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1 Introduction: the notion of ODEs and examples

A general ordinary differential equation® (shortly, ODE) has a form

F(z,y,y, ...,y(”)) =0, (1.1)

where z € R is an independent variable, y = y (z) is an unknown function, F' is a given
function on n + 2 variables. The number n - the maximal order of the derivative in (1.1),
is called the order of the ODE. The equation (1.1) is called differential because it contains
the derivatives? of the unknown function. It is called ordinary® because the derivatives
y®) are ordinary as opposed to partial derivatives. There is a theory of partial differential
equations where the unknown function depends on more than one variable and, hence,
the partial derivatives are involved, but this is a topic of another lecture course.

The ODEs arise in many areas of Mathematics, as well as in Sciences and Engineering.
In most applications, one needs to find explicitly or numerically a solution y (x) of (1.1)
satisfying some additional conditions. There are only a few types of the ODEs where
one can explicitly find all the solutions. However, for quite a general class of ODEs one
can prove various properties of solutions without evaluating them, including existence of
solutions, uniqueness, smoothness, etc.

In Introduction we will be concerned with various examples and specific classes of
ODEs of the first and second order, postponing the general theory to the next Chapters.

Consider the differential equation of the first order

y =r(zy), (1.2)

where y = y (x) is the unknown real-valued function of a real argument x, and f (z,y) is
a given function of two real variables.

Consider a couple (z,y) as a point in R? and assume that function f is defined on
a set D C R% which is called the domain® of the function f and of the equation (1.2).
Then the expression f (x,y) makes sense whenever (z,y) € D.

Definition. A real valued function y (z) defined on an interval I C R, is called a (par-
ticular) solution of (1.2) if

1. y(x) is differentiable at any = € I,
2. the point (x,y (x)) belongs to D for any x € I,
3. and the identity ¥/ () = f (x,y (x)) holds for all z € I.

The graph of a particular solution is called an integral curve of the equation. Obviously,
any integral curve is contained in the domain D. The family of all particular solutions of
(1.2) is called the general solution.

'Die gewohnliche Differentialgleichungen
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Here and below by an interval we mean any set of the form

(a,b) = {zeR:a<z<b}
[a,b] = {xeR:a<z<b}
la,b) = {reR:a<z<b}
(a,b) = {reR:a<z<b},

where a, b are real or 00 and a < b.
Usually a given ODE cannot be solved explicitly. We will consider some classes of
f (z,y) when one find the general solution to (1.2) in terms of indefinite integration®.

Example. Assume that the function f does not depend on y so that (1.2) becomes
y' = f(x). Hence, y must be a primitive function® of f. Assuming that f is a continuous’
function on an interval I, we obtain the general solution on I by means of the indefinite
integration:

y= [ @ =F@)+cC
where F'(x) is a primitive of f () on I and C' is an arbitrary constant.

Example. Consider the ODE

y =y
Let us first find all positive solutions, that is, assume that y (z) > 0. Dividing the ODE
by y and noticing that

/

= (Iny)’,

we obtain the equivalent equation
(Iny) = 1.

Solving this as in the previous example, we obtain
lny:/dx:x+6’,

whence
y =e“e” = Che”,

where C; = e“. Since C' € R is arbitrary, C; = e©

positive solution y has the form

is any positive number. Hence, any

Y= 0161, Cy > 0.
If y (z) < 0 for all z, then use
Y :
= =(In(—y
, ~ (=y)

and obtain in the same way
Yy = _Clem7

Sunbestimmtes Integral
6Stammfunction
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where ' > 0. Combine these two cases together, we obtain that any solution y (z) that
remains positive or negative, has the form

where C' > 0 or ' < 0. Clearly, C' = 0 suits as well since y = 0 is a solution. The next
plot contains the integrals curves of such solutions:

y

iN

Claim The family of solutions y = Ce®, C' € R, s the general solution of the ODE
Y =y.

The constant C' that parametrizes the solutions, is referred to as a parameter. It is
clear that the particular solutions are distinguished by the values of the parameter.

Proof. Let y (x) be a solution defined on an open interval . Assume that y (z) takes
a positive value somewhere in 7, and let (a, b) be a maximal open interval where y (z) > 0.
Then either (a,b) = I or one of the points a,b belongs to I, say a € I and y (a) = 0. By
the above argument, y () = Ce” in (a, b), where C' > 0. Since e” # 0, this solution does
not vanish at a. Hence, the second alternative cannot take place and we conclude that
(a,b) = I, that is, y () = Ce” in I.

The same argument applies if y (z) < 0 for some x. Finally, of y (z) = 0 then also
y(x)=Ce” withC=0. m

1.1 Separable ODE
Consider a separable ODE, that is, an ODE of the form

Yy =f(x)g(y). (1.3)

Any separable equation can be solved by means of the following theorem.

Theorem 1.1 (The method of separation of variables) Let f (z) and g (y) be continuous
functions on open intervals I and J, respectively, and assume that g(y) # 0 on J. Let
F (x) be a primitive function of f (x) on I and G (y) be a primitive function of le) on J.

ot



Then a function y defined on some subinterval of 1, solves the differential equation (1.3)
if and only if it satisfies the identity

Gy (x) = F(z)+C, (1.4)
for all x in the domain of y, where C' is a real constant.

For example, consider again the ODE 3 = y in the domain z € R, y > 0. Then
f(x) =1and g(y) =y # 0 so that Theorem 1.1 applies. We have

F(x):/f(x)dx:/dx:x

and

_ [y _ Ay
G(‘w_/g(y)_ y_ly

where we do not write the constant of integration because we need only one primitive
function. The equation (1.4) becomes

Iny=x+C,

whence we obtain y = Ce” as in the previous example. Note that Theorem 1.1 does not
cover the case when ¢ (y) may vanish, which must be analyzed separately when needed.
Proof. Let y () solve (1.3). Since g (y) # 0, we can divide (1.3) by g (y), which yields

Y
=f(z). 1.5
O () (1.5)
Observe that by the hypothesis f (z) = F’ (z) and ﬁ = G’ (y), which implies by the
chain rule )
Y ! ! /
7@ W)y = (G (y ()
Hence, the equation (1.3) is equivalent to
G(y(2) =F(a), (1.6)

which implies (1.4).

Conversely, if function y satisfies (1.4) and is known to be differentiable in its domain
then differentiating (1.4) in z, we obtain (1.6); arguing backwards, we arrive at (1.3).
The only question that remains to be answered is why y () is differentiable. Since the
function ¢ (y) does not vanish, it is either positive or negative in the whole domain.
Then the function G (y), whose derivative is le), is either strictly increasing or strictly

decreasing in the whole domain. In the both cases, the inverse function G™! is defined
and is differentiable. It follows from (1.4) that

y(@) =G (F(z)+0C). (1.7)

Since both F' and G~! are differentiable, we conclude by the chain rule that y is also
differentiable, which finishes the proof. m



Corollary. Under the conditions of Theorem 1.1, for all xq € I and yo € J there exists
a unique value of the constant C' such that the solution y(x) of (1.3) defined by (1.7)
satisfies the condition y (xg) = yo.

Ay

Yo

; /\///\/

\ Aol

The condition y (xg) = 1o is called the initial condition®.

Proof. Setting in (1.4) z = x¢ and y = yy, we obtain G (yy) = F (z9) + C, which
allows to uniquely determine the value of C, that is, C' = G (yo) — F' (). Let us prove
that this value of C' determines by (1.7) a solution y (x). The only problem is to check that
the right hand side of (1.7) is defined on an interval containing x, (a priori it may happen
so that the the composite function G~ (F (z) + C') has empty domain). For z = z, the
right hand side of (1.7) is

G (F (w0) + C) = G (G (1)) = wo

so that the function y () is defined at x = x(. Since both functions G™' and F + C' are
continuous and defined on open intervals, their composition is defined on an open set.
Since this set contains g, it contains also an interval around zy. Hence, the function y is
defined on an interval around x(, which finishes the proof. =

One can rephrase the statement of Corollary as follows: for all g € I and yo € J
there exists a unique solution® y (x) of (1.3) that satisfies in addition the initial condition
y (xg) = yo; that is, for every point (zg,v0) € I x J there is exactly one integral curve of
the ODE that goes through this point.

In applications of Theorem 1.1, it is necessary to find the functions F' and G. Techni-
cally it is convenient to combine the evaluation of /' and G with other computations as
follows. The first step is always dividing (1.3) by ¢ to obtain (1.5). Then integrate the

both sides in z to obtain o i
ya / f(z)dz. 1.8
/ 9 () (@) ()

Then we need to evaluate the integral in the right hand side. If F' (x) is a primitive of f
then we write

/f(:t)dx:F(x)ﬁLC’.

8 Anfangsbedingung
9The domain of this solution is determined by (1.7) and is, hence, the maximal possible.
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In the left hand side of (1.8), we have y'dx = dy. Hence, we can change variables in the
integral replacing function y (z) by an independent variable y. We obtain

“yde [ dy
5= ] s =cw+e

Combining the above lines, we obtain the identity (1.4).
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Assume that in the separable equation y' = f (x) g (y) the function g (y) vanishes at
a sequence of points, say vi,¥s, ..., enumerated in the increasing order. Obviously, the
constant function y (z) = yx is a solution of this ODE. The method of separation of
variables allows to evaluate solutions in any domain y € (y,yx+1), where g does not
vanish. Then the structure of the general solution requires an additional investigation.

Example. Consider the ODE
y —xy® = 2uy,

with domain (z,y) € R?. Rewriting it in the form
v =y +2y),

we see that it is separable. The function g (y) = y*+ 2y vanishes at two points y = 0 and
y = —2. Hence, we have two constant solutions y = 0 and y = 2. Now restrict the ODE
to the domain where g (y) # 0, that is, to one of the domains

R x (—00,—-2), Rx (=2,0), Rx (0,+00).

In any of these domains, we can use the method of separation of variables, which yields

Y dy x?
-1 - =y dr = =—
2ny+2' ./y(y+2) /xx ; t¢
whence y ,
mzcle

where C; = £¢%¢. Clearly, ) is any non-zero number here. However, since y = 0 is a
solution, C; can be 0 as well. Renaming C; to C', we obtain

Yy 2
—— =(e€"
y+2

where C' is any real number, whence it follows that

2

2Ce”
y = 1 _ 06372 * (1.9)
We obtain the following family of solutions
2Ce"”
1_—C’€x2 and Yy = —2, (110)

the integral curves of which are shown on the diagram:



Note that the constructed integral curves never intersect each other. Indeed, by The-
orem 1.1, through any point (zg, o) with yo # 0, —2 there is a unique integral curve from
the family (1.9) with C' # 0. If yo = 0 or yop = —2 then the same is true with the family
(1.10), because if C' # 0 then the function (1.9) never takes values 0 and —2. This implies
as in the previous Section that we have found all the solutions so that (1.10) represent
the general solution.

Let us show how to find a particular solution that satisfies the prescribed initial con-
dition, say y (0) = —4. Substituting = 0 and y = —4 into (1.9), we obtain an equation

for C: o0
i—c - *

whence C' = 2. Hence, the particular solution is

2

4e*

Y= 1 9e2

Example. Consider the equation
v =l

which is defined for all x,y € R. Since the right hand side vanish for y = 0, the constant
function y = 0 is a solution. In the domains y > 0 and y < 0, the equation can be solved
using separation of variables. For example, in the domain y > 0, we obtain

- dy /
— = [ dx
VY

2y=z+C

10
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and

y:i(m—l—C)Q, x> —-C

(the restriction x > —C' comes from the previous line). Similarly, in the domain y < 0,

we obtain
/ﬂ B .
J VY .
whence
—2/—y=z+C
and
1 2
y:—z(x—l—C’) , < —C.

We obtain the following integrals curves:

y 4T

We see that the integral curves in the domains y > 0 and y < 0 touch the line y = 0. This
allows us to construct more solutions as follows: for any couple of reals a < b, consider
the function

—%L(x—a)Q, r < a,

y(z)=< 0, a<x<b, (1.11)

% (x — b)2 , T >Db,
which is obviously a solution with the domain R. If we allow a to be —oo and b to be
+oo with the obvious meaning of (1.11) in these cases, then (1.11) represents the general
solution to 3’ = m . Clearly, through any point (z9, o) € R? there are infinitely many
integral curves of the given equation.

1.2 Linear ODE of 1st order
Consider the ODE of the form

v +a(x)y="0b(x) (1.12)
where a and b are given functions of x, defined on a certain interval I. This equation is

called linear because it depends linearly on y and 7/.
A linear ODE can be solved as follows.

11



Theorem 1.2 (The method of variation of parameter) Let functions a (z) and b(x) be
continuous in an interval I. Then the general solution of the linear ODE (1.12) has the
form

y (r) = e 4@ /b (z) 2@ dz, (1.13)

where A (x) is a primitive of a (x) on I.

Note that the function y (x) given by (1.13) is defined on the full interval .
Proof. Let us make the change of the unknown function u (z) = y (z) eA®, that is,

y(2) = u(z)e 4@, (1.14)
Substituting this to the equation (1.12) we obtain
(ue‘A)l +aue ™ = b,

e —ue A + aue 4 = b.

Since A" = a, we see that the two terms in the left hand side cancel out, and we end up
with a very simple equation for u (x):

lfA:b

u = / bedz.

Substituting into (1.14), we finish the proof. m
One may wonder how one can guess to make the change (1.14). Here is the motivation.
Consider first the case when b (z) = 0. In this case, the equation (1.12) becomes

whence v/ = be? and

Y +a(x)y=0

and it is called homogeneous. Clearly, the homogeneous linear equation is separable. In
the domains y > 0 and y < 0 we have

and

dy _ —/a(x)dx: —A(z)+C.
Y .
Then In|y| = —A (z) + C and

y(2) = Ce

where C' can be any real (including C' = 0 that corresponds to the solution y = 0).

For a general equation (1.12) take the above solution to the homogeneous equation
and replace a constant C' by a function C' (z) (or which was denoted by u () in the proof),
which will result in the above change. Since we have replaced a constant parameter by
a function, this method is called the method of variation of parameter. It applies to the
linear equations of higher order as well.

12



Example. Consider the equation

1
y+5y:a2 (1.15)

in the domain = > 0. Then
: - d
A(z) :/a(x)dx: ?x =Ilnz
(we do not add a constant C' since A (x) is one of the primitives of a (x)),

Ul e 1 [y 1
y(x)-;/ xdx—zx(/e d:c—2x<e —i—C),

where (' is an arbitrary constant.
Alternatively, one can solve first the homogeneous equation

1
y'+-y=0,
x
using the separable of variables:
y 1
y T
(Iny) = —(Inz)
Iny = —lnx+0C)
C
y = —.
x

Next, replace the constant C' by a function C'(x) and substitute into (1.15):

()L 2e

T T T
C”x—C+C 2
JE I = e
z2 2
o
T
o = x2
= ez

Hence,

y:C(w) i(emuco),

r 2
where () is an arbitrary constant. The integral curves are shown on the following diagram:

13



Corollary. Under the conditions of Theorem 1.2, for any o € I and any yo € R there
is exists exactly one solution y (x) defined on I and such that y (xo) = yo.

That is, though any point (xg,y9) € I x R there goes exactly one integral curve of the
equation.

Proof. Let B (z) be a primitive of be™ so that the general solution can be written

in the form
y=e"(B(x)+0C)

with an arbitrary constant C'. Obviously, any such solution is defined on /. The condition
y (zo) = yo allows to uniquely determine C' from the equation:

O = y0€A(x0) — B (Io) s

whence the claim follows. m

1.3 Quasi-linear ODEs and differential forms

Let F' (x,y) be a real valued function defined in an open set Q C R? Recall that F is
called differentiable at a point (z,y) € Q if there exist real numbers a, b such that

F(z+dr,y+dy) — F(z,y) = adz + bdy + o (|dz| + |dy]),

as |dx| + |dy| — 0. Here dx and dy the increments of x and y, respectively, which are
considered as new independent variables (the differentials). The linear function adz + bdy
of the variables dx,dy is called the differential of F' at (z,y) and is denoted by dF, that
is,

dF = adx + bdy. (1.16)

In general, a and b are functions of (z,y).
Recall also the following relations between the notion of a differential and partial
derivatives:

14



1. If F is differentiable at some point (x,y) and its differential is given by (1.16) then

the partial derivatives F, = g—i and F, = g—g exist at this point and

Fy,=a, F,=b

2. If F'is continuously differentiable in €, that is, the partial derivatives F, and F,
exist in €2 and are continuous functions, then F' is differentiable at any point in €.

Definition. Given two functions a (z,y) and b (x,y) in €, consider the expression
a(z,y)de +b(z,y)dy,

which is called a differential form. The differential form is called ezact in € if there is a
differentiable function F' in {2 such that

dF = adx + bdy, (1.17)

and inezact otherwise. If the form is exact then the function F' from (1.17) is called the
integral of the form.

Observe that not every differential form is exact as one can see from the following
statement.

Lemma 1.3 If functions a,b are continuously differentiable in € then the necessary con-
dition for the form adx + bdy to be exact is the identity

a, = b,. (1.18)

15
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Proof. Indeed, if F' is an integral of the form adx + bdy then F, = a and F, = b,
whence it follows that the derivatives F, and Fj are continuously differentiable. By a
Schwarz theorem from Analysis, this implies that F,, = F}, whence a, = b,. ®

Definition. The differential form adx + bdy is called closed® in Q if it satisfies the
condition a, = b, in €.

Hence, Lemma 1.3 says that any exact form must be closed. The converse is in general
not true, as will be shown later on. However, since it is easier to verify the closedness
than the exactness, it is desirable to know under what additional conditions the closedness
implies the exactness. Such a result will be stated and proved below.

Example. The form ydx — xdy is not closed because a, = 1 while b, = —1. Hence, it is
inexact.

The form ydz + xdy is exact because it has an integral F' (z,y) = zy. Hence, it is also
closed, which can be easily verified directly by (1.18).

The form 2zydz + (2% + y?) dy is exact because it has an integral F (z,y) = 2%y + %
(it will be explained later how one can obtain an integral). Again, the closedness can
be verified by a straight differentiation, while the exactness requires construction (or
guessing) of the integral.

If the differential form adx + bdy is exact then this allows to solve easily the following
differential equation:

a(z,y)+b(z,y)y =0, (1.19)

as it is stated in the next Theorem.
The ODE (1.19) is called quasi-linear because it is linear with respect to y’ but not
necessarily linear with respect to y. Using ¢y’ = %, one can write (1.19) in the form

a(z,y)dr +b(x,y)dy =0,

which explains why the equation (1.19) is related to the differential form adz + bdy. We
say that the equation (1.19) is exact (or closed) if the form adx + bdy is exact (or closed).

Theorem 1.4 Let Q be an open subset of R?, a,b be continuous functions on ), such
that the form adx + bdy is exact. Let F' be an integral of this form and let y(z) be a
differentiable function defined on an interval I C R such that (x,y (x)) € Q for any x € I
(that is, the graph of y is contained in ). Then y is a solution of the equation (1.19) if
and only if

F(z,y(z)) = const on I (1.20)

(that is, if function F' remains constant on the graph of y).

The identity (1.20) can be considered as (an implicit form of) the general solution of
(1.19). The function F' is also referred to as the integral of the ODE (1.19).

Proof. The hypothesis that the graph of y(z) is contained in € implies that the
composite function F' (z,y (z)) is defined on /. By the chain rule, we have

d
%F(xay(x)):Fm+Fyy/:a+by/~

0geschlossen

16



Hence, the equation a + by’ = 0 is equivalent to %F (z,y (x)) =0 on I, and the latter is
equivalent to F'(z,y (x)) = const. m

Example. The equation y + xy’ = 0 is exact and is equivalent to zy = C' because
ydx+xdy = d(ry). The same can be obtained using the method of separation of variables.
The equation 2zy + (2% + y?)y' = 0 is exact and, hence, is equivalent to

3
x2y+y§:C,

because the left hand side is the integral of the corresponding differential form (cf. the
previous Example). Some integral curves of this equation are shown on the diagram:

We say that a set Q C R? is a rectangle (box) if it has the form I x J where I and J
are intervals in R. A rectangle is open if both I and J are open intervals. The following
theorem provides the answer to the question how to decide whether a given differential
form is exact in a rectangle.

Theorem 1.5 (The Poincaré lemma) Let 0 be an open rectangle in R2. Let a,b be
continuously differentiable functions on Q0 such that a, = b,. Then the differential form
adx + bdy is exact in €.

It follows from Lemma 1.3 and Theorem 1.5 that if 2 is a rectangle then the form
adx + bdy is exact in €2 if and only if it is closed.

Proof. First we try to obtain an explicit formula for the integral F' assuming that
it exists. Then we use this formula to prove the existence of the integral. Fix some ref-
erence point (g, yp) and assume without loss of generality that and F (zo,y0) = 0 (this
can always be achieved by adding a constant to F'). For any point (z,y) € €, also the
point (x,1o) belongs €; moreover, the intervals [(xo,%o), (z,v0)] and [(z,y0), (z,y)] are
contained in ) because €2 is a rectangle (see the diagram).

17



A y
! (xy)
J
Yo
(X0,Y0) (X.Yo)
Xo X )i

Since F, = a and F,, = b, we obtain by the fundamental theorem of calculus that

T

F(z,y) = F (z,y0) — F (x0,%) = / F, (s,y0)ds = /xa(s,yo) ds

0 Zo
and

Fla,y) - F(z,50) :/yFy(x,t)dt:/yb(x,t)dt,

Yo

whence
X

F(z,y) = /a(s,yo)ds + /b(m,t) dt. (1.21)

zo Yo
Now we start the actual proof where we assume that the form adx + bdy is closed and use
the formula (1.21) to define function F (z,y). We need to show that F' is the integral;
this will not only imply that the form adx + bdy is exact but will give an effective way of
evaluating the integral,
Due to the continuous differentiability of a and b, in order to prove that F'is indeed
the integral of the form adx + bdy, it suffices to verify the identities

F,=a and F,=0.

It is easy to see from (1.21) that

F, = ay/bxt b(z,y).

F, = (%/xoa(s,yo ds+—/ (x,t)d

= a(x,yo) / —b(x, 1) dt. (1.22)

Next, we have



The fact that the integral and the derivative a% can be interchanged will be justified below
(see Lemma 1.6). Using the hypothesis b, = a,, we obtain from (1.22)

Y
F, = a(x,yg)—l—/ a, (z,t)dt

a (2 90) + (a (@, y) — a (2,30))
= a(xr,y),

which finishes the proof. m
Now we state and prove a lemma that justifies (1.22).

Lemma 1.6 Let g (x,t) be a continuous function on I x J where I and J are bounded
closed intervals in R. Consider the function

B
/() = / g (.1 dt,

where [a, B] = J, which is hence defined for all x € I. If the partial derivative g, exists
and is continuous on I x J then f is continuously differentiable on I and, for any x € I,

B
f(@) = / g, () d.

In other words, the operations of differentiation in x and integration in ¢, when applied
to g (x,t), are interchangeable.
Proof of Lemma 1.6. We need to show that, for all x € I,

w—)/jgw(%ﬂdt%y—)x’

which amounts to

8 . B
/ g (y,t) g (x’t)dt N / Gz (x,t) dt as y — x.
a y— a

Note that by the definition of a partial derivative, for any ¢ € [«, (],

g(y,t) —g (1)
y—l’

— gz (z,t) asy — . (1.23)

Consider all parts of (1.23) as functions of ¢, with fixed x and with y as a parameter. Then
we have a convergence of a sequence of functions, and we would like to deduce that their
integrals converge as well. By a result from Analysis I1, this is the case, if the convergence
is uniform (gleichmissig) in the whole interval [a, ], that is, if

te[a,f] y—

By the mean value theorem, for any t € [«, 3], there is £ € [z, y] such that

9(y,t) —g(z,1)
y—x

= 0z (fat)'
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Hence, the difference quotient in (1.24) can be replaced by g, (§,t). To proceed further,
recall that a continuous function on a compact set is uniformly continuous. In particular,
the function g, (x,t) is uniformly continuous on [ x J, that is, for any € > 0 there is § > 0
such that

el lr—¢ <dandt,se€ J [t —s| <0 = |g.(2,t) — g, (&, 5)] <e. (1.25)
If [z — y| < 0 then also |x — &| < 6 and, by (1.25) with s = ¢,
|2 (§,1) — gz (v, )| < e forallt € J.

In other words, | — y| < ¢ implies that

t) — gzt
sup 9(y,t) —g(z, )_gw(x,t) <

teJ y—x

whence (1.24) follows. m
Consider some examples to Theorem 1.5.

Example. Consider again the differential form 2zydx + (2 + y?) dy in 2 = R?. Since
ay = (2zy), = 2r = (* + y2)x =b,,

we conclude by Theorem 1.5 that the given form is exact. The integral F' can be found
by (1.21) taking xy = yo = O:

yS

x Yy
F(m,y):/ 2$0d8—|—/ (z* + %) dt:mQy—i—?,
Jo Jo

as it was observed above.
Example. Consider the differential form

—ydzx + zdy

1.26
x2 + 12 (1.26)

in Q = R?\ {0}. This form satisfies the condition a, = b, because

y (*+9°) =20 y* -2’
W=\ mr2) T 2 .22 (12 .2)2
¥y (22 +9?) (22 +y?)

and

(22412 (@2 +y?)?

By Theorem 1.5 we conclude that the given form is exact in any rectangular subdomain
of Q2. However, 2 itself is not a rectangle, and let us show that the form is inexact in €.
To that end, consider the function 6 (z,y) which is the polar angle that is defined in the
domain

_< T )_(x2+y2)—2x2 y? — a?

x?+ 92 -

Q' =R*\ {(2,0): 2 <0}

by the conditions

sin @ = y, cosf = E, 0e(—mm),
r r
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where 7 = /22 + y2. Let us show that in

_ —ydr +xdy

do
x? + 12

: (1.27)
that is, 6 is the integral of (1.26) in €. In the half-plane {z > 0} we have tanf = £ and
0 € (—n/2,7/2) whence

f = arctan g.
T

Then (1.27) follows by differentiation of the arctan:

1 xdy —ydr  —ydr + xdy

df = =
T+ (/) o Py

In the half-plane {y > 0} we have cotf = ¥ and 6 € (0, 7) whence

T
0 = arccot —
Yy

and (1.27) follows again. Finally, in the half-plane {y <0} we have cot = ¢ and 0 €

(—m,0) whence
f = — arccot <—£> ,
Y

and (1.27) follows again. Since €' is the union of the three half-planes {x > 0}, {y > 0},
{y < 0}, we conclude that (1.27) holds in €' and, hence, the form (1.26) is exact in €.

Now we can prove that the form (1.26) is inexact in 2. Assume from the contrary
that it is exact in €2 and that F' is its integral in €2, that is,

JF — —ydx —I—:Edy‘
2?2 + y?

Then dF = df in £ whence it follows that d (F — ) = 0 and, hence'* F' = 0 + const in
. It follows from this identity that function 6 can be extended from €’ to a continuous
function on €2, which however is not true, because the limits of § when approaching the
point (—1,0) (or any other point (x,0) with < 0) from above and below are different:
m and —7 respectively.

The moral of this example is that the statement of Theorem 1.5 is not true for an
arbitrary open set (). It is possible to show that the statement of Theorem 1.5 is true
if and only if the set Q is simply connected, that is, if any closed curve in §2 can be
continuously deformed to a point while staying in €2. Obviously, the rectangles are simply
connected (as well as '), while the set 2 = R?\ {0} is not simply connected.

