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1 Construction of measures

1.1 Introduction and examples

The main subject of this lecture course and the notion of measure (Maf}). The rigorous
definition of measure will be given later, but now we can recall the familiar from the
elementary mathematics notions, which are all particular cases of measure:

1. Length of intervals in R: if I is a bounded interval with the endpoints a,b (that is,
I is one of the intervals (a,b), [a,b], |a,b), (a,b]) then its length is defined by

() =1b—a.

The useful property of the length is the additivity: if an interval I is a disjoint union of
a finite family {I,};_, of intervals, that is, I = | |, I, then

0= (I

Indeed, let {ai}f\io be the set of all distinct endpoints of the intervals I, I, ..., I,, enumer-
ated in the increasing order. Then [ has the endpoints ag, ay while each interval [, has
necessarily the endpoints a;, a;+; for some ¢ (indeed, if the endpoints of I} are a; and a;
with j > ¢+ 1 then the point a;, is an interior point of I}, which means that [ must in-
tersect with some other interval I,,,). Conversely, any couple a;, a;+1 of consecutive points
are the end points of some interval I} (indeed, the interval (a;, a;11) must be covered by
some interval [;; since the endpoints of I, are consecutive numbers in the sequence {a;,},
it follows that they are a; and a;1). We conclude that

E(I) =anN — Qg = Z(aiﬂ—ai) :ZE(I/J

2. Area of domains in R%2. The full notion of area will be constructed within the
general measure theory later in this course. However, for rectangular domains the area is
defined easily. A rectangle A in R? is defined as the direct product of two intervals I, .J

from R:
A=IxJ={(z,y)eR*:zel,yeJ}.

Then set
area (A) =0 (1) 4 (J).

We claim that the area is also additive: if a rectangle A is a disjoint union of a finite
family of rectangles A, ..., Ay, that is, A =| |, A, then

area (A) = Z area (Ay) .

For simplicity, let us restrict the consideration to the case when all sides of all rectangles
are semi-open intervals of the form [a,b). Consider first a particular case, when the



rectangles Ay, ..., Ay form a regular tiling of A; that is, let A =1 x J where I =| |, I; and
J=1] p J;, and assume that all rectangles Aj; have the form /; x J;. Then

area (A) = £ (1)L (J) = Ze(m Zzuj) = Zf([i)guj) = area(Ay).

Now consider the general case when A is an arbitrary disjoint union of rectangles Aj.
Let {z;} be the set of all X-coordinates of the endpoints of the rectangles A; put in
the increasing order, and {y;} be similarly the set of all the Y-coordinates, also in the
increasing order. Consider the rectangles

B;; = (i, Tig1) X [yj,yjﬂ)-

Then the family {B;}, ; forms a regular tiling of A and, by the first case,
area (A) = Z area (B;;) .
Y]

On the other hand, each Ay is a disjoint union of some of B;;, and, moreover, those B;;
that are subsets of Ay, form a regular tiling of Ay, which implies that

area(Ay;) = Z area (B;;) .

Bij CAyg

Combining the previous two lines and using the fact that each B;; is a subset of exactly
one set Ay, we obtain

Z area (Ay) = Z Z area (B;;) = Z area (B;;) = area (A).

k BijCAk

3. Volume of domains in R3. The construction is similar to the area. Consider all
bozes in R3, that is, the domains of the form A = I x J x K where I, J, K are intervals
in R, and set

vol (A) = ¢ (1) £ () € (K).

Then volume is also an additive functional, which is proved in a similar way. Later on,
we will give the detailed proof of a similar statement in an abstract setting.

4. Probability is another example of an additive functional. In probability theory,
one considers a set {2 of elementary events, and certain subsets of {2 are called events
(Ereignisse). For each event A C (), one assigns the probability, which is denoted by
P (A) and which is a real number in [0, 1]. A reasonably defined probability must satisfy
the additivity: if the event A is a disjoint union of a finite sequence of evens A, ..., A,
then

P(A) =) P(A).

The fact that A; and A; are disjoint, when ¢ # j, means that the events A; and A; cannot
occur at the same time.

The common feature of all the above example is the following. We are given a non-
empty set M (which in the above example was R, R? R3, ), a family S of its subsets (the
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families of intervals, rectangles, boxes, events), and a functional p : S — R, := [0, +00)
(length, area, volume, probability) with the following property: if A € S is a disjoint
union of a finite family {A;};_, of sets from S then

pA) =" (4.

A functional p with this property is called a finitely additive measure. Hence, length,
area, volume, probability are all finitely additive measures.

1.2 o-additive measures

As above, let M be an arbitrary non-empty set and S be a family of subsets of M.

Definition. A functional p : S — Ry is called a o-additive measure if whenever a set
A € S is a disjoint union of an at most countable sequence {Az}r | (where N is either
finite or N = 00) then

pA) =" (4.

If N = oo then the above sum is understood as a series. If this property holds only for
finite values of N then p is a finitely additive measure.

Clearly, a o-additive measure is also finitely additive (but the converse is not true).
At first, the difference between finitely additive and o-additive measures might look in-
significant, but the o-additivity provides much more possibilities for applications and is
one of the central issues of the measure theory. On the other hand, it is normally more
difficult to prove o-additivity.

Theorem 1.1 The length is a o-additive measure on the family of all bounded intervals
n R.

Before we prove this theorem, consider a simpler property.

Definition. A functional i : S — R, is called o-subadditive if whenever A C Ué;v:]. Ay
where A and all A, are elements of S and N is either finite or infinite, then

N
pn(A) < ZM(Ak)-
k=1
If this property holds only for finite values of N then p is called finitely subadditive.

Lemma 1.2 The length is o-subadditive.

Proof. Let I, {I;},-, be intervals such that I C |J;-, I and let us prove that

GEN



(the case N < oo follows from the case N = oo by adding the empty interval). Let us fix
some € > 0 and choose a bounded closed interval I’ C I such that

() < eI +e.

For any k, choose an open interval I; O I} such that
€
?.

Then the bounded closed interval I’ is covered by a sequence {I; } of open intervals. By

0(1,) < (1) +

the Borel-Lebesgue lemma, there is a finite subfamily {I ,’%} that also covers I'. It
j=1

follows from the finite additivity of length that it is finitely subadditive, that is,

eIy <y ),
J
(see Exercise 7), which implies that

o).

[M]8

t(I') <

=~
Il

1
This yields
o0 6 oo
1) Se+ Y (0 +57) =26+ D ().
k=1 k=1

Since € > 0 is arbitrary, letting ¢ — 0 we finish the proof. m
Proof of Theorem 1.1. We need to prove that if I = | |;~, I then

NE

QUED I

b
I
—_

By Lemma 1.2, we have immediately

()<Y e(Iy)
k=1
so we are left to prove the opposite inequality. For any fixed n € N, we have

I> I_lIk

k=1
It follows from the finite additivity of length that
t(I) > Zf (Zx)
k=1
(see Exercise 7). Letting n — oo, we obtain

ENIA)

which finishes the proof. m



1.3 An example of using probability theory

Probability theory deals with random events and their probabilities. A classical example
of a random event is a coin tossing. The outcome of each tossing may be heads or tails:
H or T. If the coin is fair then after N trials, H occurs approximately N/2 times, and
so does T'. It is natural to believe that if N — oo then % — % so that one says that H
occurs with probability 1/2 and writes P(H) = 1/2. In the same way P(T) = 1/2. If a

coin is biased (=not fair) then it could be the case that P(H) is different from 1/2, say,
P(H)=p and P(T)=q:=1—p. (1.1)

We present here an amusing argument how random events H and T satisfying (1.1)
can be used to prove the following purely algebraic inequality:

A=p")"+(1=¢")" =1, (1.2)

where 0 < p,q < 1, p+ q = 1, and n,m are positive integers. This inequality has
also an algebraic proof which however is more complicated and less transparent than the
probabilistic argument below.

Let us make nm independent tossing of the coin and write the outcomes in a n x m
table putting in each cell H or T, for example, as below:

Sl gl
SIESIEES

T | NS
D IESIESTIRa

N N

Then, using the independence of the events, we obtain:

p" = P{a given column contains only H }
1 —p" = P{ agiven column contains at least one T'}
whence
(1 —p™")™ = P{any column contains at least one T" }. (1.3)
Similarly,
(1 —¢™)" = P{any row contains at least one H} . (1.4)

Let us show that one of the events (1.3) and (1.4) will always take place which would
imply that the sum of their probabilities is at least 1, and prove (1.2). Indeed, assume
that the event (1.3) does not take place, that is, some column contains only H, say, as
below:

H
H
H
H

Then one easily sees that H occurs in any row so that the event (1.4) takes place, which
was to be proved.



Is this proof rigorous? It may leave impression of a rather empirical argument than
a mathematical proof. The point is that we have used in this argument the existence of
events with certain properties: firstly, H should have probability p where p a given number
in (0,1) and secondly, there must be enough independent events like that. Certainly,
mathematics cannot rely on the existence of biased coins (or even fair coins!) so in order
to make the above argument rigorous, one should have a mathematical notion of events
and their probabilities, and prove the existence of the events with the required properties.
This can and will be done using the measure theory.

1.4 Extension of measure from semi-ring to a ring
Let M be any non-empty set.
Definition. A family S of subsets of M is called a semi-ring if

e S contains ()

e ABeS —= ANBeS

e A, BeS = A\ B is a disjoint union of a finite family sets from S.

Example. The family of all intervals in R is a semi-ring. Indeed, the intersection of
two intervals is an interval, and the difference of two intervals is either an interval or the
disjoint union of two intervals. In the same way, the family of all intervals of the form
[a,b) is a semi-ring.

The family of all rectangles in R? is also a semi-ring (see Exercise 6).

Definition. A family S if subsets of M is called a ring if

e S contains ()

e ABeS — AUBe€ Sand A\ BeS.

It follows that also the intersection A N B belongs to S because
ANB=B\(B\A)

is also in S. Hence, a ring is closed under taking the set-theoretic operations N, U, \. Also,
it follows that a ring is a semi-ring.

Definition. A ring S is called a o-ring if the union of any countable family {A;},>, of
sets from S is also in S.

It follows that the intersection A = (1), Ay is also in S. Indeed, let B be any of the
sets A so that B O A. Then

A:B\(B\A):B\(ij(B\Ak)> €S

Trivial examples of rings are S = {0}, S = {0, M}, or S = 2M — the family of all
subsets of M. On the other hand, the set of the intervals in R is not a ring.
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Observe that if {5, } is a family of rings (o-rings) then the intersection (1), S,is also a
ring (resp., o-ring), which trivially follows from the definition.

Definition. Given a family S of subsets of M, denote by R (S) the intersection of all
rings containing S.

Note that at least one ring containing S always exists: 2M. The ring R (9) is hence
the minimal ring containing S.

Theorem 1.3 Let S be a semi-ring.

(a) The minimal ring R (S) consists of all finite disjoint unions of sets from S.

(b) If p is a finitely additive measure on S then p extends uniquely to a finitely additive
measure on R (S).

(¢) If u is a o-additive measure on S then the extension of u to R (S) is also o-additive.

For example, if S is the semi-ring of all intervals on R then the minimal ring R (.5)
consists of finite disjoint unions of intervals. The notion of the length extends then to all
such sets and becomes a measure there. Clearly, if a set A € R (S) is a disjoint union of
the intervals {I;};_, then ¢ (A) = >, £(I)). This formula follows from the fact that
the extension of ¢ to R (S) is a measure. On the other hand, this formula can be used to
explicitly define the extension of /.

Proof. (a) Let 5" be the family of sets that consists of all finite disjoint unions of sets
from S, that is,

gz{ﬂfhth&nGN}
k=1

We need to show that S” = R (.S). It suffices to prove that S’ is a ring. Indeed, if we know
that already then S’ O R(S) because the ring S’ contains S and R (S) is the minimal
ring containing S. On the other hand, S” C R(S), because R (S) being a ring contains
all finite unions of elements of S and, in particular, all elements of S’.

The proof of the fact that S’ is a ring will be split into steps. If A and B are elements
of S then we can write A = | |_, Ay and B = | |;", B;, where A;, B, € S.

Step 1. If A,B € 5" and A, B are disjoint then AU B € S’. Indeed, A LI B is the
disjoint union of all the sets A, and B; so that AU B € 5'.

Step 2. If A, B € S’ then AN B € S’. Indeed, we have

ANB=|](ANB).
k.l

Since A, N B; € S by the definition of a semi-ring, we conclude that AN B € 5.
Step 3. If A, B € S’ then A\ B € 5. Indeed, since

%
it suffices to show that Ay \ B € S’ (and then use Step 1). Next, we have

A\ B =A\UB =N (A \ B).
] I
By Step 2, it suffices to prove that A\ B; € S’. Indeed, since Ay, B; € S, by the definition

of a semi-ring we conclude that Ay, \ B; is a finite disjoint union of elements of S, whence
Ay \ B e s



Step 4. If A, B € S then AU B € S’. Indeed, we have
AUB=(A\B)||(B\A)||(ANnB).

By Steps 2 and 3, the sets A\ B, B\ A, AN B are in S’, and by Step 1 we conclude that
their disjoint union is also in 5.

By Steps 3 and 4, we conclude that S’ is a ring, which finishes the proof.

(b) Now let u be a finitely additive measure on S. The extension to 5" = R (S) is
unique: if A€ R(S) and A= | |;_, Ay where A;, € S then necessarily

p(A) =3 (A (15)

Now let us prove the existence of © on S’. For any set A € S’ as above, let us define ;1 by
(1.5) and prove that p is indeed finitely additive. First of all, let us show that p (A) does
not depend on the choice of the splitting of A = | |_, Aj. Let us have another splitting
A = ||, B, where B; € S. Then
Ak = |_| Ak N B,
I
and since Ay N B; € S and p is finitely additive on S, we obtain

1 (Ag) :ZM(AkﬁBZ)-

Summing up on k, we obtain

Similarly, we have

whence )7,y (Ax) = 32 1 (Br)-
Finally, let us prove the finite additivity of the measure (1.5). Let A, B be two disjoint

sets from R (S) and assume that A = | |, Ay and B = | |, B;, where A;, B, € S. Then
AU B is the disjoint union of all the sets A; and B; whence by the previous argument

p(AUB) =) u(A) + > p(B) = p(A) +p(B).

If there is a finite family of disjoint sets C1,...,C,, € R(S) then using the fact that the
unions of sets from R (5) is also in R (S), we obtain by induction in n that

M (%lck) = ZM(Ck)‘
k
(c) Let A= ||, B, where A, B; € R(S). We need to prove that
p(A) =S (Bl (16)
1=1
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Represent the given sets in the form A = | |, Ay and B; = | |,, By, where the summations
in k£ and m are finite and the sets Ay and By, belong to S. Set also

Crim = A N By,

and observe that Cy,,, € S. Also, we have

Ay =An A= A0 | B =| |(A0 Biw) = |_|Omm
Il,m

Iym

and
BlmZBlmﬁAzBlmﬂLlAkZU (Ax N Biyy) = I_loklm
A A

By the o-additivity of u on S, we obtain
= 1(Crim)
Im

and

Blm Z M Cklm .
It follows that

ZM (Ax) = Z 1 (Crim) = Zu (Bim) -

k klm

On the other hand, we have by definition of 1 on R (S) that
= u(Ap)
k

and

B) = ZM (Bim)
Y u(B) =Y p(Bin)-

Combining the above lines, we obtain
= (A => p(Bm)=> pn(B),
k Im 1

which finishes the proof. m

whence

1.5 Extension of measure to a o-algebra
1.5.1 o-rings and o-algebras

Recall that a o-ring is a ring that is closed under taking countable unions (and intersec-
tions). For a o-additive measure, a o-ring would be a natural domain. Our main aim
in this section is to extend a o-additive measure y from a ring R to a o-ring.
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So far we have only trivial examples of o-rings: S = {0} and S = 2. Tmplicit
examples of o-rings can be obtained using the following approach.

Definition. For any family S of subsets of M, denote by 3 (S) the intersection of all
o-rings containing S.
At least one o-ring containing S exists always: 2M. Clearly, the intersection of any
family of o-rings is again a o-ring. Hence, 3 (S) is the minimal o-ring containing S.
Most of examples of rings that we have seen so far were not o-rings. For example, the
ring R that consists of all finite disjoint unions of intervals is not o-ring because it does
not contain the countable union of intervals

o0

U (k,k+1/2).

k=1

In general, it would be good to have an explicit description of 3 (R), similarly to the
description of R () in Theorem 1.3. One might conjecture that ¥ (R) consists of disjoint
countable unions of sets from R. However, this is not true. Let R be again the ring of
finite disjoint unions of intervals. Consider the following construction of the Cantor set
C: it is obtained from [0, 1] by removing the interval (1,2) then removing the middle
third of the remaining intervals, etc:

S EHNCENCINEENEEINECEINE SIS

Since C' is obtained from intervals by using countable union of interval and \, we have
C € ¥ (R). However, the Cantor set is uncountable and contains no intervals expect for
single points (see Exercise 13). Hence, C' cannot be represented as a countable union of
intervals.

The constructive procedure of obtaining the o-ring ¥ (R) from a ring R is as follows.
Denote by R, the family of all countable unions of elements from R. Clearly, R C R, C
Y (R). Then denote by Rys the family of all countable intersections from R, so that

RC R, C Rys C X (R).

Define similarly R,s,, Ros06, €tc. We obtain an increasing sequence of families of sets,
all being subfamilies of ¥ (R). One might hope that their union is ¥ (R) but in general
this is not true either. In order to exhaust ¥ (R) by this procedure, one has to apply it
uncountable many times, using the transfinite induction. This is, however, beyond the
scope of this course.

As a consequence of this discussion, we see that a simple procedure used in Theorem
1.3 for extension of a measure from a semi-ring to a ring, is not going to work in the
present setting and, hence, the procedure of extension is more complicated.

At the first step of extension a measure to a o-ring, we assume that the full set M is
also an element of R and, hence, i (M) < o0o. Consider the following example: let M be an
interval in R, R consists of all bounded subintervals of M and p is the length of an interval.
If M is bounded, then M € R. However, if M is unbounded (for example, M = R) then
M does belong to R while M clearly belongs to ¥ (R) since M can be represented as a
countable union of bounded intervals. It is also clear that for any reasonable extension of
length, p (M) in this case must be oo.
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The assumption M € R and, hence, (M) < oo, simplifies the situation, while the
opposite case will be treated later on.

Definition. A ring containing M is called an algebra. A o-ring in M that contains M is
called a o-algebra.

1.5.2 QOuter measure

Henceforth, assume that R is an algebra. It follows from the definition of an algebra that
if A€ R then A°:= M\ A € R. Also, let u be a o-additive measure on R. For any set
A C M, define its outer measure p* (A) by

k=1

p* (A) = inf {iﬂ(/lk) : Ay € Rand A C Ej Al} : (1.7)

In other words, we consider all coverings {A;}~, of A by a sequence of sets from the
algebra R and define p* (A) as the infimum of the sum of all u (Ay), taken over all such
coverings.

It follows from (1.7) that p* is monotone in the following sense: if A C B then
w* (A) < p* (B). Indeed, any sequence {Ax} C R that covers B, will cover also A, which
implies that the infimum in (1.7) in the case of the set A is taken over a larger family,
than in the case of B, whence pu* (A) < p* (B) follows.

Let us emphasize that p* (A) is defined on all subsets A of M, but u* is not necessarily
a measure on 2M. Eventually, we will construct a o-algebra containing R where p* will
be a o-additive measure. This will be preceded by a sequence of Lemmas.

Lemma 1.4 For any set A C M, p* (A) < oo. If in addition A € R then p* (A) = u(A).
Proof. Note that ) € R and p () = 0 because

p@) =p@U0) = p@)+p0).

For any set A C M, consider a covering {A;} = {M,0,0,...} of A. Since M, € R, it
follows from (1.7) that

p(A) < p (M) +p(0) +p (0) + .. = (M) < oo.

Assume now A € R. Considering a covering { A} = {A, 0,0, ...} and using that 4,0 € R,
we obtain in the same way that

1 (A) < p(A) +u (@) + 1 (0) + ... = u(A). (18)

On the other hand, for any sequence {Ay} as in (1.7) we have by the o-subadditivity of
w (see Exercise 6) that

p(A) <> (A
k=1
Taking inf over all such sequences { Ay}, we obtain

pA) <p(A),
which together with (1.8) yields p* (A) = u(A). =

13



Lemma 1.5 The outer measure u* is o-subadditive on 2.

Proof. We need to prove that if

k=1

where A and A; are subsets of M then
p(A) <D (A (1.10)
k=1

By the definition of ;*, for any set Ay and for any € > 0 there exists a sequence { A, } -,
of sets from R such that

A C U A (1.11)
n=1

and

ph(Ag) > ZM (Agn) — Q—i-

n=1
Adding up these inequalities for all k£, we obtain

[e.e] [e.e]

S A = S () < (112)

k=1 kn=1

On the other hand, by (1.9) and (1.11), we obtain that

AcC U A
kn=1
Since Ay, € R, we obtain by (1.7)
kn=1

Since this inequality is true for any ¢ > 0, it follows that it is also true for € = 0, which
finishes the proof. m

1.5.3 Symmetric difference

Definition. The symmetric difference of two sets A, B C M is the set
AAB:=(A\B)U(B\A)=(AUuB)\ (ANB).

Clearly, AN B=B A A. Also, x € A A B if and only if x belongs to exactly one of
the sets A, B, that is, either x € Aand x ¢ Borx ¢ A and x € B.

14



Lemma 1.6 (a) For arbitrary sets Ay, As, By, By C M,
(Al ©) AQ) A (Bl o BQ) C (Al A Bl) U (A2 A BQ), (113)

where o denotes any of the operations U, N, \.
(b) If p* is an outer measure on M then

w* (A) —p" (B)| < p* (A A B), (1.14)
for arbitrary sets A, B C M.

Proof. (a) Set
C - (Al A Bl) U (Ag A BQ)

and verify (1.13) in the case when o is U, that is,
(AyUAy) A (BLUBy) C C. (1.15)

By definition, = € (A; U Ay) A (B U By) if and only if z € A; U Ay and « ¢ B; U By or
conversely x € B; U By and x ¢ A; U Ay. Since these two cases are symmetric, it suffices
to consider the first case. Then either x € A; or x € Ay while z ¢ By and x ¢ B,. If
r € Ay then

.TGAl\BlCAlABlCC

that is, € C. In the same way one treats the case x € Ay, which proves (1.15).
For the case when o is N, we need to prove

(A1 N As) A (BN Bs) C C. (1.16)

Observe that z € (A3 N As) A (ByN Bs) means that z € Ay N Ay and © ¢ By N By
or conversely. Again, it suffices to consider the first case. Then x € A; and x € A,
while either ¢ By or x ¢ By. If ¢ By then x € A; \ By C C, and if x ¢ B, then
T € A2 \ By C C.

For the case when o is \, we need to prove

(A \ A9) & (B \ By) € C. (1.17)

Observe that x € (A3 \ As) A (B \ B2) means that © € A; \ Ay and « ¢ B; \ By or
conversely. Consider the first case, when x € Ay, © ¢ Ay and either ¢ B; or x € By. If
x ¢ Bj then combining with x € A; we obtain x € A;\ B; C C. If x € By then combining
with x ¢ As, we obtain

IEBQ\AQCAQABQCC,

which finishes the proof.
(b) Note that
ACBU(A\B)CBU(A A B)

whence by the subadditivity of p* (Lemma 1.5)
p(A) < p*(B)+p" (A s B),

whence
p(A) —p*(B) <u' (A A B).

15



Switching A and B, we obtain a similar estimate
pr(B) —p* (A) < p (Ao B),

whence (1.14) follows. m

Remark The only property of p* used here was the finite subadditivity. So, inequality
(1.14) holds for any finitely subadditive functional.

1.5.4 Measurable sets

We continue considering the case when R is an algebra on M and p is a o-additive measure
on R. Recall that the outer measure p* is defined by (1.7).

Definition. A set A C M is called measurable (with respect to the algebra R and the
measure p) if, for any € > 0, there exists B € R such that

W (AN B)<e. (1.18)

In other words, set A is measurable if it can be approximated by sets from R arbitrarily
closely, in the sense of (1.18).
Now we can state one of the main theorems in this course.

Theorem 1.7 (Carathéodory’s extension theorem) Let R be an algebra on a set M and
1 be a o-additive measure on R. Denote by M the family of all measurable subsets of M.
Then the following is true.

(a) M is a o-algebra containing R.

(b) The restriction of u* on M is a o-additive measure (that extends measure p from
R to M).

(c) If v is a o-additive measure defined on a o-algebra ¥ such that
RcXYXcM,
then = p* on X.

Hence, parts (a) and (b) of this theorem ensure that a o-additive measure p can
be extended from the algebra R to the o-algebra of all measurable sets M. Moreover,
applying (¢) with ¥ = M, we see that this extension is unique.

Since the minimal o-algebra ¥ (R) is contained in M, it follows that measure p can
be extended from R to ¥ (R). Applying (c¢) with ¥ = ¥ (R), we obtain that this extension
is also unique.

Proof. We split the proof into a series of claims.

Claim 1 The family M of all measurable sets is an algebra containing R.
If A € R then A is measurable because

pr(AnA)=p 0)=pn@® =0

where p* (0) = p (@) by Lemma 1.4. Hence, R C M. In particular, also the entire space
M is a measurable set.
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In order to verify that M is an algebra, it suffices to show that if A;, A, € M then
also A;UAs and A; \ Ay are measurable. Let us prove this for A = A; U Ay. By definition,
for any € > 0 there are sets B, By € R such that

P (A A By) <e and p*(Ay A Bs) <e. (1.19)
Setting B = B; U B; € R, we obtain by Lemma 1.6,
AABC (A AB))U(A A Bs)
and by the subadditivity of p* (Lemma 1.5)
w(AAB)<p (A A By)+p* (A2 A By) < 2e. (1.20)

Since € > 0 is arbitrary and B € R we obtain that A satisfies the definition of a measurable
set.
The fact that A; \ Ay € M is proved in the same way.

Claim 2 u* is o-additive on M.

