that f > 0. Then u > 0 by item (2), and u < u + Kiu = Hpf.
Finally, fix a Kato measure v on X and let w = H&™f. Then the continuous
function s = u — w tends to zero at B and

s+ Kis = (u+ Khu) + Khu — (w + Ki™w) = Kju

is a positive superharmonic function, hence s > 0 by item (2).

9.2 Kato measures and smooth measures

Proposition 9.1 Let u > 0 be a measure on (X, B(X)). Then the following state-
ments are equivalent:

(1) p is smooth.
(2) w is the limit of an increasing sequence of Kato measures.

(8) w1 has a density with respect to a Kato measure.

Proof. (1) = (2): Since finite sums of Kato measures are Kato measures, we
may assume that p is a smooth Radon measure with compact support. Then G*
is a potential on R In particular, the set {G* = oo} is a polar set and hence
uw({G* = oo}) = 0. Therefore, defining

A, ={n—-1<G' <n}, Up=1a,pu,

we have p =Y 7 v, where G"» < n since G*» < G* < n on A,. Being bounded

n=1
each G"" is the sum of continuous potentials G*»™, m € N. It now suffices to take

n
Ky = Z Vij.

1,7=1

(2) = (3): Let (u,) be a sequence of Kato measures which is increasing to p
and let (U,) C U, be an exhaustion of X. Then v, := 1y, u, T 1 as n — oo and
G € Cp(X) for every n € N. There exist o, > 0 such that v := > " | a,v, satisfies
G” € Cp(X). Then v is a Kato measure. Clearly, each v, possesses a density with
respect to v and so does p.

(3) = (2): Let v be a Kato measure and pu = ¢v, ¢ € BT(X). Then every
H = Lio<pyv, n € N, is a Kato measure and p,, T p.

(2) = (1): It suffices to recall that a Kato measure does not charge polar sets
(the minimum principle implies that G* cannot be a continuous real potential if v
is supported by a polar set).
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