We use the following fact from Analysis II: if the differential of a function is identical zero in a
connected open set U C R™ then the function is constant in this set. Recall that the set U is called
connected if any two points from U can be connected by a polygonal line that is contained in U.

The set € is obviously connected.
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1.4 Integrating factor

Consider again the quasilinear equation
a(z,y)+b(x,y)y =0 (1.28)

and assume that it is inezxact.
Write this equation in the form

adx + bdy = 0.
After multiplying by a non-zero function M (z,y), we obtain an equivalent equation
Madx + Mbdy = 0,

which may become exact, provided function M is suitably chosen.

Definition. A function M (z,y) is called the integrating factor for the differential equa-
tion (1.28) in €2 if M is a non-zero function in  such that the form Madx + Mbdy is
exact in €.

If one has found an integrating factor then multiplying (1.28) by M the problem
amounts to the case of Theorem 1.4.

Example. Consider the ODE
Y
/

- 4oy + o’
in the domain {x > 0,y > 0} and write it in the form

Y

ydx — (42°y + z) dy = 0.
Clearly, this equation is not exact. However, dividing it by 22, we obtain the equation
1
%da: — <4y + —> dy =0,
x x
which is already exact in any rectangular domain because
Y ) 1 1
=) ===—4y+—-| .
(902 y 12 ( y+ x)x

Taking in (1.21) xy = yo = 1, we obtain the integral of the form as follows:

“1 Y 1
F(x,y):/ —2ds—/ <4t+—>dt:3—2y2—g.
J1 8 J1 x x

By Theorem 1.4, the general solution is given by the identity

2% + Y_oc.
x
There are no regular methods for finding the integrating factors.
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1.5 Second order ODE

For higher order ODEs we will use different notation: the independent variable will be
denoted by ¢ and the unknown function by z (¢). In this notation, a general second order
ODE, resolved with respect to z” has the form

",L'” = f (t’ x? $,> ?

where f is a given function of three variables. We consider here some problems that
amount to a second order ODE.

1.5.1 Newtons’ second law

Consider movement of a point particle along a straight line and let its coordinate at
time ¢ be x (t). The velocity'? of the particle is v (t) = 2’ (t) and the acceleration®? is
a(t) = 2" (t). The Newton’s second law says that at any time

mz" = F, (1.29)

where m is the mass of the particle and F is the force'* acting on the particle. In general,
F' is a function of ¢,x,a’, that is, F' = F (t,z,2’) so that (1.29) can be regarded as a
second order ODE for x ().

The force F' is called conservative if F' depends only on the position x. For example,
the gravitational, elastic, and electrostatic forces are conservative, while friction'® and
the air resistance! are non-conservative as they depend on the velocity. Assuming that
F = F(z), let U(x) be a primitive function of —F (z). The function U is called the
potential of the force F'. Multiplying the equation (1.29) by 2’ and integrating in ¢, we

obtain

m/x"ac’dt: /F(x)x'dt,

m d N2 .

. /dt (') dt_/F(x)dx,

N2
m(Qx) =-U(x)+C
and )
% YU (z)=C.

The sum m2”2 + U () is called the mechanical energy of the particle (which is the sum

of the kinetic energy and the potential energy). Hence, we have obtained the law of
conservation of energy'’: the total mechanical energy of the particle in a conservative
field remains constant.

12Geschwindigkeit
13Beschleunigung

M Kraft

15Reibung
16Strémungswiderstand
"Energieerhaltungssatz

23



1.5.2 Electrical circuit

Consider an RLC-circuit that is, an electrical circuit'® where a resistor, an inductor and

a capacitor are connected in a series:
R I(t)
— ]

V() * E

O=——

Denote by R the resistance!® of the resistor, by L the inductance?® of the inductor,
and by C' the capacitance?! of the capacitor. Let the circuit contain a power source with
the voltage V (t)** depending in time ¢. Denote by I (¢) the current®® in the circuit at
time ¢. Using the laws of electromagnetism, we obtain that the voltage drop?* vy on the

resistor R is equal to
VR = RI

(Ohm’s law?®), and the voltage drop vz, on the inductor is equal to

UL:La

(Faraday’s law). The voltage drop ve on the capacitor is equal to

/l} :9
c O?

where () is the charge?® of the capacitor; also we have ' = I. By Kirchhoff’s law, we

obtain
VR + v + Vo = V(t)

whence
RI—i—LI’—l—%:V(t).

18Schaltung
19Widerstand
20Induktivitat
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22Spannung
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24Spannungsfall
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Differentiating in ¢, we obtain

I
LI"+RI'+ = =V, (1.30)
which is a second order ODE with respect to I (t). We will come back to this equation
after having developed the theory of linear ODEs.

1.6 Higher order ODE and normal systems

A general ODE of the order n resolved with respect to the highest derivative can be
written in the form
y = F (t,y, ...,y(”_l)) , (1.31)

where ¢ is an independent variable and y (¢) is an unknown function. It is frequently more
convenient to replace this equation by a system of ODEs of the 1% order.

Let x (t) be a vector function of a real variable ¢, which takes values in R”. Denote by
xy the components of x. Then the derivative 2’ () is defined component-wise by

= (a],2h, ..., x)).

ooy n

Consider now a vector ODE of the first order
¥ =f(tux), (1.32)

where f is a given function of n+1 variables, which takes values in R", that is, f : Q@ — R"
where 2 is an open subset?” of R"*1. Here the couple (¢, z) is identified with a point in
R+ as follows:

(t,x) = (t,x1,..., Tp) -
Denoting by fi the components of f, we can rewrite the vector equation (1.32) as a system

of n scalar equations
/
ry = f1(t,xy, ..., z)

z = fr (t, 21, . ) (1.33)

= fu(t,z1, ... xp)
A system of ODEs of the form (1.32) or (1.33) is called the normal system. As in the
case of the scalar ODEs, define a solution of the normal system (1.32) as a differentiable
function x : I — R", where I is an interval in R, such that (¢, z (t)) € Q for all ¢t € I and
2 (t)=f(t,x(t)) forall t € I.
Let us show how the equation (1.31) can be reduced to the normal system (1.33).
Indeed, with any function y (¢) let us associate the vector-function

)

= (y, s,y V)

which takes values in R"™. That is, we have

/
T1 =Y, T2=Y, .., Tn =Y

2TTeilmenge

25



Obviously,
Z’l = (y/; y//v [ y(n)) )

and using (1.31) we obtain a system of equations
(1.34)

Obviously, we can rewrite this system as a vector equation (1.32) with the function f as
follows:

f(t,z) = (va, 23, .o, Tpy F (L, 21, 0y 7)) (1.35)
Conversely, the system (1.34) implies

2V =g =F(t,x1,..a0) = F (t,xl,x’l, ..,xﬁ”‘”)
so that we obtain equation (1.31) with respect to y = x1. Hence, the equation (1.31) is

equivalent to the vector equation (1.32) with function f defined by (1.35).

Example. Consider the second order equation

y'=Ftyy).
Setting = = (y, ') we obtain
x/ — (y/7y//)
whence
T = 9
xh = F (t,x1,22)

Hence, we obtain the normal system (1.32) with

f(t,x) = (xg, F (t,21,22)) .

As we have seen in the case of the first order scalar ODE, adding the initial condition
allows usually to uniquely identify the solution. The problem of finding a solution sat-
isfying the initial condition is called the initial value problem, shortly IVP. What initial
value problem is associated with the vector equation (1.32) and the scalar higher order
equation (1.31)? Motivated by the 1st order scalar ODE, one can presume that it makes
sense to consider the following IVP also for the 1st order vector ODE:

{x’zf(t,x),

T (to) = T,

where (tg, o) € € is a given point. In particular, zo is a given vector from R"™, which
is called the initial value of z(¢), and t, € R is the initial time. For the equation
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(1.31), this means that the initial conditions should prescribe the value of the vector
T = (y, T y(”_l)) at some ty, which amounts to n scalar conditions

y (to) = yo
Y (to) =1

y("_l) (tO) = Yn—1

where 1o, ..., y,_1 are given values. Hence, the initial value problem IVP for the scalar
equation of the order n can be stated as follows:

y™ =F (t,y,y, ...,y V)
y (to) = yo
Y (to) =1

y(nil) (tO) = Yn-1-
1.7 Some Analysis in R"
Here we briefly revise some necessary facts from Analysis in R".
1.7.1 Norms in R"
Recall that a norm in R" is a function N : R" — [0, +00) with the following properties:
1. N (z) =0 if and only if x = 0.
2. N(cx) = |c| N (x) for all z € R" and ¢ € R.
3. N(z+y) <N (x)+ N (y) for all z,y € R"™.

If N (x) satisfies 2 and 3 but not necessarily 1 then N (x) is called a semi-norm.
For example, the function |z| is a norm in R. Usually one uses the notation ||z|| for a
norm instead of N (z).

Example. For any p > 1, the p-norm in R" is defined by

n 1/p
lllp = <Z|xk\p> : (1.36)
k=1
In particular, for p = 1 we have

n
Izl =l
k=1

n 1/2
ol = (z) |
k=1

|#lloo = max |-

and for p = 2

For p = oo set
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It is known that the p-norm for any p € [1, 0] is indeed a norm.

It follows from the definition of a norm that in R any norm has the form ||z|| = ¢ ||
where c is a positive constant. In R™, n > 2, there is a great variety of non-proportional
norms. However, it is known that all possible norms in R" are equivalent in the following
sense: if Ny (z) and N, (x) are two norms in R™ then there are positive constants C” and

C" such that
Ny (z)

N2 (ZE)

For example, it follows from the definitions of ||z[|, and [|z||,, that

C" < < ' for all x # 0. (1.37)

o0

1

IN

For most applications, the relation (1.37) means that the choice of a specific norm is
unimportant.
Fix a norm ||z|| in R™. For any € R™ and r > 0, define an open ball

B(‘T,T):{yERnIHI—yH<7’},

and a closed ball

B(z,r)={yeR": |z —y| <r}.
For example, in R with ||z = |z| we have B(x,r) = (v — 7,2 +7) and B(z,7r) =
[z — 7,z + r]. Below are sketches of the ball B (0,r) in R? for different norms:
the 1-norm (a diamond ball):

the 2-norm (a round ball):

28



the 4-norm:

the oo-norm (a square ball):

x 1
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1.7.2 Continuous mappings

Let S be a subset of R” and f be a mapping®® from S to R™. The mapping f is called
continuous? at x € S if f (y) — f(z) as y — x that is,

1f () = f (@) || = 0as [y —zl| = 0.

Here in the expression ||y — z|| we use a norm in R” whereas in the expression || f (y) —
f(z)]| we use a norm in R™, where the norms are arbitrary, but fixed. Thanks to the
equivalence of the norms in the Euclidean spaces, the definition of a continuous mapping
does not depend on a particular choice of the norms.
Note that any norm N (z) in R" is a continuous function because by the triangle
inequality
IN(y) =N (z)| <N(y—2z) > 0asy —x.

Recall that a set S C R™ is called

e open®® if for any z € S there is r > 0 such that the ball B (z,r) is contained in S;
e closed?! if S¢ is open;

e compact if S is bounded and closed.

An important fact from Analysis is that if S is a compact subset of R” and f : S — R™
is a continuous mapping then the image®? f (59) is a compact subset of R™. In particular,
of f is a continuous numerical functions on S, that is f : S — R then f is bounded on S
and attains on S its maximum and minimum.

1.7.3 Linear operators and matrices

Let us consider a special class of mappings from R" to R that are called linear operators
or linear mappings. Namely, a linear operator A : R — R™ is a mapping with the
following properties:

1. A(x +y) = Az + Ay for all z,y € R™;
2. A(cx) = cAx for all c € R and = € R™.

Any linear operator from R” to R™ can be represented by a m x n matrix (a,;) where
i is the row?? index, i = 1, ...,m, and j is the column3* index j = 1, ..., n, as follows:

(Az), =) aiz;
=1
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(the elements a;; of the matrix (a;;) are called the components of the operator A). In
other words, the column vector Az is obtained from the column-vector x by the left
multiplication with the matrix (a;;):

(Ax)l (03 Q1n I
(Ax), Y T

The class of all linear operators from R" to R™ is denoted by R”*" or by £ (R", R™). One
defines in the obvious way the addition A+ B of operators in R™*™ and the multiplication
by a constant cA with ¢ € R:

1. (A+ B) (x) = Az + Bz,
2. (cA) (x) = c(Ax).

Clearly, R™*™ with these operations is a linear space over R. Since any m X n matrix
has mn components, it can be identified with an element in R™"; consequently, R™*" is
linearly isomorphic to R™".

Let us fix some norms in R” and R™. For any linear operator A € R™*"  define its
operator norm by

IAll = (1.38)
where ||z|| is the norm in R” and || Az|| is the norm in R™. We claim that always || A|| < oc.
Indeed, it suffices to verify this if the norm in R” is the 1-norm and the norm in R™ is
the co-norm. Using the matrix representation of the operator A as above, we obtain

n
| Az, = max |(A2),| < max|ag] o] = allzl]
i ]:1

where a = max; ; |a;;|. It follows that ||A| < a < .
Hence, one can define || A|| as the minimal possible real number such that the following
inequality is true:
|Az|| < ||A|l||z] for all x € R".

As a consequence, we obtain that any linear mapping A € R™*™ is continuous, because
[Ay — Az[| = [[A(y —2)| < [[ Al [ly — 2]l = Oas y — .

Let us verify that the operator norm is a norm in the linear space R™*". Indeed, by
(1.38) we have ||A|| > 0; moreover, if A # 0 then there is € C" such that Az # 0,
whence || Az| > 0 and
llA]

]l

> 0.

1]l =
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The triangle inequality can be deduced from (1.38) as follows:
[(A+B)a] _ 1Azl + [ Bz]

|A+ B|| = sup <
z ||| z ||
S . W -2
< up -+ sup
» |zl = |z
= 1Al + (| B]|.

Finally, the scaling property trivially follows from (1.38):

MNA) x M |[Az
Al — sup LOD T I e

= 2l e el

= [ALIA]]

Similarly, one defines the notion of a norm in C”, the space of linear operators C™*™
and the operator norm in C™*". All the properties of the norms in the complex spaces
can be either proved in the same way as in the real spaces, or simply deduced from the
real case by using the natural identification of C"* with R?".

2 Linear equations and systems

A normal linear system of ODEs is the following vector equation
¥=A{t)z+ B(t), (2.1)

where A : [ — R B :] — R" [ is an interval in R, and z = z (¢) is an unknown
function with values in R".

In other words, for each t € I, A (t) is a linear operator in R", while A (t) x and B (¢)
are the vectors in R". In the coordinate form, (2.1) is equivalent to the following system
of linear equations

=1

where A;; and B; are the components of A and B, respectively. We will consider the
ODE (2.1) only when A(t) and B (t) are continuous in ¢, that is, when the mappings
A: 1l —R"™ and B : I — R" are continuous. It is easy to show that the continuity of
these mappings is equivalent to the continuity of all the components A;; (t) and B; (1),
respectively

2.1 Existence of solutions for normal systems

Theorem 2.1 In the above notation, let A(t) and B (t) be continuous int € I. Then,
for any ty € I and o € R", the IVP

{ ¥=A{t)x+ B(t)

() — (2.2)

has a unique solution x (t) defined on I, and this solution is unique.

Before we start the proof, let us prove the following useful lemma.
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Lemma 2.2 (The Gronwall inequality) Let z (t) be a non-negative continuous function
on [to, t1] where ty < t1. Assume that there are constants C,L > 0 such that

z (t) SC’—}-L/)tZ(S)dS (2.3)
for all t € [to,t1]. Then
z(t) < Cexp (L(t—tp)) (2.4)

for all t € [to,t].

Proof. It suffices to prove the statement the case when C' is strictly positive, which
implies the validity of the statement also in the case C' = 0. Indeed, if (2.3) holds with
C' = 0 then it holds with any C' > 0. Therefore, (2.4) holds with any C' > 0, whence it
follows that it holds with C' = 0.

Hence, assume in the sequel that C' > 0. This implies that the right hand side of (2.3)

is positive. Set
t

F(t):C+L/ +(s) ds

Jto
and observe that F' is differentiable and F” = Lz. It follows from (2.3) that z < F’ whence
F'=Lz<LF.

This is a differential inequality for F' that can be solved similarly to the separable ODE.
Since F' > 0, dividing by F' we obtain

whence by integration

¢
< Lds =L (t —
F(s) ds < /to ds (t —to),

for all ¢ € [to,t1]. It follows that
F(t) < F(to)exp (L (t —to)) = Cexp (L (L — to)).
Using again (2.3), that is, z < F', we obtain (2.4). =
Proof of Theorem 2.1. Let us fix some bounded closed interval [a, ] C I such

that to € o, B]. The proof consists of the following three parts.

1. the uniqueness of a solution on |«, [];
2. the existence of a solution on |a, A];

3. the existence and uniqueness of a solution on [.
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We start with the observation that if x (¢) is a solution of (2.2) on I then, for all ¢ € I,

r(t) = x0+/tx’(s)ds

to

t

= zo+ / (A(s)x(s)+ B(s))ds. (2.5)
to

In particular, if z (¢) and y (¢) are two solutions of IVP (2.2) on the interval [a, 5], then

they both satisfy (2.5) for all ¢ € [a, §] whence

x<t>—y<t>:/t A(s) (2 (s) — y (s)) ds.

Setting
2(t) = llz (t) =y (1)l

and using that
[A(y —2)|| < | Alllly — =l = [|A]l ,

we obtain .
z(t) < [ [[A(s)]| 2 (s)ds,

Jto
for all t € [to, 8], and a similar inequality for ¢ € [a,ts] where the order of integration
should be reversed. Set

a= sup [[A(s)]. (2.6)
s€la,f]
Since s — A(s) is a continuous function, s — ||A(s)|| is also continuous; hence, it is
bounded on the interval [a, ] so that a < oo. It follows that, for all ¢ € [ty, 5],

z (t) Sa/tz(s)ds,

to
whence by Lemma 2.2 z (t) < 0 and, hence, z (t) = 0. By a similar argument, the same
holds for all t € [a, o] so that z (t) = 0 on [«, 3], which implies the identity of the solutions
x(t) and y (t) on [o, A].
In the second part, consider a sequence {zy (t)},, of functions on [a, 3] defined in-

ductively by
Zo (t) = 2o

and
e (8) = 20+ / (A(s)zxs (5) + B(s)ds, k> 1. (2.7)

to

We will prove that the sequence {xy},., converges on [, /] to a solution of (2.2) as
k — oo.
Using the identity (2.7) and

xp_1 (t) = x0 + / (A(s)zk—2(s)+ B(s))ds

Jtg
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we obtain, for any k > 2 and t € [to, 5],
t
|lzg (1) — zp—1 (1) < / |A(s)[ l|zx-1(5) — 212 (5)]| ds
to
t
< a / nms (5) — 20 (5)]] s
to

where a is defined by (2.6). Denoting

2, (t) = |lzn (t) — 2ea ()]

we obtain the recursive inequality

2k (1) < a/t zk—1 (8) ds.

to

In order to be able to use it, let us first estimate z; (t) = ||x1 (t) — xo (¢)||. By definition,
we have, for all t € [to, 7],

/ (A(s)xo+ B(s))ds

to

2 () = ‘

<b(t—to),

where
b= sup [[A(s)xo+ B(s)]] < 0.

s€[a,f]

It follows by induction that

¢ t —to)?
2o (t) < ab (s—to)dSZab—< 20),
ttO
¢ 2 3
5 (s—t0)" , o (t—to)
23 (t) < ab/tOTdS_abT’
(t —to)"

() < a"'b X

Setting ¢ = max (a,b) and using the same argument for ¢ € [«, ty], rewrite this inequality

in the form i
(c]t —to])

ok (8) = 2p O < ———

for all ¢t € [, 5]. Since the series

clt —to)F
Z( | - )

k

is the exponential series and, hence, is convergent for all ¢, in particular, uniformly® in
any bounded interval of ¢, we obtain by the comparison test, that the series

Dl (8) = zia ()]

35 . s
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converges uniformly in ¢ € [«, 5], which implies that also the series

Y (e (t) =i (1)
k=1
converges uniformly in ¢ € [, §]. Since the N-th partial sum of this series is zy (t) — zo,
we conclude that the sequence {zy (t)} converges uniformly in t € [a, ] as k — oo.
Setting

x(t) = lim xy (t)

k—o0

and passing in the identity
xy (t) = 0 + /tt (A(s)zg—1(s)+ B(s))ds
to the limit as kK — oo, obtain
x(t) =mzo+ /tt (A(s)x(s)+ B(s))ds. (2.8)

This implies that x (¢) solves the given IVP (2.2) on [«, 3]. Indeed, z () is continuous
on [a, ] as a uniform limit of continuous functions; it follows that the right hand side of
(2.8) is a differentiable function of ¢, whence

x/:%<x0+/ (A(s)x(s)+B(s))ds.> =At)x(t)+B(t).

to

Finally, it is clear from (2.8) that z (t9) = .
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Having constructed the solution of (2.2) on any bounded closed interval o, 8] C I, let
us extend it to the whole interval I as follows. For any interval I, there is an increasing
sequence of bounded closed intervals {[ay, 5;]};=, such that their union is I; furthermore,
we can assume that ¢y € [ay, 3,] for all [. Denote by z; () be the solution of (2.2) on [y, ;).
Then 241 (¢) is also the solution of (2.2) on [ay, ;] whence it follows by the uniqueness
statement of the first part that x; 1 (t) = z; (t) on [y, 5,]. Hence, in the sequence {z; (t)}
any function is an extension of the previous function to a larger interval, which implies
that the function

z(t) = (t) if t € [, (]

is well-defined for all ¢ € I and is a solution of IVP (2.2). Finally, this solution is unique
on [ because the uniqueness takes place in each of the intervals [oy, ;. ®

2.2 Existence of solutions for higher order linear ODE

Consider a scalar linear ODE of the order n, that is, the ODE
2™ ay () 2"V 4 ta, () =Db(1), (2.9)

where all functions ay (¢), b (t) are defined on an interval I C R.
Following the general procedure, this ODE can be reduced to the normal linear system
as follows. Consider the vector function

x(t) = (z(t),2 t),..a" (1)) (2.10)

so that

(n—2)

/ n—1
X1 =2, X9=2T,..., Xpp_1 =T s Xn:.I( )

Then (2.9) is equivalent to the system

X] = X
Xy = X3
/
X1 X,
/
X, = —@1X,— Q2Xp_1 —...— QX1 +0b

that is, to the vector ODE

xX' =A({t)x+ B(t) (2.11)
where
0 1 0 0 0
0 0 1 .. 0 0
A= and B=1] .. |. (2.12)
0 0 0 o1 0
—a, —0p—1 —Qp_9 ... —a1 b

Theorem 2.1 implies then the following.
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Corollary. Assume that all functions ay (t),b(t) in (2.9) are continuous on I. Then,
for any to € I and any vector (xg, x1, ..., xn—1) € R"™ there is a unique solution x (t) of the
ODE (2.9) with the initial conditions

l’l(to) = 29
v (o) = = (2.13)

l’(n_l) (to) = Tp-1

Proof. Indeed, setting xg = (xo, 21, ..., Zn_1), We can rewrite the IVP (2.9)-(2.13) in

the form
{ x' = Ax+ B

X (t()) = Xp

which is the IVP considered in Theorem 2.1. =

2.3 Space of solutions of linear ODEs

The normal linear system 2’ = A (t)x + B (t) is called homogeneous if B (t) = 0, and
inhomogeneous otherwise.
Consider an inhomogeneous normal linear system

¥ =At)z+B(t), (2.14)

where A (t) : I — R"™ and B (t) : I — R" are continuous mappings on an open interval
I C R, and the associated homogeneous equation

¥ =A(t)z. (2.15)
Denote by A the set of all solutions of (2.15) defined on I.

Theorem 2.3 (a) The set A is a linear space®® over R and dim A = n.Consequently, if
x1 (1), ..., zn (t) are n linearly independent®™ solutions to (2.15) then the general solution
of (2.15) has the form

z(t) = Cixy () + ... + Cpx,, (1), (2.16)

where C1, ..., C,, are arbitrary constants.
(b) If xo (t) is a particular solution of (2.14) and xy (t), ..., x, (t) are n linearly inde-
pendent solutions to (2.15) then the general solution of (2.14) is given by

z(t) =9 (t) + Cray (t) + ... + Crxy, (1) . (2.17)

Proof. (a) The set of all functions I — R™ is a linear space with respect to the
operations addition and multiplication by a constant. Zero element is the function which
is constant 0 on I. We need to prove that the set of solutions A is a linear subspace of
the space of all functions. It suffices to show that A is closed under operations of addition
and multiplication by constant.

36linearer Raum
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If x and y € A then also z + y € A because
(x+y) =2"+y =Av+ Ar = A(z +y)

and similarly cz € A for any ¢ € R. Hence, A is a linear space.

Fix ty € I and consider the mapping ® : A — R" given by ® (z) = x ({o); that is, ® (z)
is the value of x (t) at ¢t = ty,. This mapping is obviously linear. It is surjective since by
Theorem 2.1 for any v € R™ there is a solution x (¢) with the initial condition x (¢y) = v.
Also, this mapping is injective because x (to) = 0 implies x (¢) = 0 by the uniqueness of
the solution. Hence, ® is a linear isomorphism between A and R", whence it follows that
dim A = dimR" = n.

Consequently, if x1, ..., x, are linearly independent functions from A then they form a
basis in A. It follows that any element of A is a linear combination of z1, ..., x,, that is,
any solution to 2’ = A (t) z has the form (2.16).

(b) We claim that a function x (¢) : I — R" solves (2.14) if and only if the function
y(t) =z (t) — xo (t) solves (2.15). Indeed, the homogeneous equation for y is equivalent
to

(ac—xo)' = A(x— ),
= Az + (x5 — Axo).

Using x = Axg + B, we see that the latter equation is equivalent to (2.14). By part (a),
the function y () solves (2.15) if and only if it has the form

y=Crxy (t) + ... + Cpxy, (1), (2.18)

whence it follows that all solutions to (2.14) are given by (2.17). =
Consider now a scalar ODE

g™ a; () 2"V 4+ a, () =Db(1) (2.19)

where all functions aq, ..., a,, f are continuous on an interval I, and the associated homo-
geneous ODE
2™ 4 ay () 2" Y + L 4a, () =0. (2.20)

Denote by A the set of all solutions of (2.20) defined on I.

Corollary. (a) The set A is a linear space over R and dim A = n.Consequently, if
X1, ..., Ty, are n linearly independent solutions of (2.20) then the general solution of (2.20)
has the form

z(t) = Crxy () + ... + Crx,, (1),

where C1, ..., C,, are arbitrary constants.
(b) If zo (t) is a particular solution of (2.19) and x4, ...,x, are n linearly independent
solutions of (2.20) then the general solution of (2.19) is given by
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Proof. (a) The fact that A is a linear space is obvious (cf. the proof of Theorem 2.3).
To prove that dim .4 = n, consider the associated normal system

x' = A(t)x, (2.21)

where
x = (z,2/, ..., x("’l)) (2.22)

and A (t) is given by (2.12). Denoting by A the space of solutions of (2.21), we see that
the identity (2.22) defines a linear mapping from A to A. This mapping is obviously
injective (if x(¢) = 0 then z () = 0) and surjective, because any solution x of (2.21)
gives back a solution z (¢) of (2.20). Hence, A and A are linearly isomorphic. Since by
Theorem 2.3 dim A = n, it follows that dim A = n.The rest is obvious.