Since M is an algebra and p* is o-subadditive by Lemma 1.5, it suffices to prove that
w* is finitely additive on M (see Exercise 9).

Let us prove that, for any two disjoint measurable sets A; and Ay, we have

P (A) = p (Ar) + 7 (A)
where A = A;| | As. By Lemma 1.5, we have the inequality

i (A) < (Ar) + it (Ay)
so that we are left to prove the opposite inequality

pr(A) =t (Ar) + p* (Az) .

As in the previous step, for any ¢ > 0 there are sets By, Bs € R such that (1.19) holds.
Set B = B; U By € R and apply Lemma 1.6, which says that

W (A) = p* (B)| < " (A A B) <2,
where in the last inequality we have used (1.20). In particular, we have
pr(A) > p* (B) — 2e. (1.21)

On the other hand, since B € R, we have by Lemma 1.4 and the additivity of ;1 on R,
that
pt(B) = p(B) = p(B1UBy) = p(Bi) + p(Bz) — p (BN Ba). (1.22)

Next, we will estimate here u (B;) from below via p* (A;), and show that u (B N By) is
small enough. Indeed, using (1.19) and Lemma 1.6, we obtain, for any i = 1,2,

W (As) — " (By)| < ' (Ai & By) <e

whence
p(Br) = p* (A1) —eand p(Bz) > p* (Az) —e. (1.23)
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On the other hand, by Lemma 1.6 and using A; N Ay = (), we obtain
BiNBy=(A1NAs) A(BiNBy) C (A A By)U (A A By)
whence by (1.20)
p(By N By) =p* (BN By) < p* (A A By) + p* (Ay A By) < 2e. (1.24)
It follows from (1.21)—(1.24) that
pr(A) = (p* (A1) —e) + (" (A2) —€) — 26 — 26 = pu* (A1) + p* (A2) — Ge.

Letting ¢ — 0, we finish the proof.

Claim 3 M s o-algebra.
Assume that {A,} -, is a sequence of measurable sets and prove that A := 77, A4,
is also measurable. Note that

A= AU A\ A) U4\ A\ A) . = [ A,

where

Api= A\ Ang \ o\ A € M

(here we use the fact that M is an algebra — see Claim 1). Therefore, renaming A, to
A,,, we see that it suffices to treat the case of a disjoint union: given A =| |>°, A, where
A, € M, prove that A € M.

Note that, for any fixed N,

i (A4) > e (lﬂ An) - ﬁ:u (42).

where we have used the monotonicity of p* and the additivity of p* on M (Claim 2).
This implies by N — oo that

Z,UJ* (An) < p*(A4) < o0

(cf. Lemma 1.4), so that the series ">, u* (A4,) converges. In particular, for any ¢ > 0,
there is N € N such that

[ee)

> (A <e.

n=N-+1

Setting
N 00
A'=|] A, and A" = || A,
n=1

n=N+1

we obtain by the o-subadditivity of p*

[e.e]

pAY <D (A <<

n=N-+1
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By Claim 1, the set A’ is measurable as a finite union of measurable sets. Hence, there is
B € R such that
(A" A B) <e.

Since A = A’ U A”, we have
AAnBC (A AB)UA". (1.25)

Indeed, x € A A B means that 2 € Aand 2 ¢ Bor x ¢ A and x € B. In the first case,
we have x € A" or x € A”. If © € A’ then together with x ¢ B it gives

reAABC(AABYUA".

If x € A” then the inclusion is obvious. In the second case, we have x ¢ A’ which together
with 2 € B implies © € A" A B, which finishes the proof of (1.25).
It follows from (1.25) that

pw (AAB)<up (A AB)+p (A") < 2e.

Since £ > 0 is arbitrary and B € R, we conclude that A € M.
Claim 4 Let ¥ be a o-algebra such that

RcYXcM

and let 11 be a o-additive measure on ¥ such that jt = on R. Then pn = p* on 3.
We need to prove that 11 (A) = u* (A) for any A € ¥ By the definition of p*, we have

,u*(A):inf{Zu(An):AnERandAC U A, }
n=1

n=1

Applying the o-subadditivity of 1z (see Exercise 7), we obtain
B <SR = S ().
n=1 n=1

Taking inf over all such sequences {4, }, we obtain

fi(4) < 1" (4). (1.26)
On the other hand, since A is measurable, for any € > 0 there is B € R such that
pw(AAB)<e. (1.27)
By Lemma 1.6(b),
0" (A) — " (B)| < 4" (A2 B) < <. (1.28)

Note that the proof of Lemma 1.6(b) uses only subadditivity of p*. Since g is also
subadditive, we obtain that

1(A) = (B)l < p(A A B) <p*(AAB) <e,

where we have also used (1.26) and (1.27) . Combining with (1.28) and using 1 (B) =
wu(B) = p* (B), we obtain

1 (A) = p* (A)] < | (A) = p" (B)| + [ (A) — 1 (B)] < 2e.
Letting € — 0, we conclude that 11 (A) = u* (A) ,which finishes the proof. =
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1.6 o-finite measures

Recall Theorem 1.7: any o-additive measure on an algebra R can be uniquely extended
to the o-algebra of all measurable sets (and to the minimal o-algebra containing R).

Theorem 1.7 has a certain restriction for applications: it requires that the full set M
belongs to the initial ring R (so that R is an algebra). For example, if M = R and R is
the ring of the bounded intervals then this condition is not satisfied. Moreover, for any
reasonable extension of the notion of length, the length of the entire line R must be oc.
This suggest that we should extended the notion of a measure to include also the values
of co.

So far, we have not yet defined the term “measure” itself using “finitely additive
measures” and “o-additive measures”. Now we define the notion of a measure as follows.

Definition. Let M be a non-empty set and S be a family of subsets of M. A functional
xS — [0,400] is called a measure if, for all sets A, Ay, € S such that A = |_|/“,]€V:1 Ay
(where N is either finite or infinite), we have

H(A) = (4.

k=1

Hence, a measure is always o-additive. The difference with the previous definition of
“o-additive measure” is that we allow for measure to take value +o00. In the summation,
we use the convention that (+00) + & = +oo for any = € [0, +00].

Example. Let S be the family of all intervals on R (including the unbounded intervals)
and define the length of any interval / C R with the endpoints a,b by ¢(I) = |b— a|
where a and b may take values from [—oo,+oc]. Clearly, for any unbounded interval [
we have ( (I) = +00. We claim that ¢ is a measure on S in the above sense.

Indeed, let I = |_|],€V:1 I, where I, I, € S and N is either finite or infinite. We need to
prove that

0 = L(Ix) (1.29)

k

If I is bounded then all intervals [, are bounded, and (1.29) follows from Theorem 1.1. If

one of the intervals [ is unbounded then also I is unbounded, and (1.29) is true because

the both sides are +oo. Finally, consider the case when [ is unbounded while all I}

are bounded. Choose any bounded closed interval I’ C I. Since I' C |J,o, Ik, by the
o-subadditivity of the length on the ring of bounded intervals (Lemma 1.2), we obtain

N

—_

WE

(I < ) ().

e
Il

1

By the choose of I’ the length ¢ (I’) can be made arbitrarily large, whence it follows that

D U(I) = +o0 =L(1).

k=1
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Of course, allowing the value 400 for measures, we receive trivial examples of measures
as follows: just set p(A) = 400 for any A C M. The following definition is to ensure the
existence of plenty of sets with finite measures.

Definition. A measure p on a set S is called finite if M € S and pu (M) < co. A measure
p is called o-finite if there is a sequence {By},-, of sets from S such that p(By) < oo
and M = J;2, By.
Of course, any finite measure is o-finite. The measure in the setting of Theorem 1.7
is finite. The length defined on the family of all intervals in R, is o-finite but not finite.
Let R be a ring in a set M. Our next goal is to extend a o-finite measure p from R
to a o-algebra. For any B € R, define the family Rp of subsets of B by

Rp=RN2°={ACB:AcR}.

Observe that Rp is an algebra in B (indeed, Rp is a ring as the intersection of two rings,
and also B € Rp). If u(B) < oo then p is a finite measure on Rp and by Theorem 1.7,
1 extends uniquely to a finite measure pz on the o-algebra Mp of measurable subsets of
B. Our purpose now is to construct a o-algebra M of measurable sets in M and extend
measure 4 to a measure on M.

Let {By},-, be a sequence of sets from R such that M = J;2, By and p(By) < 00
(such sequence exists by the o-finiteness of p). Replacing the sets By, by the differences

BlvBQ \ B17 B3 \ Bl \ B27 veey

we can assume that all By, are disjoint, that is, M = | |2, B. In what follows, we fix
such a sequence {By}.

Definition. A set A € M is called measurable if AN B, € Mp, for any k. For any
measurable set A, set

fiar (A) = Z fip, (AN By). (1.30)

Theorem 1.8 Let i1 be a o-finite measure on a ring R and M be the family of all mea-
surable sets defined above. Then the following is true.

(a) M is a o-algebra containing R.

(b) The functional ji,; defined by (1.30) is a measure on M that extends measure
on R.

(¢) If ;v is a measure defined on a o-algebra ¥ such that

RcXcM,

then [t = py, on 3.

Proof. (a) If A € R then AN By, € R because By, € R. Therefore, AN By, € Rp,
whence AN By, € Mp, and A € M. Hence, R C M.
Let us show that if A = ngl A, where A,, € M then also A € M (where N can be

o0). Indeed, we have
ANBy, = (A, N By) € Mg,

n
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because A, N B, € Mp, and Mp, is a o-algebra. Therefore, A € M. In the same way,
if A/, A” € M then the difference A = A"\ A” belongs to M because

ANB, = (A/ N Bk) \ (A// N Bk) € MBk-
Finally, M € M because
MN B, = B GMB,C'

Hence, M satisfies the definition of a o-algebra.
(b) If A € R then AN By, € Rp, whence pup (AN By) = p (AN By). Since

A=][(ANBy),

and g is a measure on R, we obtain

p(A) =3 " p(ANBy) =Y g (AN By).

Comparing with (1.30), we obtain pu,, (A) = pu (A). Hence, u,, on R coincides with .
Let us show that p,, is a measure. Let A = |_|7]:[:1 A, where A, € M and N is either
finite or infinite. We need to prove that

far (A) = Z fiar (An) -

Indeed, we have

ZMM (An) = Z Z pip, (An N By)
= Z Z,UB,C (An N Bk?)

- Yo (Lcannm)

n

= ZﬂBk (AN By)

where we have used the fact that
AN B, =|](A,N Bg)
and the o-additivity of measure pp, .
(c) Let 1z be another measure defined on a o-algebra ¥ such that R C ¥ C M and
i = pon R. Let us prove that 11 (A) = py, (A) for any A € ¥. Observing that 1 and
coincide on Rp,, we obtain by Theorem 1.7 that 1z and pp,_coincide on Yp, := 3N 2Bk,
Then for any A € ¥, we have A =| |, (AN By) and AN By, € ¥, whence

FA) =S FANBY = 3, (AN B = 3 juas (4),

which finishes the proof. m

Remark. The definition of a measurable set uses the decomposition M = | |, By where
By, are sets from R with finite measure. It seems to depend on the choice of B, but in
fact it does not. Here is an equivalent definition: a set A C M is called measurable if
AN B € Rp for any B € R. For the proof see Exercise 19.
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1.7 Null sets

Let R be a ring on a set M and p be a finite measure on R (that is, u is a o-additive
functional on R and p (M) < o0). Let p* be the outer measure as defined by (1.7).

Definition. A set A C M is called a null set (or a set of measure 0) if u* (A) = 0. The
family of all null sets is denoted by N

Using the definition (1.7) of the outer measure, one can restate the condition p* (4) = 0
as follows: for any ¢ > 0 there exists a sequence {A;};-, C R such that

AcC|)A, and Ap) < e.
LkJ k Xk:u( k)

If the ring R is the minimal ring containing a semi-ring S (that is, R = R (S)) then the
sequence {Ay} in the above definition can be taken from S. Indeed, if Ay C R then, by
Theorem 1.3, Ay is a disjoint finite union of some sets { Ax,} from S where n varies in a

finite set. It follows that
1 (Ay) = Z 1t (Akn)

and

D (A =" i Awm).
k k n

Since the double sequence {Ay,} covers A, the sequence {A;} C R can be replaced by
the double sequence {A,} C S.

Example. Let S be the semi-ring of intervals in R and p be the length. It is easy to
see that a single point set {z} is a null set. Indeed, for any ¢ > 0 there is an interval [
covering x and such that ¢ (I) < e. Moreover, we claim that any countable set A C R is
a null set. Indeed, if A = {x;},~, then cover x; by an interval I} of length < & so that
the sequence {Ij,} of intervals covers A and ), ¢(I;) < . Hence, A is a null set. For
example, the set Q of all rationals is a null set. The Cantor set from Exercise 13 is an
example of an uncountable set of measure 0.
In the same way, any countable subset of R? is a null set (with respect to the area).

Lemma 1.9 (a) Any subset of a null set is a null set.
(b) The family N of all null sets is a o-ring.
(¢) Any null set is measurable, that is, N C M.

Proof. (a) It follows from the monotonicity of p* that B C A implies p* (B) < u* (A).
Hence, if p* (A) = 0 then also p* (B) = 0.

(b) If A,B € N then A\ B € N by part (a), because A\ B C A. Let A=), A,
where A,, € N and N is finite or infinite. Then, by the o-subadditivity of x* (Lemma
1.5), we have

i (A) < 30 (A) =0

whence A € N.

(¢) We need to show that if A € N then, for any ¢ > 0 there is B € R such that
p* (A A B) < e. Indeed, just take B = € R. Then pu* (A A B) = p* (A) = 0 < &, which
was to be proved. m
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Let now u be a o-finite measure on a ring R. Then we have M = | |-, By where
By € R and u(By) < oo.

Definition. In the case of a o-finite measure, a set A C M is called a null set if AN By
is a null set in each Bj.

Lemma 1.9 easily extends to o-finite measures: one has just to apply the corresponding
part of Lemma 1.9 to each By.
Let ¥ = ¥ (R) be the minimal o-algebra containing a ring R so that

RCcYXcM.
The relation between two c-algebras ¥ and M is given by the following theorem.

Theorem 1.10 Let i be a o-finite measure on a ring R. Then A € M if and only if
there is B € ¥ such that A A B € N, that is, u* (A A B) = 0.

This can be equivalently stated as follows:
— A e M if and only if there is B € ¥ and N € N such that A= B A N.
— A € M if and only if there is N € N such that A A N € X.

Indeed, Theorem 1.10 says that for any A € M there is B € ¥ and N € N such that
A A B = N. By the properties of the symmetric difference, the latter is equivalent to
each of the following identities: A = B A N and B = A A N (see Exercise 15), which
settle the claim.

Proof of Theorem 1.10. We prove the statement in the case when measure p is
finite. The case of a o-finite measure follows then straightforwardly.

By the definition of a measurable set, for any n € N there is B,, € R such that

(AN B, <2

The set B € ¥, which is to be found, will be constructed as a sort of limit of B, as
n — oo. For that, set

k=n
so that {C,} 7 is a decreasing sequence, and define B by
B= C,.
n=1

Clearly, B € ¥ since B is obtain from B,, € R by countable unions and intersections. Let
us show that

p (A A B)=0.
We have

ANC,=AN U BrC U (AA By)
k=n k=n

(see Exercise 15) whence by the o-subadditivity of p* (Lemma 1.5)

PAAC) <Y i (AaBy) <) 27F =2
k=n k=n
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Since the sequence {C),} >~ is decreasing, the intersection of all sets C), does not change
if we omit finitely many terms. Hence, we have for any N € N

B= (N C,.
n=N
Hence, using again Exercise 15, we have
AnB=AAN NC,C U AAC,)
n=N n=N
whence
*(A A B) Z“ (A Cy) 221‘”:22‘N.
n=N

Since N is arbitrary here, letting N — 00 we obtain p* (A A B) =0.

Conversely, let us show that if A A B is null set for some B € ¥ then A is measurable.
Indeed, the set N = A A B is a null set and, by Lemma 1.9, is measurable. Since

A= B A N and both B and N are measurable, we conclude that A is also measurable.
|

1.8 Lebesgue measure in R"

Now we apply the above theory of extension of measures to R™. For that, we need the
notion of the product measure.

1.8.1 Product measure

Let M; and M, be two non-empty sets, and S;, Sy be families of subsets of M; and Mo,
respectively. Consider the set

M = Ml X MQ = {(l’,y) T E Ml,’y € MQ}
and the family S of subsets of M, defined
SleXSQ::{AXB:AG&,BESQ}.

For example, if M; = M, = R then M = R2. If S; and S, are families of all intervals
in R then S consists of all rectangles in R?.

Claim. If Sy and Sy are semi-rings then S is also a semi-ring (see Ezercise 6).
In the sequel, let S7 and S5 be semi-rings.
Let p4 be a finitely additive measure on the semi-ring S; and p, be a finitely additive

measure on the semi-ring Ss. Define the product measure p = j1y X py on S as follows: if
A€ S and B € 55 then set

(A x B) = py (A) py (B).

Claim. p is also a finitely additive measure on S (see By Exercise 20).

Remark. It is true that if 1, and p, are o-additive then p is o-additive as well, but the
proof in the full generality is rather hard and will be given later in the course.

By induction, one defines the product of n semi-rings and the product of n measures
for any n € N.
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1.8.2 Construction of measure in R".

Let S; be the semi-ring of all bounded intervals in R and define S,, (being the family of
subsets of R" =R x ... x R) as the product of n copies of S;:

Sn:Slelx...xSl.
That is, any set A € S,, has the form
A=1 x I) x ... x I, (1.31)

where [, are bounded intervals in R. In other words, S, consists of bounded bozxes.
Clearly, S, is a semi-ring as the product of semi-rings. Define the product measure \,, on
Sy by

Ay =0 X ...x/¥

where £ is the length on S;. That is, for the set A from (1.31),
A (A) =0(1)...0(1,) .

Then )\, is a finitely additive measure on the semi-ring S,, in R".

Lemma 1.11 )\, s a o-additive measure on S,,.

Proof. We use the same approach as in the proof of o-additivity of ¢ (Theorem 1.1),
which was based on the finite additivity of ¢ and on the compactness of a closed bounded
interval. Since ), is finitely additive, in order to prove that it is also o-additive, it suffices
to prove that )\, is reqular in the following sense: for any A € S, and any € > 0, there
exist a closed box K € S,, and an open box U € §,, such that

KCcACU and A\, (U) <\ (K)+¢

(see Exercise 17). Indeed, if A is as in (1.31) then, for any § > 0 and for any index j,
there is a closed interval K; and an open interval U; such that

K;cl;cUjand ((U;) < l(K;)+9.
Set K = K; x...x K, and U =U; x ... x U, so that K is closed, U is open, and
KcAcCU.
It also follows that
M (U) =L (Uy) .l (Uy) < (U(K7)+90) ... (0(K) +0) < l(Ky)..l(K,) +e=M(K)+¢,

provided § = § (¢) is chosen small enough. Hence, A, is regular, which finishes the proof.
|

Note that measure ), is also o-finite. Indeed, let us cover R by a sequence {I};},-, of
bounded intervals. Then all possible products I}, x I}, X ... X I}, forms a covering of R"
by a sequence of bounded boxes. Hence, A, is a o-finite measure on S,,.

By Theorem 1.3, A\,, can be uniquely extended as a o-additive measure to the minimal
ring R, = R(S,), which consists of finite union of bounded boxes. Denote this extension
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also by A,. Then ), is a o-finite measure on R,,. By Theorem 1.8, \,, extends uniquely to
the o-algebra M,, of all measurable sets in R”. Denote this extension also by A,. Hence,
A, is a measure on the g-algebra M, that contains R,,.

Definition. Measure )\, on M, is called the Lebesgue measure in R". The measurable
sets in R™ are also called Lebesque measurable.

In particular, the measure )\, in R? is called area and the measure A3 in R? is called
volume. Also, )\, for any n > 1 is frequently referred to as an n-dimensional volume.

Definition. The minimal o-algebra 3 (R,,) containing R, is called the Borel o-algebra
and is denoted by B,, (or by B (R™)). The sets from B,, are called the Borel sets (or Borel
measurable sets).

Hence, we have the inclusions S, C R,, C B, C M,,.

Example. Let us show that any open subset U of R" is a Borel set. Indeed, for any = € U
there is an open box B, such that » € B, C U. Clearly, B, € R, and U = |J, o, Ba-
However, this does not immediately imply that U is Borel since the union is uncountable.
To fix this, observe that B, can be chosen so that all the coordinates of B, (that is, all
the endpoints of the intervals forming B,) are rationals. The family of all possible boxes
in R"™ with rational coordinates is countable. For every such box, we can see if it occurs in
the family {B,} ., or not. Taking only those boxes that occur in this family, we obtain
an at most countable family of boxes, whose union is also U. It follows that U is a Borel
set as a countable union of Borel sets.

Since closed sets are complements of open sets, it follows that also closed sets are Borel
sets. Then we obtain that countable intersections of open sets and countable unions of
closed sets are also Borel, etc. Any set, that can be obtained from open and closed sets
by applying countably many unions, intersections, subtractions, is again a Borel set.

Example. Any non-empty open set U has a positive Lebesgue measure, because U
contains a non-empty box B and A(B) > 0. As an example, let us show that the
hyperplane A = {z,, = 0} of R™ has measure 0. It suffices to prove that the intersection
AN B is a null set for any bounded box B in R". Indeed, set

Bo=ANnB={x€ B:x,=0}
and note that By is a bounded box in R"~!. Choose € > 0 and set
B. =By x (—¢,e)={x € B:|z,| <&}
so that B. is a box in R"” and By C B.. Clearly,
A (Be) = A1 (Bo) £(—¢,e) = 2eX,_1 (By) .
Since € can be made arbitrarily small, we conclude that By is a null set.

Remark. Recall that B,, C M,, and, by Theorem 1.10, any set from M,, is the symmetric
difference of a set from B,, and a null set. An interesting question is whether the family
M,, of Lebesgue measurable sets is actually larger than the family B,, of Borel sets. The
answer is yes. Although it is difficult to construct an explicit example of a set in M,, \ B,
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the fact that M,, \ B,, is non-empty can be used comparing the cardinal numbers | M,,|
and |B,|. Indeed, it is possible to show that

|B| = |R| < |2%] = IM,], (1.32)

which of course implies that M,, \ B,, is non-empty. Let us explain (not prove) why (1.32)
is true. As we have seen, any open set is the union of a countable sequence of boxes
with rational coordinates. Since the cardinality of such sequences is |R|, it follows that
the family of all open sets has the cardinality |R|. Then the cardinality of the countable
intersections of open sets amounts to that of countable sequences of reals, which is again
IR|. Continuing this way and using the transfinite induction, one can show that the
cardinality of the family of the Borel sets is |R|.

To show that |[M,,| = ‘2R‘, we use the fact that any subset of a null set is also a null
set and, hence, is measurable. Assume first that n > 2 and let A be a hyperplane from
the previous example. Since |A| = |R| and any subset of A belongs to M,,, we obtain

that |[M,| > [24| = |2%|, which finishes the proof. If n = 1 then the example with a
hyperplane does not work, but one can choose A to be the Cantor set (see Exercise 13),
which has the cardinality |R| and measure 0. Then the same argument works.

1.9 Probability spaces

Probability theory can be considered as a branch of a measure theory where one uses
specific notation and terminology, and considers specific questions. We start with the
probabilistic notation and terminology.

Definition. A probability space is a triple (2, F,P) where
e () is a non-empty set, which is called the sample space.
e F is a o-algebra of subsets of {2, whose elements are called events.

e P is a probability measure on F, that is, P is a measure on F and P () = 1 (in
particular, I is a finite measure). For any event A € F, P(A) is called the probability
of A.

Since F is an algebra, that is, {2 € F, the operation of taking complement is defined
in F, that is, if A € F then the complement A° := Q \ A is also in F. The event A° is
opposite to A and

P(A) =P (Q\A) =P(Q) —P(A) =1—P(4).

Example. 1. Let Q = {1,2,..., N} be a finite set, and F is the set of all subsets of ).
Given N non-negative numbers p; such that Zfil p; = 1, define P by

P(A) =) pi (1.33)

i€A

The condition (1.33) ensures that P (£2) = 1.
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For example, in the simplest case N = 2, F consists of the sets 0, {1}, {2}, {1, 2}.
Given two non-negative numbers p and ¢ such that p+q = 1, set P ({1}) = p, P ({2}) = ¢,
while P (#) =0 and P ({1,2}) = 1.

This example can be generalized to the case when () is a countable set, say, {2 = N.
Given a sequence {p;};-, of non-negative numbers p; such that Y>>, p; = 1, define for any
set A C € its probability by (1.33). Measure P constructed by means of (1.33) is called
a discrete probability measure, and the corresponding space (2, F,P) is called a discrete
probability space.

2. Let Q = [0, 1], F be the set of all Lebesgue measurable subsets of [0, 1] and P be
the Lebesgue measure \; restricted to [0,1]. Clearly, (2, F,P) is a probability space.

1.10 Independence
Let (2, F,P) be a probability space.
Definition. Two events A and B are called independent (unabhingig) if

P(AN B) = P(A)P(B).

More generally, let {A;} be a family of events parametrized by an index i. Then the
family {A;} is called independent (or one says that the events A; are independent) if, for
any finite set of distinct indices i1, s, ..., ik,

P(A;, N Ay, N... N A) = P(A;,)P(A).. P(A;,). (1.34)

For example, three events A, B, C' are independent if

P(ANB) = P(A)P(B), P(ANC)=P(A)P(C), P(BNC) =P (B)P(C)
P(ANBNC) = P(A)P(B)P(C).

Example. In any probability space (2, F,[P), any couple A, is independent, for any
event A € F, which follows from

P(ANQ) = P(A) = P(A)P(Q).

Similarly, the couple A, () is independent. If the couple A, A is independent then P(A) = 0
or 1, which follows from
P(A) =P(ANA) =P(A)>

Example. Let  be a unit square [0,1]?, F consist of all measurable sets in 2 and
P = X\y. Let I and J be two intervals in [0, 1], and consider the events A = I x [0, 1] and
B =10,1] x J. We claim that the events A and B are independent. Indeed, AN B is the
rectangle I x J, and

P(ANB) =X I xJ)=0(I1)((]).