(b) The proof uses the same argument as in Theorem 2.3 and is omitted. m

Frequently it is desirable to consider complex valued solutions of ODEs (for example,
this will be the case in the next section). The above results can be easily generalized in
this direction as follows. Consider again a normal system

=At)z+ B(t),

where z (t) is now an unknown function with valuesin C*, A: [ — C"*" and B : I — C",
where [ is an interval in R; that is, for any ¢t € I, A(¢) is a linear operator in C", and
B (t) is a vector from C". Assuming that A (f) and B (t) are continuous, one obtains the
following extension of Theorem 2.1: for any ty € I and zy € C”, the IVP

{x’:Ax—i-B

2 (t) = o (2.23)

has a solution = : I — C", and this solution is unique. Alternatively, the complex valued
problem (2.23) can be reduced to a real valued problem by identifying C" with R?", and
the claim follows by a direct application of Theorem 2.1 to the real system of order 2n.

Also, similarly to Theorem 2.3, one shows that the set of all solutions to the homoge-
neous system x’ = Ax is a linear space over C and its dimension is n. The same applies
to higher order scalar ODE with complex coefficients.

2.4 Solving linear homogeneous ODEs with constant coefficients
Consider the scalar ODE

2™ 4+ a2 4 L 4 a,z =0, (2.24)

where ay, ..., a, are real (or complex) constants. We discuss here the methods of con-
structing of n linearly independent solutions of (2.24), which will give then the general
solution of (2.24).

It will be convenient to obtain the complex valued general solution x (t) and then to
extract the real valued general solution, if necessary. The idea is very simple. Let us look
for a solution in the form z (t) = e* where ) is a complex number to be determined.
Substituting this function into (2.24) and noticing that z*) = A\*eM, we obtain after
cancellation by e the following equation for A:

N+ a A" T+ +a, =0.
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This equation is called the characteristic equation of (2.24) and the polynomial P (\) =
N 4+ a; A"t .+ ay, is called the characteristic polynomial of (2.24). Hence, if X is
the root3® of the characteristic polynomial then the function e* solves (2.24). We try to
obtain in this way n independent solutions.

Theorem 2.4 If the characteristic polynomial P (\) of (2.24) has n distinct complex
T00ts A1, ..., An, then the following n functions

Mt et (2.25)

are linearly independent complex solutions of (2.24). Consequently, the general complex
solution of (2.24) is given by

z(t) = CreM + .+ Cpet, (2.26)

where C; are arbitrary complex numbers.

Let ay, ...a, be reals. If \ = a +iB is a non-real root of P ()\) then A = o — i3 is also
a root of P()\), and the functions e, eM in the sequence (2.25) can be replaced by the
real-valued functions e cos Bt, e sin Bt. By doing so to any couple of complex conjugate
roots, one obtains n real-valued linearly independent solutions of (2.24), and the general
real solution of (2.24) is their linear combination with real coefficients.

Example. Consider the ODE
2" — 32" + 22 =0.

The characteristic polynomial is P (A) = A* — 3\ + 2, which has the roots A\; = 1 and
Ao = 2. Hence, the linearly independent solutions are e! and e*, and the general solution
is Cie! + Che®. More precisely, we obtain the general real solution if C,Cy vary in R,
and the general complex solution if C, Cy € C.

38 Nullstelle
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Example. Consider the ODE 2” + x = 0. The characteristic polynomial is P (\) =
A% + 1, which has the complex roots A\; = i and Ay = —i. Hence, we obtain the complex
independent solutions e and e=%. Out of them, we can get also real linearly independent
solutions. Indeed, just replace these two functions by their two linear combinations (which
corresponds to a change of the basis in the space of solutions)

eit 4 it oit _ it

5 = cost and — = sint.

Hence, we conclude that cost and sint are linearly independent solutions and the general
solution is C' cost + Cysint.

Example. Consider the ODE 2 — 2 = 0. The characteristic polynomial is P (\) =
1= (A—=1) ()\2 + A+ 1) that has the roots \y =1 and Ay 3 = —% + z@ Hence, we
obtain the three linearly independent real solutions

; V3

14 S
e, e 2 COSTt, e 2 sm7t,

and the real general solution is
3 3
Cyet + ¢3! (C’g cos gt + (5 sin §t> )

Proof of Theorem 2.4. Since we know already that e’ are solutions of (2.24), it

suffices to prove that the functions in the list (2.25) are linearly independent. The fact
that the general solution has the form (2.26) follows then from Corollary to Theorem 2.3.

Let us prove by induction in n that the functions e, ..., e’? are linearly independent
whenever Ay, ..., A, are distinct complex numbers. If n = 1 then the claim is trivial, just
because the exponential function is not identical zero. Inductive step from n — 1 to n:
Assume that, for some complex constants C1, ..., C, and all t € R,

CreMt 4 .+ CpeMt =0, (2.27)

and prove that Cy = ... = C,, = 0. Dividing (2.27) by e and setting y1; = A\; — A, we
obtain
CieMt + .+ C,_q1ef1t +C, = 0.

Differentiating in ¢, we obtain
Crpget + ..+ Cpq iyt = 0.

By the inductive hypothesis, we conclude that Cu; = 0 when by u; # 0 we conclude
C; =0, for all j =1,...,n — 1. Substituting into (2.27), we obtain also C,, = 0.

Let ay,..,a, be reals. Since the complex conjugations commutes with addition and
multiplication of numbers, the identity P (A) = 0 implies P (X) = 0 (since ay, are real, we
have @y = ay). Next, we have

M = ¢ (cos Bt +isin Bt) and e = ™ (cos Bt — sin Bt) (2.28)
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so that e* and e are linear combinations of e* cos 5t and e* sin 3t. The converse is
true also, because

1 T 1 o
e cos ft = 3 <e’\t + e)‘t> and e sin ft = % (e)‘t — e”) . (2.29)
i

Hence, replacing in the sequence e, ..., e** the functions e* and e* by e® cos 5t and

e* sin Bt preserves the linear independence of the sequence.

After replacing all couples e, e by the real-valued solutions as above, we obtain
n linearly independent real-valued solutions of (2.24), which hence form a basis in the
space of all solutions. Taking their linear combinations with real coefficients, we obtain
all real-valued solutions. m

What to do when P (\) has fewer than n distinct roots? Recall the fundamental the-
orem of algebra (which is normally proved in a course of Complex Analysis): any polyno-
mial P (\) of degree n with complex coefficients has exactly n complex roots counted with
multiplicity. If Ag is a root of P (\) then its multiplicity is the maximal natural number
m such that P ()) is divisible by (A — Ag)"™, that is, the following identity holds

PN =O\—=X)"Q(\) forall A € C,

where ) (A\) is another polynomial of A\. Note that P ()\) is always divisible by A — Ag
so that m > 1. The fact that m is maximal possible is equivalent to @ (\) # 0. The
fundamental theorem of algebra can be stated as follows: if Ay, ..., A, are all distinct roots
of P () and the multiplicity of A; is m; then

miy+...+m.=n
and, hence,
PA)=A=X)™..(A=X\)" forall A € C.

In order to obtain n independent solutions to the ODE (2.24), each root A; should give
rise to m; independent solutions. This is indeed can be done as is stated in the following
theorem.

Theorem 2.5 Let Ay, ..., A\, be all the distinct complex roots of the characteristic polyno-
mial P (\) with the multiplicities my, ..., m,, respectively. Then the following n functions
are linearly independent solutions of (2.24):

{the'} j=1,.r, k=0,..,m; — 1 (2.30)

Consequently, the general solution of (2.24) is

T m]—l

p() =) ) Cytheh', (2.31)

j=1 k=0

where Cy; are arbitrary complex constants.

If aq,...,a, are real and A\ = o + i3 is a non-real root of P (\) of multiplicity m, then
X =a—if is also a root of the same multiplicity m, and the functions tFeM, theM in the
sequence (2.30) can be replaced by the real-valued functions t*e® cos 3t, te* sin 5t, for
any k=10,....m — 1.
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Remark. Setting

mj—1
Pi(t)=)  Cut",
k=1
we obtain from (2.31)
z(t) =Y Pj(t)eV. (2.32)

j=1
Hence, any solution to (2.24) has the form (2.32) where P; is an arbitrary polynomial of
t of the degree at most m; — 1.

Example. Consider the ODE 2" — 22’ + 2 = 0 which has the characteristic polynomial
PA)=X—-2X+1=(\-1).

Obviously, A = 1 is the root of multiplicity 2. Hence, by Theorem 2.5, the functions e
and te' are linearly independent solutions, and the general solution is

T (t) = (Cl + Cgt) et.

Example. Consider the ODE 2V + 2V — 22" — 22" + 2/ + x = 0. The characteristic
polynomial is

P =N+X -2 2224 A+ 1=N-1>(A+1)°.

Hence, the roots are Ay = 1 with m; = 2 and Ay = —1 with my = 3. We conclude that
the following 5 function are linearly independent solutions:

e, tel, e, te t2et.
The general solution is

z(t) = (C1 4 Cat) €' 4 (C5 4 Cyt + Cst*) e

Example. Consider the ODE 2V + 22" + 2/ = 0. Its characteristic polynomial is
PO =N 424X =2+ 1) = x(A+i)> (A —i)?,

and it has the roots A\ = 0, Ay =4 and A3 = —i, where Ay and A3 has multiplicity 2. The
following 5 function are linearly independent solutions:

1, e, te e te ™. (2.33)
The general complex solution is then

C1 + (Cy + Cst) e 4 (Cy + Cst) e ™.
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Replacing in the sequence (2.33) €, e~ by cost,sint and te”, te™" by tcost,tsint, we
obtain the linearly independent real solutions

1, cost, tcost, sint, tsint,
and the general real solution

C1 + (Cy + Cst) cost + (Cy + Cst) sin t.

We make some preparation for the proof of Theorem 2.5. Given a polynomial
P(\) = ao\N"+a N+ +ay,

with complex coefficients, associate with it the differential operator

P2 - AN o (4 n_1+ -
dt = Q di aq dt Qo

n n—1

CLO% + alW + —|— ao,

where we use the convention that the “product” of differential operators is the composi-

tion. That is, the operator P (%) acts on a smooth enough function f (t) by the rule

d

P <%> f=aof™ +arf" N+ . +aof

(here the constant term ag is understood as a multiplication operator).
For example, the ODE

™ 4+ a1z Y 4 4z =0 (2.34)

d
P —_— et
<dt>x 0

where P (\) = \" 4+ a;\" ' + ... + a, is the characteristic polynomial of (2.34).
As an example of usage of this notation, let us prove the following identity:

can be written shortly in the form

P <%> M= P(\)eM (2.35)

Indeed, it suffices to verify it for P (A\) = A\¥ and then use the linearity of this identity.
For such P (\) = A*, we have

d\ v d* At
P = )¢ = gme =\Ne'=P(\)eY,

which was to be proved. If X is a root of P then (2.35) implies that ¢* is a solution to
(2.24), which has been observed and used above.
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The following lemma is a far reaching generalization of (2.35).

Lemma 2.6 If f(t),g(t) are n times diﬁerentiable functions on an interval then, for
any polynomial P (\) = ag\" + ax N + ... + a, of the order at most n, the following

tdentity holds:
d “ d
P (@ (fo)=>_ ],f@ (@ g (2:36)

7=0

Example. Let P(\) = A*+ A+ 1. Then P'(\) =2\ + 1, P” =2, and (2.36) becomes

" ! d ! / d // /! d
(f9)" +(f9) +fg = fP<dt>g+fP <dt>g+ —f"P <£)g
= f@"+d+a+ 20 +9)+ "9

It is an easy exercise to see directly that this identity is correct.

Proof. It suffices to prove the identity (2.36) in the case when P ()\) = \*, k < n,
because then for a general polynomial (2.36) will follow by taking linear combination of
those for A*. If P ()\) = A* then, for j <k

PO =k(k—1)..(k—j+1)

and PU) =0 for j > k. Hence,

pu) 4y _ kE(k—=1)..(k—j+1) AN < k
a) (=] a) 1=

PU) <%) = 0, j>k,

and (2.36) becomes

(fg)® = Z k(k—1) j'(k — ]+ 1 g9 Z < >f(J (2.37)

Jj=0

The latter identity is known from Analysis and is called the Leibniz formula®®. m

Lemma 2.7 A complex number X\ is a root of a polynomial P with the multiplicity m if
and only if
P®(X)=0for allk=0,...,m — 1 and P™ (\) # 0. (2.38)

39Tf k = 1 then (2.37) amounts to the familiar product rule

(f9) =rfg+fg.

For arbitrary k € N, (2.37) is proved by induction in k.
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Proof. If P has a root A\ with multiplicity m then we have the identity
P(z)=(z—=XN)"Q(z) forall ze€C,
where @ is a polynomial such that @ (A) # 0. We use this identity for z € R. For any
natural k, we have by the Leibniz formula

k

ﬂ“@%=236>«z—mmwhwk”@»

Jj=0

If £ < m then also 7 < m and
((z — )\)m)(j) = const (z — \)"77 |

which vanishes at z = A. Hence, for k¥ < m, we have P%® (\) = 0. For k = m we have

again that all the derivatives ((z — )\)m)(j ) vanish at z = \ provided j < k, while for j = k
we obtain

(= =A™ = ((z = N)™)™ =ml #0.

Hence,
P () = ((z=N™™ QN #0.
Conversely, if (2.38) holds then by the Taylor formula for a polynomial, we have

/ (n)
P(z) = P(\)+ P1<!)\) (z—)\)+...—|—Pn—!()\)(z—)\)n
- P(:;(A) (z=A)"+ ..+ P(TZ!O‘) (z—=\)"
= (2-AN)"Q()
where POW 3y POm1) (x PO (A
Q(z) = m!< ) + (m—i—l()!) (z—=A)+...+ n!( ) (z=XN)"".

Obviously, @ (\) = % # 0, which implies that A is a root of multiplicity m. m

Lemma 2.8 If Ay, ..., \, are distinct complex numbers and if, for some polynomials P; (t),
> Pi(t)eN' =0 forallt €R, (2.39)
j=1

then P (t) =0 for all j.

Proof. Induction in r. If » = 1 then there is nothing to prove. Let us prove the
inductive step from r —1 to 7. Dividing (2.39) by e* and setting ; = A; — A,, we obtain

the identity
r—1

> Pi(t)yet' + B (t) = 0. (2.40)

j=1
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Choose some integer k > deg P,, where deg P as the maximal power of ¢ that enters P
with non-zero coefficient. Differentiating the above identity k times, we obtain

r—1
> Q1) et =0,
j=1

where we have used the fact that (P,)* = 0 and

(P (0 es)® = Q; ()

for some polynomial ), (this for example follows from the Leibniz formula). By the
inductive hypothesis, we conclude that all ); = 0, which implies that

(et =0,

Hence, the function Pje’s* must be equal to a polynomial, say R; (t). We need to show
that P; = 0. Assuming the contrary, we obtain the identity

R; (1)

etit = L=~ (2.41)

P; (1)
which holds for all ¢ except for the (finitely many) roots of P; (¢). If u; is real and p; > 0
then (2.41) is not possible since e’ goes to oo as t — +oo faster than the rational
function®® on the right hand side of (2.41). If p; < 0 then the same argument applies
when ¢t — —oco. Let now p; be complex, say p; = o + i with 3 # 0. Then we obtain
from (2.41) that

at Rj (t) at Rj (t)
e cos Ot = ReW and e™ sin gt = Imm.
It is easy to see that the real and imaginary parts of a rational function are again ratio-
nal functions. Since cos St and sin 5t vanish at infinitely many points and any rational
function vanishes at finitely many points unless it is identical constant, we conclude that
R; =0 and hence P; =0, for any j = 1,..,r — 1. Substituting into (2.40), we obtain that
also P.=0. m
Proof of Theorem 2.5. Let P ()) be the characteristic polynomial of (2.34). We
first prove that if ) is a root of multiplicity m then the function t*e* solves (2.34) for any
k=0,..m—1. By Lemma 2.6, we have

i kA _ ni K@) ) i M
P() ¢ = X507 ()

If j > k then the (tk)(j) =0. If j < k then j < m and, hence, PY) (\) = 0 by hypothesis.
Hence, all the terms in the above sum vanish, whence

P (%) (theM) =0,

40A rational function is by definition the ratio of two polynomials.
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that is, the function x (t) = t*e solves (2.34).
If A1, ..., A, are all distinct complex roots of P () and m; is the multiplicity of A; then
it follows that each function in the following sequence

{the¥'}, j=1,.,r k=0,..,m; — 1, (2.42)

is a solution of (2.34). Let us show that these functions are linearly independent. Clearly,
each linear combination of functions (2.42) has the form

r m;—1 T
DN Cuttet =Y Pi(t) e (2.43)
j=1 k=0 j=1
where P; (1) = >, ! C,xt® are polynomials. If the linear combination is identical zero

then by Lemma 2.8 P; = 0, which implies that all C;, are 0. Hence, the functions (2.42)
are linearly independent, and by Theorem 2.3 the general solution of (2.34) has the form
(2.43).

Let us show that if A = a + i is a complex (non-real) root of multiplicity m then
A = a—if is also a root of the same multiplicity m. Indeed, by Lemma 2.7, X satisfies the
relations (2.38). Applying the complex conjugation and using the fact that the coefficients
of P are real, we obtain that the same relations hold for X instead of A, which implies
that \ is also a root of multiplicity m. B

The last claim that every couple t*e?, t*er in (2.42) can be replaced by real-valued
functions t*e®! cos ft, t*e®! sin St, follows from the observation that the functions t*¢* cos St,
tFe?t sin 3t are linear combinations of t*e*, t*eM | and vice versa, which one sees from the
identities ] 1

e cos Bt = 5 (e” + e>‘t> . esin Bt = % (e” — e’\t> ,

eM = e (cos Bt + isin ft), M = ot (cos t — isin ft)

multiplied by t* (compare the proof of Theorem 2.4). m

2.5 Solving linear inhomogeneous ODEs with constant coeffi-
cients

Here we consider the ODE
2™ a2 Y L ar = (1), (2.44)

where the function f () is a quasi-polynomial, that is, f has the form
f(&) =Y R;(t)e"’
J

where R; (t) are polynomials, p; are complex numbers, and the sum is finite. It is obvious
that the sum and the product of two quasi-polynomials is again a quasi-polynomial.
In particular, the following functions are quasi-polynomials

the cos Bt and  t*e® sin St
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(where k is a non-negative integer and «, 3 € R) because

CiBt | =it . it _ o—ift
cos Ot = — and sinft = —
i

As before, denote by P ()) the characteristic polynomial of (2.44), that is
PA)=X"+a "+ .. +a,.

Then the equation (2.44) can be written shortly in the form P (
used below. We start with the following observation.

Claim. If f = fi+...4+ fx and x1 (1) , ..., zx () are solutions to the equation P (%) xj = fj,
then x = x1 + ... + x; solves the equation P (%) r=f.
Proof. This is trivial because

P<%>xzp<%>;xj:gjp<%>xj:;fj:f.

4) 3 = f, which will be
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Hence, we can assume that the function f in (2.44) is of the form f (¢t) = R (t) " where
R (t) is a polynomial. As we know, the general solution of the inhomogeneous equation
(2.44) is obtained as a sum of the general solution of the associated homogeneous equation
and a particular solution of (2.44). Hence, we focus on finding a particular solution of
(2.44).

To illustrate the method, which will be used in this Section, consider first the following

particular case:
P (%) r = et (2.45)

where p is not a root of the characteristic polynomial P (\) (non-resonant case). We
claim that (2.45) has a particular solution in the form x (t) = ae* where a is a complex
constant to be chosen. Indeed, we have by (2.35)

P(5) @) =Pue

whence J
P (E) (ae“t) = el
provided
1

Example. Let us find a particular solution to the ODE
2"+ 22"+ =€

Note that P (A\) = A> +2X+ 1 and p = 1 is not a root of P. Look for a solution in the
form z (t) = ae'. Substituting into the equation, we obtain

ae’ + 2ae’ + ae’ = €

whence we obtain the equation for a:

Alternatively, we can obtain a from (2.46), that is,
11
P(u) 1+2+1 4

a =

Hence, the answer is z (t) = 3e’.

Consider another equation:
2" 4+ 22"+ r = sint (2.47)
Note that sint is the imaginary part of e. So, we first solve
2" 422 +x=¢€"
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and then take the imaginary part of the solution. Looking for a solution in the form
z (t) = ae®, we obtain

1 1 1 1
TP 2r2itl 2 2
Hence, the solution is
i i N 1.
r= —56 =3 (cost +isint) = B sint — icost.
Therefore, its imaginary part x (t) = —31 cost solves the equation (2.47).

Example. Consider yet another ODE
2" + 22 +x = e " cost. (2.48)
Here e~ cost is a real part of e#! where ;= —1 + 7. Hence, first solve
"+ 22 +x = e

Setting x (t) = aet*, we obtain

1 1
a = = = —
P(p) (=140 +2(-1+4)+1
Hence, the complex solution is z (t) = —e(7!*)! = —e~tcost — ie~*sint, and the solution

to (2.48) is x (t) = —e ' cost.
Example. Finally, let us combine the above examples into one:
2"+ 22 + 1 =2e" —sint + e " cost. (2.49)

A particular solution is obtained by combining the above particular solutions:

1 1
z(t) = 2(=¢)—|—ccost)+ (—e"cost)
4 2
Lo Lost — et cost
= —e'+ —cost — e "cost.
2 2

Since the general solution to the homogeneous ODE 2" + 22" + 2 =0 is
T (t) = (Cl + Cgt) e*t,

we obtain the general solution to (2.49)

1 1
T (t) = (Cl + CQt) et + §et + 3 cost — e tcost.

Consider one more equation
2"+ 20 +r =€

This time p = —1 is a root of P (\) = A\* 42X\ + 1 and the above method does not work.
Indeed, if we look for a solution in the form x = ae™* then after substitution we get 0 in
the left hand side because e~* solves the homogeneous equation.

The case when p is a root of P () is referred to as a resonance. This case as well as
the case of the general quasi-polynomial in the right hand side is treated in the following
theorem.
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Theorem 2.9 Let R (t) be a non-zero polynomial of degree k > 0 and p be a complex
number. Let m be the multiplicity of i if p is a root of P and m = 0 if u is not a root of
P. Then the equation

P <%> x=R(t)e (2.50)

has a particular solution of the form
z(t) =t"Q(t) e,

where Q (t) is a polynomial of degree k (which is to be found).
In the case when k = 0 and R (t) = a, the ODE P (%) x = ae' has a particular
solution

x(t) = P(T(H)tme“t. (2.51)

Example. Come back to the equation

2+ 2 +x=et.

Here y = —1 is a root of multiplicity m = 2 and R (t) = 1 is a polynomial of degree 0.
Hence, the solution should be sought in the form

x(t) = at’e™!

where a is a constant that replaces () (indeed, () must have degree 0 and, hence, is a
constant). Substituting this into the equation, we obtain

a ((t2e*t)” +2 (t2e*t), + t2€7t> =e ! (2.52)
Expanding the expression in the brackets, we obtain the identity
(tze’t)” +2 (tze’t)/ + et =27,
so that (2.52) becomes 2a = 1 and a = 1. Hence, a particular solution is

1
z(t) = §t2€_t.

Alternatively, this solution can be obtained by (2.51):

1 1
t) = et = ~tPe".
x(t) P (1) e 5t e

Consider one more example.

2"+ 220+ =te!
with the same p = —1 and R (t) = t. Since deg R = 1, the polynomial ) must have
degree 1, that is, @ (t) = at + b. The coefficients a and b can be determined as follows.
Substituting

z(t) = (at + b) e = (at® + bt*) e
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into the equation, we obtain
o+ 2 +x = ((at® +02) ™) +2((at® + b)) + (at® + bt?) !
= (2b+6at)e™".
Hence, comparing with the equation, we obtain
20+ 6at =t
so that b=0and a = %. The final answer is

t3
z(t) = ge’t.

Proof of Theorem 2.9. Let us prove that the equation

P <%> = R(t)e"

has a solution in the form
x(t) =t"Q (t) e
where m is the multiplicity of © and deg () = k = deg R. Using Lemma 2.6, we have
d d 1 oo (d
Pl — = P|— m pty = (4m @) pG) [ 2 gut
(&)« = 7 (5) ewe > e ()

_ Z%(th ()9 PO (1) e, (2.53)

Jj=0

By Lemma 2.6, the summation here runs from j = 0 to j = n but we can allow any
j > 0 because for j > n the derivative P is identical zero anyway. Furthermore, since
PU) (1) =0 for all j < m — 1, we can restrict the summation to j > m. Set

y (1) = ("Q ()™ (2.54)

and observe that y (f) is a polynomial of degree k, provided so is @ (t). Conversely, for
any polynomial y (¢) of degree k, there is a polynomial @ (t) of degree k such that (2.54)
holds. Indeed, integrating (2.54) m times without adding constants and then dividing by
t™, we obtain @ (t) as a polynomial of degree k.

It follows from (2.53) that y must satisfy the ODE

which we rewrite in the form

boy + by + .. + by + .. =R () (2.55)
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pl+m) (1)

where b = ) (in fact, the index [ = j — m can be restricted to | < k since y =0
for [ > k). Note that
p(m)
by = # # 0. (2.56)
m!

Hence, the problem amounts to the following: given a polynomial R (t) of degree k, prove
that there exists a polynomial y (t) of degree k that satisfies (2.55). Let us prove the
existence of y by induction in k.

The inductive basis for £ = 0. In this case, R (t) is a constant, say R (t) = a, and y (t)
is sought as a constant too, say y (f) = ¢. Then (2.55) becomes byc = a whence ¢ = a/by.
Here we use that by # 0.

The inductive step from the values smaller than k to k. Represent y in the from

y =ctt + 2 (1), (2.57)

where z is a polynomial of degree < k. Substituting (2.57) into (2.55), we obtain the
equation for z

boz + b1z + ...+ bz20 + . = R(t) — <bgctk + b (ctk)/ + ) =: fi(t) )

Setting R (t) = at* + lower order terms and choosing ¢ from the equation byc = a, that
is, ¢ = a/by, we see that the term * cancels out and R (¢) is a polynomial of degree < k.
By the inductive hypothesis, the equation

boZ + blz' + ...+ blZ(l) +...= E(t)

has a solution z (¢) that is a polynomial of degree < k. Hence, the function y = ct* + 2
solves (2.55) and is a polynomial of degree k.
If £ =0, that is, R (t) = a is a constant then (2.55) yields

_a _ mla
T T PO ()
The equation (2.54) becomes
t t ==
Q)™ = p

whence after m integrations we find one of solutions for @ (¢):

a

Q (t) = P(m) (M)

Therefore, the ODE P (%) x = ae! has a particular solution

x(t) = @ yment,

P (1)
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2.6 Second order ODE with periodic right hand side
Consider a second order ODE
o' +pa’ +qr = f(t), (2.58)

which occurs in various physical phenomena. For example, (2.58) describes the movement
of a point body of mass m along the axis x, where the term px’ comes from the friction
forces, g - from the elastic forces, and f (¢) is an external time-dependant force. Another
physical situation that is described by (2.58), is an RLC-circuit:

R “\vx(t)

v(t) * E

oO=——

As before, let R the resistance, L be the inductance, and C be the capacitance of the
circuit. Let V' (¢) be the voltage of the power source in the circuit and z (t) be the current
in the circuit at time ¢. We have seen that x (t) satisfied the following ODE

La'+ Ra' + ==V,
T+ nr + C
If L # 0 then dividing by L we obtain an ODE of the form (2.58) where p = R/L,
q=1/(LC),and f =V'/L.