Since

P(A)=¢(I) and P(B)=/((J),
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we conclude
P(AN B) =P(A)P(B).

We may choose I and .J with the lengths p and ¢, respectively, for any prescribed couple
p,q € (0,1). Hence, this example shows how to construct two independent event with
given probabilities p, g.

In the same way, one can construct n independent events (with prescribed probabili-
ties) in the probability space 2 = [0,1]" where F is the family of all measurable sets in
Q2 and P is the n-dimensional Lebesgue measure \,. Indeed, let Iy, ..., I, be intervals in
[0,1] of the length py, ..., p,. Consider the events

A =10,1] x ... x I x ... x [0, 1],

where all terms in the direct product are [0, 1] except for the k-th term [. Then Ay is a
box in R" and

For any sequence of distinct indices 41, %9, ..., ix, the intersection
A, NMA;, NN A;,

I

is a direct product of some intervals [0, 1] with the intervals I i, S0 that

19 000y

P(Ai, NN Ay) = piyeepi, = P (A) . P(A4;,).

Hence, the sequence {A};_, is independent.

It is natural to expect that independence is preserved by certain operations on events.
For example, let A, B,C, D be independent events and let us ask whether the following
couples of events are independent:

1. ANBand CND

2. AUBand CUD

3. E=(ANB)U(C\ A) and D.

It is easy to show that AN B and C'N D are independent:

P(AnB)N(CND)) = P(AnBNCND)
= P(A)P(B)P(C)P(D) =P(AN B)P(C N D).

It is less obvious how to prove that AU B and C'U D are independent. This will follow
from the following more general statement.

Lemma 1.12 Let A = {A;} be an independent family of events. Suppose that a family
A’ of events is obtained from A by one of the following procedures:

1. Adding to A one of the events () or .
2. Replacing two events A, B € A by one event AN B,

3. Replacing an event A € A by its complement A°.
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4. Replacing two events A, B € A by one event AU B.

5. Replacing two events A, B € A by one event A\ B.
Then the family A’ is independent.

Applying the operation 4 twice, we obtain that if A, B,C, D are independent then
AUB and C'U D are independent. However, this lemma still does not answer why F and
D are independent.

Proof. Each of the above procedures removes from A some of the events and adds
a new event, say N. Denote by A” the family that remains after the removal, so that
A’ is obtained from A” by adding N. Clearly, removing events does not change the
independence, so that A” is independent. Hence, in order to prove that A’ is independent,
it suffices to show that, for any events A;, As, ..., A from A” with distinct indices,

P(N N AN ... Ay) = P(N)P(A;)..P(Ay). (1.35)

Case 1. N = 0 or Q. The both sides of (1.35) vanish if N = (. If N = Q then
it can be removed from both sides of (1.35), so (1.35) follows from the independence of
Ay, Ay, . Ay

Case 2. N = AN B. We have

P((ANB)NA NAyN...NA) = P(AP(B)P(A)P(Ay).. P(A)
= P(AN B)P(A)P(4y).. P(Ay),

which proves (1.35).
Case 3. N = A°. Using the identity

A°NB=B\A=B\(ANB)

and its consequence
P(A°NB)=P(A)—P(ANB),

we obtain, for B = A; N Ay N ...N A, that

= P(ADP(A2)...P(Ay) — P(A)P(A)P(As).. P(Ay)
= (1—-P(A)) P(A)P(As).. P(Ar)
— P(A9)P(A)P(A)...P(Ay)

Case 4. N = AU B. By the identity
AUB = (A°N BY)°

this case amounts to 2 and 3.
Case 5. N = A\ B. By the identity

A\B=AnNB*
this case amounts to 2 and 3. m
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Example. Using Lemma 1.12, we can justify the probabilistic argument, introduced in
Section 1.3 in order to prove the inequality

(I=p")"+ 1 —=g™)">1, (1.36)

where p,q € [0,1], p+¢q =1, and n,m € N. Indeed, for that argument we need nm inde-

pendent events, each with the given probability p. As we have seen in an example above,

there exists an arbitrarily long finite sequence of independent events, and with arbitrarily

prescribed probabilities. So, choose nm independent events each with probability p and

denote them by A;; where i = 1,2,...,n and j = 1,2, ..., m, so that they can be arranged

in a n X m matrix {A4;;} . For any index j (which is a column index), consider an event
Ci = Aij,

1=1

that is, the intersection of all events A;; in the column j. Since A;; are independent, we

obtain
P(Cj) = p" and P(C]) =1 —p".

By Lemma 1.12, the events {C;} are independent and, hence, {C$} are also independent.
Setting

we obtain

Similarly, considering the events

R; = ﬂ Agj
j=1
and .
R= (R

we obtain in the same way that

Finally, we claim that
CUR=1Q, (1.37)

which would imply that
P(C)+P(R) > 1,

that is, (1.36).
To prove (1.37), observe that, by the definitions of R and C,

c=Nc=N (ﬁA”)C: Ny

j=1 j=1 j=1i=1

and
n m

H:( E)zU&ZU AL
=1 =1 ]

% i=17=1
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Denoting by w an arbitrary element of €2, we see that if w € R then there is an index
ig such that w € Af ; for all j. This implies that w € Ui, Af; for any j, whence w € C.
Hence, R° C C, which is equivalent to (1.37).

Let us give an alternative proof of (1.37) which is a rigorous version of the argument
with the coin tossing. The result of nm trials with coin tossing was a sequence of letters
H, T (heads and tails). Now we make a sequence of digits 1,0 instead as follows: for any
w € (), set

1, w e Aij7

M (w) :{ 0, wée Ay

Hence, a point w € €2 represents the sequence of nm trials, and the results of the trials
are registered in a random n x m matrix M = {M,;} (the word “random” simply means
that M is a function of w). For example, if

1101
0101

M (w) =

then w € Ay, w € A3, w € Agg but w ¢ Ao, w & Aoy, w & Ags.

The fact that w € C; means that all the entries in the column j of the matrix M (w)
are 1; w € C¥ means that there is an entry 0 in the column j; w € ¢’ means that there
is 0 in every column. In the same way, w € R means that there is 1 in every row. The
desired identity C'U R = €2 means that either there is 0 in every column or there is 1 in
every row. Indeed, if the first event does not occur, that is, there is a column without 0,
then this column contains only 1, for example, as here:

1
M (w) = 1
1

However, this means that there is 1 in every row, which proves that C U R = Q).

Although Lemma 1.12 was useful in the above argument, it is still not enough for
other applications. For example, it does not imply that £ = (AN B) U (C'\ A) and D
are independent (if A, B, C, D are independent), since A is involved twice in the formula
defining E. There is a general theorem which allows to handle all such cases. Before we
state it, let us generalize the notion of independence as follows.

Definition. Let {4;} be a sequence of families of events. We say that {.A;} is independent
if any sequence {A;} such that A; € A;, is independent.

Example. Let {A;} be an independent sequence of events and consider the families
Ai = {®a Ai> Af? Q} :

Then the sequence {A;} is independent, which follows from Lemma 1.12.

For any family A of subsets of 2, denote by R (.A) the minimal algebra containing A
and by ¥ (A) — the minimal o-algebra containing A (we used to denote by R(.A) and
Y. (A) respectively the minimal ring and o-ring containing .4, but in the present context
we switch to algebras).
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Theorem 1.13 Suppose that {A;;} is an independent sequence of events parametrized by
two indices i and j. Denote by A; the family of all events A;j with fized i and arbitrary
j. Then the sequence of algebras { R(A;)} is independent. Moreover, also the sequence of
o-algebras {X(A;)} is independent.

For example, if the sequence {A;;} is represented by a matrix

All A12
AQI A22

then A; is the family of all events in the row ¢, and the claim is that the algebras (resp.,
o-algebras) generated by different rows, are independent. Clearly, the same applies to the
columns.

Let us apply this theorem to the above example of F = (AN B)U (C'\ A) and D.

Indeed, in the matrix
A B C
D Q Q

all events are independent. Therefore, R(A, B,C) and R(D) are independent, and E =
(ANB)U(C'\ A) and D are independent because E € R(A, B, C).

The proof of Theorem 1.13 is largely based on a powerful theorem of Dynkin, which
explains how a given family A of subsets can be completed into algebra or o-algebra.
Before we state it, let us introduce the following notation.

Let © be any non-empty set (not necessarily a probability space) and A be a family
of subsets of ). Let * be an operation on subsets of  (such that union, intersection,
etc). Then denote by A* the minimal extension of .4, which is closed under the operation
x. More precisely, consider all families of subsets of €2, which contain A and which are
closed under * (the latter means that applying * to the sets from such a family, we obtain
again a set from that family). For example, the family 2% of all subsets of  satisfies all
these conditions. Then taking intersection of all such families, we obtain A*. If % is an
operation over a finite number of elements then A* can be obtained from .4 by applying
all possible finite sequences of operations .

The operations to which we apply this notion are the following;:

1. Intersection “N” thatis A,B+— ANDB
2. The monotone difference “—" defined as follows: if A D B then A — B = A\ B.

3. The monotone limit lim defined on monotone sequences {A,} - as follows: if the
sequence is increasing that is A,, C A, then

lim A, = G A,
n=1

and if A,, is decreasing that is A, D A,,.1 then

lim A,, = ﬁ A,.
n=1
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Using the above notation, .4~ is the minimal extension of A using the monotone
difference, and A"™ is the minimal extension of .4 using the monotone limit.

Theorem 1.14 (Theorem of Dynkin) Let Q be an arbitrary non-empty set and A be a
famaly of subsets of ().

(a) If A contains 2 and is closed under N then
R(A)=A".
(b) If A is algebra of subsets of 2 then

S(A) = Al

As a consequence we see that if A is any family of subsets containing {2 then it can
be extended to the minimal algebra R (A) as follows: firstly, extend it using intersections
so that the resulting family A" is closed under intersections; secondly, extend A" to
the algebra R (A™) = R(A) using the monotone difference (which requires part (a) of
Theorem 1.14). Hence, we obtain the identity

R(A) = (A")". (1.38)

Similarly, applying further part (b), we obtain
— lim
S(A) = ((A ) ) . (1.39)

The most non-trivial part is (1.38). Indeed, it says that any set that can be obtained
from sets of A by a finite number of operations N, U, \, can also be obtained by first
applying a finite number of N and then applying finite number of “—”. This is not quite
obvious even for the simplest case

A=1{Q, A B}

Indeed, (1.38) implies that the union A U B can be obtained from 2, A, B by applying
first N and then “—”. However, Theorem 1.14 does not say how exactly one can do that.
The answer in this particular case is

AUB=Q— (Q—A—(B- (AN B))).

Proof of Theorem 1.14. Let us prove the first part of the theorem. Assuming that
A contains 2 and is closed under N, let us show that A~ is algebra, which will settle the
claim. Indeed, as an algebra, A~ must contain R(.A) since R (A) is the smallest algebra
extension of A. On the other hand, R(.A) is closed under “—” and contains A; then it
contains also A~, whence R(A) = A".

To show that A~ is an algebra, we need to verify that A~ contains ), 2 and is closed
under N,U,\. Obviously, 2 € A~ and ) = Q —Q € A~. Also, if A € A~ then also
A€ € A° because A° = Q) — A. It remains to show that A~ is closed under intersections,
that is, if A, B € A~ then ANB € A~ (this will imply that also AUB = (A°N B°)" € A~
and A\B=A—-(ANB)e A").
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Given aset A € A~ call aset B C () suitable for A if ANB € A~. Denote the family
of suitable sets by S, that is,

S={BcQ:ANBecA}.

We need to prove that S O A~. Assume first that A € A. Then S contains A because
A is closed under intersections. Let us verify that S is closed under monotone difference.
Indeed, if B; D B, are suitable sets then

AN(By—B)=(ANDB))—(ANBy) € A,

whence By N By € S. Hence, the family S of all suitable sets contains A and is closed
under “—”, which implies that S contains A~ (because A~ is the minimal family with
these properties). Hence, we have proved that

ANBe A (1.40)

whenever A € Aand B € A~. Switching A and B, we see that (1.40) holds also if A € A~
and B € A.

Now we prove (1.40) for all A, B € A~. Consider again the family S of suitable sets
for A. As we have just shown, S D A. Since S is closed under “—”, we conclude that
S D A~, which finishes the proof.

The second statement about o-algebras can be obtained similarly. Using the method
of suitable sets, one proves that A" is an algebra, and the rest follows from the following
observation.

Lemma 1.15 If an algebra A is closed under monotone limits then it is a o-algebra
(conversely, any o-algebra is an algebra and is closed under lim ).

Indeed, it suffices to prove that if A, € A for all n € N then J*7 | A, € A. Indeed,
setting B,, = J;_, A;, we have the identity

[OJ A, = G B, =1lim B,,.
n=1 n=1

Since B,, € A, it follows that also lim B,, € A, which finishes the proof. m
Theorem 1.13 will be deduced from the following more general theorem.

Theorem 1.16 Let (2, F,P) be a probability space. Let {A;} be a sequence of families
of events such that each family A; contain 2 and is closed under N. If the sequence {A;}
is independent then the sequence of the algebras {R(A;)} is also independent. Moreover,
the sequence of o-algebras {X(A;)} is independent, too.

Proof of Theorem 1.16. In order to check the independence of families, one needs
to test finite sequences of events chosen from those families. Hence, it suffice to restrict to
the case when the number of families A; is finite. So, assume that ¢ runs over 1,2, ..., n.
It suffices to show that the sequence {R(A;), Ao, ..., A, } is independent. If we know that
then we can by induction replace Ay by R(As) etc. To show the independence of this
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sequence, we need to take arbitrary events A; € R(A;), As € A,, ..., A, € A, and prove
that
P(A;NA;N...NA,) =P(A)P(As)... P(A,). (1.41)

Indeed, by the definition of the independent events, one needs to check this property also
for subsequences {A;, } but this amounts to the full sequence {A;} by setting the missing
events to be ().

Denote for simplicity A = A; and B = A, N A3N...N A,. Since {Ay, A3, ..., A, } are
independent, (1.41) amounts to

P(AN B) = P(A)P(B). (1.42)

In other words, we are left to prove that A and B are independent, for any A € R(A;)
and B being an intersection of events from A,, As, ..., A,.

Fix such B and call an event A suitable for B if (1.42) holds. We need to show that
all events from R(A;) are suitable. Observe that all events from A; are suitable. Let
us prove that the family of suitable sets is closed under the monotone difference “—”.
Indeed, if A and A’ are suitable and A D A’ then

P(A— A)NB) = P(ANB)—P(A'NB)

Hence, we conclude that the family of all suitable sets contains the extension of A; by
“—7_ that is A7. By Theorem 1.14, A7 = R(A;). Hence, all events from R(A;) are
suitable, which was to be proved.

The independence of {3(.A4;)} is treated in the same way by verifying that the equality
(1.42) is preserved by monotone limits. =

Proof of Theorem 1.13. Adding to each family A; the event €2 does not change
the independence, so we may assume 2 € A;. Also, if we extend A; to A} then {A'}
are also independent. Indeed, each event B; € A[' is an intersection of a finite number of
events from A;, that is, has the form

Bi = Aijl N Aijz N...N Aijk .

Hence, the sequence {B;} can be obtained by replacing in the double sequence {A;;}
some elements by their intersections (and throwing away the rest), and the independence
of {B;} follows by Lemma 1.12 from the independence of {4;;} across all i and j.

Therefore, the sequence {A{'} satisfies the hypotheses of Theorem 1.16, and the se-
quence {R(A)} (and {Z(A)}) is independent. Since R(A!') = R(A;) and X(A') =
Y (A;), we obtain the claim. m
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2 Integration

In this Chapter, we define the general notion of the Lebesgue integral. Given a set M, a
o-algebra M and a measure 1 on M, we should be able to define the integral

/Mfdu

of any function f on M of an appropriate class. Recall that if M is a bounded closed
interval [a, b] C R then the integral fab f (x) dz is defined for Riemann integrable function,
in particular, for continuous functions on [a, b], and is obtained as the limit of the Riemann
integral sums

Z (&) (i — 1)

where {z;},_, is a partition of the interval [a,b] and {,}._, is a sequence of tags, that is,
&, € [x;_1,x;]. One can try also in the general case arrange a partition of the set M into
smaller sets F, Es,... and define the integral sums

> &) n(E)

where ¢, € E;. There are two problems here: in what sense to understand the limit of
the integral sums and how to describe the class of functions for which the limit exists.
Clearly, the partition {F;} should be chosen so that the values of f in F; do not change
much and can be approximated by f(£;). In the case of the Riemann integrals, this is
achieved by choosing E; to be small intervals and by using the continuity of f. In the
general case, there is another approach, due to Lebesgue, whose main idea is to choose
E; depending of f, as follows:

Ei={reM:ci1<f(r)<c}

where {¢;} is an increasing sequence of reals. The values of f in FE; are all inside the interval
(¢i_1,¢;] so that they are all close to f (§;) provided the sequence {¢;} is fine enough. This
choice of F; allows to avoid the use of the continuity of f but raised another question: in
order to use i (F;), sets E; must lie in the domain of the measure p. For this reason, it
is important to have measure defined on possibly larger domain. On the other hand, we
will have to restrict functions f to those for which the sets of the form {a < f(x) < b}
are in the domain of p. Functions with this property are called measurable. So, we first
give a precise definition and discuss the properties of measurable functions.

2.1 Measurable functions

Let M be an arbitrary non-empty set and M be a g-algebra of subsets of M.

Definition. We say that a set A C M is measurable if A € M. We say that a function
[+ M — R is measurable if, for any ¢ € R, the set {x € M : f(z) < ¢} is measurable,
that is, belongs to M.

Of course, the measurability of sets and functions depends on the choice of the o-
algebra M. For example, in R" we distinguish Lebesgue measurable sets and functions
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when M = M,, (they are frequently called simply “measurable”), and the Borel measur-
able sets and functions when M = B,, (they are normally called “Borel sets” and “Borel
functions” avoiding the word “measurable”).

The measurability of a function f can be also restated as follows. Since

{f (@) < e} =f"(—o00.d,

we can say that a function f is measurable if, for any ¢ € R, the set f~!(—o0,¢| is
measurable. Let us refer to the intervals of the form (—oo, ¢] as special intervals. Then we
can say that a mapping f : M — R is measurable if the preimage of any special interval
is a measurable set.

Example. Let A be an arbitrary subset of M. Define the indicator function 14 on M by
1, = €A,

1A(”’”):{ 0, z¢A.

We claim that the set A is measurable if and only if the function 1,4 is measurable. Indeed,
the set {f () < ¢} can be described as follows:

0, c<0,
{f(x) <c}=<¢ A% 0<c<1,
M, c¢>1.

)

The sets ) and M are always measurable, and A¢ is measurable if and only if A is
measurable, whence the claim follows.

Example. Let M = R" and M = B,,. Let f (z) be a continuous function from R" to R.
Then the set f~'(—o0, (] is a closed subset of R" as the preimage of a closed set (—oo, c|
in R. Since the closed sets are Borel, we conclude that any continuous function f is a
Borel function.

Definition. A mapping f : M — R" is called measurable if, for all ¢, cs, ..., c, € R, the
set

{freM: fi(z)<c,fa(z) <coos fu(w) S}

is measurable. Here f; is the k-th component of f.
In other words, consider an infinite box in R"™ of the form:

B = (—00,c1] X (—00, 3] X ... X (—00, ¢y,

and call it a special box. Then a mapping f : M — R™ is measurable if, for any special
box B, the preimage f~! (B) is a measurable subset of M.

Lemma 2.1 If a mapping f : M — R" is measurable then, for any Borel set A C R",
the preimage f~'(A) is a measurable set.

Proof. Let A be the family of all sets A C R™ such that f~!(A) is measurable. By
hypothesis, A contains all special boxes. Let us prove that A is a o-algebra (this follows
also from Exercise 4 since in the notation of that exercise A = f (M)). If A, B € A then
f7'(A) and f~'(B) are measurable whence

FHANB) = AN\ (B eM,
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whence A\ B € A. Also, if {Ak}ff:l is a finite or countable sequence of sets from A then
f71(Ag) is measurable for all k& whence

f (ki_jl Ak) = kL]_jl 7 (Ar) e M,

which implies that Uszl Ag € A. Finally, A contains R because R is the countable union
of the intervals (—oo, n] where n € N, and A contains ) = R \ R.

Hence, A is a o-algebra containing all special boxes. It remains to show that A
contains all the boxes in R™, which will imply that A contains all Borel sets in R™. In
fact, it suffices to show that any box in R™ can be obtained from special boxes by a
countable sequence of set-theoretic operations.

Assume first n = 1 and consider different types of intervals. If A = (—o0,a] then
A € A by hypothesis.

Let A = (a,b] where a < b. Then A = (—o00,b] \ (—o0, a], which proves that A belongs
to A as the difference of two special intervals.

Let A = (a,b) where a < b and a,b € R. Consider a strictly increasing sequence
{bx}r, such that b, — b as k — oco. Then the intervals (a,b;] belong to A by the
previous argument, and the obvious identity

[e.e]

A= (a,b) = U (a, by
k=1
implies that A € A.
Let A = [a,b). Consider a strictly increasing sequence {ay},-, such that a; — a as
k — oco. Then (ax,b) € A by the previous argument, and the set

A=1la,b) = (ax,b)

)

1

is also in A.

Finally, let A = [a,b]. Observing that A =R\ (=00, a) \ (b, +00) where all the terms
belong to A, we conclude that A € A.

Consider now that general case n > 1. We are given that A contains all boxes of the
form

B=I xIyx..x1I,

where I, are special intervals, and we need to prove that A contains all boxes of this form
with arbitrary intervals Ij. If I is an arbitrary interval and Is, ..., I,, are special intervals
then one shows that B €A using the same argument as in the case n = 1 since I; can be
obtained from the special intervals by a countable sequence of set-theoretic operations,
and the same sequence of operations can be applied to the product I7 x I x ... X I,. Now
let I, and I, be arbitrary intervals and Is, ..., I, be special. We know that if I is special
then B € A. Obtaining an arbitrary interval I, from special intervals by a countable
sequence of operations, we obtain that B € A also for arbitrary [; and ;. Continuing
the same way, we obtain that B € A if Iy, I3, I3 are arbitrary intervals while Iy, ..., I,, are
special, etc. Finally, we allow all the intervals I, ..., I, to be arbitrary. m

Example. If f : M — R is a measurable function then the set

{r € M : f(x) is irrational}
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is measurable, because this set coincides with f~}(Q¢), and Q¢ is Borel since Q is Borel
as a countable set.

Theorem 2.2 Let fi,..., f, be measurable functions from M to R and let ® be a Borel
function from R™ to R. Then the function

F — (I) (fla ceey fn)

18 measurable.

In other words, the composition of a Borel function with measurable functions is mea-
surable. Note that the composition of two measurable functions may be not measurable.

Example. It follows from Theorem 2.2 that if f; and f; are two measurable functions on
M then their sum f; + f> is also measurable. Indeed, consider the function ® (z1,z3) =
71+ 2 in R?) which is continuous and, hence, is Borel. Then f; + fo = ® (f1, f2) and this
function is measurable by Theorem 2.2. A direct proof by definition may be difficult: the
fact that the set {f; + fo < ¢} is measurable, is not immediately clear how to reduce this
set to the measurable sets {f; < a} and {f; < b}.

In the same way, the functions fifa, fi/f2 (provided fo # 0) are measurable. Also,
the functions max (f1, f2) and min (f1, f2) are measurable, etc.

Proof of Theorem 2.2. Consider the mapping f : M — R"™ whose components are
fr- This mapping is measurable because for any ¢ € R", the set

{zeM: filx)<c,.,fn@ <ct={filx) <a}n{fe(z)<c}n.n{f.(x) <c}

is measurable as the intersection of measurable sets. Let us show that F'~! () is a mea-
surable set for any special interval I, which will prove that F'is measurable. Indeed, since
F(x) =®(f(x)), we obtain that
F'(I) = {zeM:F(x)el}

= {zeM:o(f(z ))61}

= {:C eM: f(z)e @ (1)}

= f(@T).
Since @' (I) is a Borel set, we obtain by Lemma 2.1 that f~ (®~' (7)) is measurable,

which proves that F~! (I) is measurable. m

Example. If A, A,, ..., A, is a finite sequence of measurable sets then the function
f = CllAl -+ 611A2 + ...+ CnlAn

is measurable (where ¢; are constants). Indeed, each of the function 1,4, is measurable,
whence the claim following upon application of Theorem 2.2 with the function

O (z) =121 + ... + Ty
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2.2 Sequences of measurable functions

As before, let M be a non-empty set and M be a o-algebra on M.

Definition. We say that a sequence {f,} -, of functions on M converges to a function
[ pointwise and write f,, — f if f, () — f(x) as n — oo for any x € M.

Theorem 2.3 Let {f,} -, be a sequence of measurable functions that converges pointwise
to a function f. Then f is measumble too.

Proof. Fix some real c. Using the definition of a limit and the hypothesis that
fn(xz) — f(x) as n — oo, we obtain that the inequality f (z) < ¢ is equivalent to the
following condition: for any k& € N there is m € N such that, for all n > m,

fn(x)<c—|—%.

This can be written in the form of set-theoretic inclusion as follows:

U@<a=00 A {ne<crgf
k=1m=1n=m
(Indeed, any logical condition “for any ...” transforms to the intersection of the corre-
sponding sets, and the condition “there is ...” transforms to the union.)
Since the set {f, < c+ 1/k} is measurable and the measurability is preserved by
countable unions and intersections, we conclude that the set {f (z) < ¢} is measurable,
which finishes the proof. m

Corollary. Let {f,} -, be a sequence of Lebesgue measurable (or Borel) functions on R™
that converges pomthse to a function f. Then f is Lebesgue measurable (resp., Borel) as
well.

Proof. Indeed, this is a particular case of Theorem 2.3 with M = M,, (for Lebesgue
measurable functions) and with M = B,, (for Borel functions). m

Example. Let us give an alternative proof of the fact that any continuous function f on
R is Borel. Indeed, consider first a function of the form

T) = ZCkl[k (x)
k=1

where {I;} is a disjoint sequence of intervals. Then

= lim E celr (x
N—>oo

and, hence, g () is Borel as the limit of Borel functions. Now fix some n € N and consider
the following sequence of intervals:

) where k€ Z,
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so that R = | |, ., Ix. Also, consider the function

0@ =31 (3) o).

kEZ

By the continuity of f, for any x € R, we have g, (r) — f(z) as n — oo. Hence, we
conclude that f is Borel as the pointwise limit of Borel functions.

So far we have only assumed that M is a g-algebra of subsets of M. Now assume that
there is also a measure p on M.

Definition. We say that a measure p is complete if any subset of a set of measure 0
belongs to M. That is, if A € M and u(A) = 0 then every subset A’ of A is also in M
(and, hence, p(A’) = 0).

As we know, if p is a o-finite measure initially defined on some ring R then by the
Carathéodory extension theorems (Theorems 1.7 and 1.8), u can be extended to a measure
on a o-algebra M of measurable sets, which contains all null sets. It follows that if
i (A) = 0 then A is a null set and, by Theorem 1.10, any subset of A is also a null
set and, hence, is measurable. Therefore, any measure p that is constructed by the
Carathéodory extension theorems, is automatically compete. In particular, the Lebesgue
measure \, with the domain M,, is complete.

In general, a measure does not have to be complete, It is possible to show that the
Lebesgue measure A, restricted to B, is no longer complete (this means, that ifA is a
Borel set of measure 0 in R™ then not necessarily any subset of it is Borel). On the
other hand, every measure can be completed by adding to its domain the null sets — see
Exercise 36.

Assume in the sequence that p is a complete measure defined on a g-algebra M of
subsets of M. Then we use the term a null set as synonymous for a set of measure 0.

Definition. We say that two functions f,g : M — R are equal almost everywhere and
write f = g a.e. if the set {x € M : f (x) # g (z)} has measure 0. In other words, there is
a set N of measure 0 such that f =g on M \ N.

More generally, the term “almost everywhere” is used to indicate that some property
holds for all points x € M \ N where p(N) = 0.

Claim 1. The relation f = g a.e.is an equivalence relation.
Proof. We need to prove three properties that characterize the equivalence relations:

1. f = f ae.. Indeed, the set {f (z) # f(x)} is empty and, hence, is a null set.
2. f = g a.e.is equivalent to g = f a.e., which is obvious.
3. f=ga.eand g =~h a.e. imply f = h a.e. Indeed, we have

{r#ny c{f#gtui{n#g}

whence we conclude that the set { f (x) # ¢ (z)} is a null set as a subset of the union
of two null sets.

Claim 2 If f is measurable and g = f a.e. then g is also measurable.

43



Proof. Fix some real ¢ and prove that the set {g < ¢} is measurable. Observe that

N:={f<cta{g<cyC{f#g}.

Indeed, z € N if = belongs to exactly to one of the sets {f < ¢} and {g <c}. For
example, x belongs to the first one and does not belong to the second one, then f (z) < ¢
and ¢ (x) > ¢ whence f (z) # g (x). Since {f # g} is a null set, the set N is also a null
set. Then we have

{g<ct={f<can,
which implies that {g < ¢} is measurable. m

Definition. We say that a sequence of functions f,, on M converges to a function f
almost everywhere and write f,, — f a.e. if theset {x € M : f, () /4 f(x)} is a null set.
In other words, there is a set N of measure 0 such that f, — f pointwise on M \ N.

Theorem 2.4 If {f,} is a sequence of measurable functions and f, — f a.e. then f is
also a measurable function.

Proof. Consider the set

N={zeM: f,(z)+ f(2)},

which has measure 0. Redefine f, (z) for z € N by setting f, (r) = 0. Since we have
changed f,, on a null set, the new function f,, is also measurable. Then the new sequence
{fn (x)} converges for all = € M, because f,, () — f(z) for all z € M\ N by hypothesis,
and f, () — 0 for all x € N by construction. By Theorem 2.3, the limit function
is measurable, and since f is equal to the limit function almost everywhere, f is also
measurable. m

We say a sequence of functions {f,} on a set M converges to a function f wuniformly
on M and write f, = f on M if

sup |fn () — f ()| = 0 as n — oo.
zeM

We have obviously the following relations between the convergences:

f=f = f.— fpointwise — f, — f ae. (2.1)

In general the converse for the both implications is not true. For example, let us show
that the pointwise convergence does not imply the uniform convergence if the set M is
infinite. Indeed, let {z)},_; be a sequence of distinct points in M and set f; = 1,3
Then, for any point x € M, fi (z) = 0 for large enough k, which implies that f; (x) — 0
pointwise. On the other hand, sup | fx| = 1 so that f; 7 0.

For the second example, let {fx} be any sequence of functions that converges pointwise
to f. Define f as an arbitrary modification of f on a non-empty set of measure 0. Then
still f — f a.e. while f does not converge to f pointwise.

Surprisingly enough, the convergence a.e. still implies the uniform convergence but on
a smaller set, as is stated in the following theorem.

44



Theorem 2.5 (Theorem of Egorov) Let yu be a complete finite measure on a o-algebra
M on a set M. Let {f,} be a sequence of measurable functions and assume that f, — f
a.e. on M. Then, for any e > 0, there is a set M. C M such that:

1 u(M\ M) <e
2. fo=2f on M..

In other words, by removing a set M \ M. is measure smaller than e, one can achieve
that on the remaining set M. the convergence is uniform.

Proof. The condition f, =% f on M. (where M. is yet to be defined) means that for
any m € N there is n = n (m) such that for all k > n

1
sup | fr — f] < —.
M. m
Hence, for any x € M.,
1
for any m > 1 for any k > n(m) |fx () — f (z)| < —,
m

which implies that
%0 1
Mcf N {xGM:m¢w—f@N<—}-
m=1 k>n(m) m

Now we can define M. to be the right hand side of this relation, but first we need to define
n(m).
For any couple of positive integers n, m, consider the set

1
Am,n: {IEMZ |fk(l’)—f<l’)| < — for allan}
m
This can also be written in the form

Ana= N {r €M i i@ - f < )

k>n m

By Theorem 2.4, function f is measurable, by Theorem 2.2 the function |f, — f| is mea-
surable, which implies that A,,, is measurable as a countable intersection of measurable
sets.

Observe that, for any fixed m, the set A,,, increases with n. Set

Ap=U A= lim A, ,,
n=1 n—00
that is, A,, is the monotone limit of A,,,. Then, by Exercise 9, we have

1 (Ap) = lim p(Amy)

whence
lim 2 (Am \ Am,n) =0 (2'2)

n—oo
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(to pass to (2.2), we use that u (A,,) < oo, which is true by the hypothesis of the finiteness
of measure ).

Claim For any m, we have
p(M\ Ap) = 0. (2.3)

Indeed, by definition,
o) fe'e) 1
= U= O N {oe M i@ -r @< -},
n=1 n=1k>n m
which means that x € A,, if and only if there is n such that for all £ > n,
1
i)~ F @) < =

In particular, if f; (z) — f(z) for some point x then this condition is satisfied so that
this point x is in A,,. By hypothesis, f,, () — f (z) for almost all z, which implies that
p(M\ Ap) = 0.

It follows from (2.2) and (2.3) that

lim p(M\ A,n) =0,

n—o0

which implies that there is n = n (m) such that

(M A nmy) < (2.4)

2m
Set

M= A A=A 0 feeriif@-rwli<} @9

m=1k>n(m)
and show that the set M. satisfies the required conditions.
1. Proof of (M \ M.) < e. Observe that by (2.5)

p(M\ M) = u((ﬁ Am,n(m)c) (U Anm(n>

> £
< Z—m:

m=1

Here we have used the subadditivity of measure and (2.4).
2. Proof of f, = f on M.. Indeed, for any x € M, we have by (2.5) that, for any
m > 1 and any k > n(m),

i) = F@)] < -

Hence, taking sup in x € M., we obtain that also

1
sup | fr — f| < —,
M, m

which implies that
sup |fi = f| = 0

and, hence, fry = fon M.. m
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2.3 The Lebesgue integral for finite measures

Let M be an arbitrary set, M be a g-algebra on M and p be a complete measure on
M. We are going to define the notion of the integral [, fdu for an appropriate class of
functions f. We will first do this for a finite measure, that is, assuming that p (M) < oo,
and then extend to the o-finite measure.

Hence, assume here that p is finite.

2.3.1 Simple functions

Definition. A function f: M — R is called simple if it is measurable and the set of its
values is at most countable.

Let {ay} be the sequence of distinct values of a simple function f. Consider the sets
Ap={x e M: f(z) = ar} (2.6)
which are measurable, and observe that

M = | Ay (2.7)

Clearly, we have the identity

F@)= Y, () (2.5)
k
for all z € M. Note that any sequence {Ay} of disjoint measurable sets such that (2.7)
and any sequence of distinct reals {a;} determine by (2.8) a function f (x) that satisfies
also (2.6), which means that all simple functions have the form (2.8).

Definition. If f > 0 is a simple function then define the Lebesgue integral | o fdp by
/ fdp =" app(Ay). (2.9)
M k

The value in the right hand side of (2.9) is always defined as the sum of a non-
negative series, and can be either a non-negative real number or infinity. Note also that
in order to be able to define u (Ag), sets A, must be measurable, which is equivalent to
the measurability of f.

For example, if f = C for some constant C' then we can write f = C'1); and by (2.9)

| sau=cuqn.

The expression || 1 fdp has the full title “the integral of f over M against measure
1. The notation |, S dp should be understood as a whole, since we do not define what
dp means. This notation is traditionally used and has certain advantages. A modern
shorter notation for the integral is p (f), which reflects the idea that measure p induces
a functional on functions, which is exactly the integral. We have defined so far this
functional for simple functions and then will extend it to a more general class. However,
first we prove some property of the integral of simple functions.
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Lemma 2.6 (a) Let M = | |, By where { By} is a finite or countable sequence of measur-
able sets. Define a function [ by
= Z bi1p,
k

where {by} is a sequence of non-negative reals, not necessarily distinct. Then

/Mfdﬂzzka(Bk)-

(b) If f is a non-negative simple function then, for any real ¢ > 0, cf is also non-

negative real and
/ cfdu=c / fdu
M M

(ifc=0 and [,, fdu =400 and then we use the convention 0 - oo = 0).
(c) If f, g are non-negative simple functions then f + g is also simple and

/]w(erg)du:/Mfdqu/Mgdu-

(d) If f,g are simple functions and 0 < f < g then

/M fdu < /M gy

Proof. (a) Let {a;} be the sequence of all distinct values in {b;}, that is, {a;} is the
sequence of all distinct values of f. Set

Ai={zeM: f(z)=a;}.

Then
A= || B

{k:by=a;}

and
p(A) = > (B,

{k:by=a;}

whence
/ fdp =" a;u(A) = a; > p(B)=Y_ Y beu(Be) =Y beu(By).
M ] ] {k:bk:aj} ] {k:bk:aj} k

(b) Let f =", agla, where| |, Ar = M. Then

whence by (a)



(c) Let f=>") arla, where ||, Ay =M and g =}, b;lp; where||; B; = M. Then

M =] (A, N B;)

k,j

and on the set Ay N B; we have f = a; and g = b, so that f 4+ g = a; + b;. Hence, f +¢g
is a simple function, and by part (a) we obtain

Also, applying the same to functions f and g, we have

/ fdu = Zak,u (AN B;)
M o

and

/Mgdu = bip (AN By),

k,j

whence the claim follows.
(d) Clearly, g — f is a non-negative simple functions so that by (c¢)

/Mgdu:/M(g—f)dujL/Mfduz/MfdM.

2.3.2 Positive measurable functions

Definition. Let f > 0 be any measurable function on M. The Lebesgue integral of f is
defined by

/ fdp = lim | fudu
M M

where {f,} is any sequence of non-negative simple functions such that f, = f on M as
n — oo.

To justify this definition, we prove the following statement.

Lemma 2.7 For any non-negative measurable functions f, there is a sequence of non-
negative simple functions {f,} such that f, = f on M. Moreover, for any such sequence
the limat

lim fndu

=0 J v

exists and does not depend on the choice of the sequence {f,} as long as f, = f on M.

Proof. Fix the index n and, for any non-negative integer k, consider the set

Ak,n:{xeM:ESf(x)<k+1}.

n n
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Clearly, M = | |;2, Ak Define function f,, by

fn = Z ZlAka

k

that is, f, = k on Ay Then f, is a non-negative simple function and, on a set Ay, we

have ! kel k1
e R
n n n

so that
1

sup [f — fu| < —.
M n

It follows that f,, = f on M.
Let now {f,,} be any sequence of non-negative simple functions such that f,, = f. Let
us show that lim,, .. |’ o Jndp exists. The condition f,, = f on M implies that

sup | fn — fm| — 0 as n,m — oo.
M

Assume that n, m are so big that C' := sup,, |f, — f| is finite. Writing
S < fa+C

and noting that all the functions f,,, f,, C' are simple, we obtain by Lemma 2.6

/M fudpt < /M fuddpt + /M Cdy

= [ hdutsuplf = gl n ().
M M
If [ 1 fmdp = 400 for some m, then implies that that | v Jndp = 400 for all large enough

n, whence it follows that lim, . [}, fady = +oo. If [, frdp < oo for all large enough
m, then it follows that

‘/ fmdu—/ fndu'ésup!fn—fmlu(M)
M M M

which implies that the numerical sequence

{ / fndu}
M
is Cauchy and, hence, has a limit.

Let now {f,} and {g,} be two sequences of non-negative simple functions such that
fn = f and g, = f. Let us show that

lim fodp = lim gndpt. (2.10)
n—od M

n—oo M

Indeed, consider a mixed sequence { f1, g1, f2, g2, ...}. Obviously, this sequence converges
uniformly to f. Hence, by the previous part of the proof, the sequence of integrals

/fld,u, / gidj, / fadp, / g2dyt, ...
M M M M
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converges, which implies (2.10). m
Hence, if f is a non-negative measurable function then the integral |’ o S is well-
defined and takes value in [0, +00].

Theorem 2.8 (a) (Linearity of the integral). If f is a non-negative measurable function

and ¢ > 0 s a real then
/ cfdu:c/ fdu.
M M

If f and g are two non-negative measurable functions, then

/M(f+g)du=/Mfdu+/Mgdu-

(b) (Monotonicity of the integral) If f < g are non-negative measurable function then

/Mfdué/Mgdu-

Proof. (a) By Lemma 2.7, there are sequences { f,,} and {g,} of non-negative simple
functions such that f, = f and g, = g on M. Then cf,, = ¢f and by Lemma 2.6,

/ cfdu = lim/ cfndp = lim c/ fndu:c/ fdu.
M e M e JM M

Also, we have f,, + g, = [ + ¢g and, by Lemma 2.6,

/M(f+g)duZggo/M(fnJrgn)dng&(/andwr/Mgndu):/Mfdwr/Mgdﬂ.

(b) If f < g then g — f is a non-negative measurable functions, and g = (g — f) + f

whence by (a)
/Mgdusz(g—f)dH/Mfduz/Mfdw

Example. Let M = [a,b] where a < b and let ;1 = A; be the Lebesgue measure on [a, b].
Let f > 0 be a continuous function on [a,b]. Then f is measurable so that the Lebesgue
integral f[a b fdp is defined. Let us show that it coincides with the Riemann integral

fabf (z)dx. Let p = {x;},_, be a partition of [a,b] that is,

a=To< T <Xy < ...<x,, =b.

The lower Darboux sum is defined by

n

S (f>p) = Zmi (2, — 1),

i=1
where

[i1,24]
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By the property of the Riemann integral, we have

/ f(e)dr = lim . (f.p) (2.11)

(p)—0

where m (p) = max; |z; — x;_1| is the mesh of the partition.
Consider now a simple function £}, defined by

Fp = Z mil[wiflyxi)'
i=1

By Lemma 2.6,

/[ ’ Fydp =y mip ([25-1,2:) = S, (f,p).

i=1
On the other hand, by the uniform continuity of function f, we have F, =% f asm (p) — 0,
which implies by the definition of the Lebesgue integral that

/[ ]fd,u = lim F,dp= lim S,(f,p).
a,b

m(p)=0 J{a,pb] m(p)—0

Comparing with (2.11) we obtain the identity

b
dy = dz.
[a,b}f 1 / f(z)dx

Example. Consider on [0, 1] the Dirichlet function

ro-{a Tea

This function is not Riemann integrable because any upper Darboux sum is 1 and the
lower Darboux sum is 0. But the function f is non-negative and simple since it can be
represented in the form f = 14 where A = Q N[0, 1] is a measurable set. Therefore,
the Lebesgue integral f[071] f du is defined. Moreover, since A is a countable set, we have

f1(A) = 0 and, hence, [, fdu=0.

2.3.3 Integrable functions

To define the integral of a signed function f on M, let us introduce the notation

fla), if f(z) =0 0, if f () >0
JCJF("L"):{O7 it f () < 0 and f—:{_f(g;), if f(z) <0 °

The function f, is called the positive part of f and f_ is called the negative part of f.
Note that f, and f_ are non-negative functions,

f=f—J- and [f]=fi+ /-

52



It follows that

£ |f|2+famd fIIfIT—f'

Also, if f is measurable then both f, and f_ are measurable.

Definition. A measurable function f is called (Lebesgue) integrable if

/ fidp < oo and / fodp < oo.
M M

For any integrable function, define its Lebesgue integral by

/Mfdu :=/Mf+du—/Mfdu.

Note that the integral |’ v Jdp takes values in (—o0, +00).
In particular, if f > 0 then f, = f, f- =0 and f is integrable if and only if

/Mfdu< 00.

Lemma 2.9 (a) If f is a measurable function then the following conditions are equivalent:
1. f is integrable,
2. fi and f_ are integrable,

3. |f| is integrable.

(b) If f is integrable then

‘/Mfdu'é/leldw

Proof. (a) The equivalence 1. < 2. holds by definition. Since |f| = f + f_, it follows
that [, |f|dp < oo if and only if [, frdp < oo and [,, f-du < oo, that is, 2. & 3.
(b) We have

‘/Mfdu‘z'/Mﬁdu—/Mfdu'S/Mf+d/,b+/MfdM:/M|f|dM

Example. Let us show that if f is a continuous function on an interval [a,b] and p is
the Lebesgue measure on [a, b] then f is Lebesgue integrable. Indeed, f, and f are non-
negative and continuous so that they are Lebesgue integrable by the previous Example.
Hence, f is also Lebesgue integrable. Moreover, we have

b b b
Sau= [ e [b}fd/L:/ Fodu= [ 5 du= [ fan

la,b

so that the Riemann and Lebesgue integrals of f coincide.
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Theorem 2.10 (a) (Linearity of integral) If f is an integrable then, for any real c, cf is

also integrable and
/ cfdu:c/ fdu.
M M

If f, g are integrable then f + g is also integrable and

/M(f+g)d;t=/Mfdn+/Mgdu. (2.12)

(b) (Monotonicity of integral) If f, g are integrable and f < g then [,, fdu < [, gdp.

Proof. (a) If ¢ = 0 then there is nothing to prove. Let ¢ > 0. Then (cf), = cf, and
(c¢f)_ = cf- whence by Lemma 2.8

/MCfduz /MCf+du—/MCfduz C/Mf+du—C/Mfdu26/Mfdu.

If ¢ <0 then (cf), = |c| f- and (cf)_ = |c| f+ whence

[ etau= [ 1 sdn= [ el pidu==l [ gau=c [ san

Note that (f + g), is not necessarily equal to f,+g so that the previous simple argument
does not work here. Using the triangle inequality

If+al < |fl+ 19l

/|f+g|du§/ |f|du+/ 9| dp < oo,
M M M

which implies that the function f + g is integrable.
To prove (2.12), observe that

we obtain

fetgr—f—g =f+9g=(+g) - (f+9)_

whence
feto+(f+g)_=f+g),+f +g-.

Since these all are non-negative measurable (and even integrable) functions, we obtain by
Theorem 2.8 that

/Mf+du+/Mg+du+/M<f+g)duz/M(f+g)+du+/Mfdu+/Mgdu.

It follows that

[ Geadn = [ (tradn- [ (o de
= /f+du+/ g+dp — /Mf—dﬂ—/Mg—dM
= /Mfdu+/Mgdu.
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(b) Indeed, using the identity g = (¢ — f) + f and that g — f > 0, we obtain by part

(a)
Aﬁwzéw—ﬂw+éﬁmzﬁﬁm

Example. Let us show that, for any integrable function f,

@wmw@s@fws@mﬂMMy

Indeed, consider a function g (z) = sup f so that f < g on M. Since g is a constant
function, we have

[ raus [ g w0,

In the same way one proves the lower bound.
The following statement shows the connection of integration to the notion f = g a.e.

Theorem 2.11 (a) If f =0 a.e.then f is integrable and [, fdu = 0.
(b) If f is integrable, f > 0 a.e. and [,, fdu =0 then f =0 a.e..

Proof. (a) Since the constant 0 function is measurable, the function f is also mea-
surable. It is suffices to prove that f; and f_ are integrable and | o frdp = i) A J-dp = 0.
Note that f, = 0 a.e. and f_ = 0 a.e.. Hence, renaming f, or f_ to f, we can assume
from the beginning that f > 0 and f = 0 a.e., and need to prove that |, v fdp=0. We

have by definition
[ pdu= 1 [ fuda
M =0 J v

where f,, is a simple function defined by

fn (l’) - Z %Ak,m

k=0

where

1
Ak,n:{xeM:ESf(x)<k%}.

n
The set Ay, has measure 0 if £ > 0 whence it follows that

/]\4 Jndp = Z %:u (Ak,n) =0.

k=0

Hence, also [, fdu = 0.

(b) Since f- = 0 a.e., we have by part (a) that [,, f— du = 0 which implies that also
[oy [+ dp = 0. It suffices to prove that f, = 0 a.e.. Renaming f, to f, we can assume
from the beginning that f > 0 on M, and need to prove that || 2 dp =0 implies f =0
a.e.. Assume from the contrary that f = 0 a.e. is not true, that is, the set {f > 0} has
positive measure. For any k € N, set A, = {z € M : f (z) > +} and observe that

{f > 0} = k[.:jl Ay
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It follows that one of the sets A, must have a positive measure. Fix this £ and consider

a simple function
1
_ w TE A
9(x) { 0, otherwise,

that is, g = %1 4,- 1t follows that ¢ is measurable and 0 < g < f. Hence,

1
/fdMZ/ng:EM(Ak)>O,
M M

which contradicts the hypothesis. =

Corollary. If g is integrable function and f is a function such that f = g a.e. then f is
integrable and fM fdu = fM gdjs.

Proof. Consider the function f — g that vanishes a.e.. By the previous theorem, f — g
is integrable and | v (f —9)dp = 0. Then the function f = (f — g) + g is also integrable

" /Mfduz/ (f - gdﬂ+/gdu /gdu,

which was to be proved. m

2.4 Integration over subsets

If A C M is a non-empty measurable subset of M and f is a measurable function on A
then restricting measure i to A, we obtain the notion of the Lebesgue integral of f over
set A, which is denoted by
/ fdpu.
A

If f is a measurable function on M then the integral of f over A is defined by

/Afduz/AflAdu-

Claim If f is either a non-negative measurable function on M or an integrable function
on M then

[ sau= [ i (2.13)

Proof. Note that fl14|4 = f|a so that we can rename f1, by f and, hence, assume
in the sequel that f =0 on M \ A. Then (2.13) amounts to

/Afdu:/Mfd,u. (2.14)

Assume first that f is a simple non-negative function and represent it in the form

f=) blg, (2.15)

where the reals {b} are distinct and the sets { B} are disjoint. If for some k we have
b = 0 then this value of index k can be removed from the sequence {b;} without violating
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(2.15). Therefore, we can assume that by # 0. Then f # 0 on By, and it follows that
By C A. Hence, considering the identity (2.15) on both sets A and M, we obtain

/AfdﬁbzzbkM(Bk)Z/Mfd,u.

If f is an arbitrary non-negative measurable function then, approximating it by a sequence
of simple function, we obtain the same result. Finally, if f is an integrable function then
applying the previous claim to f; and f_, we obtain again (2.14). m

The identity (2.13) is frequently used as the definition of [ 4 fdp. Tt has advantage
that it allows to define this integral also for A = (). Indeed, in this case f14 = 0 and the
integral is 0. Hence, we take by definition that also [, f di = 0 whenA = () so that (2.13)
remains true for empty A as well.

Theorem 2.12 Let i be a finite complete measure on a o-algebra M on a set M. Fiz a
non-negative measurable f function on M and, for any non-empty set A € M, define a
functional v (A) by

v (A) = / fdu. (2.16)
A
Then v is a measure on M.
Example. It follows that any non-negative continuous function f on an interval (0, 1)

defines a new measure on this interval using (2.16). For example, if f = 2 then, for any
interval [a,b] C (0,1), we have

b1 b
v ([a,b]) = fd,u:/ Lig—m?
[a,b] a T

a

This measure is not finite since v (0,1) = occ.

Proof. Note that v (A) € [0,4+00]. We need to prove that v is o-additive, that is, if
{A,} is a finite or countable sequence of disjoint measurable sets and A =| | A, then

/AfdM=Z/AnfdM'

Assume first that the function f is simple, say, f = >, bylp, for a sequence {By} of
disjoint sets. Then

laf = Z brl{anB,)
!

whence
/ fdp="> by (AN By)
A k

and in the same way

/ fdﬂzzka(AnﬂBk)‘
An k
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It follows that

Z/A Fdp = > bep(AnN By)

= Zbkﬂ (AN By)

- /Afdu,

where we have used the o-additivity of u.
For an arbitrary non-negative measurable f, find a simple non-negative function g so
that 0 < f — g < ¢, for a given € > 0. Then we have

/AgduS/Afduz/AgduvL/A(f—g) duﬁAgdu+€u(A)-

In the same way,
/ gdué/ fduﬁ/ gdp +ep (Ay) -
An An A”

Adding up these inequalities and using the fact that by the previous argument

;/Angduz/flgdu,

/Agdu < ;/Anfdu
< Z/Angdu%Zu(An)

= /Agdu—l—su(A).