As an example of application of the above methods of solving linear ODEs with con-

stant coefficients, we investigate here the ODE

"+ pr' + qx = Asinwt, (2.59)

where A, w are given positive reals. The function Asinwt is a model for a more general
periodic force f(t), which makes good physical sense in all the above examples. For
example, in the case of electrical circuit the external force has the form Asinwt if the
power source is an electrical socket with the alternating current** (AC). The number w
is called the frequency®? of the external force (note that the period = 2%) or the external
frequency, and the number A is called the amplitude*® (the maximum value) of the external
force.
Assume in the sequel that p > 0 and ¢ > 0, which is physically most interesting case.
To find a particular solution of (2.59), let us consider first the ODE with complex right
hand side:
2"+ pr’ + qr = Ae™". (2.60)

1Wechselstrom
2Frequenz
43 Amplitude
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Let P (A\) = A% + p) + ¢ be the characteristic polynomial. Consider first the non-resonant

case when iw is not a root of P (). Searching the solution in the from ce™?, we obtain
by Theorem 2.9

A A b

Cc = = =.a 7
P(iw) —w?+piw+q
and the particular solution of (2.60) is
(a+1ib) ™' = (acoswt — bsinwt) + i (asinwt + bcos wt) .

Taking its imaginary part, we obtain a particular solution of (2.59)

z (t) = asinwt + bcoswt. (2.61)
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Rewrite (2.61) in the form
x (t) = B (cos g sinwt + sin g coswt) = Bsin (wt + @),

where

A
oo s

and the angle ¢ € [0,27) is determined from the identities

a . b
cosp = i sinp = 5

=Va?+ 0 = || = (2.62)

The number B is the amplitude of the solution, and ¢ is called the phase.
To obtain the general solution of (2.59), we need to add to (2.61) the general solution
of the homogeneous equation
2" + pa' + qx = 0.
Let A; and A are the roots of P ()), that is,
2

[
Ao =—==F\/— —q.
1,2 9 4 q

Consider the following cases.
A1 and Ay are real. Since p > 0 and ¢ > 0, we see that A\;, A\ < 0. The general
solution of the homogeneous equation has the from

CleAlt + 026)\2t if )\1 7é )\2,
(Cl + Cgt) e)‘lt if )\1 = )\2.

In the both cases, it decays exponentially in ¢ as ¢ — +o00. Hence, the general solution of
(2.59) has the form

z (t) = Bsin (wt + ¢) + exponentially decaying terms.

As we see, when t — oo the leading term of x(t) is the above particular solution
Bssin (wt + ¢). For the electrical circuit this means that the current quickly stabilizes
and becomes periodic with the same frequency w as the external force. Here is a plot of
such a function x (¢) = sint 4 274

x(®
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A1 and Ay are complex.
Let A\ 2 = o = i3 where

2
a=-p/2<0 and B:\/q—%>0.

The general solution to the homogeneous equation is
e (Cy cos Bt + Cysin ft) = Ce sin (Bt + ),

where C' and ¢ are arbitrary reals. The number [ is called the natural frequency of the
physical system in question (pendulum, electrical circuit, spring) for the obvious reason -
in absence of the external force, the system oscillates with the natural frequency .

Hence, the general solution to (2.59) is
x (t) = Bsin (wt + ¢) + Ce* sin (Bt + 1) .

Consider two further sub-cases. If @ < 0 then the leading term is again B sin (wt + ¢).
Here is a plot of a particular example of this type: z (t) = sint + 2e~/4sin 7.

X(t)
2 “

157]

0.57

0 | | | | |

0 U 5 10 15 20 5
05T
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If =0, then p =0, ¢ = 5%, and the equation has the form

a" + B2z = Asinwt.

The roots of the characteristic polynomial are +i5. The assumption that iw is not a root
means that w # 3. The general solution is

x (t) = Bsin (wt + ¢) + Csin (Bt + 1) ,

which is the sum of two sin waves with different frequencies — the natural frequency and
the external frequency. If w and 3 are incommensurable** then z (¢) is not periodic unless
C' = 0. Here is a particular example of such a function: z (t) = sint + 2sin7t.

4“inkommensurabel

59



TN

1.257

-1.25T

RN

Strictly speaking, in practice the electrical circuits with p = 0 do not occur since the
resistance is always positive.

Let us come back to the formula (2.62) for the amplitude B and, as an example of
its application, consider the following question: for what value of the external frequency
w the amplitude B is maximal? Assuming that A does not depend on w and using the
identity

2 _ A?
w+ (p? = 2¢) w? + ¢
we see that the maximum of B occurs when the denominators takes the minimum value. If
p? > 2q then the minimum value occurs at w = 0, which is not very interesting physically.
Assume that p? < 2q (in particular, this implies that p* < 4¢, and, hence, \; and )\, are

complex). Then the maximum of B occurs when

1 p?
w2:—§(p2—2q):q—3.

The value
Wo = \/q—p2/2

is called the resonant frequency of the physical system in question. If the external force has
the resonant frequency, that is, if w = wyp, then the system exhibits the highest response

to this force. This phenomenon is called a resonance.
Note for comparison that the natural frequency is equal to 8 = \/q — p?/4, which is in general
larger than wg. In terms of wy and 3, we can write

B2 B A2 B AQ
wh = 20w + % (w2 —wd)’ + 2 — Wi
A2

2 )
(w? —w})” +p?26°

where we have used that

2 4 2 P2 ? 2 P4 2 02
q—wO:q—(q—7> ZQP—I:PB-
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In particular, the maximum amplitude, that occurs at w = wg, iS Bpax = %.
Consider a numerical example of this type. For the ODE
2’ + 62’ + 34z = sinwt,

the natural frequency is 8 = /¢ —p?/4 = 5 and the resonant ﬁequencv is wo = /q—p?*/2 = 4
The particular solution (2.61) in the case w = wg = 4 is x (t) = o5 sin 4t — Z cos4t with amplitude
B = Bpax = 1/30, and in the case w = 7 it is z(t) = 33 Sin Tt — 363 COS 7t with the amplitude

B ~ 0.224. The plots of these two functions are shown below

x(t)
0.03T
0.025 T
0.02T
0.015T
001T
0.005 T

0 } }
-0.005T
-0.017T

-0.015T
-0.027
-0.0257
-0.037T

In conclusion, consider the case, when iw is a root of P (\), that is
(iw)? + piw +q = 0,

which implies p = 0 and ¢ = w?. In this case « = 0 and w = wy = B = V4, and the
equation (2.59) has the form
2" +w?r = Asinwt. (2.63)
Considering the ODE ‘
:E/,+w2l‘ — Aezwt,

and searching a particular solution in the form z (t) = cte™*, we obtain by Theorem 2.9

A A
c= = —.
P (iw) 2w
Hence, the complex particular solution is
(1) = At it At ‘4 At "
x = —i— coswt + — sinw
2zw 2w 2w

Using its imaginary part, we obtain the general solution of (2.63) as follows:

x(t) = —% coswt 4+ C'sin (wt + 1) .
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Here is a plot of such a function « (t) = —tcost + 2sint:

x(t)
20T

In this case we have a complete resonance: the external frequency w is simultaneously
equal to the natural frequency and the resonant frequency. In the case of a complete
resonance, the amplitude increases in time unbounded. Since unbounded oscillations are
physically impossible, either the system falls apart over time or the mathematical model
becomes unsuitable for describing the physical system.

2.7 The method of variation of parameters
2.7.1 A system of the 1st order
Consider again a general linear system
' =A(t)r+ B(t) (2.64)

where as before A (t) : I — R™™ and B (t) : I — R" are continuous, / being an interval in

R. We present here the method of variation of parameters that allows to solve (2.64), given

n linearly independent solutions x1 (t) ,..., z, (t) of the homogeneous system 2’ = A (t) x.
We start with the following observation.

Lemma 2.10 If the solutions x1 (t),...,x, (t) of the system z' = A (t)x are linearly in-
dependent then, for any ty € I, the vectors xy (to) , ..., n (to) are linearly independent.

Proof. This statement is contained implicitly in the proof of Theorem 2.3, but nev-
ertheless we repeat the argument. Assume that for some constant C4, ...., C,

Oll’l (t()) + ...+ Cnl’n (t()) =0.

Consider the function z (t) = Cyzy (t) + ... + Crxy, () . Then x (¢) solves the IVP



whence by the uniqueness theorem x () = 0. Since the solutions z1, ..., z,, are independent,
it follows that C; = ... = C,, = 0, whence the independence of vectors z; (to) , ..., zn (fo)
follows. m

Example. Consider two vector functions

cost sint
7 () <sint> and 2, (1) <cos t>’

which are obviously linearly independent. However, for ¢ = /4, we have
V2/2
t) = = t
1 (1) < NG /2> 2 (1)

so that the vectors xq (m/4) and x5 (7/4) are linearly dependent. Hence, x1 (t) and s (t)
cannot be solutions of the same system 2’ = Ax.
For comparison, the functions

cost —sint
T (t) - (sint> and <t) - < cost >

are solutions of the same system
= 0 -1 T
~\1 0 ’

and, hence, the vectors x; (t) and x5 (t) are linearly independent for any ¢. This follows

also from

det (21 | 25) = det < cost —sint

sin cost

) =170

Given n linearly independent solutions to @’ = A (t) z, let us form a n x n matrix
X (1) = (2 () |2 (t) [..] 2 (1))

where the k-th column is the column-vector zy (), k = 1,...,n. The matrix X is called
the fundamental matriz of the system 2’ = Ax.

It follows from Lemma 2.10 that the column of X (¢) are linearly independent for any
t € I, which implies that det X () # 0 and that the inverse matrix X ! (¢) is defined for
all t € I. This allows us to solve the inhomogeneous system as follows.

Theorem 2.11 The general solution to the system
¥=At)x+ B(t), (2.65)

s given by
2 (t) = X (1) / X1 (1) B (1) dt, (2.66)

where X is the fundamental matriz of the system x’' = Ax.
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Proof. Let us look for a solution to (2.65) in the form

z(t) = Cr(t)ay (t) + .. + Cn () 2 (1) (2.67)
where C', Cy, .., C,, are now unknown real-valued functions to be determined. Since for any
t € I, the vectors xy (t), ..., z, (t) are linearly independent, any R"-valued function z (¢)

can be represented in the form (2.67). Let C (t) be the column-vector with components
Cy(t),...,Cp, (t). Then identity (2.67) can be written in the matrix form as

z=XC

whence C' = X ~'z. It follows that Ci,...,C, are rational functions of w1, ..., z,, 2. Since
x1, ..., Ty, x are differentiable, the functions C1, ..., C,, are also differentiable.
Differentiating the identity (2.67) in ¢ and using x} = Az, we obtain

= O+ Coxhy + ... + Cra,
+Cixy + Coywy + ... + Clay
= CiAzx, + CyAzy + ...+ C,Ax,
+Clr1 + Coxg + ... + Cl
Az + Clzy + Chza + ... + Clxy
Az + XC'.

Hence, the equation ' = Ax + B is equivalent to
XC'=B. (2.68)
Solving this vector equation for C’, we obtain

/ 1B

/X ),

2(t) = XC = X (¢) /X—l (t) B (¢) dt.

and

]

The term “variation of parameters” comes from the identity (2.67). Indeed, if C1, ...., C,
are constant parameters then this identity determines the general solution of the homoge-
neous ODE 2’ = Az. By allowing C1, ..., C, to be variable, we obtain the general solution

to ' = Ax + B.
Second proof. Observe first that the matrix X satisfies the following ODE

X' = AX.

Indeed, this identity holds for any column x; of X, whence it follows for the whole matrix. Differentiating
(2.66) in ¢ and using the product rule, we obtain

= /X (t)dt+ X (t) (X' (¢) B(1))

AX / X'B(t)dt+ B(t)

Az + B(t).
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Hence, x (t) solves (2.65). Let us show that (2.66) gives all the solutions. Note that the integral in (2.66)
is indefinite so that it can be presented in the form

/X—1 (O)B(t)dt =V (t)+C,

where V (t) is a vector function and C' = (C4, ..., C,,) is an arbitrary constant vector. Hence, (2.66) gives
z(t) = XOVH+X@#)C
o )—f—Cl(,Ul (t)++C,L$n (lf)q
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(t
where xg (t) = X (t) V (t) is a solution of (2.
general solution.

). By Theorem 2.3 we conclude that z (¢) is indeed the
Example. Consider the system
Ty = —To
xh =1
= 0 -1 x
~\1 0
It is easy to see that this system has two independent solutions

cost —sint
nll) = (sint) and 2 (1) = ( cost >

Hence, the corresponding fundamental matrix is
¥ CQS t —sint
sint cost
-l cost sint
~ \ —sint cost J°

¥ =A(t)x+ B(t)
where B (t) = (2;8) By (2.66), we obtain the general solution

. cost —sint cost sint b (1) gt

n sint  cost ). —sint cost by (t)

cost —sint / by (t)cost + by (t)sint
. . dt

sint cost ) | \—by(t)sint+ by (t)cost

Consider a particular example B (t) = (EZ) Then the integral is
/ cost —tsint tcost + C4
. dt = . ;
—sint — tcost —tsint 4+ Cy

R cost —sint tcost + Cy
o sint cost —tsint + Cy

B <01 cost — Cgsint—i-t)

or, in the vector form,

and

Consider now the ODE

whence

Cisint + Cycost
t cost —sint
n <O> +G <sint> +C2( cost >
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2.7.2 A scalar ODE of n-th order
Consider now a scalar ODE of order n
2™ fay () 2"V + L a, ()= f (1), (2.69)

where ay () and f (f) are continuous functions on some interval /. Recall that it can be
reduced to the vector ODE
x' =A(t)x+ B(t)

where
x (t)
!
xpy=| *0
x(nfl) (t)
and
0 1 0 .. 0 0
0 0 1 .. 0 0
A= and B =
0 0 0 1
—ap —Ap—1 —Ap—2 ... —a1 f

If 24, ..., x, are n linearly independent solutions to the homogeneous ODE
2™+ a2 4 e, ()2 =0

then denoting by x, ..., X,, the corresponding vector solutions, we obtain the fundamental
matrix

1 ) T

x’ :L‘/ ZL’/

X=(xi|x| . [x)=| 70 2 "~
x§“‘1) xé”‘” L(ln_l)

We need to multiply X! by B. Denote by ;. the element of X! at position i, k
where ¢ is the row index and k is the column index. Denote also by y, the k-th column

Y1k
of X1, that is, yp = .. |. Then
YUnk
X Yir - Yin 0 Yinf
X B = = = fy,,

and the general vector solution is

x=X(0) [ @0

We need the function x (¢) which is the first component of x. Therefore, we need only to
take the first row of X to multiply by the column vector [ f () y, (t) dt, whence

x@zZ%@fWMNW-
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Hence, we have proved the following.

Corollary. Let x1,...,x, be n linearly independent solutions of
2™ 4 a; ()" 4 da, () =0

and X be the corresponding fundamental matriz. Then, for any continuous function f (t),
the general solution of (2.69) is given by

=50 [ 1@ O .70

where y;i. are the entries of the matriz X .

Example. Consider the ODE
P +x=f(t). (2.71)

The independent solutions of the homogeneous equation z” + x = 0 are z; (t) = cost and
xo (t) = sint, so that the fundamental matrix is

¥ co§t sint ’
—sint cost

Yl cost —sint
~ \ sint cost )

By (2.70), the general solution to (2.71) is

and the inverse is

x(t) = /f Y12 (t) dt + 22 ( /f Yoo (t

= Cost/ f(t)(—sint)dt + sint/ [ (t) costdt. (2.72)

For example, if f (¢) = sint then we obtain
z(t) = cost/sint(— sint) dt + sint /sintcostdt
, :
= — cost/sin2 tdt + 5 sint / sin 2tdt
1 1. 1.

= —cost §t - Zstt +C )+ 1 sint (— cos 2t + Cy)

1 1 . . .
= —§t cost + 1 (sin 2t cost — sint cos 2t) + ¢1 cost + cosint

1
= —§tcost + cpcost + cysint.

Of course, the same result can be obtained by Theorem 2.9. Consider one more example
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f (t) = tant that cannot be handled by Theorem 2.9. In this case, we obtain from (2.72)%
r = cost /tant (—sint) dt +sint /tantcostdt

1 1 —sint . . .
= cost|{=In| ——— ) +sint | —sintcost + ¢y cost + cysint
2 14 sint

L ostn (L28mE) t+ cysint
= —=CcostIn|{-—— C1 COS CosSINt.
9 1 +sint ! 2

Let us show how one can use the method of variation of parameters for the equation
(2.71) directly, without using the formula (2.70). We start with writing up the general
solution to the homogeneous ODE z” + x = 0, which is

x (t) = Cycos +Csysint, (2.73)
where C} and Cj are constant. Next, we look for the solution of (2.71) in the form
z(t) = Cy (t) cost 4+ Cy (t) sint, (2.74)

which is obtained from (2.73) by replacing the constants by functions. To obtain the
equations for the unknown functions Ci (t) , Cs (t), differentiate (2.74):

2 (t) = —Cy(t)sint+ Cy(t)cost (2.75)
+C1 (t) cost + C4 (t) sin t.

The first equation for C, Cy comes from the requirement that the second line here (that
is, the sum of the terms with C] and C%) must vanish, that is,

Cfcost + Cysint = 0. (2.76)

The motivation for this choice is as follows. Switching to the normal system, one must
have the identity
X (t) = CI (t) X1 (t) + CQXQ (t) s

which componentwise is

xz(t) = Cy(t)cost+ Cy(t)sint
7' (t) = C;(t)(cost) + Cy(t) (sint) .

Differentiating the first line and subtracting the second line, we obtain (2.76).

“The intergal [ tanasintdt is taken as follows:

. sin? ¢ 1 —cos?t dt .
tan z sintdt = dt = dt = —sint.
. J cost . cost J cost

/’ dt / dsint / dsint 1 | 1 —sint
= = =—-In——.
J cost ) cos?t ) 1—sin?t 2  1+sint

Next, we have
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It follows from (2.75) and (2.76) that

2 = —Cjcost— Cysint
—C}sint + Cj cost,
whence
2" +x=—Cisint + Cycost

(note that the terms with C; and Cy cancel out and that this will always be the case
provided all computations are done correctly). Hence, the second equation for C and C}

is
—CYsint + Cycost = f(t).

Solving the system of linear algebraic equations

Cicost + Cysint =0
—Cisint + Chcost = f (1)

we obtain

C] = —f(t)sint, Cy = [ (t)cost
whence

C=— / f(t)sintdt, Cy= /f (t) costdt.

Substituting into (2.74), we obtain (2.72).

2.8 Wronskian and the Liouville formula

Let I be an open interval in R.

Definition. Given a sequence of n vector functions zi,...,z, : I — R", define their
Wronskian W (t) as a real valued function on I by

W(t) = det (1 () | 22 (t) [-.] 2n (1)),

where the matrix on the right hand side is formed by the column-vectors x1, ..., z,,. Hence,
W (t) is the determinant of the n X n matrix.

Definition. Let z1, ..., z, are n real-valued functions on I, which are n — 1 times differ-
entiable on /.. Then their Wronskian is defined by

i i) Tn

x! x U 4

W (t) = det ! 2 "
xgn—l) xgn—l) xgln—l)

Lemma 2.12 (a) Let x4, ...,x, be a sequence of R™-valued functions that solve a linear
system x' = A(t)z, and let W (t) be their Wronskian. Then either W (t) = 0 for all
t € I and the functions x1, ..., z,, are linearly dependent or W (t) # 0 for allt € I and the
functions x4, ..., x, are linearly independent.
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(b) Let x1, ...,z be a sequence of real-valued functions that solve a linear scalar ODE
2™ ay () 2™ Y 4 a, () =0,

and let W (t) be their Wronskian. Then either W (t) = 0 for all t € I and the functions
T, ..., Ty are linearly dependent or W (t) # 0 for allt € I and the functions xq, ..., x, are
linearly independent.

Proof. (a) Indeed, if the functions x1, ..., z,, are linearly independent then, by Lemma
2.10, the vectors x (t),...,x, (t) are linearly independent for any value of ¢, which im-
plies W (t) # 0. If the functions z, ..., z, are linearly dependent then also the vectors
x1(t),...,z, (t) are linearly dependent for any ¢, whence W (t) = 0.

(b) Define the vector function

Ty
X = .f?c
x,i;._l)
so that xy, ..., X is the sequence of vector functions that solve a vector ODE x' = A (t) x.
The Wronskian of x4, ..., X, is obviously the same as the Wronskian of z1, ..., z,,, and the

sequence Xi, ..., X, is linearly independent if and only so is xi,...,z,. Hence, the rest
follows from part (a). m

Theorem 2.13 (The Liouville formula) Let {x;}._, be a sequence of n solutions of the
ODE x' = A(t)x, where A : I — R™™ is continuous. Then the Wronskian W (t) of this
sequence satisfies the identity

W (t) = W (to) exp < / irace A (1) d7> | (2.77)

to

forallt,ty e 1.

Recall that the trace® trace A of the matrix A is the sum of all the diagonal entries
of the matrix.

Corollary. Consider a scalar ODE
2™ 4 ay (1) 2™V + L 4a, () =0,

where ay, (t) are continuous functions on an interval I C R. If x1(t),...,z, (t) are n
solutions to this equation then their Wronskian W (t) satisfies the identity

W (t) = W (to) exp (- (/t: 0 (7) d7> | (2.78)

46die Spur

70



Lecture 12 25.05.2009 Prof. A. Grigorian, ODE, SS 2009

Proof of Theorem 2.13. Let the entries of the matrix (z1| x2|...|z,) be x;; where 4
is the row index and j is the column index; in particular, the components of the vector z;
are 1, Taj, ..., Tn;. Denote by r; the i-th row of this matrix, that is, r; = (v, T, ..., Tin);

then
(&

W = det "2

Tn

We use the following formula for differentiation of the determinant, which follows from
the full expansion of the determinant and the product rule:

/

7"1 T1 T1

/ ) 7“'2 T2
W' (t) = det + det + ...+ det : (2.79)

Tn T r

Indeed, if fi (), ..., fn (t) are real-valued differentiable functions then the product rule
implies by induction

(fifn) = fifoSa+ fifoefo+ o+ fifooofy.

Hence, when differentiating the full expansion of the determinant, each term of the de-
terminant gives rise to n terms where one of the multiples is replaced by its derivative.
Combining properly all such terms, we obtain that the derivative of the determinant is
the sum of n determinants where one of the rows is replaced by its derivative, that is,
(2.79).

The fact that each vector x; satisfies the equation 2 = Ax; can be written in the
coordinate form as follows

x;j = ZAikxkj- (2.80)
k=1

For any fixed 4, the sequence {z;; }?:1 is nothing other than the components of the row
r;. Since the coefficients A;, do not depend on j, (2.80) implies the same identity for the

TOWS: .
’I“; = Z Aik,‘rk-
k=1
That is, the derivative 7/} of the i-th row is a linear combination of all rows ry. For example,
T'/l = A117’1 + A12T2 + ...+ Alnrn

which implies that

] 1 T T
det | "2 | = Apdet | "2 | +Apnpdet | 2 |+ 4+ A, det |
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All the determinants except for the 1st one vanish since they have equal rows. Hence,

] T
) )

det = An det = A11W (t) .
Tn T'n

Evaluating similarly the other terms in (2.79), we obtain
W, (t) = (Au + A22 + ...+ Ann) %74 (t) = (trace A) %74 (t) .

By Lemma 2.12, W (t) is either identical 0 or never zero. In the first case there is nothing
to prove. In the second case, we can solve the above ODE using the method of separation
of variables. Indeed, dividing it W (¢) and integrating in ¢, we obtain

In

we [
Wit /to trace A (1) dr

(note that W (t) and W (#) have the same sign so that the argument of In is positive),
whence (2.77) follows. m

Proof of Corollary. The scalar ODE is equivalent to the normal system x’ = Ax
where

0 1 0 .. 0 .
0 0 1 .0 g
A= e and x =
0 0 0o ... 1 1)
—Aanp —Ap—1 —Ap—2 ... —a1
Since the Wronskian of the normal system coincides with W (t), (2.78) follows from (2.77)
because trace A = —a;. ®

In the case of the ODE of the 2nd order
" +a(t)x' +ax(t)z =0

the Liouville formula can help in finding the general solution if a particular solution is
known. Indeed, if z( (¢) is a particular non-zero solution and x (¢) is any other solution
then we have by (2.78)

ro T\ _'
det < o ) = Cexp < /al (t) dt) ,
zox' — zay = Cexp <— / ay (t) dt> .

that is

Using the identity

we obtain the ODE

<x>/ Cexp (= [ (1) dt) (2.81)



and by integrating it we obtain - and, hence, x.

Example. Consider the ODE
) (1 +tan2t) r=0.

One solution can be guessed z (t) = tant using the fact that

dt t L tan?t + 1
—tant = —— = tan
dt cos? t

and
2

d
@tant: 2tant (tan2t+ 1).

:C:Ctant/ dat = Ctant (—t —cott + Cy).

tan?t

The answer can also be written in the form

whence*”

x(t) =cy (ttant + 1) + co tant

where ¢; = —C and ¢; = CC}.

2.9 Linear homogeneous systems with constant coefficients

Consider a normal homogeneous system ' = Az where A € C"*" is a constant n X n
matrix with complex entries and z (¢) is a function from R to C". As we know, the general
solution of this system can be obtained as a linear combination of n linearly independent
solutions. Here we will be concerned with construction of such solutions.

2.9.1 A simple case

We start with a simple observation. Let us try to find a solution in the form = = e*v

where v is a non-zero vector in C" that does not depend on ¢. Then the equation 2’ = Ax

becomes
ey = eMAv

that is, Av = Av. Recall that any non-zero vector v, that satisfies the identity Av = \v
for some constant ), is called an eigenvector of A, and ) is called the eigenvalue®®. Hence,

47To evaluate the integral [ —2— = [ cot®tdt use the identity
/

(cott) = —cot?t —1

that yields
/cot2 tdt = —t — cott + C.

48der Eigenwert
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the function z (t) = eMv is a non-trivial solution to 2’ = Az provided v is an eigenvector

of A and A is the corresponding eigenvalue.
It is easy to see that A\ is an eigenvalue if and only if the matrix A — Aid is not
invertible, that is, when
det (A — \id) =0, (2.82)

where id is the n x n identity matrix. This equation is called the characteristic equation
of the matrix A and can be used to determine the eigenvalues. Then the eigenvector is
determined from the equation

(A—Xid)v =0. (2.83)

Note that the eigenvector is not unique; for example, if v is an eigenvector then cv is also
an eigenvector for any constant ¢ #£ 0.
The function
P (\) :=det (A — \id)

is a polynomial of \ of order n, that is called the characteristic polynomial of the matrix
A. Hence, the eigenvalues of A are the roots of the characteristic polynomial P (X).