Hence, both [, fdu and 3 [, fdu belong to the interval [[ygdu, [,gdu+en(A)],

which implies that
> [ sdu= [ g
—~ Ja, A

Letting ¢ — 0, we obtain the required identity. m

we obtain

<ep(A).

Corollary. Let f be a non-negative measurable function or a (signed) integrable function
on M.
(a) (c-additivity of integral) If {A,} is a sequence of disjoint measurable sets and

A=|]| A, then
/Afduzzn:/Anfdu. (2.17)

(b) (Continuity of integral) If { A,,} is a monotone (increasing or decreasing) sequence
of measurable sets and A = lim A,, then

/ fdp= lim fdu. (2.18)
A n—oo [,
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Proof. If f is non-negative measurable then (a) is equivalent to Theorem 2.12; and
(b) follows from (a) because the continuity of measure v is equivalent to o-additivity (see
Exercise 9). Consider now the case when f is integrable, that is, both [ v J+dp and
| o /- dp are finite. Then, using the o-additivity of the integral for f, and f_, we obtain

/Afdu = /Aﬁdu—/Afdu

- ;Anf+d“_;//4nf‘d“

_ ;(/Anhdu—/mf—du)
= Zn:/AnfdM,

which proves (2.17). Finally, since (2.18) holds for the non-negative functions f; and f_,
it follows that (2.18) holds also for f = f, — f_. =

2.5 The Lebesgue integral for o-finite measure

Let us now extend the notion of the Lebesgue integral from finite measures to o-finite
measures.

Let 1 be a o-finite measure on a g-algebra M on a set M. By definition, there is a
sequence {By},-, of measurable sets in M such that p(By) < oo and | |, By = M. As
before, denote by pp, the restriction of measure p to measurable subsets of By, so that
pp, is a finite measure on By,.

Definition. For any non-negative measurable function f on M, set

/M fan =3 /B i, (2.19)

The function f is called integrable if | o fap < oo.

If f is a signed measurable function then f is called integrable if both f, and f_ are
integrable. If f is integrable then set

/M Fu = /M Fodp - /M 7.

Claim. The definition of the integral in (2.19) is independent of the choice of the
sequence { By }.

Proof. Indeed, let {C;} be another sequence of disjoint measurable subsets of M
such that M = | ];C;. Using Theorem 2.12 for finite measures yip, and pc, (that is,
the o-additivity of the integrals against these measures), as well as the fact that in the
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intersection of By N Cj measures /i, and ji¢, coincide, we obtain

;/ijduoj - ;;/Cjanfdﬂcj
=S s,
ko J

CjﬁBk
= Z [
i Bk

]

If A is a non-empty measurable subset of M then the restriction of measure p on
A is also o-additive, since A = | |, (AN By) and p(ANBy) < oco. Therefore, for any
non-negative measurable function f on A, its integral over set A is defined by

/Afduz ij/AmkaduAOBk.

If f is a non-negative measurable function on M then it follows that

/AfdMZ/MflAdM

(which follows from the same identity for finite measures).

Most of the properties of integrals considered above for finite measures, remain true for
o-finite measures: this includes linearity, monotonicity, and additivity properties. More
precisely, Theorems 2.8, 2.10, 2.11, 2.12 and Lemma 2.9 are true also for o-finite measures,
and the proofs are straightforward.

For example, let us prove Theorem 2.12 for o-additive measure: if f is a non-negative
measurable function on M then then functional

v()= [ fau

defines a measure on the o-algebra M. In fact, we need only to prove that v is o-additive,
that is, if {A4,} is a finite or countable sequence of disjoint measurable subsets of M and

A =], A, then
/Afduzzn:/Anfdu-

Indeed, using the above sequence { By}, we obtain

Zﬂ:/Anfdu - Z%}/A f i

nMNByg

- ;Z/A f dus,

nMNByg

= Z / / dMBk
k ANBy

_ / fdp,
A
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where we have used that the integral of f against measure pp,_is o-additive (which is true
by Theorem 2.12 for finite measures).

Example. Any non-negative continuous function f (z) on R gives rise to a o-finite
measure v on R defined by

v()= [ fau

where p = \; is the Lebesgue measure and A is any Lebesgue measurable subset of R.
Indeed, the fact that v is a measure follows from the version of Theorem 2.12 proved
above, and the o-finite is obvious because v (I) < oo for any bounded interval I. If F' is
the primitive of f, that is, F/ = f, then, for any interval I with endpoints a < b, we have

o= [ fdu= [ )i =F@®) - F o).
[a,b] a

Alternatively, measure v can also be constructed as follows: first define the functional v
of intervals by
v(I)=F(b)—F(a),

prove that it is o-additive, and then extend v to measurable sets by the Carathéodory
extension theorem.

For example, taking
1 1

f(x):;1+x2

we obtain a finite measure on R; moreover, in this case

T dy o
v(R) = /OO i [arctan ] 7% = 1.

Hence, v is a probability measure on R.

2.6 Convergence theorems

Let 1 be a complete measure on a o-algebra M on a set M. Considering a sequence { f; }
of integrable (or non-negative measurable) functions on M, we will be concerned with
the following question: assuming that {fx} converges to a function f in some sense, say,
pointwise or almost everywhere, when one can claim that

/Mfkdw/Mfdu ?

The following example shows that in general this is not the case.

Example. Consider on an interval (0, 1) a sequence of functions f = k14, where Ay =

[+,2]. Clearly, f(z) — 0 as k — oo for any point € (0,1). On the other hand, for

1= A1, we have

fredp = kp(Ag) =14 0.
(0,1)

For positive results, we start with a simple observation.
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Lemma 2.13 Let p be a finite complete measure. If {fr} is a sequence of integrable (or
non-negative measurable) functions and fi, = f on M then

[ ddn— [ rau
M M
Proof. Indeed, we have

| pdw = [ raws [ G- ae

- /Mfdqu/lek—ﬂd#
< /Mfdqusup!fk—f\M(M)-

In the same way,
[ ddnz [ pau-sulhi- flan).
M M

Since sup |fr — fl (M) — 0 as k — oo, we conclude that

/Mfkdw/Mfdu.

Next, we prove the major results about the integrals of convergent sequences.

Lemma 2.14 (Fatou’s lemma) Let p be a o-finite complete measure. Let {fy} be a
sequence of mon-negative measurable functions on M such that

fr — [ ae.
Assume that, for some constant C' and all k > 1,
/ Jedp < C.
M
Then also
/ Jdp <C.
M

Proof. First we assume that measure y is finite. By Theorem 2.5 (Egorov’s theorem),
for any € > 0 there is a set M. C M such that p (M \ M.) < e and fy = f on M.. Set

A, =M U Ml/g U Ml/g... U Ml/n-

Then (M \ A,,) < % and f, = f on A, (because f,, = f on any M, ). By construction,
the sequence {A,} is increasing. Set

A= lim 4, = ] A,
n=1

n—oo
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By the continuity of integral (Corollary to Theorem 2.12), we have

n—oo

/ fdu = lim f dpu.
On the other hand, since fy = f on A,, we have by Lemma 2.13
/ f dp= lim fedp.
Ap k—oo J 4,

By hypothesis,

/ fkduﬁ/ Jrdp < C.
An M
Passing the limits as £ — oo and as n — oo, we obtain
/ fdu<C.

A

Let us show that
fdu=0, (2.20)
Ac

which will finish the proof. Indeed,
=M\ U A, = N 45
n=1 n=1
Then, for any index n, we have

p(A°) < u(Ay) < 1/n,

whence p (A°) = 0. by Theorem 2.11, this implies (2.20) because f = 0 a.e. on A°.
Let now p be a o-finite measure. Then there is a sequence of measurable sets { By}
such that p (By,) < oo and (-, By = M. Setting

A, =BiUByU..UB,

we obtain a similar sequence {A,,} but with the additional property that this sequence is
increasing. Note that, for any non-negative measurable function f on M,

/fdu—hm fdpu.

The hypothesis
/ Jedp < C
M
implies that
An

for all £ and n. Since measure p on A, is finite, applying the first part of the proof, we
conclude that

/ Jdp <C.
An

Letting n — oo, we finish the proof. m
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Theorem 2.15 (Monotone convergence theorem) Let p be a o-finite compete measure.
Let {fx} be an increasing sequence of non-negative measurable functions and assume that
the limit function f(x) =limy_ o fx () is finite a.e.. Then

/fduzlim/fkdp.
M k=00 Jur

Remark. The integral of f was defined for finite functions f. However, if f is finite a.e.,
that is, away from some set N of measure 0 then still | 1 J dpp makes sense as follows. Let
us change the function f on the set N by assigning on N finite values. Then the integral
[3 [ dp makes sense and is independent of the values of f on N (Theorem 2.11).

Proof. Since f > fi, we obtain

Aﬁwzﬂﬁw

/fwzm/nw.
M k—oo Jar

To prove the opposite inequality, set

whence

C = lim fedu.
k—oo s

Since { fx} is an increasing sequence, we have for any k

/ Jedp < C
M

whence by Lemma 2.14 (Fatou’s lemma)

/fwsa
M

which finishes the proof. m

Theorem 2.16 (The second monotone convergence theorem) Let 1 be a o-finite compete
measure. Let{fi} be an increasing sequence of non-negative measurable functions. If there
1s a constant C' such that, for all k,

/ frdp <C (2.21)
M

then the sequence {f,(x)} converges a.e. on M, and for the limit function f(x) =
limy, o fx (x) we have

/ fdp = lim fedp. (2.22)
M k=00 Jm
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Proof. Since the sequence {f, (z)} is increasing, it has the limit f (z) for any = € M.
We need to prove that the limit f (z) is finite a.e., that is, p ({f = 0o}) = 0 (then (2.22)
follows from Theorem 2.15). It follows from (2.21) that, for any ¢ > 0,

p{fs >t} < %/Mfkdﬂ < % (2.23)

Indeed, since
fi 2 gy,
it follows that

/ Jedu > / tlypsndp = tu{fe > t},
M M

which proves (2.23).
Next, since f (z) = limg_ fx (), it follows that

{f(x) >t} < {fx(z)>tfor some k}
= U{/fe(@) >t}

k

where we use the fact that f; monotone increases whence the sets { f; > t} also monotone
increases with k. Hence,

p(f>1) = lim p{fy >t}
whence by (2.23)
p(f>1) < %
Letting t — 0o, we obtain that u (f = oo) = 0 which finishes the proof. m

Theorem 2.17 (Dominated convergence theorem) Let p be a complete o-finite measure.
Let {fi} be a sequence of measurable functions such that f, — f a.e. Assume that there
is a non-negative integrable function g such that |fi| < g a.e. for all k. Then fi and f
are integrable and

/ fdu=lim [ fidp. (2.24)
M koo Jar

Proof. By removing from M a set of measure 0, we can assume that f, — f pointwise
and | fx| < g on M. The latter implies that

M

that is, fi is integrable. whence the integrability of fj follows. Since also |f| < g, the
function f is integrable in the same way. We will prove that, in fact,

[ 1= dldn—0as k- o
M

which will imply that

‘Afkd“_Afd“‘:‘A(f’“—f)d“‘S/M|fk—f|du—>0
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which proves (2.24).
Observe that 0 < | fx, — f| < 2¢ and |fx — f| — 0 pointwise. Hence, renaming | f — f]
by fi and 2g by g, we reduce the problem to the following: given that

0< fr <g and f, — 0 pointwise,

prove that
/ frdp — 0as k — oo.
M

Consider the function

Jo=sup{fu fosr, -} =sup{fi} = lim  sup {fi},

n<k<m

which is measurable as the limit of measurable functions. Clearly, we have 0 < ]A";L <g
and the sequence { fn} is decreasing. Let us show that f,, — 0 pointwise. Indeed, for a

fixed point x, the condition fi () — 0 means that for any € > 0 there is n such that for
all
k>n = fi(z) <e.

Taking sup for all k& > n, we obtain fn (x) < e. Since the sequence {fn} is decreasing,

this implies that f, (z) — 0, which was claimed.

Therefore, the sequence < g — ﬁ} is increasing and g—ﬁ — ¢ pointwise. By Theorem

2.15, we conclude that
/ (g—fn> du—>/ gdp
M M

/ ]?;L dp — 0.
M
Since 0 < f,, < ﬁ“ it follows that also [ 1t Jndpp — 0, which finishes the proof. =

whence it follows that

Example. Both monotone convergence theorem and dominated convergence theorem
says that, under certain conditions, we have

jim [ g = [ (im 5) s

that is, the integral and the pointwise limit are interchangeable. Let us show one appli-
cation of this to differentiating the integrals depending on parameters. Let f (¢,x) be a
function from I x M — R where I is an open interval in R and M is as above a set with
a o-finite measure y; here t € [ and x € M. Consider the function

Fw:Ag@wm@>

where dp () means that the variable of integration is = while ¢ is regarded as a constant.
However, after the integration, we regard the result as a function of ¢. We claim that
under certain conditions, the operation of differentiation of F in ¢ and integration are also
interchangeable.
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Claim. Assume that f (t x) is continuously differentiable int € I for any x € M, and

that the derivative ' = E satisfies the estimate

If (t,x)| < g(x) foralltel, x € M,

where g 1s an integrable function on M. Then
_ / F(ta) du. (2.25)
M

Proof. Indeed, for any fixed ¢t € I, we have

von o PR - F ()
) = lim h

F(t+h, x) f (¢, )
h~>0/ d'u

= lim/f (c,x)dpu,

h—0

where ¢ = ¢ (h, z) is some number in the interval (¢, + h), which exists by the Lagrange
mean value theorem. Since ¢ (h,z) — t as h — 0 for any x € M, it follows that

[ (e,x) — f'(t,x) as h — 0.

Since |f’ (¢,x)] < g(z) and ¢ is integrable, we obtain by the dominated convergence
theorem that

lim /M I (e,x)d = [ (t,)

h—0

whence (2.25) follows. m
Let us apply this Claim to the following particular function f (¢,2) = e where
t € (0,+00) and x € [0, +00). Then

o 1
F(t) = / e dr = =
0 t

We claim that, for any ¢ > 0,

/ o oog —tx _ > —tx
F(t)—/o at(e ) dx = /Oe xdx

Indeed, to apply the Claim, we need to check that }% (e*m)‘ is uniformly bounded by an
integrable function g (z). We have

9t
5 )

For all t > 0, this function is bounded only by ¢ (x) = x, which is not integrable. However,
it suffices to consider ¢ within some interval (g, +00) for € > 0 which gives that

d —tx
a(@t) <

= ge @,




and this function g is integrable. Hence, we obtain

> 1\’ 1
—/ e Tadr = (—) =——=
0 t 2

& 1
/ e Trdr = —.
t2
0

Differentiating further in ¢ we obtain also the identity

00 —1)!
/ e—tzgn—gy — (7 — ) (2.26)
0

that is,

for any n € N. Of course, this can also be obtained using the integration by parts.
Recall that the gamma function I" (o) for any « > 0 is defined by

I'(a) = / e "2 tda.
0
Setting in (2.26) t = 1, we obtain that, for any o € N,
I'(a)=(a—1).

For non-integer «, I' («) can be considered as the generalization of the factorial.

2.7 Lebesgue function spaces L

Recall that if V' is a linear space over R then a function N : V' — [0, +00) is called a
semi-norm if it satisfies the following two properties:

1. (the triangle inequality) N (z +y) < N (z) + N (y) for all z,y € V;

2. (the scaling property) N (ax) = |a| N (z) for all z € V and o € R.

It follows from the second property that N (0) = 0 (where “0” denote both the zero
of V' and the zero of R). If in addition N (x) > 0 for all  # 0 then N is called a norm.
If a norm is chosen in the space V then it is normally denoted by ||x|| rather than N (x).

For example, if V' = R" then, for any p > 1, define the p-norm

n 1/p
=, = (Z |$i|p> :
i=1

Then it is known that the p-norm is indeed a norm. This definition extends to p = oo as
follows:

and the oo-norm is also a norm.
Consider in R” the function N (z) = |x;|, which is obviously a semi-norm. However,
if n > 2 then N (z) is not a norm because N (z) =0 for z = (0,1, ...).
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The purpose of this section is to introduce similar norms in the spaces of Lebesgue
integrable functions. Consider first the simplest example when M is a finite set of n

elements, say,
M=A1,....,n},

and measure p is defined on 2M as the counting measure, that is, u (A) is just the cardi-
nality of A C M. Any function f on M is characterized by n real numbers f (1) ,..., f (n),
which identifies the space F' of all functions on M with R". The p-norm on F is then

given by 0
n 1/p
_ N _ Py
T (}i:1:|f(@)l> ( /M I u> b < oo,

[/l = sup[f]-
M

and

This will motivate similar constructions for general sets M with measures.

2.7.1 The p-norm

Let 1 be complete o-finite measure on a o-algebra M on a set M. Fix some p € [1,+00).
For any measurable function f : M — R, define its p-norm (with respect to measure p)

by 1/p
= Pd )
1, (/M 7] u)

Note that |f|” is a non-negative measurable function so that the integral always exists,
finite or infinite. For example,

1/2
1= [ 1f] s ana ||f\|2=( / deu) |

In this generality, the p-norm is not necessarily a norm, because the norm must always
be finite. Later on, we are going to restrict the domain of the p-norm to those functions
for which || f[[, < oo but before that we consider the general properties of the p-norm.

The scaling property of p-norm is obvious: if & € R then

1/p 1/p
||af\|p=(/M Ia|p|f|”du) ~ ol (/M |f|”du) — |l 1],

Then rest of this subsection is devoted to the proof of the triangle inequality.

Lemma 2.18 (The Holder inequality) Let p,q > 1 be such that

1 1
-+ —-—=1. (2.27)
p q

Then, for all measurable functions f,g on M,

/ Fol di < 1711, Nl (2.28)
M

(the undefined product 0 - 0o is understood as 0).
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Remark. Numbers p, ¢ satisfying (2.27) are called the Hélder conjugate, and the couple
(p, q) is called a Holder couple.

Proof. Renaming |f| to f and |g| to g, we can assume that f, g are non-negative. If
| f[l, = 0 then by Theorem 2.11 we have f = 0 a.e.and (2.28) is trivially satisfied. Hence,
assume in the sequel that || f[|, and [lg||, > 0. If || f[[, = oo then (2.28) is again trivial.
Hence, we can assume that both || f||, and ||g||, are in (0, +00).

Next, observe that inequality (2.28) is scaling invariant: if f is replaced by af when
a € R, then the validity of (2.28) does not change (indeed, when multiplying f by «, the
both sides of (2.28) are multiplied by |«|). Hence, taking a = W and renaming «of to

f, we can assume that ||f||, = 1. In the same way, assume that [|g[|, = 1.
Next, we use the Young inequality:

a?  bP
ab < — + —,
p q

which is true for all non-negative reals a,b and all Holder couples p,q. Applying to f, g
and integrating, we obtain

e L/‘IfP(i L[y,

2_9 &
1
= [If1l, llgll, -
|

Theorem 2.19 (The Minkowski inequality) For all measurable functions f,g and for all
p=1,
1f +gll, < 171, + llgll, - (2.29)

Proof. If p =1 then (2.29) is trivially satisfied because

I£+ol= [ A volans [ 1rldne [ ol du= 17l + gl
M M M
Assume in the sequel that p > 1. Since

1F+gll, = L7+ glll, < AT+ glll,

it suffices to prove (2.29) for |f| and |¢| instead of f and g, respectively. Hence, renaming
|f| to f and |g| to g, we can assume that f and g are non-negative.

If [ f[l, or |lgl|, is infinity then (2.29) is trivially satisfied. Hence, we can assume in
the sequel that both [|f||, and ||g||, are finite. Using the inequality

(a+0)" <27(a” +0"),

/M(f‘i‘g)pd,USQP(/prd,uvL/Mgpdu)<oo
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Hence, ||f + g||, < oo. Also, we can assume that | f + g||, > 0 because otherwise (2.29)
is trivially satisfied.

Finally, we prove (2.29) as follows. Let ¢ > 1 be the Holder conjugate for p, that is,
q= %. We have

Hf+w£=z;ﬁ+yfduzl;fﬁ+yf1du+Z;Mf+gV1dw (2.30)

Using the Holder inequality, we obtain

1/q
/ Hf+gV1du£Hﬂqu+mpWb=Hﬂu</(f+m@1”m0 = [I£1l, 11 £ + gl2’®.
M M

In the same way, we have

[ ooy dus gl I+l
M
Adding up the two inequalities and using (2.30), we obtain

1+ gll2 < (171, + gl ) 1+ gl

Since 0 < ||f + g|l, < oo, dividing by || f +g||£/q and noticing that p — £ = 1, we obtain
(2.29). m

2.7.2 Spaces L?

It follows from Theorem 2.19 that the p-norm is a semi-norm. In general, the p-norm is
not a norm. Indeed, by Theorem 2.11

/ lfIPdp=0< f=0a.e.
M

Hence, there may be non-zero functions with zero p-norm. However, this can be corrected
if we identify all functions that differ at a set of measure 0 so that any function f such that
f = 0 a.e. will be identified with 0. Recall that the relation f = g a.e. is an equivalence
relation. Hence, as any equivalence relation, it induces equivalence classes. For any
measurable function f, denote (temporarily) by [f] the class of all functions on M that
are equal to f a.e., that is,

[fl={9:f=gae}.
Define the linear operations over classes as follows:
[f1+1g = [f+4d]
alf] = lof]
where f, g are measurable functions and o € R. Also, define the p-norm on the classes by
LA, = 1111, -
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Of course, this definition does not depend on the choice of a particular representative f
of the class [f]. In other words, if f = f a.e. then | f'||, = [|f]|, and, hence, [|[f]], is
well-defined. The same remark applies to the linear operations on the classes.

Definition. (The Lebesgue function spaces) For any real p > 1, denote by LP = LP (M, )
the set of all equivalence classes [f] of measurable functions such that || f||, < oc.

Claim. The set LP s a linear space with respect to the linear operations on the classes,
and the p-norm is a norm in LP.

Proof. If [f],[g] € L” then |f||, and ||g||, are finite, whence also [|[f + g]|l, =
If +gll, < oo so that [f] +[g] € LP. Tt is trivial that also a[f] € L? for any a € R.
The fact that the p-norm is a semi-norm was already proved. We are left to observe that
[[f]]l, = 0 implies that f =0 a.e. and, hence, [f] = [0]. =

Convention. It is customary to call the elements of L? functions (although they are
not) and to write f € L? instead of [f] € L, in order to simplify the notation and the
terminology.

Recall that a normed space (V,||-||) is called complete (or Banach) if any Cauchy
sequence in V' converges. That is, if {z,,} is a sequence of vectors from V" and ||z, — z,,,|| —
0 as n,m — oo then there is x € V such that z,, — = as n — oo (that is, ||z, — x| — 0).

The second major theorem of this course (after Carathéodory’s extension theorem) is
the following.

Theorem 2.20 For any p > 1, the space LP is complete.
Let us first prove the following criterion of convergence of series.

Lemma 2.21 Let {f,} be a sequence of measurable functions on M. If

o0
Z an”l <0
n=1

then the series Y | f, (x) converges a.e. on M and

A;fﬂu > [ o) do (231)
Proof. We will prove that the series
> (@)
n=1

converges a.e. which then implies that the series Y >, f, (x) converges absolutely a.e..
Consider the partial sums

Fi(2) =) |fa(x)l.

Clearly, {F;} is an increasing sequence of non-negative measurable functions, and, for all

k,
/&MSZ/WWFZMM:G
M n=1YM n=1
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By Theorem 2.16, we conclude that the sequence {F} (z)} converges a.e.. Let F (x) =
limy_ oo F, (z). By Theorem 2.15, we have

/ Fdu = lim Frdp < C.
M

k—o00 M

Hence, the function F' is integrable. Using that, we prove (2.31). Indeed, consider the
partial sum

and observe that

Gy (a |<Z|fn )| = Fi(x) < F(x).

Since -
G(z)=_ fal(z) = lim Gy (),
n=1

we conclude by the dominated convergence theorem that
/ Gdp = lim G du,
M k—oo J

which is exactly (2.31). =
Proof of Theorem 2.20. Consider first the case p = 1. Let {f,} be a Cauchy
sequence in L', that is,
| fn — fmll; = 0as n,m — oo (2.32)

(more precisely, {[f.]} is a Cauchy sequence, but this indeed amounts to (2.32)). We need
to prove that there is a function f € L' such that || f,, — f|l, — 0 as n — oc.

It is a general property of Cauchy sequences that a Cauchy sequence converges if and
only if it has a convergent subsequence. Hence, it suffices to find a convergent subsequence
{fn.}- Tt follows from (2.32) that there is a subsequence { f,, } -, such that

ank-H - f”kHl S 2_k-
Indeed, define n; to be a number such that
||fn fm”l 2- kaI‘ al]n m>nk

Let us show that the subsequence {f,, } converges. For simplicity of notation, rename f,,,
into fx, so that we can assume

| frsr — felly < 27",
In particular,

[ee)
Z [ fer1 = filly < oo,
k=1

73



which implies by Lemma 2.21 that the series

> (frer = 1)
e

converges a.e.. Since the partial sums of this series are f,, — fi, it follows that the sequence
{fn} converges a.e..

Set f(x) = lim, o f, (z) and prove that ||f, — f||;, — 0 as n — oo. Use again the
condition (2.32): for any € > 0 there exists IV such that for all n,m > N

”fn - fm”l <é&.

Since |f, — fm| — |fn — f] a.e. as m — oo, we conclude by Fatou’s lemma that, for all
n >N,

Ifn = flly <,

which finishes the proof.

Consider now the case p > 1. Given a Cauchy sequence {f,} in LP, we need to prove
that it converges. If f € L? then [, |f|” du < oo and, hence, [,, f dp and [, f” du are
also finite. Hence, both f, and f_ belong to LP. Let us show that the sequences {( In) +}
and {(f,)_} are also Cauchy in L. Indeed, set

£ t>0,
gp(t)_tJr_{O7 tSO,

so that fi = ¢ (f).