Lemma 2.14 If a n x n matriz A has n linearly independent eigenvectors vy, ..., v, with
the (complex) eigenvalues A1, ..., A, then the following functions

My, ey, .., ety (2.84)
are n linearly independent solutions of the system x' = Ax. Consequently, the general
solution of this system is

z(t) = Z CreMy,
k=1

where C1, ..., Cy are arbitrary complex constants.. B
If A is a real matrix and X\ is a non-real eigenvalue of A with an eigenvector v then A

is an eigenvalue with eigenvector T, and the terms eMv, eMT in (2.84) can be replaced by
the couple Re (eMv), Im (eMv).

¥y, is a solution. Since vectors
n . .
vk} ., are linearly independent,

Proof. As we have seen already, each function e*
{vr},_, are linearly independent, the functions {e*!
whence the first claim follows from Theorem 2.3.

If Av = \v then applying the complex conjugation and using the fact the entries of
A are real, we obtain AT = T so that ) is an eigenvalue with eigenvector 7. Since the
functions eMv and e*v are solutions, their linear combinations

A\t At— At At—
eV +etv evv — et
——— and Im e”v =

R At
ee v 5 2

A

are also solutions. Since e*v and eM¥ can also be expressed via these solutions:

My = ReeMv+ilmeMo

Mo = ReeMv—ilmeMo,

replacing in (2.84) the terms e, e by the couple Re (e*v), Im (eMv) results in again n
linearly independent solutions. m
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It is known from Linear Algebra that if A has n distinct eigenvalues then their eigen-
vectors are automatically linearly independent, and Lemma 2.14 applies. Another case
when the hypotheses of Lemma 2.14 are satisfied is if A is a symmetric real matrix; in
this case there is always a basis of the eigenvectors.

=y
y =z

The vector form of this system is x = Ax where x = (;) and A = ( (1) (1) > The

Example. Consider the system

characteristic polynomial is

P()\):det<_1>‘ _&):V—l,

the characteristic equation is A> — 1 = 0, whence the eigenvalues are A\; = 1, Ay = —1.

For A = \; = 1 we obtain the equation (2.83) for v = (5):

(A 6=

which gives only one independent equation a — b = 0. Choosing a = 1, we obtain b = 1

whence
1
v = <1> .
Similarly, for A = Ay = —1 we have the equation for v = (Z)
11 a
(1) 6)-e
which amounts to a + b = 0. Hence, the eigenvector for Ay = —1 is

o (1)

Since the vectors v; and v, are independent, we obtain the general solution in the form

o ‘ 1 _t 1 o C’let—i-C'ge*t
x (t) = Ce <1 + Cse 1) T e - cpet)

that is, z (t) = Ciet + Cae " and y () = Cret — Che™ .

¥ =—y
y=x

-1 . D
0 >, and the the characteristic polynomial is

Example. Consider the system

0

The matrix of the system is A = ( 1

P(A)zdet( ? j>:A2+1.
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Hence, the characteristic equation is A2+1 =0whence \; =iand \y = —i. For A= \; =i
we obtain the equation for the eigenvector v = (Z)

()6

which amounts to the single equation ta+b = 0. Choosing a = i, we obtain b = 1, whence

()

and the corresponding solution of the ODE is

%1 (1) = ¢ i\ [—sint+icost
A 1)\ cost+isint )
Since this solution is complex, we obtain the general solution using the second claim of
Lemma 2.14:

X(t) = Cl ReX1 + 02 Ile _ Cl <_ Sll’lt) + 02 <COSt> _ <—Cl sint + 02 COSt) '

cost sint Chicost+ Cysint

Example. Consider a normal system

=y
Yy =0.
This system is trivially solved to obtain y = C; and x = Cit + C3. However, if we

try to solve it using the above method, we fail. Indeed, the matrix of the system is

A= ( 8 (1) > , the characteristic polynomial is

B A1)
P(A)-det( ) _)\>—>\,

and the characteristic equation P (\) = 0 yields only one eigenvalue A = 0. The eigen-
vector v = (‘;) satisfies the equation

(00) ()=

whence b = 0. That is, the only eigenvector (up to a constant multiple) is v = ((1)), and

the only solution we obtain in this way is x (t) = (é) The problem lies in the properties
of this matrix: it does not have a basis of eigenvectors, which is needed for this method.

In order to handle such cases, we use a different approach.
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2.9.2 Functions of operators and matrices

Recall that an scalar ODE 2/ = Ax has a solution z (t) = Ce?'t. Now if A is a linear
operator in R” then we may be able to use this formula if we define what is e*. In this
section, we define the exponential function e” for any linear operator A in C". Denote by
L (C™) the space of all linear operators from C" to C".

Fix a norm in C" and recall that the operator norm of an operator A € £(C") is

defined by
[ Az]|

Al = :
zeC\{0} ||IH

(2.85)

The operator norm is a norm in the linear space £ (C"). Note that in addition to the
linear operations A + B and cA, that are defined for all A, B € £L(C") and ¢ € C, the
space L (C™) enjoys the operation of the product of operators AB that is the composition
of A and B:

(AB)z := A(Bx)

and that clearly belongs to £ (C") as well. The operator norm satisfies the following
multiplicative inequality
[AB]| < [|Al[ 1] (2.86)

Indeed, it follows from (2.85) that ||Az|| < ||A|| ||=|| whence
I(AB) zf| = A (Bx)|| < [[A[l || B[] < [|AI | BI[ |l

which yields (2.86).
Definition. If A € £ (C") then define et € £ (C") by means of the identity
A? AF =2, AF
—id A o = (2.87)

2! k! k!’
k=0

where id is the identity operator.

Of course, in order to justify this definition, we need to verify the convergence of the
series (2.87).

Lemma 2.15 The exponential series (2.87) converges for any A € L (C").

Proof. It suffices to show that the series converges absolutely, that is,

o0

k=0

It follows from (2.86) that HA’“H < ||AHk whence

Z AL _ o1 < o

k=

and the claim follows. =
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Theorem 2.16 For any A € L (C") the function F (t) = ' satisfies the ODE F' = AF.
Consequently, the general solution of the ODE ' = Az is given by x = e*4v where v € C"
15 an arbitrary vector.

Here z = x(t) is as usually a C"-valued function on R, while F'(¢) is an £ (C")-
valued function on R. Since £ (C") is linearly isomorphic to C™, we can also say that
F (t) is a C"-valued function on R, which allows to understand the ODE F' = AF in
the same sense as general vectors ODE. The novelty here is that we regard A € £ (C")
as an operator in £ (C") (that is, an element of £ (£ (C™))) by means of the operator
multiplication.

Proof. We have by definition

Consider the series of the derivatives:

0 d tkAk 0 tk—lAk o0 tk—lAk—l

G(t) = —|— = —— =AY —— =AF.

0=3 5 (%) XL
k=0 k=1 k=1

It is easy to see (in the same way as Lemma 2.15) that this series converges locally

uniformly in ¢, which implies that F' is differentiable in t and F’ = G. It follows that

F'= AF.

For function z (t) = e/

v, we have
= (etA),v = (AetA) v=Ax

so that z () solves the ODE 2’ = Ax for any v.
If z (t) is any solution to 2’ = Az then set v = x (0) and observe that the function

Ay satisfies the same ODE and the initial condition

et
li—g = idv = v.

Hence, both z () and e*4v solve the same initial value problem, whence the identity
x (t) = e follows by the uniqueness part of Theorem 2.1. m

A A

Remark. If vy, ..., v, are linearly independent vectors in C" then the solutions e'vy, ...., e,
are also linearly independent. If vy, ...,v, is the canonical basis in C", then ef4v;, is the
k-th column of the matrix . Hence, the columns of the matrix e form n linearly
independent solutions, that is, ' is the fundamental matrix of the system 2’ = Az.

Example. Let A be the diagonal matrix
A =diag (A, ..., \n) -

Then
AF = diag (Af, ..., A¥)

and
et = diag (eM', ..., eM") .
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Let
01
A_<00).

Then A? = 0 and all higher power of A are also 0 and we obtain

tA . B 1 ¢
e —1d+tA—<01 )

Hence, the general solution to 2’ = Ax is

ro=e= (5 1) (@)= (C6)

where (', Cy are the components of v.

Definition. Operators A, B € £ (C") are said to commute if AB = BA.

In general, the operators do not have to commute. If A and B commute then various
nice formulas take places, for example,

(A4 B)* = A% + 2AB + B~ (2.88)
Indeed, in general we have
(A+ B =(A+ B)(A+ B) = A+ AB + BA+ B?,
which yields (2.88) if AB = BA.

Lemma 2.17 If A and B commute then

Proof. Let us prove a sequence of claims.

Claim 1. If A, B,C commute pairwise then so do AC and B.
Indeed, we have

(AC) B = A(CB) = A(BC) = (AB) C = (BA) C = B (AC).

Claim 2. If A and B commute then so do e and B.
It follows from Claim 1 that A* and B commute for any natural k, whence

eAB = ZH B=20B kzﬁ — Be?.
=0

k=0

Claim 3. If A(t) and B (t) are differentiable functions from R to L (C") then

(A)B(t) =A(t)B({t)+ A(t)B (t). (2.89)
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Indeed, we have for any component

(AB);; = <Z AikBkj> =Y ABi+>  AwBi; = (A'B),+(AB),; = (AB+ AB),;,
k k k

whence (2.89) follows.
Now we can finish the proof of the lemma. Consider the function F' : R — £ (C")
defined by
F(t) = eetP.

Differentiating it using Theorem 2.16, Claims 2 and 3, we obtain
F (t) = (etA)’etB+etA (etB)’ — AetAetB 4 et ABetB — AetAetB 4 BelAetB — (A+ B)F(t).

On the other hand, by Theorem 2.16, the function G (t) = 4*+5) gatisfies the same
equation

G' = (A+B)G.

Since G (0) = F'(0) = id, we obtain that the vector functions F (t) and G (t) solve the
same IVP, whence by the uniqueness theorem they are identically equal. In particular,
F (1) = G (1), which means ee? = e85, m

Alternative proof. Let us briefly discuss a direct algebraic proof of e

the binomial formula N
n
A+B)" = AFBrE
Aspr =y ;)

A+B — ¢A4¢B | One first proves

using the fact that A and B commute (this can be done by induction in the same way as for numbers).

Then we have o ~ n L
A+B _ (A+B)" — _ATBTE
€ ’;) n! ’;; k' (n— k)

On the other hand, using the Cauchy product formula for absolutely convergent series of operators, we
have

m=0  [=0 n=0 k=0

whence the identity eA*t? = e4ef follows.

2.9.3 Jordan cells

Here we show how to compute e provided A is a Jordan cell.

Definition. An n x n matrix J is called a Jordan cell if it has the form

A1 0o --- 0
0 A :
P O (2.90)
: S W |
0 -+ -+ 0 X\

where A is any complex number. That is, all the entries on the main diagonal of J are A,
all the entries on the second diagonal are 1, and all other entries of J are 0.
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Let us use Lemma 2.17 to evaluate ¢'’/. Clearly, we have J = \id +N where

0 1 o --- 0
: o1

The matrix (2.91) is called a nilpotent Jordan cell. Since the matrices Aid and N commute
(because id commutes with any matrix), Lemma 2.17 yields

etA — etkldetN — et}xetN. (292)

Hence, we need to evaluate eV, and for that we first evaluate the powers N2, N3, etc.
Observe that the components of matrix /N are as follows

(1 =it
Nij = { 0, otherwise ’

where 7 is the row index and j is the column index. It follows that

NN~ o J L =i+
(N )ij - ;N"ka] a { 0, otherwise

that is,
0 0 1 0
2 __
N* = 1 ,
: .0
0 -+« o oo 0

where the entries with value 1 are located on the 3rd diagonal, that is, two positions above
the main diagonal, and all other entries are 0. Similarly, we obtain

k+1
N
0 1 0
k
N = 1
0 «ov i e 0

where the entries with value 1 are located on the (k 4 1)-st diagonal, that is, k positions
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above the main diagonal, provided k& < n, and N* = 0 if k > n.*° It follows that

2 . n—1
1 5 5 (271)!
tN t 2 ¢ 1 0 | N
=id+=N+=N*+..+ —N""" = 2.
e 1d—|—1! —|—2! + +(n—1)! 152_?; (2.93)
. . . t
N . . ﬁ
0 -+ -+ 0 1
Combining with (2.92), we obtain the following statement.
Lemma 2.18 If J is a Jordan cell (2.90) then, for anyt € R,
et %et)\ t2_2!6t>\ .. (Zl:ll)!ew\
0 6t>\ 125! 6t/\
e’ = : tz_z"et/\ : (2.94)
L otA
0 0 et

Taking the columns of (2.94), we obtain n linearly independent solutions of the system
= Jux:

e % i/\t t2_2' et (Z: 11)16)\t
0 e LeM .
=] . | m®=] 0 |m®)=| M [ . a0=]| L
- 1t! et
0 0 0 et

49 Any matrix A with the property that A* = 0 for some natural k is called nilpotent. Hence, N is a
nilpotent matrix, which explains the term “a nilpotent Jordan cell”.
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2.9.4 The Jordan normal form

Definition. If A is a m x m matrix and B is a [ x [ matrix then their tensor product is
an n X n matrix C' where n = m + [ and

AT0
=073

That is, matrix C' consists of two blocks A and B located on the main diagonal, and all
other terms are 0.

Notation for the tensor product: C = A® B.

Lemma 2.19 The following identity is true:
eA88 — e @ B, (2.95)

In extended notation, (2.95) means that
. et 0
- 0 |ef

Proof. Observe first that if A;, Ay are m x m matrices and By, By are [ x [ matrices
then

(A1 ® By) (A2 ® By) = (A142) ® (B1By) . (2.96)
Indeed, in the extended form this identity means
Al O AQ 0 AlAQ 0
0 | By 0|B|] 0 | BB

which follows easily from the rule of multiplication of matrices. Hence, the tensor product
commutes with the matrix multiplication. It is also obvious that the tensor product
commutes with addition of matrices and taking limits. Therefore, we obtain

seB = (A®B)F A®B =B\ 4

k=0 ’ k=0
| |

Definition. The tensor product of a finite number of Jordan cells is called a Jordan
normal form.

That is, if a Jordan normal form is a matrix as follows:

J1
Ja 0

@ HR QI = )
I
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where J; are Jordan cells.
Lemmas 2.18 and 2.19 allow to evaluate e if A is a Jordan normal form.

Example. Solve the system 2’ = Az where

oS O O
S O = =
o N OO
N = OO

Clearly, the matrix A is the tensor product of two Jordan cells:

11 2 1
e (E ) e (21)

By Lemma 2.18, we obtain

et te! et te?t
et — < 0 and e'? = 0 o

whence by Lemma 2.19,
et tet 0 0
oA 0 ¢ 0 0
0 0 e te*
0 0 0 e

The columns of this matrix form 4 linearly independent solutions, and the general solution
is their linear combination:

C’let + Cgt@t
Cget

& (t) - Cg€2t + C47f€2t
C4e2t

2.9.5 Transformation of an operator to a Jordan normal form

Given a basis b = {by,bs,...,b,} in C* and a vector z € C", denote by 2° the column
vector that represents x in this basis. That is, if xé’ is the j-th component of z° then

= alby +abby + ... +2bb, = Zx?bj.
j=1

Similarly, if A is a linear operator in C" then denote by A’ the matrix that represents A
in the basis b. It is determined by the identity

(Az)’ = Abz®,

which should be true for all z € C", where in the right hand side we have the product of

the n x n matrix A® and the column-vector x°.
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Clearly, (b;)" = (0,...1,...0) where 1 is at position j, which implies that (Ab;)" =

AP (b;)" is the j-th column of A°. In other words, we have the identity
A= ((Ab)" | (Abo)" | -+ | (Aba)"),
that can be stated as the following rule:

the j-th column of AP is the column vector Ab; written in the basis by, ..., b,.

Example. Consider the operator A in C? that is given in the canonical basis e = {e1, €5}

by the matrix
e (01
A_<1 0).

Consider another basis b = {b;, by} defined by

61:61—62:<_11> and bgzel+ezz<}>.
(1))
wr- (1))

It follows that Ab; = —b; and Abs = by whence
» (-1 0
e(10).

The following theorem is proved in Linear Algebra courses.

Theorem. For any operator A € L (C") there is a basis b in C* such that the matriz A®
1s a Jordan normal form.

The basis b is called the Jordan basis of A, and the matrix A° is called the Jordan
normal form of A.

Let J be a Jordan cell of A’ with X on the diagonal and suppose that the rows (and
columns) of J in A® are indexed by j,j+1,...,5 +p— 1 so that J is a p X p matrix. Then
the sequence of vectors bj, ..., bj;,—1 is referred to as the Jordan chain of the given Jordan
cell. In particular, the basis b is the disjoint union of the Jordan chains.

Then

and

Since
G e e jp—1
1 1
1 0
. - J
Ab—\id =
o
0 00 — j+p-1
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and the k-th column of A® — \id is the vector (A — \id) by (written in the basis b), we
conclude that

(A= \id)b; =0

(A= Aid) bj1 = b;
(A= Xid) bjy2 = bjna

(A= Xid) bjyp-1 = bjipo.

In particular, b; is an eigenvector of A with the eigenvalue A. The vectors b1, ...,0j4p—1
are called the generalized eigenvectors of A (more precisely, b4y is the 1st generalized
eigenvector, b, is the second generalized eigenvector, etc.). Hence, any Jordan chain
contains exactly one eigenvector and the rest vectors are the generalized eigenvectors.

Theorem 2.20 Consider the system x' = Ax with a constant linear operator A and let
A be the Jordan normal form of A. Then each Jordan cell J of A® of dimension p with
A on the diagonal gives rise to p linearly independent solutions as follows:

zy (t) = My

t
Ty (t) = eM (Fvl + U2>

a5 ¢
T3 (t) =e 57}1 + ivg + v3

1 t

where {vy,...,v,} is the Jordan chain of J. The set of all n solutions obtained across all
Jordan cells is linearly independent.

Proof. In the basis b, we have by Lemmas 2.18 and 2.19

Xt th . tPTL g
T p—11¢
tA
b 0 €
otAY 7
t tA
ﬁ@
0 0 et

86



where the block in the middle is e!/. By Theorem 2.16, the columns of this matrix give
n linearly independent solutions to the ODE 2’ = Axz. Out of these solutions, select p
solutions that correspond to p columns of the cell e*/, that is,

Mt t At LEPO;

e e —1¢
! (p—1)

0 eM

2
x1 () = , Ty = 0 ey Tp = LN ,

%e)\t

0 0 oy

where all the vectors are written in the basis b, the boxed rows correspond to the cell J,
and all the terms outside boxes are zeros. Representing these vectors in the coordinateless
form via the Jordan chain vy, ..., v,, we obtain the solutions as in the statement of Theorem
220. m

Let A be an eigenvalue of an operator A. Denote by m the algebraic multiplicity of
A, that is, its multiplicity as a root of characteristic polynomial®® P (\) = det (4 — \id).
Denote by g the geometric multiplicity of X\, that is the dimension of the eigenspace of A:

g = dimker (A — \id).

In other words, g is the maximal number of linearly independent eigenvectors of A. The
numbers m and g can be characterized in terms of the Jordan normal form A® of A as
follows: m is the total number of occurrences of A on the diagonal®! of A°, whereas g is
equal to the number of the Jordan cells with A on the diagonal®. It follows that g < m,
and the equality occurs if and only if all the Jordan cells with the eigenvalue \ have
dimension 1.

Consider some examples of application of Theorem 2.20.

, (21

1
- A

Example. Solve the system

The characteristic polynomial is

P ()\) =det (A — \id) = det < 2__1A A > =M —6A4+9=(\—3),
and the only eigenvalue is A\; = 3 with the algebraic multiplicity m; = 2. The equation
for eigenvector v is

(A= Aid)v =0

%0To compute P ()), one needs to write the operator A in some basis b as a matrix A, and then
evaluate det (4, — Aid). The characteristic polynomial does not depend on the choice of basis b. Indeed,
if ' is another basis then the relation between the matrices A, and Ay is given by A, = CAyC~!
where C' is the matrix of transformation of basis. It follows that A4, — Aid = C (A — Aid) C~! whence
det (Ap — \id) = det C'det (Apy — Aid) det C~1 = det (Ay — \id).

51T X occurs k times on the diagonal of A, then X is a root of multiplicity & of the characteristic
polynomial of A; that coincides with that of A. Hence, k = m.

52Note that each Jordan cell correponds to exactly one eigenvector.
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that is, setting v = (a, b),

() (5) e

which is equivalent to —a + b = 0. Choosing a = 1 and b = 1, we obtain the unique (up
to a constant multiple) eigenvector
o 1

Hence, the geometric multiplicity is gy = 1. Therefore, there is only one Jordan cell with
the eigenvalue \;, which allows to immediately determine the Jordan normal form of the

given matrix:
31
03 )°

By Theorem 2.20, we obtain the solutions

v (t) = el

Ty (t) = € (tvy + )
where vs is the 1st generalized eigenvector that can be determined from the equation
(A—Xid) vy = vy.

Setting vy = (a, b), we obtain the equation

(2 H)()-(1)

which is equivalent to —a + b = 1. Hence, setting a = 0 and b = 1, we obtain

().
xg(t):e?’t(tj_l).

Finally, the general solution is
C1+ Caot >

C1+Cy(t+1)

whence

T (t) = 01131 + CQIQ = 63t <

Example. Solve the system

2 1 1
=1 -2 0 -1 |=x
2 1 2

88



The characteristic polynomial is

2—-X2 1 1
P()\) = det(A— \id) = det -2 =X -1
2 1 2-A

= XN AN A F2=(2-N) (A —1)°.

The roots are \; = 2 with m; = 1 and Ay = 1 with my = 2. The eigenvectors v for \; are
determined from the equation

(A— )\11(31)11 = 0,
whence, for v = (a, b, ¢)
0o 1 1 a
-2 -2 -1 b | =0,
2 1 0 c
that is,
b+c=0
—2a—2b—c=0
2a+b=0.
The second equation is a linear combination of the first and the last ones. Setting a = 1
we find b = —2 and ¢ = 2 so that the unique (up to a constant multiple) eigenvector is
1
v=| -2 |,
2
which gives the first solution
1
T (t)=e* | =2
2

The eigenvectors for Ay = 1 satisfy the equation

(A—Xid)v =0,
whence, for v = (a, b, ¢),
1 1 1 a
—2 —1 -1 b | =0,
2 1 1 c
whence
a+b+c=0
—2a—b—c=0
2a+b+c=0.
Solving the system, we obtain a unique (up to a constant multiple) solution a =0, b = 1,
c¢ = —1. Hence, we obtain only one eigenvector
0
V1 = 1
—1
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Therefore, go = 1, that is, there is only one Jordan cell with the eigenvalue Ay, which
implies that the Jordan normal form of the given matrix is as follows:

and
w3 (t) = €' (tvy +v2),

where vs is the first generalized eigenvector to be determined from the equation
(A — )\2 1d> Vo = V7.

Setting vy = (a, b, ¢) we obtain

1 1 1 a 0
-2 -1 -1 b | = 1 ,
2 1 1 c —1
that is
a+b+c=0
—2a—b—c=1
2a+b+c=—-1.
This system has a solution a = —1, b = 0 and ¢ = 1. Hence,
-1
Vg = 0 s
1
and the third solution is
-1
z3(t) = €' (tvy + 1) = € t
1—t
Finally, the general solution is
01€2t — Cget
T (t) = Cll’l + CQIQ + CgIg = —201€2t + (Cg + Cgt) €t

201€2t + (Cg - 02 — Cgt) et

Corollary. Let A € C be an eigenvalue of an operator A with the algebraic multiplicity
m and the geometric multiplicity g. Then \ gives rise to m linearly independent solutions
of the system x' = Ax that can be found in the form

z(t) = e (uy +ust + ...+ u,t* ") (2.97)
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where s =m — g+ 1 and u; are vectors that can be determined by substituting the above
function to the equation x' = Ax.

The set of all n solutions obtained in this way using all the eigenvalues of A is linearly
independent.

Remark. For practical use, one should substitute (2.97) into the system 2’ = Az con-
sidering w;; as unknowns (where u;; is the i-th component of the vector u;) and solve the
resulting linear algebraic system with respect to w;;. The result will contain m arbitrary
constants, and the solution in the form (2.97) will appear as a linear combination of m
independent solutions.

Proof. Let py, .., p, be the dimensions of all the Jordan cells with the eigenvalue A (as
we know, the number of such cells is g). Then A occurs p; + ... + p, times on the diagonal
of the Jordan normal form, which implies

g
ij =m.
j=1

Hence, the total number of linearly independent solutions that are given by Theorem 2.20
for the eigenvalue A is equal to m. Let us show that each of the solutions of Theorem 2.20
has the form (2.97). Indeed, each solution of Theorem 2.20 is already in the form

e times a polynomial of ¢ of degree < pj — L.

To ensure that these solutions can be represented in the form (2.97), we only need to
verify that p; —1 < s — 1. Indeed, we have

d -1 = <ij> —g=m—g=s—1,

=1

whence the inequality p; —1 < s — 1 follows. m
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3 The initial value problem for general ODEs

Definition. Given a function f : Q — R", where € is an open set in R"*!, consider the

IVP / (t.2)
=f(tx
T 3.1
{ X (to) = X, ( )
where (o, xo) is a given point in 2. A function z (t) : I — R™ is called a solution (3.1)
if the domain [ is an open interval in R containing to, x (¢) is differentiable in ¢ in I,
(t,x (t)) € Q for all t € I, and x (t) satisfies the identity o’ (t) = f (¢,x (¢t)) for all t € [
and the initial condition x (t) = xo.

The graph of function z (), that is, the set of points (¢,z (t)), is hence a curve in
Q) that goes through the point (to, o). It is also called the integral curve of the ODE

= f(t, x).

Our aim here is to prove the unique solvability of (3.1) under reasonable assumptions
about the function f (¢, z), and to investigate the dependence of the solution on the initial
condition and on other possible parameters.

3.1 Existence and uniqueness

Let Q be an open subset of R*™ and f = f(¢,2) be a mapping from Q to R*. We
start with a description of the class of functions f (¢, ), which will be used in all main
theorems.

Definition. Function f (¢, z) is called Lipschitz in x in € if there is a constant L such
that for all (¢,2), (t,y) € Q

1f &) = F ity < Lz -yl (3.2)

The constant L is called the Lipschitz constant of f in €.

In the view of the equivalence of any two norms in R", the property to be Lipschitz
does not depend on the choice of the norm (but the value of the Lipschitz constant L
does).

A subset G of R"! will be called a cylinder if it has the form G = I x B where I is
an interval in R and B is a ball (open or closed) in R™. The cylinder is closed if both I
and B are closed, and open if both [ and B are open.

Definition. Function f (¢,x) is called locally Lipschitz in = in Q if, for any (o, zo) € €,
there exist constants €, > 0 such that the cylinder

G = [to — (S,to +5] X E(l‘o,é‘)
is contained in €2 and f is Lipschitz in z in G.

Note that the Lipschitz constant may be different for different cylinders G.

Example. The function f (¢,x) = ||z|| is Lipschitz in z in R™ because by the triangle
inequality
Nzl =Nyl < llz =yl
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The Lipschitz constant is equal to 1. Note that the function f (¢, z) is not differentiable
at z = 0.

Many examples of locally Lipschitz functions can be obtained by using the following
lemma.

Lemma 3.1 (a) If all components f, of f are differentiable functions in a cylinder G
and all the partial derivatives %% are bounded in G then the function f (t,x) is Lipschitz
inx inG.

(b) If all partial derivatives ng‘; exists and are continuous in S then f (t,z) is locally
Lipschitz in x in Q.