3757

257

1257

Function ¢ (t) =t

It is obvious that
[p(a) = (b)] < |a—1b.
Therefore,
|(Fa)s = ()| = L0 () =@ ()| < 1fu = Sl

whence

()5 = )il < W= fll, = 0

74



as n, m — oo. This proves that the sequence {( fn) +} is Cauchy, and the same argument

applies to {(fn)_ }-
It suffices to prove that each sequence {(f,), } and {(f,)_} converges in LP. Indeed,

if we know already that (f,), — g and (f,)_ — hin L then

Jn = (fn)+ —(fn)_ —g—nh.

Therefore, renaming each of the sequence {(f,),} and {(f.)_} back to {f,}, we can
assume in the sequel that f, > 0.

The fact that f,, € LP implies that f? € L'. Let us show that the sequence {f*} is
Cauchy in L. For that we use the following elementary inequalities.

Claim. For all a,b >0

la —b]" < |a” — | < pla—b] (a" " +P71). (2.33)

If @ = b then (2.33) is trivial. Assume now that a > b (the case a < b is symmetric).
Applying the mean value theorem to the function ¢ () = t*, we obtain that, for some

§ € (b, a),
a’ = = (&) (a—b) =p&" " (a—b).

Observing that ¢#~' < a?~!, we obtain the right hand side inequality of (2.33).
The left hand side inequality in (2.33) amounts to

(a—b)P + b < aP,
which will follow from the following inequality
o’ +y’ < (z+y)°, (2.34)

that holds for all x,y > 0. Indeed, without loss of generality, we can assume that = > y
and x > 0. Then, using the Bernoulli inequality, we obtain

(z+y)’ =a <1+g)p > o (1+p£> > a? <1+ <g>p) =P + 9P
x x x
Coming back to a Cauchy sequence { f,,} in L? such that f,, > 0, let us show that { f?}
is Cauchy in L'. We have by (2.33)

2= Fhl < plfa = ful (71 + 1271

Recall the Holder inequality

/M |fgl duw < (/M s dﬂ) " (/M 9| du) l/q,

where ¢ is the Holder conjugate to p, that is, 1—1) + % = 1. Using this inequality, we obtain

1/p 1/q
[T ( [ =gt du) ( | gy du) o @39)
M M M
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To estimate the last integral, use the inequality
(z+y)! <27(27 +y7),
which yields
(ot o)t <20 (S D04 f709) =20 (f7 + 1), (2.36)

where we have used the identity (p — 1) ¢ = p. Note that the numerical sequence {|| fall p}
is bounded. Indeed, by the Minkowski inequality,

Al = Wl < 1o = Fll, = 0

(o @]
as n,m — oo. Hence, the sequence {H fall p} is a numerical Cauchy sequence and,
n=1

hence, is bounded. Integrating (2.36) we obtain that

/ (ot + o) dp < 20 (/ fﬁd,u-l—/ fﬁldﬂ) < const,
M M M

where the constant const is independent of n, m. Hence, by (2.35)

1/p
/ | fo = fil du < const (/ | fr = [l du) = const || f, — full, — 0 as n,m — oo,
M M

whence it follows that the sequence {f?} is Cauchy in L'. By the first part of the proof,
we conclude that this sequence converges to a function g € L'. By Exercise 52, we have
g >0. Set f = g'/? and show that f, — f in LP. Indeed, by (2.33) we have

[ A= s ans [\ plan= [ 1= gl dn—o

which was to be proved. m
Finally, there is also the space L* (that is, L with p = o00), which is defined in
Exercise 56 and which is also complete.

2.8 Product measures and Fubini’s theorem
2.8.1 Product measure

Let M, My be two non-empty sets and Sy, S be families of subsets of M; and M,
respectively. Consider on the set M = M; x M, the family of subsets

stlXSQZZ{AXBZAEShBESQ}.

Recall that, by Exercise 6, if S; and Sy are semi-rings then S7 x S5 is also a semi-ring.
Let p, and p, be two two functionals on S; and S5, respectively. As before, define
their product p = p; X 1, as a functional on S by

(A X B)=p, (A) py (B) forall Ae Sy, B e S,.

By Exercise 20, if p; and u, are finitely additive measures on semi-rings S; and S5 then
& is finitely additive on S. We are going to prove (independently of Exercise 20), that if
1y and p, are o-additive then so is p. A particular case of this result when M; = My =R
and p; = p, is the Lebesgue measure was proved in Lemma 1.11 using specific properties
of R. Here we consider the general case.
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Theorem 2.22 Assume that p; and u, are o-finite measures on semi-rings Sy and Sy on
the sets My and M respectively. Then p = p1y X iy i a o-finite measure on S = S1 X Ss.

By Carathéodory’s extension theorem, ;. can be then uniquely extended to the o-
algebra of measurable sets on M. The extended measure is also denoted by p; X py and
is called the product measure of 11y and p,. Observe that the product measure is o-finite
(and complete). Hence, one can define by induction the product p; X ... X p,, of a finite
sequence of o-finite measures i, ..., 1. Note that this product satisfies the associative
law (Exercise 57).

Proof. Let C,C, be sets from S such that C' = | | C, where n varies in a finite or
countable set. We need to prove that

p(C) =3 n(C). (27)

Let C = Ax B and C,, = A, x B,, where A, A,, € S; and B, B,, € S,. Clearly, A =, 4.,
and B =, By.
Consider function f,, on M; defined by

_ Ha (Bn)7 VS An?
that is f,, = p15 (By) 14, -
Claim. For any z € A,

> (@) =1 (B). (2.38)

We have

an(x): Z fn () = Z pia (Bn) -

n:x€Ay, n:r€An

If x € A, and © € A,, and n # m then the sets B,, B,, must be disjoint. Indeed, if
y € B, N By, then (z,y) € C,, N C,,, which contradicts the hypothesis that C,, C,, are
disjoint. Hence, all sets B, with the condition x € A,, are disjoint. Furthermore, their
union is B because the set {x} x B is covered by the union of the sets C,,. Hence,

> (B = U B) = (B)

n:z€A, n:r€An,

which finishes the proof of the Claim.
Integrating the identity (2.38) over A, we obtain

/A (Z fn) Aty = iy (B) 1y (A) = 1 (C)

On the other hand, since f,, > 0, the partials sums of the series ) f,, form an increasing
sequence. Applying the monotone convergence theorem to the partial sums, we obtain
that the integral is interchangeable with the infinite sum, whence

/A<an> dpy :Z/Afndﬂl :ZMQ (Bn) 111 (Ay) :ZN(Cn)-
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Comparing the above two lines, we obtain (2.37).

Finally, let us show that measure p is o-finite. Indeed, since p; and p, are o-finite,
there are sequences {A,,} C Sy and {B,,} C Sy such that u; (A,) < oo, uy (By,) < 0o and
U, An = My, U, B, = M. Set Cpp, = A,y X By, Then 11 (Cr) = 111 (An) o (Bm) < 00
and |, ,, Cnm = M. Since the sequence {C,,,} is countable, we conclude that measure p
is o-finite. m

2.8.2 Cavalieri principle

Before we state the main result, let us discuss integration of functions taking value oo.
Let i be an complete o-finite measure on a set M and let f be a measurable function on
M with values in [0, oo]. If the set

S:={zeM: f(x)=o00}

has measure 0 then there is no difficulty in defining [,, f du since the function f can be
modified on set S to have finite values. If 1 (S) > 0 then we define the integral of f by

/M Fdu = 0. (2.39)

For example, let f be a simple function, that is, f = ), axla, where a5 € [0,00] are
distinct values of f. Assume that one of a; is equal to co. Then S = Ay with this k, and
if pu (Ag) > 0 then

> arp (Ay) = oo,

which matches the definition (2.39).
Many properties of integration remain true if the function under the integral is allowed
to take value co. We need the following extension of the monotone convergence theorem.

Extended monotone convergence theorem If {f;},~, is an increasing sequence of
measurable functions on M taking values in [0,00] and f, — f a.e. as k — oo then

/ fdu = lim frdp. (2.40)
M k=00 Jm

Proof. Indeed, if f is finite a.e. then this was proved in Theorem 2.15. Assume that
f = oo on a set of positive measure. If one of f; is also equal to co on a set of positive
measure then [ v Jrdp = oo for large enough & and the both sides of (2.40) are equal to
00. Consider the remaining case when all fj are finite a.e.. Set

C = lim frdp.
k—o00 M

We need to prove that C' = oco. Assume from the contrary that C' < co. Then, for all k,

M
and by the second monotone convergence theorem (Theorem 2.16) we conclude that
the limit f(z) = limg_ fx (z) is finite a.e., which contradicts the assumption that

u{f=o00}>0. m
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Now, let p; and p, be o-finite measures defined on o-algebras M; and M, on sets
My, My. Let pp = pqy X po be the product measure on M = M; x M,, which is defined on
a o-algebra M. Consider a set A € M and, for any x € M consider the z-section of A,
that is, the set

A, ={y € My: (z,y) € A}.

Define the following function on M;:

_ 125) (Ax) ) if Az € M27
pa () = { 0 otherwise (2.41)

Theorem 2.23 (The Cavalieri principle) If A € M then, for almost all x € My, the set
A, is a measurable subset of My (that is, A, € M), the function ¢4 (z) is measurable
on My, and

i (A) = /M oadiy. (2.42)

Note that the function ¢4 (z) takes values in [0, 00] so that the above discussion of
the integration of such functions applies.

Example. The formula (2.42) can be used to evaluate the areas in R? (and volumes in
R™). For example, consider a measurable function function ¢ : (a,b) — [0,+00) and let
A be the subgraph of ¢, that is,

A={(z,y) eR*:a<z<b0<y<p(2)}.

Considering R? as the product R x R, and the two-dimensional Lebesgue measure \y as
the product Ay x A\;, we obtain

pa(@) = (Ae) =M (0,0 ()] = @ (2),

provided = € (a,b) and ¢, (z) = 0 otherwise. Hence,

(a,b)

If ¢ is Riemann integrable then we obtain

)= [ o

which was also proved in Exercise 23.

Proof of Theorem 2.23. Denote by A the family of all sets A € M for which all
the claims of Theorem 2.23 are satisfied. We need to prove that A4 = M.

Consider first the case when the measures i, 5 are finite. The finiteness of measure i,
implies, in particular, that the function ¢4 () is finite. Let show that A D S := M; x M,
(note that S is a semi-ring). Indeed, any set A € S has the form A = A; x Ay where

A; € M;. Then we have
. Ag, x € Al,
Ax_{& v ¢ A € My,
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Ag), x € Ay,
¢A<x>={6‘2( Ly

so that ¢4 is a measurable function on M;, and

/M adpy = pig (Az) 1y (A1) = p(A).

All the required properties are satisfied and, hence, A € A.
Let us show that A is closed under monotone difference (that is, A~ = A). Indeed, if
A,Be€ Aand AD B then
(A-B), =A, — B,,

so that (A — B), € M, for almost all x € Mj,

Oap (T) = py (Az) — py (Bz) = 04 () — @5 (7)

so that the function ¢ ,_5 is measurable, and

/wA_Bdm:/ soAdul—/ opdpy = p(A) —p(B)=p(A-DB).
M- M, My

In the same way, A is closed under taking finite disjoint unions.
Let us show that A is closed under monotone limits. Assume first that {A,} C A is
an increasing sequence and let A = lim,,_,, A,, = J,, 4,. Then

Ay = U (An):c

n

so that A, € M, for almost all x € M,

Pa () = py (As) = lim 15 ((An),) = lim o, ().
n—oo n—oo
In particular, ¢, is measurable as the pointwise limit of measurable functions. Since the
sequence {gp An} is monotone increasing, we obtain by the monotone convergence theorem

/ padpy = lm [ @, dpy = lim p(A,) = p(A). (2.43)
]\41 n—oo 1\41 n—oo

Hence, A € A. Note that this argument does not require the finiteness of measures fi,
and ji5 because if these measures are only o-finite and, hence, the functions ¢4, are not
necessarily finite, the monotone convergence theorem can be replaced by the extended
monotone convergence theorem. This remark will be used below.

Let now {A,,} C A be decreasing and let A = lim,,_,c A,, =[,, A». Then all the above
argument remains true, the only difference comes in justification of (2.43). We cannot use
the monotone convergence theorem, but one can pass to the limit under the sign of the
integral by the dominated convergence theorem because all functions ¢, —are bounded by
the function ¢,,, and the latter is integrable because it is bounded by p, (M;) and the
measure ji; (M) is finite.

Let ¥ be the minimal o-algebra containing S. From the above properties of A, it
follows that A D X. Indeed, let R be the minimal algebra containing S, that is, R
consists of finite disjoint union of elements of S. Since A contains S and A is closed
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under taking finite disjoint unions, we conclude that A contains R. By Theorem 1.14,
Y = R that is, ¥ is the extension of R by monotone limits. Since A is closed under
monotone limits, we conclude that A D X.

To proceed further, we need a refinement of Theorem 1.10. The latter says that if
A € M then there is B € ¥ such that (A A B) = 0. In fact, set B can be chosen to
contain A, as is claimed in the following stronger statement.

Claim (Exercise 54) For any set A € M, there is a set B € ¥ such that B D A and
p(B—A)=0.

Using this Claim, let us show that A contains sets of measure 0. Indeed, for any set
A such that p(A) = 0, there is B € X such that A C B and p(B) = 0 (the latter being
equivalent to u (B — A) = 0). It follows that

/ ©p iy :p(B) =0,
My

which implies that p., (B,) = ¢z () = 0 for almost all = € M;. Since A, C B,, it follows
that uy (A,) = 0 for almost all z € M;. In particular, the set A, is measurable for almost
all z € M;. Furthermore, we have ¢4 (z) = 0 a.e. and, hence,

/ wadp, =0=p(A),
M

which implies that A € A.

Finally, let us show that A = M. By the above Claim, for any set A € M, there is
B € ¥ such that B D A and (B — A) = 0. Then B € A by the previous argument, and
the set C' = B — A is also in A as a set of measure 0. Since A = B — C' and A is closed
under monotone difference, we conclude that A € A.

Consider now the general case of o-finite measures jiq, p,. Consider an increasing
sequences {M;;}oo, of measurable sets in M; (i = 1,2) such that p, (M) < oo and
U, Mir = M;. Then measure y; is finite in M;;, so that the first part of the proof applies
to sets

Ak =AnN (Mlk X M2k>,

so that A, € A. Note that {A} is an increasing sequence and A = | J,_; Ax. Since the
family A is closed under increasing monotone limits, we obtain that A € A, which finishes
the proof. m

Example. Let us evaluate the area of the disc in R?
D= {(z,y) e R*: 2> +y* < r?},

where > 0. We have

Dx:{yGR:|y|<\/T2—x2}

and

vp (2) = A (Dr) = 2Vr? — a2,
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provided |z| < r. If |z| > r then D, = () and ¢, (x) = 0. Hence, by Theorem 2.23,
X (D) = / 2Vr? — x2dx
1
= 27‘2/ V1 — t2dt
-1

7
= 22> =2

2
Now let us evaluate the volume of the ball in R3
B={(z,y,2) € R®: 2% + 9% 4+ 2% < 7"2}.

We have
B, = {(y,z) eR?: %+ 22 <r2—x2},

which is a disk of radius v/r2 — 22 in R?, whence
o (1) = Ao (By) = (1 = 2°)

provided |z| < r, and ¢ () = 0 otherwise. Hence,

A3 (B) = / 7 (r? — 2?) dz = §7T7“3.

One can show by induction that if B, (r) is the n-dimensional ball of radius r then
An (B, (1)) = cpr™
with some constant ¢, (see Exercise 59).

Example. Let B be a measurable subset of R"~! of a finite measure, p be a point in R"
with p, > 0, and C be a cone over B with the pole at p defined by

C={1-t)p+ty:ye B, 0<t<1}.
Let us show that

)\nfl (B) Dn
—n .

An (C) =
Considering R" as the product R x R"~!, we obtain, for any 0 < z < p,,

C, = {ze€C:x,=z}={(1—-t)p+ty:ye B, (1—-1)p,=2z2}
= (1—t)p—+1B,

where t = 1 — pin; besides, if z ¢ (0, p,,) then C, = ). Hence, for any 0 < z < p,,, we have

P (C) = /\n—l (Cz) = tn_l)‘n—l (B) )

and

A (C) = Ani (B) /Opn (1 - i>n_1 dz = A1 (B) pr /01 g1y = 21 (B oo

Dn n

82



2.8.3 Fubini’s theorem

Theorem 2.24 (Fubini’s theorem) Let 1, and p, be complete o-finite measures on the
sets My, My, respectively. Let pn = pq X g be the product measure on M = My x M,
and let f (z,y) be a measurable function on M with values in [0, 00|, where x € M; and

y € Ms. Then
/Mfduz /Ml( MZf(x,y) dpiy (y)> dpiy (). (2.44)

More precisely, the function y — f (x,y) is measurable on My for almost all x € M, the
function

z— [ f(zy) dug
Mo

is measurable on My, and its integral over M, is equal to | A dp
Furthermore, if f is a (signed) integrable function on M, then the functiony — f (x,y)
1s integrable on My for almost all x € M, the function

z— [ f(z,y) du,
Mo

is integrable on My, and the identity (2.44) holds.

The first part of Theorem 2.24 dealing with non-negative functions is also called Ton-
neli’s theorem. The expression on the right hand side of (2.44) is referred to as a repeated
(or iterated) integral. Switching x and y in (2.44) yields the following identity, which is
true under the same conditions:

/MfdM:/Mg( le(%y) dm@)) dpy (y) -

By induction, this theorem extends to a finite product u = py X py X ... X p,, of
measures.
Proof. Consider the product

M=MxR=M x M, xR
and measure j; on M , which is defined by
[o= X A= pig X iy X A,

where A = )\ is the Lebesgue measure on R (note that the product of measure satisfies
the associative law — see Exercise 57). Consider the set A C M, which is the subgraph of
function f, that is,

A= {(x,y,z) EM:OSzgf(x,y)}
(here x € My, y € Ms, z € R). By Theorem 2.23, we have

p(A) = /M A (Agy)) dpe.
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Since Ay = [0, f (z,9)] and A (A@y)) = f (x,y), it follows that

n)= [ fan (2.45)

On the other hand, we have

—~

M = M; x (M3 x R)
and

= pq X (pg X A).
Theorem 2.23 now says that

(A) = /M (12 % N) (As) dyay ()

where
Ay ={(y,2): 0< f(z,y) < 2}
Applying Theorem 2.23 to the measure p, X A\, we obtain

(% ) (A0 = |

Mo

M(A2),) diy = | @,y dis ().

Mo

Hence,
wy= [ ( [ <y>) iy (2).

Comparing with (2.45), we obtain (2.44). The claims about the measurability of the
intermediate functions follow from Theorem 2.23.

Now consider the case when f is integrable. By definition, function f is integrable if
fi and f_ are integrable. By the first part, we have

/Mf+du=/M1 ( . fi (z,y) duy (y)> dpy -

Since the left hand side here is finite, it follows that the function

Fx)= [ fi(z,y) duy(y)

Mo

is integrable and, hence, is finite a.e.. Consequently, the function f, (z,y) is integrable in
y for almost all . In the same way, we obtain

/Mf—dMZ/Ml( . f=(z,y) du, (y)> dyy,

G(z) = y f-(z,y) dpsy (y)

so that the function

is integrable and, hence, is finite a.e.. Therefore, the function f_ (x,y) is integrable in y
for almost all z. We conclude that f = f, — f_ is integrable in y for almost all z, the
function

f(z,y) duy (y) = F (z) — G ()

Mo
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is integrable on M, and
[ ([ teaan) dne = [ Fao- [ =] ra
My \J M; My My M

Example. Let Q be the unit square in R?, that is,

Q={(z,y) eR*:0<z<1,0<y<1}.

Let us evaluate

/Q (z 4+ y)* dXs.

Since @ = (0,1) x (0,1) and Ay = A\; X Ay, we obtain by (2.44)

/Q(x+y)2dA2 = /01 (/01(x+y)2d:c>dy
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3 Integration in Euclidean spaces and in probability
spaces

3.1 Change of variables in Lebesgue integral

Recall the following rule of change of variable in a Riemann integral:

b B8
/f@m:/fW@wwmy

if  is a continuously differentiable function on |«, 8] and a = ¢ (@), b = ¢ (B).

Let us rewrite this formula for Lebesgue integration. Assume that a < b and a < f3.
If ¢ is an increasing diffeomorphism from [«, 5] onto [a,b] then ¢ (a) = a, ¢ () = b, and
we can rewrite this formula for the Lebesgue integration:

f (@) dA (z) = Fle W) le (W)l dr (y), (3.1)

[a,b] [e.]

where we have used that ¢’ > 0.
If ¢ is a decreasing diffeomorphism from [«, 5] onto [a,b] then ¢ (a) = b, ¢ (5) = a,
and we have instead

flx)dh () = — fleW) ¢ (y)d (y)

[a,b] [, 8]

= Fle) e ()| di (y)

[a, 8]

where we have used that ¢’ < 0.
Hence, the formula (3.1) holds in the both cases when ¢ is an increasing or decreasing
diffeomorphism. The next theorem generalizes (3.1) for higher dimensions.

Theorem 3.1 (Transformationsatz) Let u = A, be the Lebesque measure in R™. Let U,V
be open subsets of R and ® : U — V' be a diffeomorphism. Then, for any non-negative
measurable function f :V — R, the function fo ®: U — R is measurable and

/Vfdu:/qucp)\detcw d. (3.2)

The same holds for any integrable function f :V — R.

Recall that ® : U — V is a diffeomorphism if the inverse mapping ®~! : V — U
exists and both ® and @’ are continuously differentiable. Recall also that ®’ is the total
derivative of ®, which in this setting coincides with the Jacobi matrix, that is,

= Jp = (8@)” :
Ox; ij=1

Let us rewrite (3.2) in the form matching (3.1):

/f ) du ( /f )) |det @ ()] du (3). (3.3)



The formula (3.3) can be explained and memorized as follows. In order to evaluate
[i [ (x) dp(z), one finds a suitable substitution 2 = ® (y), which maps one-to-one y € U
to x € V, and substitutes x via ® (y), using the rule

dp (z) = |det @' (y)| du (y) -

Using the notation fl—;” instead of @’ (y), this rule can also be written in the form
dp (x dx
= |det —|, 3.4
dp (y) dy 34

which is easy to remember. Although presently the identity (3.4) has no rigorous meaning,
it can be turned into a theorem using a proper definition of the quotient du (z) /du (y).

Example. Let ® : R” — R” be a linear mapping that is, ® (y) = Ay where A is a
non-singular n x n matrix. Then &' (y) = A and (3.2) becomes

f () dp = |det A| Rnf(Ay) dp (y) -

R’Il

In particular, applying this to f = 1g where S is a measurable subset of R", we obtain
1 (S) = |det Al p (A7'S)

or, renaming A~1S to S,

p(AS) = |det Al e (S) . (3.5)

In particular, if |[det A| = 1 then p (AS) = 1 (S) that is, the Lebesgue measure is preserved
by such linear mappings. Since all orthogonal matrices have determinants +1, it follows
that the Lebesgue measure is preserved by orthogonal transformations of R", in particular,
by rotations.

Example. Let S be the unit cube, that is,
S={me+..+wxpe,:0<x; <1,i=1,...,n},
where ey, ..., e, the canonical basis in R”. Setting a; = Ae;, we obtain
AS ={r101+ ... +xpa, : 0<x; < 1,i=1,...,n}.

This set is called a parallelepiped spanned by the vectors ay, ..., a, (its particular case for
n = 2 is a parallelogram). Denote it by II (ay, ..., a,). Note that the columns of the matrix
A are exactly the column-vectors a;. Therefore, we obtain that from (3.5)

w(I(ay,...,a,)) = |det A| = |det (ay, asg, ..., an)| -

Example. Consider a tetrahedron spanned by a, ..., a,, that is,

T (ay,....a,) ={x100 + ... + TR0y :x1 + 22+ .+ 2, < 1, 2, >0,i=1,....,n}.
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It is possible to prove that

1
w(T (ay,...,a,)) = ] |det (ay, ag, ..., ay)|

(see Exercise 58).

Example. (The polar coordinates) Let (r, ) be the polar coordinates in R?. The change
from the Cartesian coordinates (z,y) to the polar coordinates (r, ) can be regarded as a

mapping ,
:U—-R

where U = {(r,0) : 7 >0, —7m <60 <7} and

O (r,0) = (rcos,rsind).
The image of U is the open set

V =R?*\ {(z,0) : # <0},

and ® is a diffeomorphism between U and V. We have
o 0,®; 0y, _ cosf) —rsiné
0, Dy 0Py sinf rcosf

det &' = r.

whence

Hence, we obtain the formula for computing the integrals in the polar coordinates:
/Vf (x,y) dAy (x,y) = /Uf (rcos@,rsinf)ri; (r,0). (3.6)
If function f is given on R? then
fira = [ pare
R2 1%

because the difference R? \ V' has measure 0. Also, using Fubini’s theorem in U, we can
express the right hand side of (3.6) via repeated integrals and, hence, obtain

f(z,y) dhy(z,y) = /000 </_77rr f(rcos@,rsinf) d«9> rdr. (3.7)

RQ

For example, if f = 1p where D = {(x,y) : 22 + y*> < R?} is the disk of radius R then

R T R
A2 (D) = /R 1p (x,y)drs = / (/ d&) rdr = 27?/ rdr = nR?.
2 0 - 0

Example. Let us evaluate the integral



Using Fubini’s theorem, we obtain

) (s
_ /_ ) ( /_ i ey2dy) e da
- [ (Lt )

= /]R2 e_<x2+y2)d)\2 (x,y).

Then by (3.7)

/ e*(“’”eryQ)d)\g = / (/ er2d«9> rdr = 27?/ e rdr = 7r/ e dr? = .
R2 0 — 0 0

Hence, I2 = 7 and I = /7, that is,

/ e dy = V.

—00

The proof of Theorem 3.1 will be preceded by a number of auxiliary claims.

We say that a mapping ® is good if (3.2) holds for all non-negative measurable func-
tions. Theorem 3.1 will be proved if we show that all diffeomorphisms are good.
Claim 0. ® is good if and only if for any measurable set B C 'V, the set A= &1 (B) is
also measurable and

1 (B) = /A det & dp. (3.8)

Proof. Applying (3.2) for indicator functions, that is, for functions f = 1g where B
is a measurable subset of V', we obtain that the function 14 = 15 o ® is measurable and

u(B) = / 15 (® (1)) |det & ()] dp () = / 14 (y) |det @] dps = / det &'| dps. (3.9)

Conversely, if (3.8) is true then (3.2) is true for indicators functions f = 1. By the
linearity of the integral and the monotone convergence theorem for series, we obtain (3.2)

for simple functions:
o
f=Y bilg,.
k=1

Finally, any non-negative measurable function f is an increasing pointwise limit of simple
functions, whence (3.2) follows for f. m
The idea of the proof of (3.8). We will first prove it for affine mappings, that is,
the mappings of the form
V(z)=Czx+ D

where C' is a constant n X n matrix and D € R". A general diffeomorphism ® can be
approximated in a neighborhood of any point zy € U by the tangent mapping

Vs, () = @ (w0) + @' (20) (v — 7o),
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which is affine. This implies that if A is a set in a small neighborhood of zy then

@A) ~ 1 (W (A) = [ faerw [ [ [aetd]

Now split an arbitrary measurable set A C U into small pieces {Ax},-, and apply the
previous approximate identity to each Ay:

p(@) = (@ (40) ~ 3 [ (et du= [ et d

The error of approximation can be made arbitrarily small using finer partitions of A. m

Claim 1. If ®: U -V and ¥ : V — W are good mappings then ¥ o ® is also good.
Proof. Let f : W — R be a non-negative measurable function. We need to prove
that

/ fdM:/(foqfoq>)\det(\1;oq>)’\du.
W U
Since V is good, we have

/fdu:/(folll)]det\l/'|dp.

w 1%

Set g = f o W |det ®'| so that g is a function on V. Since ® is good, we have

/gd,u:/(gocbﬂdetq)']d,u.
v U

Combining these two lines and using the chain rule in the form
(Tod) = (¥od)d
and it its consequence
det (¥ o @) = det (V' o @) det ¢/,

we obtain
/fdu = /(fo\Ifo<I>)|det\Il’o<I>||det(1>’|d,u
W U
= /(fo\IJo(I>)|det(\IJo<I>)"du,
U

which was to be proved m
Claim 2. All translations R™ are good.

Proof. A translation of R" is a mapping of the form ® (z) = = + v where v is a
constant vector from R"™. Obviously, ®’ = id and det &’ = 1. Hence, the fact that ® is
good amounts by (3.8) to

M(B> :H(B_V)a

for any measurable subset B C R™. This is obviously true when B is a box. Then
following the procedure of construction of the Lebesgue measure, we obtain that this is
true for any measurable set B. =
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Note that the identity (3.2) for translations amounts to

. f(z) du(x) = . fy+v)du(y), (3.10)

for any non-negative measurable function f on R".

Claim 3. All homotheties of R™ are good.
Proof. A homothety of R™ is a mapping ® () = cx where ¢ is a non-zero real. Since
@’ = cid and, hence, det ' = ¢", the fact that ® is good is equivalent to the identity

w(B) = e[ u(c'B). (3.11)

for any measurable set B C R"™. This is true for boxes and then extends to all measurable
sets by the measure extension procedure. m
The identity (3.2) for homotheties amounts to

f (@) dp () = le” [ f(ey) duy), (3.12)

R™ R™

for any non-negative measurable function f on R™.

Claim 4. All linear mappings are good.

Proof. Let ® be a linear mapping from R” to R”. Extending a function f, initially
defined on V, to the whole R" by setting f = 0in R"\V, we can assume that V = U = R".
Let us use the fact from linear algebra that any non-singular linear mapping can be reduced
by column-reduction of the matrices to the composition of finitely many elementary linear
mappings, where an elementary linear mapping is one of the following:

1. ®(z1,...,2,) = (cx1,29,...,2,) for some ¢ # 0;

2. @ (x1,...,2,) = (21 + T2, T2, ..., Ty) ;

3. ®(zy,..., 2. .., x5, ) = (T1,...,2j,...,%,...,2,) (switching the variables
x; and ;).

Hence, in the view of Claim 1, it suffices to prove Claim 4 if ® is an elementary
mapping. If ® is of the first type then, using Fubini’s theorem and setting A = \;, we can

write
[ ran - /R.../R(/Rf(xl,...,mn)d)\(:clo A\ (22) . d\ (22)

_ /R.../R</Rf(ct,...,xn)|c|d)\(t)> 0 (1) . d (22)

= f(Cl’l,xQ,---,xn)‘d du
R

= L. f (@ () |det ®| dp,

where we have used the change of integral under a homothety in R! and det &' = c.
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If ® is of the second type then

[ ran - /R.../R(/Rf(xl,...,mn)d)\(arl)> A\ (22) . d\ ()
_ /R.../R(/Rf(acl—|—cx2,...,xn)d)\(x1)) A (22) . d (22)

= f<x1+cx2ax27"‘7$n>dﬂ
R»

= L. f (@ () |det | dp,

where we have used the translation invariance of the integral in R! and det ® = 1.
Let @ be of the third type. For simplicity of notation, let

D (1, 29,...,2,) = (Ta, 1, ..., Tp) .

Then, using twice Fubini’s theorem with different orders of the repeated integrals, we

obtain
/nfdu _ /R.../R(/Rf(xl,xg,...,xn)d)\(m)) A (21) .. d\ (2,)
= [ [ ([ mmen) N ) 33 )

= Rnf(yg,yl,;yn)d:u(y)

= |1 (® (y)) [det '] dpu.

In the second line we have changed notation y; = o, yo = 21, yp = xy for k > 2 (let us
emphasize that this is not a change of variable but just a change of notation in each of
the repeated integrals), and in the last line we have used det &’ = —1. =

It follows from Claims 1, 2 and 4 that all affine mappings are good.

It what follows we will use the oco-norm in R"™:

2] = o] := ma [z:].

Let ® be a diffeomorphism between open sets U and V in R”. Let K be a compact subset
of U.

Claim 5. For any n > 0 there is 0 > 0 such that, for any interval [z,y] C K with the
condition ||y — x| < 0, the following is true:

1P (y) = @ (x) = " () (y —2) [| < nlly — =]

Proof. Consider the function

f)=2((1-t)z+ty), 0<t<1,
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so that f(0) = ®(z) and f (1) = ®(y). Since the interval [z,y| is contained in U, the
function f is defined for all ¢ € [0, 1]. By the fundamental theorem of calculus, we have

1 1
2w -0 = [ FOd= [ ¥t y-ad
0 0
Since the function @’ (z) is uniformly continuous on K, ¢ can be chosen so that
r,ze K, |[z—z]| <d=|P(2) =P (x)] <n.
Applying this with z = (1 — t) x + ty and noticing that ||z — z|| < ||y — z|| < §, we obtain

1" (1 — 1) =+ ty) — &' () [| <.

Denoting
F(t) = @’((1 —t)x +ty) —@’(:c),
we obtain
(y)— D (r) = / (@ (x) + F (1)) (y — 2) dt
- @'(m)(y—x>+/0 F(t) (y — o) dt
and

1P (y) — @ (x) — &' () (y = 2) | = II/0 F(1) (y — ) [|dt < nlly — =]

]
For any x € U, denote by ¥, (y) the tangent mapping of ® at z, that is,

U, (y) = @ (z) + ¥ () (y — 7). (3.13)

Clearly, ¥, is a non-singular affine mapping in R™. In particular, ¥, is good. Note also
that ¥, (z) = ® (x) and ¥/, = 9’ (x).

The Claim 5 can be stated as follows: for any n > 0 there is 6 > 0 such that if
[z,y] C K and |y — x|| < ¢ then

12 (y) — Yo (W) < nlly — ] (3.14)

Consider a metric balls @, (x) with respect to the oo-norm, that is,

Qr(z) ={y e R": [ly — x| <r}.

Clearly, @, (z) is the cube with the center  and with the edge length 2r. If Q = Q, (z)
and ¢ > 0 then set cQ = Q. ().

Claim 6. For anye € (0,1), there is 6 > 0 such that, for any cube Q = Q, (x) C K with
radius 0 < r <9,

T, (1-2)Q) CD(Q) C T, (1+2)Q). (3.15)
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(1+e)Q Y((1+£)Q)

The set @ (@) is “squeezed” between ¥ ((1 —¢) Q) and ¥ ((1+¢) Q)

Proof. Fix some 1 > 0 (which will be chosen below as a function of €) and let § > 0
be the same as in Claim 5. Let () be a cube as in the statement. For any y € (), we have
lly —z|| <r < dand [z,y] C Q C K, which implies (3.14), that is,

12 (y) =¥ (y) || <nr, (3.16)
where ¥ = W,

* O(y)

L7 « O(X)= ¥(X)

>Xe

Q=Q/(x)

Mappings ¢ and ¥

Now we will apply ¥~! to the difference ® (y) — ¥ (y). Note that by (3.13), for any
a € R™,
U a)=d (2) " (a—®(2)) +a

whence it follows that, for all a,b € R",

U a) =) =9 (2) " (a—b). (3.17)
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By the compactness of K, we have

C = sup|| (@) < .
K

It follows from (3.17) that
1o~ (@) = ¥ )] < Cfla =]

(it is important that the constant C' does not depend on a particular choice of x € K but
is determined by the set K).
In particular, setting here a = ® (y), b = ¥ (y) and using (3.16), we obtain

[T (y) —y[| < Cll@(y) = T (y)] < Cpr.
Now we choose 7 to satisfy Cn = ¢ and obtain

U1 (y) — y|| < er. (3.18)

a
L

e

X \1/‘1@65

Q=Qx(x)

@

(1+)Q
Comparing the points y € Q and '@ (y)

It follows that
[0 (y) —z| <0 (y) —yll+ly—z| <er+r=(1+e)r

whence
\Ililq) (y) S Q(l—i—a)r (l‘) = (1 + 5) Q
and

Q) Cc¥((1+6)Q),

which is the right inclusion in (3.15). _
To prove the left inclusion in (3.15), observe that, for any y € 9Q = Q \ @, we have
|ly — z|| = r and, hence,

19712 (y) =l 2 ly — ] = [T @ (y) —yl >r—er=(1-¢)r,

that is,
V() ¢ (1-2)Q = Q.
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T g

\&/

Q

Comparing the points y € 9Q and U1 (y)

It follows that ® (y) ¢ ¥ (Q') for any y € 0Q, that is,
T (Q)N®(0Q) = 0. (3.19)
Consider two sets

A = ¥(Q)NP(Q),
B = v(@Q)\2(Q),

which are obviously disjoint and their union is ¥ (Q’).

o XX

Sets A and B (the latter is shown as non-empty although it is in fact empty)

Observe that A is open as the intersection of two open sets'. Using (3.19) we can
write

B=(Q)\2(@Q)\®(0Q) =T (Q)\2(Q)-
Then B is open as the difference of an open and closed set. Hence, the open set ¥ (Q)') is

the disjoint union of two open sets A, B. Since ¥ (()’) is connected as a continuous image
of a connected set @', we conclude that one of the sets A, B is () and the other is ¥ (Q").

IRecall that diffeomorphisms map open sets to open and closed sets to closed.
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Note that A is non-empty because A contains the point ® (z) = W (x). Therefore, we
conclude that A = U (Q)’), which implies

®(Q) >V (Q).

Claim 7. If set S C U has measure 0 then also the set ® (S) has measure 0.

Proof. Exhausting U be a sequence of compact sets, we can assume that .S is contained
in some compact set K such that K C U. Choose some p > 0 and denote by K, the
closed p-neighborhood of K, that is, K, = {x € R": ||z — K|| < p}. Clearly, p be can
taken so small K, C U.

The hypothesis p (S) = 0 implies that, for any € > 0, there is a sequence {By} of
boxes such that S C |, By, and

> (B <e. (3.20)

For any r > 0, each box B in R" can be covered by a sequence of cubes of radii < r and
such that the sum of their measures is bounded by 2y (B)?. Find such cubes for any box
By, from (3.20), and denote by {Q),} the sequence of all the cubes across all By. Then the
sequence {Q;} covers S, and

ZM(Q;’) < 2e.

Clearly, we can remove from the sequence {(@);} those cubes that do not intersect S, so
that we can assume that each (); intersects S and, hence, K. Choosing r to be smaller
than p/2, we obtain that all (); are contained in K,.

Figure 1: Covering set S of measure 0 by cubes of radii < p/2

By Claim 6, there is § > 0 such that, for any cube () C K, of radius < ¢ and center z,

®(Q) C ¥, (2Q).

2Indeed, consider the cubes whose vertices have the coordinates that are multiples of a, where a is
sufficiently small. Then choose cubes those that intersect B. Clearly, the chosen cubes cover B and their
total measure can be made arbitrarily close to u (B) provided a is small enough.
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Hence, assuming from the very beginning that r» < 6 and denoting by z; the center of
(), we obtain

®(Q)) C Vs (2Q)) =: A;.
By Claim 4, we have

p(Ay) = |det U, | 1 (2Q;) = |det @' (x1)| 2" (Qy) -

By the compactness of K,
C :=sup|det | < oo.
It follows that
1 (4;) < C2"p(Qy)
and

D n(4) 02"y p(Q;) < 02
j P

Since {A,} covers S, we obtain by the sub-additivity of the outer measure that p* (S) <
C2" e, Since € > 0 is arbitrary, we obtain p* (S) = 0, which was to be proved. m

Claim 8. For any diffeomorphism ® : U — V and for any measurable set A C U, the set
® (A) is also measurable.

Proof. Any measurable set A C R" can be represented in the form B — C where B is
a Borel set and C'is a set of measure 0 (see Exercise 54). Then ® (4) = & (B)—® (C). By
Lemma 2.1, the set ® (B) is Borel, and by Claim 7, the set ® (C') has measure 0. Hence,
® (A) is measurable. m

Proof of Theorem 3.1. By Claim 0, it suffices to prove that, for any measurable
set B C V, the set A = &' (B) is measurable and

1 (B) = / det &' .
A

Applying Claim 8 to ® and &', we obtain that A is measurable if and only if B is
measurable. Hence, it suffices to prove that, for any measurable set A C U,

1 (D (A)) = /A det & dys, (3.21)

By the monotone convergence theorem, the identity (3.21) is stable under taking
monotone limits for increasing sequences of sets A. Therefore, exhausting U by compact
sets, we can reduce the problem to the case when the set A is contained in such a compact
set, say K. Since |det ®'| is bounded on K and, hence, is integrable, it follows from the
dominated convergence theorem that (3.21) is stable under taking monotone decreasing
limits as well. Clearly, (3.21) survives also taking monotone difference of sets.

Now we use the facts that any measurable set is a monotone difference of a Borel set
and a set of measure 0 (Exercise 54), and the Borel sets are obtained from the open sets
by monotone differences and monotone limits (Theorem 1.14). Hence, it suffices to prove
(3.21) for two cases: if set A has measure 0 and if A is an open set. For the sets of measure
0 (3.21) immediately follows from Claim 7 since the both sides of (3.21) are 0.
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So, assume in the sequel that A is an open set. We claim that, for any open set, and
in particular for A, and for any p > 0, there is a disjoint sequence of cubes {Q} or radii
< p such that Q; C A and

M(A\LkJQk>=0-

T

|
/J\

T
— 5

Using dyadic grids with steps 27%p, k = 0, 1, ..., to split an open set A into disjoint union
of cubes modulo a set of measure zero.

Furthermore, if p is small enough then, by Claim 6, we have

W, (1 =€) Q) € @ (Qk) C Wuy (14€) Qn),

where xj, is the center of Q) and € > 0 is any given number. By the uniform continuity
of In|det @’ (z)| on K, if p is small enough then, for =,y € K,

B _|det @' (y)]
lz—yl|<p=> 1—-€e< et d (2)| <l+e.
Since
(Ve (146)Qr)) = |det W, | (14¢)" 1 (Qx)

|det @ (24)| (1 + )" 11 (Qr)
< (14! / det | ()] dp,
Qk

it follows that
M) =3 (@ @) < T+ /Q det | ()] dpu = (1 + &)™ /A det &) dy
Similarly, one proves that
p(@(A) 2 (1= [ jdet ] dp
Since € can be made arbitrarily small, we obtain (3.21). =
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3.2 Random variables and their distributions

Recall that a probability space (2, F, P) is a triple of a set 2, a o-algebra F (also frequently
called a o-field) and a probability measure P on F, that is, a measure with the total mass
1 (that is, P(©2) = 1). Recall also that a function X : Q — R is called measurable with
respect to F if for any x € R the set

{X<z}={wel: X(w) <z}

is measurable, that is, belong to F. In other words, {X < z} is an event.

Definition. Any measurable function X on € is called a random variable (ZufallsgroBe).

For any event X and any x € R, the probability P (X < x) is defined, which is referred
to as the probability that the random variable X is bounded by z.
For example, if A is any event, then the indicator function 14 on §2 is a random
variable.
Fix a random variable X on 2. Recall that by Lemma 2.1 for any Borel set A C R,
the set
(X e A} =X"1(4)

is measurable. Hence, the set {X € A} is an event and we can consider the probability
P(X € A) that X isin A. Set for any Borel set A C R,

Py (A) =P (X € A).

Then we obtain a real-valued functional Py (A) on the o-algebra B (R) of all Borel sets
in R.

Lemma 3.2 For any random variable X, Px is a probability measure on B(R). Con-
versely, given any probability measure u on B (R), there exists a probability space and a
random variable X on it such that Py = L.

Proof. We can write Px(A) = P(X!(A)). Since X! preserves all set-theoretic
operations, by this formula the probability measure IP on F induces a probability measure
on B. For example, check additivity:

Px(AUB)=P(X Y (AU B)) =P(X (AU XB)) =PXA) +P(X'(B)).

The o-additivity is proved in the same way. Note also that

For the converse statement, consider the probability space
(@, FP)=(R,B,p)

and the random variable on it
X(x) ==x.
Then
Px(A)=P(X € A)=P(z: X(z) € A) = u(A).
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Hence, each random variable X induces a probability measure Px on real Borel sets.
The measure Px is called the distribution of X. In probabilistic terminology, Px(A) is
the probability that the value of the random variable X occurs to be in A.

Any probability measure on B is also called a distribution. As we have seen, any
distribution is the distribution of some random variable.

Consider examples distributions on R. There is a large class of distributions possessing
a density, which can be described as follows. Let f be a non-negative Lebesgue integrable
function on R such that

/ fdx =1, (3:22)
R

where A = \; is the one-dimensional Lebesgue measure. Define the measure p on B (R)
by

u(4) = [ gar

By Theorem 2.12, p is a measure. Since p (R) = 1, p is a probability measure. Function
f is called the density of u or the density function of p.

Here are some frequently used examples of distributions which are defined by their
densities.

1. The uniform distribution &(7) on a bounded interval I C R is given by the density

function f = ﬁl;.

2. The normal distribution A (a, b):

o) = = ex (—“ ;;”2)

where a € R and b > 0. For example, N (0,1) is given by

) = <= e (—5) |

To verify total mass identity (3.22), use the change y = ”;\/2—‘; in the following integral:

/_Z \/21% exp (_ (x ;ba)z) dr = % /_Z exp (—y°) dy =1, (3.23)

where the last identity follows from

+o0
/ e_yzdy =/

o0

(see an Example in Section 3.1). Here is the plot of f for A/ (0,1):

y
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3. The Cauchy distribution:
a

f@):m,

where a > 0. Here is the plot of f in the case a = 1:

y
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4. The exponential distribution:
ae” ", x>0,
f(I) - { 0’ T S O,

where a > 0. The case a =1 is plotted here:

y 17

08 T

06 T
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02 T

-25 -1.25 0 125 25

5. The gamma distribution:

a—1
| copr®texp(—z/b), x>0,
f(x) - { O’ T S O, )

where @ > 1,b > 0 and ¢, is chosen from the normalization condition (3.22), which
gives
1
Cap = =————.
PO T (a)be
For the case a = 2 and b = 1, we have ¢, = 1 and f (x) = ze™*, which is plotted
below.
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Another class of distributions consists of discrete distributions (or atomic distribu-
tions). Choose a finite or countable sequence {z;} C R of distinct reals, a sequence {py}
of non-negative numbers such that

=1, (3.24)

and define for any set A C R (in particular, for any Borel set A)

u(A) = Z Dk-

€A

By Exercise 2, p is a measure, and by (3.24) p is a probability measure. Clearly, measure
1 is concentrated at points x; which are called atoms of this measure. If X is a random
variable with distribution i then X takes the value x; with probability py.

Here are two examples of such distributions, assuming x; = k.

1. The binomial distribution B(n,p) where n € Nand 0 < p < 1:

n
D = <k)pk(1 —p)”’k, k=0,1,...,n.

The identity (3.24) holds by the binomial formula. In particular, if n = 1 then one
gets Bernoulli’s distribution

po=p, p1=1-—p.

2. The Poisson distribution Po(\):

)\k
Pe = Fe*& k=0,1,2,....

where A\ > 0. The identity (3.24) follows from the expansion of ¢ into the power
series.
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3.3 Functionals of random variables

Definition. If X is a random variable on a probability space (2, F,P) then its expectation
is defined by

B(X) = [ X()dP(w),
Q
provided the integral in the right hand side exists (that is, either X is non-negative or X
is integrable, that is E (| X|) < c0).

In other words, the notation E (X) is another (shorter) notation for the integral
[, XdP.

By simple properties of Lebesgue integration and a probability measure, we have the
following properties of E:

1. E(X+Y)=E(X)+E((Y) provided all terms make sense;
2. E(aX) = oE (X) where a € R;

w

. El=1.

e~

. inf X <EX <supX.

ot

. |EX| < E|X].

Definition. If X is an integrable random variable then its variance is defined by
var X =E (X — ¢)?), (3.25)

where ¢ = E (X).

The variance measures the quadratic mean deviation of X from its mean value ¢ =
E (X). Another useful expression for variance is the following:

var X = E (X?) — (E (X))”. (3.26)
Indeed, from (3.25), we obtain
var X =K (X?) — 2B (X) + & =E (X?) =2 + & = E (X?) — &
Since by (3.25) var X > 0, it follows from (3.26) that
(E(X))* < EB(X?). (3.27)

Alternatively, (3.27) follows from a more general Cauchy-Schwarz inequality: for any two
random variables X and Y,

(E(|XY])? < B(X?)E(Y?). (3.28)

The definition of expectation is convenient to prove the properties of [E but no good
for computation. For the latter, there is the following theorem.
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Theorem 3.3 Let X be a random variable and f be a Borel function on (—oo,+00).
Then f(X) is also a random variable and

B(f(X)) = / F(2)dPy (@), (3.29)

If measure Px has the density g () then
B(X) = [ fa)g (@) dA (o). (330

Proof. Function f(X) is measurable by Theorem 2.2. It suffices to prove (3.29) for
non-negative f. Consider first an indicator function

f(x) = 1a(2),

for some Borel set A C R. For this function, the integral in (3.29) is equal to

/ APy (A) = Py (A).

On the other hand,
J(X) =14(X) = Lixen

and
E(f(X)) = /Q lixeaydP =P(X € A) = Px(A).

Hence, (3.29) holds for the indicator functions. In the same way one proves (3.30) for
indicator functions.

By the linearity of the integral, (3.29) (and (3.30)) extends to functions which are finite
linear combinations of indicator functions. Then by the monotone convergence theorem
the identity (3.29) (and (3.30)) extends to infinite linear combinations of the indicator
functions, that is, to simple functions, and then to arbitrary Borel functions f. m

In particular, it follows from (3.29) and (3.30) that

E(X) = / 2 dPy(x) = / vg (2) d\ (z). (3.31)
R R
Also, denoting ¢ = E (X), we obtain

V&I‘XZE(X—C)2=/
R

(z — ¢)%dPy — / (z — ¢)2g () dA ().

R

Example. If X ~ N (a,b) then one finds

e (z —a)? y+a e
E(X) = T exp |- dz — U
=/ \/27Tbexp< 2w ) /oo \/27Tbexp< 26) e

where we have used the fact that

400 2
/ Y exp (_y_) dy =20
-0 V 27Tb 2b




because the function under the integral is odd, and

+o00 2
/ a exp (_y_) dy = a,
—oo V2Th 2b

which is true by (3.23). Similarly, we have

r)(—/m—(w_c‘)2 _@—a), —/ﬂo v B D (3.32)
var X = i exp 5 r = i \/Q_Wbexp oy ) %W =10 (.

where the last identity holds by Exercise 50. Hence, for the normal distribution N (a,b),
the expectation is a and the variance is b.

Example. If Px is a discrete distribution with atoms {x;} and values {p;} then (3.31)
becomes

k=0

For example, if X ~ Po(\) then one finds

00 oo _
)\k

AF -\ ' -\
E(X)szkﬁe :/\kz(k_l)!e = A
=1 =1

Similarly, we have

00 )\k

E(X?) = ;kz%e‘A:Z(k—H—l) (k_l)!e—A

k=1
00
XD
k=2

k—

)\ 2
(k—2)]

00 )\]{;,1
A A )2
e +)\,§:1 —(k—l)!e AT+ A

whence
var X = E (X?) - (E(X))" = \.

Hence, for the Poisson distribution with the parameter X\, both the expectation and the
variance are equal to .

3.4 Random vectors and joint distributions

Definition. A mapping X : Q@ — R" is called a random vector (or a vector-valued
random variable) if it is measurable with respect to the o-algebra F.

Let X3, ..., X,, be the components of X. Recall that the measurability of X means
that the following set

{we: X (w) <xy,..., Xy (W) <z} (3.33)
is measurable for all reals x4, ..., x,.