Proof. Let us use the following mean value property of functions in R™: if ¢ is a
differentiable real valued function in a ball B C R™ then, for all z,y € B there is £ € [, y]
such that .

dg

g(y)—g(:ﬂ)zzazj

(&) (y; — ) (3.3)

(note that the interval [z, y] is contained in the ball B so that 667”2 (€) makes sense). Indeed,
consider the function

h(t)=g(x+t(y—x)) wherete[0,1].

The function & (t) is differentiable on [0, 1] and, by the mean value theorem in R, there is
7 € (0,1) such that

9() —g(x) =h(1)=h(0)="1(r).
Noticing that by the chain rule

n

W) =3 2 (et (y— )y — )

j=1 "~
and setting £ = x + 7 (y — x), we obtain (3.3).

(a) Let G = I x B where I is an interval in R and B is a ball in R™. If (¢,2),(¢t,y) € G
thent € I and z,y € B. Applying the above mean value property for the k-th component
fr of f, we obtain that

filtn) ~ fi ) = 32 2 0.6) (2~ ). (3.4)

j=1
where ¢ is a point in the interval [x,y] C B. Set

Afw

8$j

C = maxsup
ki @

and note that by the hypothesis C' < co. Hence, by (3.4)

e (t.2) = fie(tby)l CY ey —ysl = Cllz =yl

=1
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Taking max in k, we obtain

1 (&) = F (8 9) leo < Cllz =yl

Switching in the both sides to the given norm ||-|| and using the equivalence of all norms,
we obtain that f is Lipschitz in z in G.
(b) Given a point (tg,xo) € €2, choose positive € and § so that the cylinder

G = [to-d,toﬁ-(ﬂ XE(JI(),EE)

is contained in 2, which is possible by the openness of €. Since the components f;
are continuously differentiable, they are differentiable. Since G is a closed bounded set

and the partial derivatives % are continuous, they are bounded on G. By part (a) we

J
conclude that f is Lipschitz in x in GG, which finishes the proof. m
Now we can state the main existence and uniqueness theorem.

Theorem 3.2 (Picard - Lindeléf Theorem) Consider the equation

¥ =f(tx)

where f : Q — R" is a mapping from an open set Q C R" to R". Assume that [ is
continuous on §) and is locally Lipschitz in x. Then, for any point (to, zo) € €2, the initial
value problem (3.1) has a solution.

Furthermore, if x (t) and y(t) are two solutions of (3.1) then x (t) = y(t) in their
common domain.

Remark. By Lemma 3.1, the hypothesis of Theorem 3.2 that f is locally Lipschitz in x
could be replaced by a simpler hypotheses that all partial derivatives ng’; exist and are
continuous in 2. However, as we have seen above, there are examples of functions that
are Lipschitz but not differentiable, and Theorem 3.2 applies to such functions as well.
If we completely drop the Lipschitz condition and assume only that f is continuous
in (¢,x) then the existence of a solution is still the case (Peano’s theorem) while the

uniqueness fails in general as will be seen in the next example.

Example. Consider the equation 2’ = y/|z| which was already considered in Section 1.1.
The function x (t) = 0 is a solution, and the following two functions

1
t)y = =3 t>0
w(t) = 7 >0,
1
t) = —=t*t<0
() =~
are also solutions (this can also be trivially verified by substituting them into the ODE).
Gluing together these two functions and extending the resulting function to t = 0 by

setting x (0) = 0, we obtain a new solution defined for all real ¢ (see the diagram below).
Hence, there are at least two solutions that satisfy the initial condition x (0) = 0.
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The uniqueness breaks down because the function \/|x| is not Lipschitz near 0.
The proof of Theorem 3.2 uses essentially the following abstract result.

Banach fix point theorem. Let (X,d) be a complete metric space®® and f: X — X be
a contraction mapping®*, that is,

d(f (x), f(y)) < qd(z,y)

for some q € (0,1) and all x,y € X. Then f has exactly one fized point, that is, a point
x € X such that f (z) = .
Proof. Choose an arbitrary point € X and define a sequence {z,} -, by induction
using
xg =2 and z,41 = f (z,) for any n > 0.

Our purpose will be to show that the sequence {x,} converges and that the limit is a
fixed point of f. We start with the observation that

d(Tni1,20) = d(f (xn), [ (Tn-1)) < qd (T, Tp-1) -
It follows by induction that
d(Tpt1,20) < ¢"d(21,20) = C" (3.5)

where C' = d(x1,10). Let us show that the sequence {z,} is Cauchy. Indeed, for any
m > n, we obtain, using the triangle inequality and (3.5),

d(Tm,xn) < d(Tp,Tpy1) +d(Tpi1, Tog2) + oo + d (X1, T)
< C("+¢" + .+
< Oq .
s 1

53Vollstandiger metrische Raum
54Kontraktionsabbildung
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Therefore, d (x,,x,) — 0 as n,m — oo, that is, the sequence {z,} is Cauchy. By the
definition of a complete metric space, any Cauchy sequence converges. Hence, we conclude
that {x,} converges, and let @ = lim,,_,, ,,. Then

d(f (z,), f(a)) <qd(z,,a) — 0asn— oo,

so that f(z,) — f(a). On the other hand, f(z,) = z,41 — a as n — oo, whence it
follows that f (a) = a, that is, a is a fixed point.
Let us prove the uniqueness of the fixed point. If b is another fixed point then

d(a,b) = d(f (a), f (b)) < qd(a,b),

which is only possible if d (a,b) = 0 and, hence, a = 0. =
Proof of Theorem 3.2. We start with the following claim.

Claim. A function z (t) solves IVP if and only if z (t) is a continuous function on an
open interval I such that ty € I, (t,z(t)) € Q for allt € I, and

z(t) =mxo+ /t f(s,x(s))ds. (3.6)

Here the integral of the vector valued function is understood component-wise. If z
solves IVP then (3.6) follows from z}, = fi (¢, 2 (t)) just by integration:

/t z) (s)ds = /t: fr (s, (s))ds

to

whence .

o () = (o) = | [ (s,2(s))ds

Jig

and (3.6) follows. Conversely, if z is a continuous function that satisfies (3.6) then

o = (o), + /t fr (s,z (s)) ds.

The right hand side here is differentiable in ¢ whence it follows that x, () is differentiable.
It is trivial that xj (ty) = (z0),, and after differentiation we obtain x) = f (t,z) and,
hence, 2’ = f (¢, x).

Fix a point (to, z9) € Q2 and prove the existence of a solution of (3.1). Let €,d be the
parameter from the the local Lipschitz condition at this point, that is, there is a constant
L such that

1f (& 2) = f (& y)l < Lz =yl

for all t € [ty — 6,to + 0] and x,y € B (x9,¢). Choose some r € (0, 6] to be specified later
on, and set .
I=1lty—rto+7r] and J = B (xg,¢).

Denote by X the family of all continuous functions x (t) : I — J, that is,

X ={z:1— J:xis continuous} .
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The following diagram illustrates the setting in the case n = 1:

XA

J=[Xo'8,Xo+8]

Xo

N

1=[to-1,to+r]
to-0 to to+d t

v

Consider the integral operator A defined on functions z (t) by

Az (t) = zo + /t f(s,z(s))ds.

We would like to ensure that x € X implies Az € X. Note that, for any x € X, the
point (s, x (s)) belongs to €2 so that the above integral makes sense and the function Az is
defined on /. This function is obviously continuous. We are left to verify that the image
of Az is contained in J. Indeed, the latter condition means that

|Az (t) — x| < eforallt e I. (3.7)

We have, for any ¢ € I,

t
s =zl = | [ ()
J i
tO
< / I (s, ()] ds
to
< sup |If (s, 2)] [t — to] < Mr,
sel,xeJ
where
M= swp |f(s2)] <oo.
SE[t()f(S,t()#»(ﬂ
2EB(x0,¢).

Hence, if 7 is so small that Mr < e then (3.7) is satisfied and, hence, Ax € X.
To summarize the above argument, we have defined a function family X and a mapping
A: X — X. By the above Claim, a function x € X solves the IVP if z = Az, that is, if
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x is a fixed point of the mapping A. The existence of a fixed point of A will be proved
using the Banach fixed point theorem, but in order to be able to apply this theorem, we
must introduce a distance function® d on X so that (X,d) is a complete metric space
and A is a contraction mapping with respect to this distance.

Define the distance function on the function family X as follows: for all x,y € X, set

d(y) =sup o ()~ y (1)

Then (X,d) is known to be a complete metric space. We are left to ensure that the
mapping A : X — X is a contraction. For any two functions z,y € X and any t € I,
t > ty, we have x (t),y (t) € J whence by the Lipschitz condition

[Az (t) — Ay ()] =

/t:f(s,a:(S))dS — /t:f(s,y(g))ds

IN

(tt 1f (5,2 (s)) — f (s, (s))] ds

IN

[ Ll () -y (s)lds

Jto

L(t —to)sup [z (s) —y (s)]]

sel

Lrd (z,y) .

IN

IN

The same inequality holds for t < t3. Taking sup in ¢ € I, we obtain
d(Az, Ay) < Lrd (z,y) .

Hence, choosing r < 1/L, we obtain that A is a contraction. By the Banach fixed point
theorem, we conclude that the equation Az = x has a solution = € X, which hence solves
the IVP.

Assume that x () and y (t) are two solutions of the same IVP both defined on an open
interval U C R and prove that they coincide on U. We first prove that the two solution
coincide in some interval I = [ty — r,to + 7] where r > 0 is to be defined. Let € and ¢
be the parameters from the Lipschitz condition at the point (¢, ) as above. Choose
r > 0 to satisfy all the above restrictions r < 6,7 < e/M,r < %, and in addition to be so
small that the both functions x (t) and y () restricted to I = [to — r,to + r| take values
in J = B (79,¢) (which is possible because z (t;) = y (ts) = o and both z (t) and y (¢)
are continuous functions). Then the both functions = and y belong to the space X and
are fixed points of the mapping A. By the uniqueness part of the Banach fixed point
theorem, we conclude that x = y as elements of X, that is, x (t) =y (¢) for all t € I.

55 Abstand
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Alternatively, the same can be proved by using the Gronwall inequality (Lemma 2.2). Indeed, the
both solutions satisfy the integral identity

x(t) =z + /t f(s,z(s))ds

for all t € I. Hence, for the difference z (¢) := || (¢t) — y (¢)]], we have

20 = e =y O < [ 1 (5.0) = F sy (D] ds

assuming for certainty that tog <t < tg + r. Since the both points (s, (s)) and (s,y(s)) in the given
range of s are contained in I x J, we obtain by the Lipschitz condition

1f (5,2 (s) = f(s.y () < Lz (s) =y (s)]l
whence .
z (t) §L/ z (s)ds.
to
Appling the Gronwall inequality with C' = 0 we obtain z (¢) < 0. Since z > 0, we conclude that z (t) = 0
for all ¢ € [to,to + 7]. In the same way, one gets that z (t) = 0 for ¢ € [tg — 7, t], which proves that the

solutions z (t) and y (t) coincide on the interval I.

Now we prove that they coincide on the full interval U. Consider the set
S={teU:xz(t)=y(t)}

and let us show that the set S is both closed and open in I. The closedness is obvious:
if x (tx) = y (tx) for a sequence {t;} and ¢, — t € U as k — oo then passing to the limit
and using the continuity of the solutions, we obtain x (t) = y (¢), that is, t € S.

Let us prove that the set S is open. Fix some ¢; € S. Since z (t1) = y (t1) =: x,
the both functions z (t) and y (t) solve the same IVP with the initial data (t;,z1). By
the above argument, = (t) = y (¢) in some interval I = [t; —r,t; + r] with » > 0. Hence,
I C S, which implies that S is open.

Now we use the following fact from Analysis: If S is a subset of an interval U C R
that is both open and closed in U then either S is empty or S = U. Since the set S is
non-empty (it contains ty) and is both open and closed in U, we conclude that S = U,
which finishes the proof of uniqueness.

For the sake of completeness, let us give also the proof of the fact that S is either empty or S = U.
Set S¢ = U \ S so that S¢ is closed in U. Assume that both S and S¢ are non-empty and choose some
points ag € S, by € S¢. Set ¢ = “f’—;rbo so that ¢ € U and, hence, ¢ belongs to S or S¢. Out of the intervals
[ag, ], [c,bg] choose the one whose endpoints belong to different sets S, S¢and rename it by [a1, b1], say
a; € S and by € S° Considering the point ¢ = ‘“—;“bl, we repeat the same argument and construct an
interval [ag, bs] being one of two halfs of [aj,b1] such that as € S and b € S¢. Continuing further on,
we obtain a nested sequence {[ax,bg]},o, of intervals such that ay, € S, by, € S¢ and |by, — ax| — 0. By
the principle of nested intervals®®, there is a common point = € [ay, by] for all k. Note that 2 € U. Since
ap, — x, we must have z € S, and since b, — x, we must have x € 5S¢, because both sets S and S¢ are

closed in U. This contradiction finishes the proof. ®

Example. The method of the proof of the existence in Theorem 3.2 suggests the following
procedure of computation of the solution of IVP. We start with any function xy € X (using

56Intervallschachtelungsprinzip
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the same notation as in the proof) and construct the sequence {x,} -, of functions in
X using the rule z,; = Ax,. The sequence {z,} is called the Picard iterations, and it
converges uniformly to the solution x ().

Let us illustrate this method on the following example:

S

Ax (t) = 1—|—/0t3:($)d8,

whence, setting xg (t) = 1, we obtain

The operator A is given by

t
xl(t):1+/ zods =1+,
Jo

t t2
Z'Q(t):1+/ rids =1+1+ =
Jo

2
t t2 t3
l‘g(t)zl-i-'/o l‘zdt:1+t+5+§
and by induction
N1 . t2 t3 "
(1) =1+ +5+§+...+H.

Clearly, x, — €' as n — oo, and the function z (t) = e indeed solves the above IVP.

Remark. Let us summarize the proof of the existence part of Theorem 3.2 as follows.
For any point (tg,z¢) € 2, we first choose positive constants ¢,0, L from the Lipschitz
condition, so that the cylinder

G = [to—(s,to—f‘(ﬂ XE(J}(),%:)

is contained in €2 and, for any two points (¢,z) and (¢,y) from G with the same value of
12
1f (tz) = fty)ll < Lilz—yl.

Let
M= sup |f(t )l
(t,x)e@
and choose any positive r to satisfy
r<(5,r<i,r<l. (3.8)
- - M L

Then there exists a solution x (¢) to the IVP, which is defined on the interval [ty — 7, to + 7]
and takes values in B (7o, ¢).

The fact that the domain of the solution admits the explicit estimates (3.8) can be
used as follows.
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Corollary. Under the conditions of Theorem 3.2 for any point (to, o) € Q there are
positive constants € and r such that, for any t, € [to —1/2,t0 +17/2] and x; € B (x9,£/2),

the IVP f(to)
= f(tx),
{ x (t1> = I, (39)

has a solution x (t) which is defined for all t € [to —1/2,to +1/2] and takes values in

B (x9,€) (see the diagram below for the case n =1).

XA

A | I 7

to-d o2 toty totr/2 to+3 Tt

The essence of this statement is that despite the variation of the initial conditions
(t1, 1), the solution of (3.9) is defined on the same interval [ty — /2,y + r/2] and takes
values in the same ball B (zg, €) provided (t;, ;) is close enough to (t, zo).

Proof. Let £,§,L, M be as in the proof of Theorem 3.2 above. Assuming that
t1 € [to — 0/2,t0 + /2] and x1 € B (w9,£/2), we obtain that the cylinder

Gl = [tl —5/2,t1 +5/2] XE<I1,€/2>

is contained in G. Hence, the values of L and M for the cylinder G; can be taken the
same as those for GG. Therefore, choosing r» > 0 to satisfy the conditions

€ 1
< 6/2 < — —
r < /,7“_2M,7“<L,

for example,
. (0 ¢ 1
PTME\2e 2r )
we obtain that the IVP (3.9) has a solution z () that is defined in the interval [t; — r,¢; + 7]
and takes valuesin B (r1,£/2) C B (z,¢). Ifty € [to — r/2,to + r/2] then [ty — /2,y +7/2] C
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[ty — 7, t1 + 7], and we see that the solution z (t) of (3.9) is defined on [tg —r/2,to + 1/2)]
and takes value in B (x,¢), which was to be proved (see the diagram below).

X0+8/2

X{FE12
Xo

_

tir t tiHr R
to-8 to-r/2 to  to+r/2 [ Tt

3.2 Maximal solutions

Consider again the ODE
¥ =f(tx) (3.10)
where f : Q — R" is a mapping from an open set 2 C R"*! to R", which is continuous

on ) and locally Lipschitz in x.
Although the uniqueness part of Theorem 3.2 says that any two solutions of the same

initial value problem
¥ = f(t,x)
T 3.11
{ X (to) = 29 ( )
coincide in their common interval, still there are many different solutions to the same
IVP because, strictly speaking, the functions that are defined on different domains are
different. The purpose of what follows is to determine the maximal possible domain of
the solution to (3.11).
We say that a solution y (¢) of the ODE is an eztension of a solution z (t) if the domain
of y (t) contains the domain of z (¢) and the solutions coincide in the common domain.

Definition. A solution z (t) of the ODE is called mazimal if it is defined on an open
interval and cannot be extended to any larger open interval.

Theorem 3.3 Under the conditions of Theorem 3.2, the following is true.
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(a) The initial value problem (3.11) has is a unique mazximal solution for any initial
values (to, o) € €.

(b) If x (t) and y (t) are two mazimal solutions of (3.10) and x (t) = y(t) for some
value of t, then the solutions x and y are identical, including the identity of their domains.

(c) If x (t) is a mazimal solution with the domain (a,b) then z (t) leaves any compact
set K CQast—aandast —b.

Here the phrase “x (t) leaves any compact set K as t — b” means the follows: there is
T € (a,b) such that for any t € (T, b), the point (¢,z (t)) does not belong to K. Similarly,
the phrase “z (t) leaves any compact set K ast — a” means that there is T € (a,b) such
that for any ¢t € (a,T), the point (¢, (t)) does not belong to K.

Example. 1. Consider the ODE 2/ = 2? in the domain 2 = R2. This is separable
equation and can be solved as follows. Obviously, z = 0 is a constant solution. In the
domains where x # 0 we have

whence

1 / /dt—t+C

and z (1) = —5 (where we have replaced C' by —C'). Hence, the family of all solutions

consists of a straight line z (t) = 0 and hyperbolas z (f) = 5~ with the maximal domains
(C,+0o0) and (—o0, C) (see the diagram below).

P/ 50T

250

) J A

-257]

-50

Each of these solutions leaves any compact set K, but in different ways: the solutions
z(t) = 0 leaves K as t — +oo because K is bounded, while z (t) = & leaves K as
t — C because z (t) — £oo.
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2. Consider the ODE ' = + in the domain Q = R x (0,400) (that is, ¢ € R and
x > 0). By the separation of variables, we obtain

22
?:/xd:v:/xx'dt:/dt:t—{—c

z(t)=2(-0), t>C.

whence

See the diagram below:

y

Obviously, the maximal domain of the solution is (C, +00). The solution leaves any
compact K C Q as t — C because (t,z (t)) tends to the point (C,0) at the boundary of
Q

The proof of Theorem 3.3 will be preceded by a lemma.

Lemma 3.4 Let {x,(t)},c4 be a family of solutions to the same IVP where A is any
index set, and let the domain of x, be an open interval I,. Set I =\, 1o and define a
function x (t) on I as follows:

z(t) =4 (1) ift € 1,. (3.12)
Then I is an open interval and x (t) is a solution to the same IVP on I.

The function x (¢) defined by (3.12) is referred to as the union of the family {z, (¢)}.

Proof. First of all, let us verify that the identity (3.12) defines x (¢) correctly, that
is, the right hand side does not depend on the choice of o. Indeed, if also ¢t € Iz then ¢
belongs to the intersection I, NIz and by the uniqueness theorem, z, (t) = x4 (). Hence,
the value of x (¢) is independent of the choice of the index «. Note that the graph of z (¢)
is the union of the graphs of all functions z, ().

Set a = inf I, b = sup I and show that I = (a,b). Let us first verify that (a,b) C I,
that is, any ¢ € (a, b) belongs also to I. Assume for certainty that ¢ > to. Since b = sup I,
there is t; € I such that t < t; < b. There exists an index « such that ¢t; € I ,. Since
also ty € I,, the entire interval [ty,;] is contained in [,. Since ¢ € [to,t;], we conclude
that t € I, and, hence, t € I.
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It follows that [ is an interval with the endpoints a and b. Since [ is the union of open
intervals, I is an open subset of R, whence it follows that I is an open interval, that is,
I =(a,b).

Finally, let us verify why x (t) solves the given IVP. We have z (ty) = z because
to € I, for any o and

T (to) = Tq (to) = 2y

so that x (t) satisfies the initial condition. Why =z (t) satisfies the ODE at any ¢ € I?7 Any
given t € I belongs to some [,. Since z, solves the ODE in I, and x = z, on [,, we
conclude that = satisfies the ODE at ¢, which finishes the proof. m

Proof of Theorem 3.3. (a) Let S be the set of all possible solutions to the IVP
(3.11) that are defined on open intervals. Let x (t) be the union of all solutions from
S. By Lemma 3.4, the function z (t) is also a solution to (3.11) and, hence, z (t) € S.
Moreover, z (t) is a maximal solution because the domain of x (t) contains the domains of
all other solutions from S and, hence, z (t) cannot be extended to a larger open interval.
This proves the existence of a maximal solution.
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Let y (t) be another maximal solution to the IVP (3.11) and let z (¢) be the union of
the solutions z (t) and y (t). By Lemma 3.4, z (¢) solves the same IVP and extends both
x (t) and y (t), which implies by the maximality of x and y that z is identical to both x
and y. Hence, x and y are identical (including the identity of the domains), which proves
the uniqueness of a maximal solution.

(b) Let x (t) and y (¢) be two maximal solutions of (3.10) that coincide at some ¢, say
t =t1. Set 1 = x (t1) = y (t1). Then both = and y are solutions to the same IVP with
the initial point (¢, 1) and, hence, they coincide by part (a).

(c) Let z (t) be a maximal solution of (3.10) defined on (a, b) where a < b, and assume
that x () does not leave a compact K C Q as t — a. Then there is a sequence t;, — a
such that (t,zx) € K where x;, = z (t). By a property of compact sets, any sequence in
K has a convergent subsequence whose limit is in K. Hence, passing to a subsequence, we
can assume that the sequence {(tx,z;)},.; converges to a point (tg,z9) € K as k — oc.
Clearly, we have ty = a, which in particular implies that a is finite.

By Corollary to Theorem 3.2, for the point (tg, zo), there exist e > 0 such that the
IVP with the initial point inside the cylinder

G = [to-T’/2,t0+7’/2] XE(I(),E/Z)

has a solution defined for all ¢ € [ty —r/2,ty +r/2]. In particular, if £ is large enough
then (tg,zx) € G, which implies that the solution y () to the following IVP

{y’zf(t,y),

y (tk) = i,
is defined for all ¢ € [ty — 7/2,to + /2] (see the diagram below).

X A

X(t)

_ Ty, X
B(X0:6/2) o X

y(t) (o, Xo)

v

[to-r/2,to+r/2] t

Since z (t) also solves this IVP, the union z (¢) of x (¢) and y (¢) solves the same IVP.
Note that x (¢) is defined only for ¢ > ¢y while z (¢) is defined also for ¢ € [ty — r/2, to].
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Hence, the solution z (¢) can be extended to a larger interval, which contradicts the
maximality of z (). =

Remark. By definition, a maximal solution x (¢) is defined on an open interval, say
(a,b), and it cannot be extended to a larger open interval. One may wonder if z (f) can
be extended at least to the endpoints ¢ = a or t = b. It turns out that this is never the
case (unless the domain  of the function f (¢, ) can be enlarged). Indeed, if x (¢) can
be defined as a solution to the ODE also for ¢ = a then (a,z (a)) € © and, hence, there is
ball B in R"™! centered at the point (a,x (a)) such that B C Q. By shrinking the radius
of B, we can assume that the corresponding closed ball B is also contained in €. Since
x(t) — z (a) as t — a, we obtain that (¢, (t)) € B for all ¢ close enough to a. Therefore,
the solution x () does not leave the compact set B C 2 as t — a, which contradicts part
(¢) of Theorem 3.3.

3.3 Continuity of solutions with respect to f (¢, )

Let © be an open set in R™™! and f, g be two mappings from  to R™. Assume in what
follows that both f, g are continuous and locally Lipschitz in x in €2, and consider two

initial value problems
¥ = f(t,x)
{ 2 (to) = 1o (3.13)
and / t.0)
y =9ty
3.14
L (814
where (to, zo) is a fixed point in €.

Let the function f be fixed and x (¢) be a fixed solution of (3.13). The function g
will be treated as variable. Our purpose is to show that if g is chosen close enough to
f then the solution y () of (3.14) is close enough to x (f). Apart from the theoretical
interest, this result has significant practical consequences. For example, if one knows the
function f (¢,z) only approximately (which is always the case in applications in Sciences
and Engineering) then solving (3.13) approximately means solving another problem (3.14)
where ¢ is an approximation to f. Hence, it is important to know that the solution y ()
of (3.14) is actually an approximation of x ().

Theorem 3.5 Let z (t) be a solution to the IVP (3.13) defined on a closed bounded in-
terval [, 5] such that a < tog < B. For any e > 0, there exists n > 0 with the following
property: for any function g : 2 — R"™ as above and such that

sup If =gl <mn, (3.15)

there is a solution y (t) of the IVP (3.14) defined on [, 5], and this solution satisfies the
inequality
sup lz () —y (B <e. (3.16)
Proof. We start with the following estimate of the difference ||z (¢) —y (¢)|| .

Claim 1. Let x(t) and y(t) be solutions of (3.13) and (3.14) respectively, and assume
that they both are defined on some interval (a,b) containing to. Assume also that the
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graphs of x (t) and y (t) over (a,b) belong to a subset K of Q2 such that f (t,x) is Lipschitz
m K in x with the Lipschitz constant L. Then

sup ||z (t) —y (1) < " (b —a)sup || f — g]. (3.17)
te(a,b) K

Let us use the integral identities

x(t):x()%—/tf(s,x(s))ds and y(t):xg—ir/g(s,y(s))ds.

to

Assuming that ¢y <t < b and using the triangle inequality, we obtain

lz(®) =y @I < tHf(S’fIJ(S))—g(s,y(S))lldS

IA

/t Hf(s,x(S))—f(s,y(S))||dS+/t 1 (5. () — g (s, ()] d.

Since the points (s,z (s)) and (s,y (s)) are in K, we obtain by the Lipschitz condition in
K that

t
[z () —y (O] < L/ |z (s) =y (s)llds + (b — a) sup | — g]] (3.18)
to
Applying the Gronwall lemma to the function z (t) = ||z (t) — y (¢)]|, we obtain

l(®) =y @l < eL(’*‘“’)(b—a)ﬂ[l{p||f—gH

< (b —a)sup|f - gl (3.19)
K

In the same way, (3.19) holds for a < ¢ < tg so that it is true for all ¢ € (a,b), whence
(3.17) follows.