Lemma 3.4 A mapping X : Q0 — R" is a random vector if and only if all its components
X1,..., X, are random variables.
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Proof. If all components are measurable then all sets {X; < z1},....,{X,, < z,} are
measurable and, hence, the set (3.33) is also measurable as their intersection. Conversely,
let the set (3.33) is measurable for all xj. Since

{Xl Sx}: U {Xl quXQSmaX?) §m77Xn§m}

m=1

we see that {X; <z} is measurable and, hence, X; is a random variable. In the same
way one handles X; with £ > 1. m

Corollary. If X : Q — R" is a random vector and [ : R" — R™ is a Borel mapping then
foX :Q — R™ is a random vector.

Proof. Let fi,..., f,, be the components of f. By the argument similar to Lemma
3.4, each f; is a Borel function on R”. Since the components X7, ..., X,, are measurable
functions, by Theorem 2.2 the function f; (X1,..., X,,) is measurable, that is, a random
variable. Hence, again by Lemma 3.4 the mapping f (Xi, ..., X,,) is a random vector. =

As follows from Lemma 2.1, for any random vector X : 2 — R™ and for any Borel
set A C R", the set {X € A} = X! (A) is measurable. Similarly to the one-dimensional
case, introduce the distribution measure Px on B(R") by

Py(A) =P (X € A).

Lemma 3.5 If X is a random vector then Px is a probability measure on B(R™). Con-
versely, if p is any probability measure on B(R™) then there exists a random vector X
such that Px = pu.

The proof is the same as in the dimension 1 (see Lemma 3.2) and is omitted.
If Xy,..., X, is a sequence of random variable then consider the random vector X =
(X1, ..., X,,) and its distribution Px.

Definition. The measure Px is referred to as the joint distribution of the random vari-
ables X1, Xy, ..., X,,. It is also denoted by Py, x,. x, -

As in the one-dimensional case, any non-negative measurable function g(z) on R™ such

that
/ g(a)de = 1,

is associated with a probability measure 1 on B(R™), which is defined by

H(A) = / 9(2)h ().

The function g is called the density of p. If the distribution Px of a random vector X
has the density g then we also say that X has the density ¢ (or the density function g).

Theorem 3.6 If X = (X1, ..., X,,) is a random vector and f : R" — R is a Borel function
then

Bf(X) = . f(x)dPx ().

If X has the density g () then

Bf(X)= [ [f(x)g(z)din(x). (3.34)

R
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The proof is exactly as that of Theorem 3.3 and is omitted.
One can also write (3.34) in a more explicit form:

Ef(Xy, Xay ..., Xp) = flx, oy xn)g (T1, ooy @) dNy (21, .y ). (3.35)
Rn

As an example of application of Theorem 3.6, let us show how to recover the density of a
component X}, given the density of X.

Corollary. If a random vector X has the density function g then its component X has
the density function

g1(z) = / 9(x, oy ey Tp) dAy—1 (T2, .y ) (3.36)
Rnfl

Similar formulas take places for other components.

Proof. Let us apply (3.35) with function f(z) = 1{,ca; where A is a Borel set on R;
that is,
1, €A
f(‘r) = { 0, ii §é A - laxrx..xR -

Then
Ef(Xl, ,Xn) = P(Xl € A) = PXI(A),

and (3.35) together with Fubini’s theorem yield
Px,(A) = / LaxRy.. xR (T1, ooy ) G (T1, ooy T) ANy (T, oo, Ty
= / g (21, .y xn) dAy (21, .oy Ty)
AxRn—1

_ A(/Rnlg(xl,...,xn)d)\nl (:@,...,xn)) d (21).

This implies that the function in the brackets (which is a function of x;) is the density of
Xy, which proves (3.36). =

Example. Let X,Y be two random variables with the joint density function

9(z,y) = L exp (—xz i y2) (3.37)

2 2

(the two-dimensional normal distribution). Then X has the density function

gi(x) = /j 9(@,y)dy = \/12—7Te><p <—%2) ,

that is, X ~ N (0,1). In the same way Y ~ A (0,1).

Theorem 3.7 Let X : Q — R"™ be a random variable with the density function g. Let
® : R" — R" be a diffeomorphism. Then the random variable Y = ® (X) has the following

density function

h=go®" |det (@7)'].

108



Proof. We have for any open set A € R"
P(®(X) e A) =P (X € 3 (A)) :/ g (z) d\, (2)
®-1(4)

Substituting z = ®~! (y) we obtain by Theorem 3.1

L_lm)g(l’) A, (7) =/Ag(<1>1 (v)) ‘det (@1 (y)) | d\, () :/Ahd)\n,
so that

P(Y € A) = / hd,. (3.38)

Since on the both sides of this identity we have finite measures on B (R,) that coincide
on open sets, it follows from the uniqueness part of the Carathéodory extension theorem
that the measures coincides on all Borel sets. Hence, (3.38) holds for all Borel sets A,
which was to be proved. m

Example. For any o € R\ {0}, the density function of ¥ = aX is
x
h(z) = (—) -,
@ =9(%)
In particular, if X ~ N (a,b) then aX ~ N (aa, a?D) .
As another example of application of Theorem 3.7, let us prove the following statement.

Corollary. Assuming that X,Y are two random variables with the joint density function
g (x,y). Then the random variable U = X +Y has the density function

mw =g o555 ) Ao = [atu-nar, (339)
2 LI\ T2 T2 .
and V = X —Y has the density function
]_ —
hg(v):—/g(““’,“ ”) d/\(u):/g(t,t—v)dt. (3.40)
2 LI\ .

Proof. Consider the mapping ® : R? — R? is given by

o(5)-(25)

(4)-(33) oo

Clearly, @ is a diffeomorphism, and

()-(2) e )
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Therefore, the density function h of (U, V) is given by

h(u,u)zlg,(

u+v u—ov
5 .

2 72

By Corollary to Theorem 3.6, the density function h; of U is given by

hl(u):/Rh(u,v)d)\(v):%/Rg(ugv,ugv> A (v).

The second identity in (3.39) is obtained using the substitution ¢ = “£*. In the same way

one proves (3.40). m

Example. Let XY be again random vectors with joint density (3.37). Then by (3.39)
we obtain the density of X + Y

b — %/W%GXP (_(u+v) —g(u—v) )dv

R ur g
T o) P\ )
1 1.

Hence, X +Y ~ N (0,2) and in the same way X —Y ~ N (0, 2).

3.5 Independent random variables

Let (92, F,P) be a probability space as before.

Definition. Two random vectors X : Q — R” and Y : 2 — R™ are called independent if,
for all Borel sets A € B,, and B € B,,, the events {X € A} and {Y € B} are independent,
that is

P(XeAandY € B) =P(X € A)P(Y € B).

Similarly, a sequence {X;} of random vectors X; : 2 — R™ is called independent if, for
any sequence {A;} of Borel sets A; € B, the events {X; € A;} are independent. Here
the index ¢ runs in any index set (which may be finite, countable, or even uncountable).

If X1,..., X, is a finite sequence of random vectors, such that X; :  — R™ then we
can form a vector X = (X7, ..., Xx) whose components are those of all X;; that is, X is an
n-dimensional random vector where n = n; + ... + n;. The distribution measure Px of X
is called the joint distribution of the sequence Xj, ..., X}, and is also denoted by Pk, x,.

A particular case of the notion of a joint distribution for the case when all X; are
random variables, was considered above.

Theorem 3.8 Let X; be a n;-dimensional random vector, i = 1,....k. The sequence

X1, Xo, ..., Xy, is independent if and only if their joint distribution Px,. x, coincides with
the product measure of Px,, Px,, ..., Px,, that is

PX1---Xk = PX1 X ... X PXk- (341)
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If X1, X, ..., Xy are independent and in addition X; has the density function f;(x) then
the sequence Xy, ..., Xi has the joint density function

f(x) = fi(wn) fa(@a)-- fi (),

where x; € R™ and x = (1, ..., 1) € R™.

Proof. If (3.41) holds then, for any sequence {Ai}le of Borel sets A; C R™, consider
their product
A=A x Ay x ... x A, CR" (3.42)

and observe that

P(Xi€eA,. . Xred) = P(XeA
= Px(A)
= Px, X .. x Px, (A1 X ... X Ay)
= Px, (A))...Px, (A)
= P(X;€eA). . .P(Xy € A).

Hence, X1, ..., X}, are independent.
Conversely, if Xi, ..., X} are independent then, for any set A of the product form (3.42),
we obtain

Px(A) = P(X € A)
= P(Xl S Al, X, € Ag, cesy X € Ak)
P(X; € A )P(X3 € Ay)..P( Xy € Ay)

PX X...XPXk(A).

1

Hence, the measure Px and the product measure Py, X ... X Px, coincide on the sets of the
form (3.42). Since B, is the minimal o-algebra containing the sets (3.42), the uniqueness
part of the Carathéodory extension theorem implies that these two measures coincide on
B,,, which was to be proved.

To prove the second claim, observe that, for any set A of the form (3.42), we have by
Fubini’s theorem

]P)X (A) = PX1 (Al) PXk (Ak>

= fi (@) ddny (1) o [ fr (2k) ANy, (28)
Ay Ag

= /AX » fi (1) o fi () AN, (2)

- Lz;f<%)dAn(w)

where = (21, ..., x;) € R". Hence, the two measures Px (A) and

=Af@ﬂ%@)
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coincide of the product sets, which implies by the uniqueness part of the Carathéodory
extension theorem that they coincide on all Borel sets A C R". =

Corollary. If X and Y are independent integrable random variables then
E(XY)=E(X)E () (3.43)

and
var(X +Y) =var X + varY. (3.44)

Proof. Using Theorems 3.6, 3.8, and Fubini’s theorem, we have

E(XY) = /R aydPyy = /R ayd (Py x Py) = ( /R q;dPX> ( /R ydPy) = E(X)E(Y).

To prove the second claim, observe that var (X + ¢) = var X for any constant c. Hence,
we can assume that B (X) = E(Y) = 0. In this case, we have var X = B (X?). Using
(3.43) we obtain

var(X +Y) =E(X +Y)* =E (X?) 4+ 2E(XY) +E (Y*) =EX*+EY” = var X + varY.

u
The identities (3.43) and (3.44) extend to the case of an arbitrary finite sequence of
independent integrable random variables X, ..., X, as follows:

E(X;..X,) =E(X;)..E(X,),
var (X1 + ...+ X,) =var X; + ... +var X, ,

and the proofs are the same.

Example. Let X, Y be independent random variables and
X ~N(a,b), Y ~N(dU).

Let us show that
X4+Y~N(a+d,b+V).

Let us first simply evaluate the expectation and the variance of X + Y
EX4+Y)=EX)+E(Y)=a+d,
and, using the independence of XY and (3.44),
var (X +Y) =var (X) 4+ var (Y)=b+ V.

However, this does not yet give the distribution of X + Y. To simplify the further
argument, rename X —a to X, Y —d’ to Y, so that we can assume in the sequel that
a =a = 0. Also for simplicity of notation, set ¢ = ¢'. By Theorem 3.8, the joint density
function of X,V is as follows:

) = e (-5) e (5)
, = xp | —— xp | —=—
Iy 21b P 2b 2me P 2c
1 . (12 y2>
= xp| —— — | .
omvoe P\ 720 2¢
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By Corollary to Theorem 3.7, we obtain that the random variable U = X 4 Y has the
density function

hiu) = /Rg(t,u—t)d)\(t)
- [ (5t e
(G5 )

400
/ exp (—at® + 203t) dt

e}

Next compute

where o > 0 and § € R. We have

—at? + 243t

—a(t2 25t+6—2—5—2)

a?
2
= —a(t—é> —i—ﬁ—Q.
o o

Hence, substituting /a (t — g) = s, we obtain

+0c0 B2 /o 00
/ exp (—at2 +20t) dt = e\/a / exp (_82) ds — \/geBQ/a.

Setting here o = % (% %) and 3 = 5., we obtain

: 2
h (u) — ]' 6_u2/(26) 2bC7T 6;‘7 bgicc ( u7>
2mbe be V2 (b+0) b+ c)

that is, U ~ N (0,0 + ¢).

Example. Consider a sequence {X;}._, of independent Bernoulli variables taking 1 with
probability p, and 0 with probability 1 — p, where 0 < p < 1. Set S = X; + ... + X,, and
prove that, for any £k =0,1,....n

P(S=k)= (Z) P - p)" ", (3.45)

Indeed, the sum S is equal to & if and only if exactly k of the values X;, ..., X,, are equal
to 1 and n — k are equal to 0. The probability, that the given k variables from X;, say
X,y X;, are equal to 1 and the rest are equal to 0, is equal to p* (1 —p)”_k. Since
the sequence (i1, ..., i) can be chosen in (}) ways, we obtain (3.45). Hence, S has the
binomial distribution B(n,p). This can be used to obtain in an easy way the expectation

and the variance of the binomial distribution — see Exercise 67d.

In the next statement, we collect some more useful properties of independent random
variables.
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Theorem 3.9 (a) If X; : Q@ — R™ is a sequence of independent random vectors and
fi : R — R™ is a sequence of Borel functions then the random wvectors {fi(X;)} are
independent.

(b) If { X1, Xs, ..., X0, Y1, Yo, .., Yo } is a sequence of independent random variables then
the random vectors

X =(X1,Xs,..X,) and Y = (Y1,Ys,..,Yy)

are independent.
(¢) Under conditions of (b), for all Borel functions f : R* — R and g : R™ — R, the
random variables f (X, ..., X,) and g (Y1, ...,Y,,) are independent.

Proof. (a) Let {A;} be a sequence of Borel sets, A; € B,,,. We need to show that the
events {f; (X;) € A;} are independent. Since

{fi(X;) e A} ={X; € f7"(A4)} ={X, € B},

where B; = f~1 (4;) € B,.., these sets are independent by the definition of the indepen-
dence of {X;}.
(b) We have by Theorem 3.8

PXY = PXIX...XPXRXPylx...XPym
= PXxPy.

Hence, X and Y are independent.
(¢) The claim is an obvious combination of (a) and (b). =

3.6 Sequences of random variables

Let {X;}.2, be a sequence of independent random variables and consider their partial
sums

S, =X1+Xo+...+X,.

We will be interested in the behavior of S,, as n — oo. The necessity of such considerations
arises in many mathematical models of random phenomena.

Example. Consider a sequence on n independent trials of coin tossing and set X; = 1
if at the i-th tossing the coin lands showing heads, and X; = 0 if the coin lands showing
tails. Assuming that the heads appear with probability p, we see each X; has the same
Bernoulli distribution: P (X; =1) = p and P(X; = 0) = 1 — p. Based on the experience,
we can assume that the sequence {X;} is independent. Then S, is exactly the number of
heads in a series of n trials. If n is big enough then one can expect that S, ~ np. The
claims that justify this conjecture are called laws of large numbers. Two such statements
of this kind will be presented below.

As we have seen in Section 1.10, for any positive integer n, there exist n independent
events with prescribed probabilities. Taking their indicators, we obtain n independent
Bernoulli random variables. However, in order to make the above consideration of infinite
sequences of independent random variables meaningful, one has to make sure that such
sequences do exist. The next theorem ensures that, providing enough supply of sequences
of independent random variables.
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Theorem 3.10 Let {j1;},.; be a family of probability measures on B (R) where I is an
arbitrary index set. Then there exists a probability space (Q, F,P) and a family {X;}
of independent random variables on §) such that Px, = p,.

il

The space (2 is constructed as the (infinite) product R? and the probability measure P
on (2 is constructed as the product &), ; p; of the measures y,. The argument is similar
to Theorem 2.22 but technically more involved. The proof is omitted.

Theorem 3.10 is a particular case of a more general Kolmogorov’s extension theorem
that allows constructing families of random variables with prescribed joint densities.

3.7 The weak law of large numbers

Definition. We say that a sequence {Y,,} of random variables converges in probability to
a random variable Y and write Y, Ly if, for any ¢ > 0,

lim P (Y, — Y| >¢) =0.

n—oo

This is a particular case of the convergence in measure — see Exercise 41.

Theorem 3.11 (The weak law of large numbers) Let {X;}°, be independent sequence
of random variables having a common finite expectation B (X;) = a and a common finite
variance var X; = b. Then

Su B (3.46)

Hence, for any € > 0,

S
— —a
n

"

which means that, for large enough n, the average S, /n concentrates around a with a
probability close to 1.

§5>—>1asn—>oo

Example. In the case of coin tossing, a = E (X;) = p and var X; is finite so that % £, .
One sees that in some sense S,,/n ~ p, and the precise meaning of that is the following;:

S,
—n—p‘gs)—ﬂasnﬁoo.

(|2

Example. Assume that all X; ~ N (0,1). Using the properties of the sums of indepen-
dent random variables with the normal distribution, we obtain

Sp ~ N (0,n)

&NN(oﬁ).
n n
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Hence, for large n, the variance of S—n" becomes very small and S—n" becomes more concen-
trated around its mean 0. On the plot below one can see the density functions of %, that
is,

gn () = \/gexp (—nx;) :

25 5

One can conclude (without even using Theorem 3.11) that

il
that is, % 0.
Proof of Theorem 3.11. We use the following simple inequality, which is called
Chebyshev’s inequality: if Y > 0 is a random variable then, for all ¢ > 0,

S,

n

§5>—>1asn—>oo,

P(Y >1) < %E (Y?). (3.47)

Indeed,

E(W):/Y?dpzf YQd]PZtQ/ dP = t*P(Y > 1),
Q {y>t} {Y>y}

whence (3.47) follows.
Let us evaluate the expectation and the variance of S,,:

E(S,) = EX;=an,
i=1

var S,, = Zvar X; =bn,

k=i
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where in the second line we have used the independence of {X;} and Corollary to Theorem
3.8. Hence, applying (3.47) with Y = |S,, — an|, we obtain
1 2 varS,  bn b

B (S, —an)’ = T = e = o

P(|S, —an| >en) <

Therefore,
b
> 5> < = (3.48)

e2n’

whence (3.46) follows. m

3.8 The strong law of large numbers

In this section we use the convergence of random variables almost surely (a.s.) Namely, if
{X,} 2, is a sequence of random variables then we say that X,, converges to X a.s. and

write X,, = X if X,, — X almost everywhere, that is,
P(X,— X)=1.

In the expanded form, this means that

P ({w clim X, (w) =X (w)}) = 1.

n—oo

To understand the difference between the convergence a.s. and the convergence in
probability, consider an example.

Example. Let us show an example where X, L5 X but X, does not converges to X
a.s. Let Q = [0,1], F = B([0,1]), and P = \;. Let A, be an interval in [0,1] and set

X, =14,. Observe that if ¢ (A,,) — 0 then X, 2, 0 because for all ¢ € (0,1)
P(X,>e)=P(X,=1)=((A,).

However, for certain choices of A,, we do not have X,, == 0. Indeed, one can construct
{A,} so that ¢ (A,) — 0 but nevertheless any point w € [0, 1] is covered by these intervals
infinitely many times. For example, one can take as {A,} the following sequence:

[0,1],

[0.:5], [5:1].

[0.5): 5:5] - [5:1]

03] [5:5] 153 151

For any w € [0, 1], the sequence {X,,(w)} contains the value 1 infinitely many times, which
means that this sequence does not converge to 0. It follows that X,, does not converge to
0 a.s.; moreover, we have P (X,, — 0) = 0.

The following theorem states the relations between the two types of convergence.
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Theorem 3.12 Let {X,,} be a sequence of random variables.

(a) If X,, 22 X then X, X (hence, the convergence a.s. is stronger than the

convergence in probability).
(b) If, for any e > 0,

iP(|Xn—X| >¢g) < 00 (3.49)

n=1

then X, == X.
(c) If X, L X then there exists a subsequence X, 2% X

The proof of Theorem 3.12 is contained in Exercise 42. In fact, we need only part (b) of
this theorem. The condition (3.49) is called the Borel-Cantelli condition. 1t is obviously

stronger that X, . X because the convergence of a series implies that the terms of
the series go to 0. Part (b) says that the Borel-Cantelli condition is also stronger than
X, 2% X, which is not that obvious.

Let {X;} be a sequence of random variables. We say that this sequence is identically
distributed if all X; have the same distribution measure. If { X;} are identically distributed
then their expectations are the same and the variances are the same.

As before, set S, = X1 + ... + X,,.

Theorem 3.13 (The strong law of large numbers) Let {X;};2, be a sequence of indepen-
dent identically distributed random variables with a finite expectation E(X;) = a and a

finite variance var X; = b. Then
Sn a.s.

= 5 a, (3.50)

The word “strong” is the title of the theorem refers to the convergence a.s. in (3.50),
as opposed to the weaker convergence in probability in Theorem 3.11 (cf. (3.46)).

The statement of Theorem 3.13 remains true if one drops the assumption of the finite-
ness of var X,,. Moreover, the finiteness of the mean [ (X,,) is not only sufficient but also
necessary condition for the existence of the limit lim 2= a.s. (Kolmogorov’s theorem). An-
other possibility to relax the hypotheses is to drop the assumption that X,, are identically
distributed but still require that X,, have a common finite mean and a common finite
variance. The proofs of these stronger results are much longer and will not be presented
here.

Proof of Theorem 3.13. By Theorem 3.12(b), it suffices to verify the Borel-Cantelli
condition, that is, for any ¢ > 0,

>
n=1

In the proof of Theorem 3.11, we have obtained the estimate
Sn

P ( — —a
n

which however is not enough to prove (3.51), because

n=1

Sn
— —a
n

> 5) < 0. (3.51)

b
> < — .52
>) < o (3.52

= OQ.

S|
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Nevertheless, taking in (3.52) n to be a perfect square k?, where k € N, we obtain

DR 2y, (3.53)

Now we will extend this convergence to the whole sequence S,,, that is, fill gaps between
the perfect squares. This will be done under the assumption that all X; are non-negative
(the general case of a signed X; will be treated afterwards). In this case the sequence S,
is increasing. For any positive integer n, find k£ so that

E <n<(k+1)>% (3.54)
Using the monotonicity of S,, and (3.54), we obtain

Se _ S
(k+1)2 " n

S(ht1)2

S

Since k% ~ (k + 1)? as k — oo, it follows from (3.53) that

—Sk2 2% a and Ste+1y? 2% a
(k+1)2 k2 ’
whence we conclude that g
On as
n

Note that in this argument we have not used the hypothesis that X, are identically
distributed. As in the proof of Theorem 3.11, we only have used that X; are independent
random variables and that the have a finite common expectation a and a finite common
variance.

Now we get rid of the restriction X; > 0. For a signed X, consider the positive X;r
part and the negative parts X; . Then the random variables X" are independent because
we can write X;' = f(X;) where f (z) =z, and apply Theorem 3.9. Next, X" has finite
expectation and variance by X < | X|. Furthermore, by Theorem 3.3 we have

B(X/) =B/ (X)) = [ f(@)aPx.

Since all measures Py, are the same, it follows that all the expectations (X:r ) are the

same; set
at=E (X:“) .

In the same way, the variances var X" are the same. Setting
Sr=X{"+X5+..+ X,
we obtain by the first part of the proof that

S»,J{ a.s.
n

Tasn — oo.

119



In the same way, considering X, and setting a= = E (X -’) and

(2

Sy =Xi +..+ X

n

we obtain
Sn a.s.
2 % a asn — oo.
n

Subtracting the two relations and using that
St—-S =85,

and
(A

ot —a =E (X)) -E(X]) =E(X,) =q,

we obtain

Sn a.s.
— aasn — oo,
n

which finishes the proof. m

120



3.9 Extra material: the proof of the Weierstrass theorem using
the weak law of large numbers

Here we show an example how the weak law of large numbers allows to prove the following
purely analytic theorem.

Theorem 3.14 (The Weierstrass theorem) Let f (x) be a continuous function on a bounded
interval [a,b]. Then, for any € > 0, there exists a polynomial P(x) such that

sup |f(x) — P(x)] <e.

z€[a,b]

Proof. It suffices to consider the case of the interval [0, 1]. Consider a sequence {X;}:°,
of independent Bernoulli variables taking 1 with probability p, and 0 with probability 1—p,
and set as before S, = X; 4+ ... + X,,. Then, for £k =0,1,...,n,
n

P (S, =k) = (k)pk(l )"
which implies
57 (%) = L ars =0 = 1 (D)ot

The right hand side here can be considered as a polynomial in p. Denote
- k. (n
Bn(p) = - Fa—p)r. 3.55
» =31}t a-n (359

The polynomial B,,(p) is called the Bernstein’s polynomial of f. It turns out to be a good
approximation for f. The idea is that S,,/n converges in some sense to p. Therefore, we
may expect that Ef(22) converges to f(p). In fact, we will show that

lim sup [f(p) — Ba(p)| =0, (3.56)
"0 pel0,1]
which will prove the claim of the theorem.
First observe that f is uniformly continuous so that for any ¢ > 0 there exists ¢ =
£(6) > 0 such that if |z — y| < e then |f(z) — f(y)| < J. Using the binomial theorem, we

obtain
=G+ =Y (Pt a -
whence . o
1) =3 1) ()t -
Comparing with (3.55), we obtain -
-8l < Y| - 1] () a-pr




By the choice of ¢, in the first sum we have

so that the sum is bounded by ¢.
In the second sum, we use the fact that f is bounded by some constant C' so that

‘f(p)—

and the second sum is bounded by

20 ) (> (1-p"*=20 > P(S,= _2CIP>(

—P|>€ |fl—p|>a

vl e)
— —p|>e].
n

Using the estimate (3.48) and E (X;) = p, we obtain

) =

S ‘ > b
Zrpl>e) < —
n

— €2n7

where b = var X; = p(1 —p) < L.
Hence, for all p € [0,1],
£0)~ Bulp)l <5+ 5
e2n’
whence the claim follows. =
To illustrate this theorem, the next plot contains a sequence of Bernstein’s approxi-
mations with n = 3,4, 10, 30 to the function f (z) = |z —1/2|.

y

06257

057

03757

0.25T

01257

Remark. The upper bound for the sum

n e
> (p)ra-n
’%*10’%-:

can be proved also analytically, which gives also another proof of the weak law of large
numbers in the case when all X; are Bernoulli variables. Such a proof was found by Jacob
Bernoulli in 1713, which was historically the first proof of the law of large numbers.
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