The estimate (3.17) implies that if supq, || f — ¢|| is small enough then also the difference
|z (t) — y (¢)|| is small, which is essentially what is claimed in Theorem 3.5. However, in
order to be able to use the estimate (3.17) in the setting of Theorem 3.5, we have to deal
with the following two issues:

— to show that the solution y (¢) is defined on the interval [«, f];

— to show that the graphs of x (¢) and y (¢) are contained in a set K where f satisfies
the Lipschitz condition in x.

We proceed with the construction of such a set. For any € > 0, consider the set

K.={(t,z) eR" :a<t<B, lr—z()| <e} (3.20)

which can be regarded as the closed e-neighborhood in R™*! of the graph of the function
t — x(t) where t € [a, ]. In particular, K is the graph of the function x () on [«, /]
(see the diagram below).
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X4

(tx®)

The set K is compact because it is the image of the compact interval [«, 5] under the
continuous mapping ¢t — (¢, z (t)). Hence, Ky is bounded and closed, which implies that
also K. for any € > 0 is bounded and closed. Thus, K. is a compact subset of R**! for
any € > 0.

Claim 2. There is € > 0 such that K. C Q) and f is Lipschitz in K. in x.

Indeed, by the local Lipschitz condition, for any point (t,z) € € (in particular, for

any (t,z) € Kj), there are constants €, > 0 such that the cylinder

G=[t—6,t+6] x B(x,¢)

is contained in € and f is Lipschitz in G (see the diagram below).

XA

o

Consider also an open cylinder
H=(t—6,t+0)x B (z,ie).

Varying the point (t,z) in K, we obtain a cover of Ky by such cylinders. Since Kj is
compact, there is a finite subcover, that is, a finite number of points {(¢;,z;)};~, on Kj
and numbers ¢;,; > 0, such that the cylinders

Hi = (tz — (Si,ti + (Sl) x B (l’i, %8,)

109



cover all K. Set B
Gi = [tz — (51',151' —+ (51] x B (Q’Ii,Ei)
and let L; be the Lipschitz constant of f in G;, which exists by the choice of &;, d;.
Define € and L as follows
1

e=—- min ¢, L= max L, (3.21)
2 1<i<m 1<i<m

and prove that K. C  and that the function f is Lipschitz in K. with the constant L.
For any point (¢,z) € K., we have by the definition of K. that t € [a, 5], (t,2 (1)) € Ko
and

o =z (B)] <e.

Then the point (¢, x (t)) belongs to one of the cylinders H; so that
te(t;—0;,t;+06;) and |z (t) — x| < 3¢

(see the diagram below).

B(x,e) %

(tX)

B

(tixi)

B(x;,&i/2)

1i-0; ti+6; "t

By the triangle inequality, we have
o = il| < [l — 2 (@) + [l (t) — 2l <e+ei/2<e,

where we have used that by (3.21) ¢ < ¢;/2. Therefore, © € B (z;,¢;) whence it follows
that (¢,x) € G; and (¢, x) € . Hence, we have shown that any point from K. belongs to
), which proves that K. C €.

If (¢,2),(t,,y) € K. then by the above argument the both points x,y belong to the
same ball B (z;,¢;) that is determined by the condition (¢, z (t)) € H;. Then (¢,2), (t,,y) €
G; and, since f is Lipschitz in GG; with the constant L;, we obtain

If (t2) = f ()l < Lillz =yl < Lz —yll,

where we have used the definition (3.21) of L. This shows that f is Lipschitz in = in K.
and finishes the proof of Claim 2.
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Let now y (t) be the maximal solution to the IVP (3.14), and let J be its domain;
in particular, J is an open interval containing t,. We are going to spot an interval (a, b)
where both functions z (¢) and y (t) are defined and their graphs over (a,b) belong to
K.. Since y (ty) = wo, the point (to,y (to)) of the graph of y (¢) is contained in K.. By
Theorem 3.3, the graph of y (¢) leaves K. when ¢ goes to the endpoints of J. It follows
that the following sets are non-empty:

A ={tedt<ty:(t,y(t) ¢ K.},
B : ={teJt>ty:(t,y(t)) ¢ K.}.

On the other hand, in a small neighborhood of ¢y, the graph of y (¢) is close to the point
(to, xo) and, hence, is in K.. Therefore, the sets A and B are separated out from ¢y, the
set A being on the left from t,, and the set B being on the right from ¢y. Set

a=supA and b=inf B

(see the diagram below for two cases: a > a and a = «).

XA XA

y(t)

y(t)

As
L.
)
}>

i 4

b B/ a=a t b
~; \_ 0 B/
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Claim 3. We have a < to < b and the interval |a, b] is contained both in J and [c, (].

Indeed, as was remarked above, the set A lies on the left from ¢y and is separated from
to, whence a < tg; similarly b > ty. Since A is contained in J but is separated from the
right endpoint of J, it follows that a € J; similarly, b € J. Any point ¢ € (a,b) belongs
to J but does not belong to A or B, whence (t,y(t)) € K.; therefore, t € [, 3], which
implies that a,b € [«, (]

Now we can finish the proof of Theorem 3.5 as follows. Assuming that

1f =gl <

and using b — a < § — «, we obtain from (3.17) with K = K_ that

“a €
sup (| (t) =y (O] < "7 (B—a)n < o, (3.22)
te(a,b)
provided we choose 1 = Q(Bia)e*L(B*“). It follows then by letting ¢ — a+ that
2 (a) =y (a)| <e/2. (3.23)

Let us deduce from (3.23) that a = a. Indeed, for any ¢ € A, we have (¢,y(t)) ¢ K.,
which can occur in two ways:

1. either ¢ < a (exit through the left boundary of K.)

2. ort >« and ||z (t) —y (t)|| > € (exit through the lateral boundary of K.)

If a > « then there is a point ¢ € A such that ¢ > «. At this point we have
|z (t) —y (t)|| > € whence it follows by letting ¢ — a— that

2 (a) =y (a)] = &,

which contradicts (3.23). Hence, we conclude that ¢ = « and in the same way b = f.
Since [a, b] C J, it follows that the solution y () is defined on the interval [«, 5]. Finally,
(3.16) follows from (3.22). m

Using the proof of Theorem 3.5, we can refine the statement of Theorem 3.5 as follows.

Corollary. Under the hypotheses of Theorem 3.5, let € > 0 be sufficiently small so that
K. C Q and f(t,x) is Lipschitz in x in K. with the Lipschitz constant L (where K.
is defined by (3.20)). If supg_ || f — gl is sufficiently small, then the IVP (3.14) has a
solution y (t) defined on [a, (], and the following estimate holds

sup [ (t) — y ()| < " (6 — a)sup || f — gl (3.24)
[a,5] Ke

Proof. Indeed, as it was shown in the proof of Theorem 3.5, if supy._|| f — g|| is small
enough then o = b and = b. Hence, (3.24) follows from (3.17). m
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3.4 Continuity of solutions with respect to a parameter

Consider the IVP with a parameter s € R™

{ v =f(t.z,s) (3.25)

T (to) = 29

where f : Q — R™ and ( is an open subset of R"*™*1. Here the triple (¢, z, s) is identified
as a point in R"*™+1 a5 follows:

(t,x,s) = (t, 21, .., Ty, S1y vy S -
How do we understand (3.25)7 For any s € R™, consider the open set
Q, ={(t,z) e R™": (t,z,5) € Q}.
Denote by S the set of those s, for which €4 contains (o, x9), that is,

S={seR"™: (to,z0) € Qs} = {s € R™: (ty,x0,5) € O}

Rn+1

®(to,Xo)

Then the IVP (3.25) can be considered in the domain 2, for any s € S. We always
assume that the set S is non-empty. Assume also in the sequel that f (¢, x, s) is a contin-
uous function in (¢, z,s) € Q and is locally Lipschitz in = for any s € S. For any s € S,
denote by x (¢, s) the maximal solution of (3.25) and let I be its domain (that is, I is an
open interval on the axis ¢). Hence, x (¢, s) as a function of (¢, s) is defined in the set

U={(t,s)eR™":seStel}.

Theorem 3.6 Under the above assumptions, the set U is an open subset of R™! and
the function x (t,s) : U — R™ is continuous in (t,s).
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Proof. Fix some sy € S and consider solution z (t) = z (¢, so) defined for ¢t € I,.
Choose some interval [«, 8] C I, such that t5 € (o, 3). We will prove that there is § > 0

such that B
[, 8] x B (s0,0) C U, (3.26)

which will imply that U is open. Here B (sq,d) is a closed ball in R™ with respect to
oo-norm (we can assume that all the norms in various spaces R* are the co-norms).

seR"

B(SO,S{ So

~_

o to B ol
\I/

So

As in the proof of Theorem 3.5, consider a set
K.={(t,z) € R a<t<B, [lz—2@)| < e}
and its extension in R"™™*! defined by
[N(g,(; = K. x B(s0,6) = {(t,x,s) cR"™™ . q <t < B, |lz—2z @) <e|s— sl < 5}

(see the diagram below).

Kg’g =K5 X E(So,8)
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If € and ¢ are small enough then l?a(; is contained in € (cf. the proof of Theorem 3.5).
Hence, for any s € B(sg,d), the function f (¢,z,s) is defined for all (¢,z) € K.. Since the
function f is continuous on €2, it is uniformly continuous on the compact set I~(€75, whence
it follows that

sup ||f (t,z,80) — f (t,z,9)|| — 0as s — so.
(t,x)eEK.
Using Corollary to Theorem 3.5 with®” f (t,2) = f (t,7,s0) and g (t,x) = f (t,x,s) where
s € B (s,9), we obtain that if

sup ||f (t7 Z, S) - f (t,[L‘, SU)H
(t,x)eK.

is small enough then the solution y (t) = x (¢, s) is defined on [«, 5]. In particular, this
implies (3.26) for small enough .
Furthermore, applying the estimate (3.24) of Corollary to Theorem 3.5, we obtain that

sup H‘T (ta S) - (t780>|| < C sup ||f (t,!L‘, 50) - f (t7$a S)H )
tela,f] (t,x)eK.

where C' = ¢*#=%) (3 — ) depends only on «, 3 and the Lipschitz constant L of the
function f (¢,z,so) in K.. Letting s — sg, we obtain that

sup ||z (t,s) —z (t,50)| — 0 as s — sy, (3.27)
t€a,f]

so that x(¢,s) is continuous in s at s = sg uniformly in ¢ € [o,3]. Since x (t,s) is
continuous in ¢ for any fixed s, it follows that x is continuous in (¢, s). Indeed, fix a point
(to, s0) € U (where tg € (o, 3) is not necessarily the value from the initial condition) and
prove that z (t,s) — x (tg, o) as (¢,$) — (to, So). Using (3.27) and the continuity of the
function z (¢, so) in ¢, we obtain

[z (t,s) = (to,s0)l| < & (t,s) —x(t so)ll + llz (£, 50) — 2 (o, s0)
< s [ (6,9) = (o) + e (50— (o, 0)]
tela,B
— 0 as s — sgand t — tg,

which finishes the proof. m
As an example of application of Theorem 3.6, consider the dependence of a solution
on the initial condition.

Corollary. Consider the initial value problem

{x’zf(t,x)

T (to) = 29

where f : Q — R" is a continuous function in an open set Q C R"*! that is Lipschitz
in x in Q. For any point (to, ) € ), denote by x (t,to, xo) the mazimal solution of this
problem. Then the function x (t,ty, zo) is continuous jointly in (t,tg, zo).

57Since the common domain of the functions f (t,z,s) and f (t,z,s0) is (¢, z) € Q, NQ, Theorem 3.5
should be applied with this domain.
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Proof. Consider a new function y (t) = z (t + to) — xo that satisfies the ODE
y (t) = 2" (t +to) = [ (t+to,x(t+10)) = f (t +to,y () +20)-
Considering s := (o, xo) as a parameter and setting
F(ty,s) = f(t+to,y+mo),

we see that y satisfies the IVP
{ y =F(ty,s)
y(0)=0.

The domain of function F' consists of those points (¢,y, to, 79) € R?**™2 for which
(t+t0,y+$0) S Q>

which obviously is an open subset of R*"*2  Since the function F (¢,y,s) is clearly
continuous in (¢,y,s) and is locally Lipschitz in y, we conclude by Theorem 3.6 that
the maximal solution y = y(¢,s) is continuous in (¢,s). Consequently, the function
x (t,to, xo) = y (t — to, to, o) + xo is continuous in (¢, o, xg). W

3.5 Differentiability of solutions in parameter

Consider again the initial value problem with parameter

{ t = f(t,x,s), (3.28)

T (to) = X,

where f : Q — R" is a continuous function defined on an open set Q C R+l and
where (t,z,s) = (t,21, ..., Tpn, S1, ..., Sm) - Let us use the following notation for the partial
Jacobian matrices of f with respect to the variables x and s:

. OF [0
a2 (Y,

where ¢ = 1,...,n is the row index and k£ = 1,...,n is the column index, so that f, is an

n X n matrix, and
_ . _Of _(0fi
fs_asf_as T <8Sl>7

where ¢ = 1,...,n is the row index and [ = 1,...,m is the column index, so that f, is an
n X m matrix.

Note that if f, is continuous in €2 then, by Lemma 3.1, f is locally Lipschitz in x so
that all the previous results apply. Let z (¢, s) be the maximal solution to (3.28). Recall
that, by Theorem 3.6, the domain U of z (, s) is an open subset of R™™ and z : U — R"
is continuous.

Theorem 3.7 Assume that function f(t,x,s) is continuous and f, and fs exist and are
also continuous in Q. Then x (t,s) is continuously differentiable in (t,s) € U and the
Jacobian matriz y = Osx solves the initial value problem

yl = fx(t7x(t’8)78)y+fs (t7'x(t7s)7s>’
{ S (3.29)
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Here 0,0 = (%—Z“) is an n xm matrix where £k = 1, .., nistherowindexand [ =1, ...,m

is the column index. Hence, y = 0;x can be considered as a vector in R"*™ depending on
t and s. The both terms in the right hand side of (3.29) are also n x m matrices so that
(3.29) makes sense. Indeed, f, is an n x m matrix, and f,y is the product of the n x n
and n x m matrices, which is again an n x m matrix. The notation f, (¢, z (¢, s),s) means
that one first evaluates the partial derivative f, (¢, z, s) and then substitute the values of
s and x =z (t,s) (and the same remark applies to f; (¢, z (t,s),s)).

The ODE in (3.29) is called the variational equation for (3.28) along the solution
x (t,s) (or the equation in variations).
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Note that the variational equation is linear. Indeed, for any fixed s, it can be written
in the form

y =alt)y+o(t),
where
a(t)fo(t,l‘(t,S),S), b(t):fs(tax<t7s)vs)‘

Since f is continuous and z (¢, s) is continuous by Theorem 3.6, the functions a (f) and
b(t) are continuous in ¢. If the domain in ¢ of the solution z (¢, s) is I then the domain
of the variational equation is Iy x R™*™. By Theorem 2.1, the solution y (¢) of (3.29)
exists in the full interval I;. Hence, Theorem 3.7 can be stated as follows: if x (¢, s) is the
solution of (3.28) on I, and y (¢) is the solution of (3.29) on I, then we have the identity
y (t) = Osx (t, s) for all t € I,. This provides a method of evaluating dsz (¢, s) for a fixed
s without finding x (¢, s) for all s.

Example. Consider the IVP with parameter

S

in the domain (0, +00) x R xR (that is, ¢ > 0 and x, s are arbitrary real). Let us evaluate
z (t, s) and O, for s = 0. Obviously, the function f (¢, z, s) = 22425/t is continuously dif-
ferentiable in (x, s) whence it follows that the solution x (¢, s) is continuously differentiable
in (t,s).

For s = 0 we have the IVP

2 — 2
z(l)=-1
whence we obtain z (¢,0) = —1. Noticing that f, = 2z and f, = 2/t we obtain the
variational equation along this solution
, 2 2
y = (fz (t,x, S)|:c:—%,s:0> Y+ (fs (¢, S’x)|a::—%,s:0> =7y + T

This is a linear equation of the form 4 = a (t) y + b (t) which is solved by the formula
y = e /eA(t)b (t) dt,
where A (t) is a primitive of a (t) = —2/t, that is A (t) = —2Int. Hence,
y(t) =t / tQ%dt =t (*+C)=1+Ct>

The initial condition y (1) = 0 is satisfied for C' = —1 so that y (t) = 1 —¢~2. By Theorem
3.7, we conclude that dyz (¢,0) =1 — 72
Expanding z (¢, s) as a function of s by the Taylor formula of the order 1, we obtain

z(t,s) =x(t,0) 4+ 0sx (t,0) s +o(s) as s — 0,
that is,

1 1
x(t,s):—¥+<1—t—2>s+o(s) as s — 0.
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In particular, we obtain for small s an approximation

1 1
x(t,s)z—gjL 1_75_2 s.

Later we will be able to obtain more terms in the Taylor formula and, hence, to get a
better approximation for z (¢, s).

Let us discuss the variational equation (3.29). It is easy to deduce (3.29) provided
it is known that the mixed partial derivatives 00, and 0;0sx exist and are equal (for
example, this is the case when z (t,s) € C?(U)). Then differentiating (3.28) in s and
using the chain rule, we obtain

0105t = O (Opx) = 05 [f (£, 2 (L,5) 8)] = fa (8,2 (L, 8)  8) Osw + [ (2 (L, 5) ),

which implies (3.29) after substitution 9, = y. Although this argument is not a proof®
of Theorem 3.7, it allows to memorize the variational equation.

Yet another point of view on the equation (3.29) is as follows. Fix a value of s = s
and set x (t) = z (¢, s9). Using the differentiability of f (¢,z,s) in (x, s), we can write, for
any fixed t,

f(t,x,s) :f(t’x(t)aso)+f:c(t’x(t)750) (.I—I(t))—l—fs(t,x(t),SO) (S_SO)+R7

where R = o(||z —x (t)|| + [|s — sol|) as [t —x ()] + [|s — so]| — 0. If s is close to sg
then x (t, s) is close to x (t), and we obtain the approximation

f(t,ZL'(t,S),S) %f(t,:r(t),so)—l—a(t) (m(t,s)—x(t))+b(t) (S_S())’

whence
' (t,s)~ f(t,x(t),s0) +a(t)(x(t,s)—z(t)+b(t)(s—sp).

This equation is linear with respect to x (¢, s) and is called the linearized equation at the
solution x (t). Substituting f (¢, z (), so) by 2’ (¢) and dividing by s — sq, we obtain that

x(t78)_m( )

the function z (¢, s) = P Y) satisfies the approximate equation

Z~a(t)z+b(t).

It is not difficult to believe that the derivative y () = Osx|s—s, = lims_, 2 (£, s) satisfies
this equation exactly. This argument (although not rigorous) shows that the variational
equation for y originates from the linearized equation for x.

How can one evaluate the higher derivatives of z (¢, s) in s? Let us show how to find
the ODE for the second derivative z = 0, assuming for simplicity that n = m = 1, that
is, both = and s are one-dimensional. For the derivative y = 0, we have the IVP (3.29),
which we write in the form

y/ =g (t> Y, S)
{ Y (to) —0 (3.30)
where
gty s)=fa(t,x(t,s),s)y+ fs(t,x(t,s),s). (3.31)

58Tn the actual proof of Theorem 3.7, the variational equation is obtained before the identity 8,0,z =
0s0rx. The main technical difficulty in the proof of Theorem 3.7 lies in verifying the differentiability of
T in s.
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For what follows we use the notation F (a,b,c,...) € C* (a,b,c,...) if all the partial deriva-
tives of the order up to k of the function F' with respect to the specified variables a, b, c...
exist and are continuous functions, in the domain of F. For example, the condition in
Theorem 3.7 that f, and f, are continuous, can be shortly written as f € C! (x,s), and
the claim of Theorem 3.7 is that x (¢,s) € C* (t,s).

Assume now that f € C?(x,s). Then by (3.31) we obtain that g is continuous and
g € C'(y,s), whence by Theorem 3.7 y € C' (s). In particular, the function z = 0,y =
Osst 1s defined. Applying the variational equation to the problem (3.30), we obtain the
equation for z

Z/:gy(tay(t78)7S)Z+gs(tay(t78)73)'
Since g, = f. (t, 2, s),

9s (t,Y,8) = fou (£, 2, 5) (0s2) Y + fus (1,2, 8) Yy + fox (1,2, 8) Osz + [fos (, 3, 5)
and d,x = y, we conclude that

2= [ (t,2,8) 2+ for (6,2,8) Y? + 2fs (t, 2, 8) y + fos (t, 7, 5)
{ R (3.32)

Note that here x must be substituted by z (¢, s) and y — by y (¢, s).

The equation (3.32) is called the variational equation of the second order (or the second
variational equation). It is a linear ODE and it has the same coefficient f, (t,x (¢, s), s)
in front of the unknown function as the first variational equation. Similarly one can find
the variational equations of the higher orders.

Example. This is a continuation of the previous example of the IVP with parameter

LT

where we have already computed that

o (t) =2 (£,0) = —% and y () = Oy (£,0) = 1 — %2

Let us now evaluate z (t) = Ossz (t,0). Since
fx:2ma f:cx:27 fxs:0> fss:()a
we obtain the second variational equation
Z/ = <f$‘ac:f%,s:0> z+ <f$$|z:f%,s:0> y2
2 2
= —Zz42(1-t7%)".
tz + ( )

Solving this equation similarly to the first variational equation with the same a (t) = —2

t
and with b (¢) = 2(1 — t72)?, we obtain
2(t) = et / e A0y () dt =172 / 2% (1—t72) dt

2., 2 2 2 4 C
=t P-4+ C )=t — = — -+ —.
<3 t i > 3B TR
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The initial condition z (1) = 0 yields C' = 4 whence

2 4 16 2

3T i e B

Expanding z (¢, s) at s = 0 by the Taylor formula of the second order, we obtain as s — 0

x(t,s) = x(t)—I—y(t)s—l—lz(t)sz—I—o(f)

2
_ i L
= t+(1 t)s+<3t T T3 t3)s +o0(s?).

For comparison, the plots below show for s = 0.1 the solution z(¢,s) (black) com-
puted by numerical methods (MAPLE), the zero order approximation —7 (blue), the
first order approximation —% + (1 —t72) s (green), and the second order approximation
1+ (1=t s+ (3t — 2+ 55 — &) s (red).

3

t

01T

02T

037

04T

057

06T

07T

08T

0971

Let us discuss an alternative method of obtaining the equations for the derivatives of
x(t,s) in s. As above, let z (t), y (t), z (t) be respectively x (¢,0), dsz (t,0) and Jgsx (t, 0)
so that by the Taylor formula

x(t,s)=x(t)+y(t)s+ %z (t)s*+o(s?). (3.33)

Let us write a similar expansion for 2’ = 0,x, assuming that the derivatives d; and 0
commute on x. We have

0,x' = 0,0,x =/

and in the same way
Oy’ = 05y = 0,0,y = 2.

Hence,

P (t,s)=2"(t)+y (t)s+ %z’ (t)s* +o(s?).
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Substituting this into the equation
2’ = 2%+ 2s/t

we obtain

) +y () s+ %z' (t)s*+o0(s*) = <x t)+y(t)s+ %z (t)s*+o (32)> +2s/t

whence
() +y () s+ %z’ (t)s* =2 (t)+ 2z (t)y(t) s+ (y )P+ (t) 2 (1)) s* +2s/t+0(s).

Equating the terms with the same powers of s (which can be done by the uniqueness of
the Taylor expansion), we obtain the equations

o (t) = 2%(t)
y(t) = 2x(t)y(t)+2s/t
) = 20(t)z(t) +20°(t).
From the initial condition z (1, s) = —1 we obtain
2

_1:x(l)—i—sy(l)-i-%z(l)"‘o(sz)’

whence z (t) = —1, y (1) = 2z (1) = 0. Solving successively the above equations with these
initial conditions, we obtain the same result as above.

Before we prove Theorem 3.7, let us prove some auxiliary statements from Analysis.

Definition. A set K C R" is called conver if for any two points z,y € K, also the full
interval [x,y] is contained in K, that is, the point (1 — A) xz + Ay belong to K for any
A€ 0,1].

Example. Let us show that any ball B (z,r) in R with respect to any norm is convex.
Indeed, it suffices to treat the case z = 0. If x,y € B(0,r) then ||z|| < r and |Jy|| < r
whence for any A € [0, 1]

(1 =Nz + Ayl < (1= A)[Jz]] + Ayl <7

It follows that (1 — )z + Ay € B (0,r), which was to be proved.

Lemma 3.8 (The Hadamard lemma) Let f (t,x) be a continuous mapping from € to R!
where Q) is an open subset of R such that, for any t € R, the set

Q={zeR": (t,x) € Q}

is convex (see the diagram below). Assume that f, (t,z) exists and is also continuous in
Q. Consider the domain

Q = {(t,z,y) eR*":teR, z,y € U}
{(t,z,y) e R”*: (t,2) and (t,y) € Q}.
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Then there exists a continuous mapping ¢ (t,z,y) : & — R>™ such that the following

tdentity holds:
f(tay) - f(?f,l’) - 90(t7x7y) (y _I)

for all (t,z,y) € Q (here ¢ (t,z,y)(y — ) is the product of the | x n matriz and the

column-vector).
Furthermore, we have for all (t,x) € Q the identity

o(t,z,z) = f. (t,x). (3.34)

/’/// Rn

(t)
[ ®y)

v
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Let us discuss the statement of Lemma 3.8 before the proof. The statement involves
the parameter ¢ (that can also be multi-dimensional), which is needed for the application
of this Lemma for the proof of Theorem 3.7. However, the statement of Lemma 3.8 is
significantly simpler when function f does not depend on ¢. Indeed, in this case Lemma
3.8 can be stated as follows. Let  be a convex open subset of R® and f : Q — R!
be a continuously differentiable function. Then there is a continuous function ¢ (x,y) :
Q x Q — R™" such that the following identity is true for all ,y € €

fy) = f@)=¢(@y)(y—=). (3.35)
Furthermore, we have
o (@,2) = fo(x). (3.36)
Note that, by the differentiability of f, we have

f—f@)=filx)y—z)+o(lly—=|) asy — =.

The point of the identity (3.35) is that the term o (||z — y||) can be eliminated replacing
fz (z) by a continuous function ¢ (¢, z,y).

Consider some simple examples of functions f (z) with n =1 = 1. Say, if f(z) ==
then we have

2

fy) = fe)=(y+2)(y—2)
so that ¢ (z,y) = y + 2. In particular, ¢ (z,x) = 2z = f’(z). A similar formula holds for
f(z) = ¥ with any k € N:

fFly)—f)= (@ +a"2y+ vy (y— ).
so that ¢ (z,y) = 2" 1+ 282y + ... + yF1 and ¢ (2, 2) = ka* L.
In the case n = [ = 1, one can define ¢ (x,y) to satisfy (3.35) and (3.36) as follows:

fte) 4,
f/ (l’) ) y==x.

It is obviously continuous in (x,y) for x # y, and it is continuous at (z,z) because if
(g, yr) — (x,x) as k — oo then

J () = f (z1)

Y — Tk

w(w,y)Z{

= 1" (&)

where &, € (2, yx), which implies that £, — = and hence, f’ (£,) — [’ (z), where we have
used the continuity of the derivative f’(x).

This argument does not work in the case n > 1 since one cannot divide by y — z. In
the general case, we use a different approach.

Proof of Lemma 3.8. It suffices to prove this lemma for each component f;
separately. Hence, we can assume that [ = 1 so that ¢ is a row (¢4, ...,,). Hence, we
need to prove the existence of n real valued continuous functions ¢y, ..., ¢,, of (¢, z,y) such
that the following identity holds:

fty) —f(tz) ZZ%(t,w,y) (yi — ) -

124



Fix a point (t,z,y) € ' and consider a function
FQA)=f(tz+A(y—2)

on the interval A € [0,1]. Since z,y € Q; and ) is convex, the point = + A(y — x)
belongs to Q. Therefore, (t,2 + A (y — z)) € 2 and the function F'(A) is indeed defined
for all A € [0,1]. Clearly, F'(0) = f(¢t,z), F (1) = f(t,y). By the chain rule, F'()) is
continuously differentiable and

F/(/\):Zf:ci (t,r+ Xy —2)) (yi — ).

By the fundamental theorem of calculus, we obtain
1
_ / F (V) d\
0

= 3 [t A =) - m)

= Z(pi (ta x>y> (yl - xl)

where )
¢Auayw=/‘ﬁmux+A@—x»¢x (3.37)
0

We are left to verify that o, is continuous. Observe first that the domain €’ of ¢, is an
open subset of R*"*1. Indeed, if (¢,z,y) € ' then (¢,7) and (f,y) € Q which implies by
the openness of {2 that there is € > 0 such that the balls B ((¢,z),¢) and B ((t,y),¢) in
R"*! are contained in 2. Assuming the norm in all spaces in question is the co-norm, we
obtain that B ((t,z,y),e) C €. The continuity of ¢, follows from the following general
statement.

Lemma 3.9 Let f (A, u) be a continuous real-valued function on |a,b] x U where U is an
open subset of Rk, \ € [a, 8] and uw € U. Then the function

b
= [ £
18 continuous in u € U.

Proof of Lemma 3.9 Let {u;};—, be a sequence in U that converges to some v € U. Then all
uy, with large enough index k are contained in a closed ball B (u,e) C U. Since f (), u) is continuous in
[a,b] x U, it is uniformly continuous on any compact set in this domain, in particular, in [a,b] x B (u,¢) .
Hence, the convergence

fug) = f(\u) as k — oo

is uniform in A € [0, 1]. Since the operations of integration and the uniform convergence are interchange-

able, we conclude that ¢ (u) — ¢ (u), which proves the continuity of .
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The proof of Lemma 3.8 is finished as follows. Consider f,, (t,x + A(y —x)) as a
function of (A, ¢, z,y) € [0,1] x €. This function is continuous in (A, ¢, z,y), which implies
by Lemma 3.9 that also ¢, (¢, z,y) is continuous in (¢, z,y).

Finally, if z = y then f,, (t,x + A (y — x)) = fu, (t,x) which implies by (3.37) that

@i (t,x,x) = f:cl (t,ZL’)

and, hence, ¢ (t,z,x) = f, (t,z), that is, (3.34). =

Now we are in position to prove Theorem 3.7.

Proof of Theorem 3.7. Recall that x (¢, s) is the maximal solution of the initial
value problem (3.28), it is defined in an open set U € R™*! and is continuous in (¢, s) in
U (cf. Theorem 3.6). In the main part of the proof, we show that the partial derivative
0,,x exists in U. Since this can be done separately for any component s;, in this part we
can and will assume that s is one-dimensional (that is, m = 1).

Fix a value sg of the parameter s and prove that 0sx (¢, s) exists at s = sy for any ¢t €
I, where I, is the domain in ¢ of the solution z (t) := x (¢, so). Since the differentiability
is a local property, it suffices to prove that dsz (¢, s) exists at s = so for any t € («a, 3)
where [, (] is any bounded closed interval that is a subset of I,,. For a technical reason,
we will assume that (a, §) contains tg. By Theorem 3.6, for any € > 0 there is 6 > 0 such
that the rectangle [a, 5] X [sg — d, so + d] is contained in U and

sup ||z (t,s) —x (t)|| <e forall s € [sg— 0,50+ I (3.38)

(see the diagram below).

SA

Sp+d
So
55 |

k_/

v
—

Furthermore, € and § can be chosen so small that the following set

Q= {(t,z,5) ER™™ L ia <t < b, |lz—a®)] <& |s—so <3} (3.39)
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is contained in € (cf. the proof of Theorem 3.6). It follows from (3.38) that, for all
t € (a,8) and s € (sp —d, 0+ 9), the function x (¢, s) is defined and (¢,z (t,s),s) € Q
(see the diagram below).

SA

Sy+d9,
So-8%, .

In what follows, we restrict the domain of the variables (¢, z, s) to Q. Note that € is
an open subset of R"* "1 and it is is convex with respect to the variable (x, s), for any

fixed ¢. Indeed, by the definition (3.39), (¢, z,s) € Q if and only if
(x,s) € B(z(t),e) x (s — 0,50+ )

so that Q, = B (z (t),€) x (so — 8, 5o + ). Since both the ball B (z (), ) and the interval
(so — d, 80 + &) are convex sets, KNZ,: is also convex.

Applying the Hadamard lemma to the function f (¢, z,s) in the domain Q and using
the fact that f is continuously differentiable with respect to (z, s), we obtain the identity

f(t,y,S)_f(t,fL‘,So) :(,D(t,l',So,y,S)(y—l’)+¢(t,l’,80,y,3) (S_SO)a

where ¢ and 1 are continuous functions on the appropriate domains. In particular,
substituting x = x (t) and y = x (¢, s), we obtain

fta(ts),s) = f(ta(t),s) = @(ta(t),so,x(t s),s)(x(t,s)—x(t))
0 75)7S)<5_50)
= al(t, )( (t,5) =2 (t) +b(t,5) (s — s0) ,

where the functions
a(t,s) =q¢(t,z(t),s0,z(t,s),s) and b(t,s) =1 (t,xz(t),se,x(t,s),s) (3.40)

are continuous in (t,s) € (o, ) x (so — 9,80 +0) (the dependence on sy is suppressed
because s is fixed).
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For any s € (so — 0,50+ 6) \ {so} and t € (a, [3), set

x(t,s) —x(t)

z(t,s) = s — 5o

(3.41)

and observe that, by (3.28) and (3.40),
/ ' (t’ S) —a (t) f(t,x(t,s),s) — f<t7x(t)750)

Z = =
S — 8o S — 8o

= a(t,s)z+b(ts).

Note also that z(tp,s) = 0 because both z (¢,s) and x (¢, s¢) satisfy the same initial
condition. Hence, function z (¢, s) solves for any fixed s € (sg — d, 80+ ) \ {so} the IVP

{ j(;’c;)(tjzf +b(t,s) (3.42)

Since this ODE is linear and the functions a and b are continuous in (¢,s) € (a,3) x
(so — 0,80+ 0), we conclude by Theorem 2.1 that the solution to this IVP exists for all
s € (s9p—909,8+0) and t € (a, ) and, by Theorem 3.6, the solution is continuous in
(t,s) € (o, 8) x (so—d,50 + ). By the uniqueness theorem, the solution of (3.42) for
s # so coincides with the function z (¢,s) defined by (3.41). Although (3.41) does not
allow to define z (¢, s) for s = sg, we can define z (t, s9) as the solution of the IVP (3.42)
with s = 5. Using the continuity of z (¢, s) in s, we obtain

lim z (¢,s) = 2 (t, s0) ,
s—80

that is,

Osx (t, ) [s=so = lim z(t5) =@ (t s0) = lim z (t,s) = 2 (¢, S0) -

$—80 S — 8o 5§—80

Hence, the derivative y (t) = 0sx (t, s) |s=s, €xists and is equal to z (¢, so), that is, y (¢)

satisfies the IVP
Y =al(t,so)y+0b(t so),
Note that by (3.40) and Lemma 3.8

a(t,so) = (t,z(t),s0,x(t),s0) = fu«(t,x(t),s0)

and
b(t,s0) =0 (t,x(t),s0,2z(t),s0) = fs(t,z(t),s0)

Hence, we obtain that y (¢) satisfies the variational equation (3.29).

To finish the proof, we have to verify that x (¢, s) is continuously differentiable in (¢, s).
Here we come back to the general case s € R™. The derivative d;x = y satisfies the IVP
(3.29) and, hence, is continuous in (¢, s) by Theorem 3.6. Finally, for the derivative 0,z
we have the identity

Owx = f(t,x(t,s),s), (3.43)

which implies that 0z is also continuous in (¢, s). Hence, z is continuously differentiable
in (t,s). =m
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Remark. It follows from (3.43) that 0,z is differentiable in s and, by the chain rule,
Os (Opx) = O [f (t,x (t,5),8)] = fu (t,x(t,8),5) Osx + fs (t,x(L,8),5). (3.44)
On the other hand, it follows from (3.29) that
O (0sz) = Oy = fou (t,x (t,5),s)0sx + fs (t,x (t,s),s), (3.45)

whence we conclude that

0,0,z = 0,0,z (3.46)

Hence, the derivatives 0, and 9, commute®® on x. As we have seen above, if one knew the
identity (3.46) a priori then the derivation of the variational equation (3.29) would have
been easy. However, in the present proof the identity (3.46) comes after the variational
equation.

Theorem 3.10 Under the conditions of Theorem 3.7, assume that, for some k € N,
[ (t,x,s) € C*(x,s). Then the mazimal solution x (t,s) belongs to C* (s). Moreover, for
any multiindex o = (o, ..., auy,) of the order |a| < k, we have

0,0z = 0°8,x. (3.47)

A multiindex « is a sequence (ay, ..., ;) of m non-negative integers «;, its order |«|
is defined by |a| = oy + ... + a,, and the derivative 0% is defined by

o]
oy 0

S 9sih..0som”

Proof. Induction in k. If & = 1 then the fact that x € C" () is the claim of Theorem
3.7, and the equation (3.47) with |a| = 1 was verified in the above Remark. Let us make
the inductive step from k — 1 to k, for any k& > 2. Assume f € C*(x,s). Since also
f € C* 1 (z,s), by the inductive hypothesis we have x € C*~! (s). Set y = 0,2 and recall
that by Theorem 3.7

Y =fo(tw,s)y+ fs (L, 2,8),
{ Y (fo) = 0, (3.48)

where x = x (¢, s). Since f, and f, belong to C*~! (z,s) and z (¢, s) € C*~1 (s), we obtain
that the composite functions f, (¢, 2 (¢,5),s) and f, (t,z (1,5),s) are of the class C*~! (s).
Hence, the right hand side in (3.48) is of the class C*~!(y,s) and, by the inductive
hypothesis, we conclude that y € C*~* (s). It follows that z € C* (s).

59The equality of the mixed derivatives can be concluded by a theorem from Analysis II if one knows
that both 9;0;x and 0;0sx are continuous. Their continuity follows from the identities (3.44) and (3.45),
which prove at the same time also their equality.
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Let us now prove (3.47). Choose some index i so that oy; > 1, and set f = (aq, ...,; — 1, ..

where 1 is subtracted only at the position i. It follows that 9% = 9%0,,. Set y; = O,z
so that y; is the i-th column of the matrix y = Jsz. It follows from (3.48) that the
vector-function y; satisfies the ODE

y; :fﬂf (taxas)yi—'—fsi (taxy 5)~ (349)

Using the identity 9% = 920,, that holds on C* (s) functions, the fact that f (¢, (¢,s),s) €
C* (s), which follows from the first part of the proof, and the chain rule, we obtain

a?atx - agf (t7I7 S) - asﬂasif(t,l‘,s) - 856 (fﬂfq (t,x,s) asqzx + fsz)
= 855 (frz (t>x> 3) Yi + fsl) = Qfatyz

Observe that the function on the right hand side of (3.49) belongs to the class C*~! (y, s).
Applying the inductive hypothesis to the ODE (3.49) and noticing that |5| = k — 1, we
obtain

836875% = atafyz‘,

whence it follows that

020 = 0,0%y; = 0,000, x = 8,0°x.

4 Qualitative analysis of ODEs

4.1 Autonomous systems

Consider a vector ODE
a' = f(z) (4.1)
where the right hand side does not depend on t. Such equations are called autonomous.

Here f is defined on an open set 2 C R™ (or Q C C") and takes values in R™ (resp., C"),
so that the domain of the ODE is R x €.

Definition. The set ) is called the phase space of the ODE. Any path x : [ — (), where
x (t) is a solution of the ODE on an interval I, is called a phase trajectory. A plot of all
(or typical) phase trajectories is called the phase diagram or the phase portrait.

Recall that the graph of a solution (or the integral curve) is the set of points (¢, (t))
in R x €. Hence, the phase trajectory can be regarded as the projection of the integral
curve onto €.

Assume in the sequel that f is continuously differentiable in 2. For any s € €2, denote
by z (t, s) the maximal solution to the IVP

Lo

Recall that, by Theorem 3.7, the domain of function x (¢, s) is an open subset of R"*! and
x (t, s) is continuously differentiable in this domain.
The fact that f does not depend on ¢, implies easily the following two consequences.
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1. If z (¢) is a solution of (4.1) then also x (t — a) is a solution of (4.1), for any a € R.
In particular, the function z (¢ — tg, s) solves the following IVP

{x’=f(w)

z (o) = s.

2. If f(x9) = 0 for some zy € € then the constant function x (¢) = zy is a solution of
' = f(z). Conversely, if = (t) = xq is a constant solution then f (zq) = 0.

Definition. If f (zy) = 0 at some point 2y € Q then xq is called a stationary point® or
a stationary solution of the ODE 2’ = f (z).

It follows from the above observation that xy € €2 is a stationary point if and only if
x (t,z9) = xo. It is frequently the case that the stationary points determine the shape of
the phase diagram.

Example. Consider the following system

{ v=ytay (4.2)

y'=—r—xy
that can be partially solved as follows. Dividing one equation by the other, we obtain a separable ODE
for y as a function of z:

dy  x(l+y)

der — y(1+z)

" ydy 77/ xdx
1+y 1+

whence it follows that

and
y—lnjly+1+z—Injz+1]=C. (4.3)

Although the equation (4.3) does not give the dependence of x and y of ¢, it does show the dependence

between x and y and allows to plot the phase diagram using different values of the constant C":

;

One can see that there are two points of “attraction” on this plot: (0,0) and (—1,—1), that are exactly

the stationary points of (4.2).

60Tn the literature one can find the following synonyms for the term “stationary point”: rest point,
singular point, equilibrium point, fixed point.
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Definition. A stationary point zg is called (Lyapunov) stable for the system a’ = f (x)
(or the system is called stable at zy) if, for any £ > 0, there exists § > 0 with the following
property: for all s €  such that ||s — x¢|| < J, the solution x (¢, s) is defined for all t > 0
and

sup ||z (t,s) — x|l <e. (4.4)
t€[0,400)

In other words, the Lyapunov stability means that if x (0) is close enough to xy then
the solution z () is defined for all ¢ > 0 and

z(0) € B(xg,0) = x(t) € B(xg,¢) for all t > 0.

If we replace in (4.4) the interval [0,+00) by any bounded interval [0,77] then, by the
continuity of x (t, s),

sup ||z (t,s) — xo|| = sup ||z (t,s) —x (¢, z0)|] — 0 as s — xy.
te[0,7) t€[0,7]

Hence, the main issue for the stability is the behavior of the solutions as t — +o00.

Definition. A stationary point zg is called asymptotically stable for the system 2’ = f (x)
(or the system is called asymptotically stable at zy), if it is Lyapunov stable and, in
addition,

|z (t,s) — xo]| — 0 as t — +oo,
provided |[|s — x¢|| is small enough.

Observe, the stability and asymptotic stability do not depend on the choice of the
norm in R™ because all norms in R" are equivalent.

4.2 Stability for a linear system

Consider a linear system ' = Az in R™ where A is a constant operator. Clearly, x = 0 is
a stationary point.

Theorem 4.1 If for all complex eigenvalues \ of A, we have Re A < 0 then 0 is asymp-
totically stable for the system x' = Ax. If, for some eigenvalue X of A, ReX > 0 then 0
is not asymptotically stable. If, for some eigenvalue \ of A, Re A > 0 then 0 is unstable.

Proof. By Corollary to Theorem 2.20, the general complex solution of the system
x' = Az has the form

z(t)=> Cre™ Py (1), (4.5)

where C}, are arbitrary complex constants, Aq,..., A\, are all the eigenvalues of A listed
with the algebraic multiplicity, and Py (¢) are some vector valued polynomials of ¢. The
latter means that B, (t) = u; + ust + ... + wt'~* for some | € N and for some vectors
Uty ...y Uy
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It follows from (4.5) that, for all ¢ > 0,
l= @l < > |Cee™ | 1P (1)l (4.6)
k=1

< (Re)\k)t
< mpxlCl S B 0)

< at
< max|Cyle ’;HPk @l

where
o= m]?XReAk < 0.

Observe that the polynomials admits the estimates of the type
1Pe ()] < e (1+¢7)

for all t > 0 and for some large enough constants ¢ and N. On the other hand, since
T (0) = Z Okpk (0) s
k=1

we see that the coefficients Cj, are the components of the initial value x (0) in the basis
{P; (0)},_,. Therefore, max |C| is nothing other but the co-norm ||z (0)||_, in that basis.
Replacing this norm by the current norm in R"™ at expense of an additional constant
multiple, we obtain from (4.6) that

lz @)l < C'lz (0)[ e (1 +17) (4.7)

for some constant C' and all ¢ > 0.
Since the function e® (1 + ") is bounded on [0, +-00), we obtain that, for all ¢ > 0,

lz ()] < Kz (0)],

where K = C'sup,s e (1 +tN ) , whence it follows that the stationary point 0 is Lyapunov
stable. Moreover, since
e (1+tN) — 0 as t — +o0,

we conclude from (4.7) that ||z (t)|| — 0 as ¢ — oo, that is, the stationary point 0 is
asymptotically stable.

Assume now that Re A > 0 for some eigenvalue A and prove that the stationary point
0 is not asymptotically stable. For that it suffices to construct a real solution x (t) of
the system 2’ = Ax such that ||z (t)|| /& 0 as t — +o00. Indeed, for any real ¢ # 0, the
solution cz (t) has the initial value cz (0), which can be made arbitrarily small provided
¢ is small enough, whereas cz (t) does not go to 0 as t — +oo, which implies that there
is no asymptotic stability. To construct such a solution z (¢), fix an eigenvector v of the
eigenvalue A with Re A > 0. Then we have a particular solution

z(t) = Mo (4.8)



for which
[z (&) | = |eM] llv]| = "B o]l > vl (4.9)

Hence, z (t) does not tend to 0 as ¢ — oo. If = () is a real solution then this completes
the proof of the asymptotic instability. If = (¢) is a complex solution then both Rex ()
and Im z (¢) are real solutions and one of them must not go to 0 as ¢t — oo.

Finally, assume that Re A > 0 for some eigenvalue A and prove that 0 is unstable. It
suffices to prove the existence of a real solution x (¢) such that ||z (¢)|| is unbounded. For
the same solution (4.8), we see from (4.9) that ||z (t)|| — oo as t — +oo, which settles
the claim in the case when z (¢) is real-valued. For a complex-valued x (t), one of the
solutions Rez (t) or Im x (¢) is unbounded, which finishes the proof. m

Note that Theorem 4.1 does not answer the question whether 0 is Lyapunov stable
or not in the case when Re A < 0 for all eigenvalues A but there is an eigenvalue A\ with
Re A = 0. Although we know that 0 is not asymptotically stable in his case, it can actually
be either Lyapunov stable or unstable, as we will see below.
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Consider in details the case n = 2 where we give a full classification of the stability
cases and a detailed description of the phase diagrams. Consider a linear system =’ = Ax
in R? where A is a constant linear operator in R?. Let b = {b;, by} be the Jordan basis
of A so that A has the Jordan normal form. Consider first the case when the Jordan
normal form of A has two Jordan cells, that is,

» (M O
=)

Then b; and by are the eigenvectors of the eigenvalues \; and Ay, respectively, and the
general solution is

x(t) = CLeM by + Cye?ths.

In other words, in the basis b,
z (t) = (CreMt, Cre™)
and x (0) = (C1, Cy). It follows that
|z (t)]|, = max (‘Cle)‘ﬂ : }C’Qe&t‘) = max (|Cy| "M |Cy| eR*!) < ||z (0) [|ooe™

where
a = max (Re A, Re \y) .

If @« <0 then
2 (t) [loo < [l (0) ]

which implies the Lyapunov stability. As we know from Theorem 4.1, if & > 0 then the
stationary point 0 is unstable. Hence, in this particular situation, the Lyapunov stability
is equivalent to o < 0.

Let us construct the phase diagrams of the system 2’ = Ax under the above assump-
tions.

Case A1, \o are real.

Let 24 (t) and 25 (t) be the components of the solution z (¢) in the basis {b1, b2} . Then
1 = CheMt and 1y = Che?t.
Assuming that i, Ay # 0, we obtain the relation between x; and x5 as follows:
To = C |x1 |’7 )
where v = A\2/A;. Hence, the phase diagram consists of all curves of this type as well as
of the half-axis 1 > 0,27 < 0,25 > 0,25 < 0.
If v > 0 (that is, A\; and Ay are of the same sign) then the phase diagram (or the

stationary point) is called a node. One distinguishes a stable node when A\, Ao < 0 and
unstable node when Ay, Ao > 0. Here is a node with v > 1:
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and here is a node with v = 1:

-1

If one or both of Aj, Ay is 0 then we have a degenerate phase diagram (horizontal or vertical
straight lines or just dots).

If v < 0 (that is, A; and Ay are of different signs) then the phase diagram is called a
saddle:

X

o
=
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Of course, the saddle is always unstable.

Case A1 and A\ are complex, say A\; = a — i8 and Ay = o + i with § # 0.

Note that b, is the eigenvector of A\; and by = by is the eigenvector of \y. Let u = Reb;
and v = Im b; so that by = u 4 v and by = u — iv. Since the eigenvectors b; and by form
a basis in C?, it follows that also the vectors u = % and v = % form a basis in C?;
consequently, the couple u, v is a basis in R?. The general real solution is

x(t) = CiRe ety 4+ O Tm ey,
= (C1e* Re (cos Bt —isin Bt) (u + iv) + Coe® Im (cos St — isin ft) (u + iv)
= ™ (C}cos Bt — Cysin ft) u + e* (Cy sin Bt + Cy cos ft) v
= Ce™cos (Bt + 1) u+ Ce®sin (Bt + 1) v

where C' = /C? + C% and
COS@/)—ﬁ sinzb—@
-’ -

Hence, in the basis (u,v), the solution z (¢) is as follows:

x(t):C< e cos (Bt + 1)) )

e* sin (Ot + 1))

If (r, §) are the polar coordinates on the plane in the basis (u, v), then the polar coordinates

of the solution x (¢) are
r(t) = Ce™ and 0(t) = Bt + .

If o # 0 then these equations define a logarithmic spiral, and the phase diagram is called
a focus or a spiral:

X_2
0.75T

05T

Q
0.5 05 \J" 0J25 0)5 0.75 1

-0.25 7

The focus is stable if @ < 0 and unstable if a > 0.

If o« = 0 (that is, the both eigenvalues \; and Ay are purely imaginary), then r (t) = C,
that is, we get a family of concentric circles around 0, and this phase diagram is called a
center:
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In this case, the stationary point is stable but not asymptotically stable.
Consider now the case when the Jordan normal form of A has only one Jordan cell,

that is,
Al
b _
A _<0 A).

In this case, A must be real because if A is an imaginary root of a characteristic polynomial
then A\ must also be a root, which is not possible since A does not occur on the diagonal
of A’. By Theorem 2.20, the general solution is

T (t) = C’le”bl + CQ@M (blt + bg)
= (Cl —+ Cgt) 6)\tb1 —+ Cgektbg

whence z (0) = C1b; + Csby. That is, in the basis b, we can write x (0) = (C4, Cy) and
i (t) = (GM (Cl + Cgt) 76)\t02) (410)

whence
|z (1), = M |Cy + Cot| + M |Cy .

If A < 0 then we obtain again the asymptotic stability (which follows also from Theorem
4.1), whereas in the case A > 0 the stationary point 0 is unstable. Indeed, taking C; = 0
and Cy = 1, we obtain a particular solution with the norm

le (&) [l = €™ (1+1),

which is unbounded, whenever A > 0.
If A # 0 then it follows from (4.10) that the components 1, xs of = are related as
follows:

T Cl 1 i)
=4t and t=<-In=
i) CQ + an A . CQ
whence |
o = Cg 4 %\m

where C' = % — In|C,|. Here is the phase diagram in this case:
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This phase diagram is also called a node. It is stable if A < 0 and unstable if A > 0. If
A = 0 then we obtain a degenerate phase diagram - parallel straight lines.
Hence, the main types of the phases diagrams are:

e a node (A, \g are real, non-zero and of the same sign);

a saddle (A1, g are real, non-zero and of opposite signs);

e a focus or spiral (A1, Ay are imaginary and Re A # 0);

a center (A1, Ao are purely imaginary).

Otherwise, the phase diagram consists of parallel straight lines or just dots, and is
referred to as degenerate.

To summarize the stability investigation, let us emphasize that in the case maxRe A =
0 both stability and instability can happen, depending on the structure of the Jordan
normal form.

4.3 Lyapunov’s theorems

Consider again an autonomous ODE 2’ = f(x) where f : @ — R" is continuously
differentiable and €2 is an open set in R™. Let zy be a stationary point of the system
' = f(x), that is, f (x¢) = 0. We investigate the stability of the stationary point z.

Theorem 4.2 (Lyapunov’s theorem) Assume that f € C? () and set A = f, (xo) (that
is, A is the Jacobian matriz of f at x).

(a) If Re A < 0 for all eigenvalues \ of A then the stationary point zo is asymptotically
stable for the system x' = f (z).

(b) If Re A > 0 for some eigenvalue \ of A then the stationary point xq is unstable for
the system ' = f (x).
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The proof of part (b) is somewhat lengthy and will not be presented here.

Example. Consider the system

{ ¥ =4+ dy — 2e*tY

y =sin3z +1In(1 —4y).

It is easy to see that the right hand side vanishes at (0,0) so that (0,0) is a stationary

point. Setting
B VA + 4y — 2"ty
f @)= < sin3z +1In (1 —4y) )’

A=f$<o,o>:<§j; 3@;;;):(;2 ii)-

Another way to obtain this matrix is to expand each component of f (z,y) by the Taylor formula:

we obtain

filzy) = 2 1+y—26‘r+y:2(1+%+0(az))—2(1+(x+y)+0(|:r|+\y|))
= —2z—y+o(z[+yl)
and
fo(z,y) = sin3z+In(l—4y)=3z+o0(z)—4y+o(y)
= 3z —dy+o(lz[+]y]).
Hence,

o= (50 T3 ) (5 ) wotiad b,

whence we obtain the same matrix A.

The characteristic polynomial of A is

22X -1\ .
det( ; _4_)\>—)\+6>\+11,

and the eigenvalues are ;o = —3 £ iv/2. Hence, Re A < 0 for all A\, whence we conclude
that 0 is asymptotically stable.

Coming back to the setting of Theorem 4.2, represent the function f (z) in the form

f (@) = Az —w0) + ¢ (2)

where ¢ () = o (||x — x¢]|) as * — xo. Consider a new unknown function X (t) = = (t)—xg
that obviously satisfies then the ODE

X' = AX +o(||X])).

By dropping out the term o (|| X]|), we obtain the linearized equation X' = AX. Fre-
quently, the matrix A can be found directly by the linearization rather than by evaluating
f x (1’0)

The stability of the stationary point 0 of the linear ODE X’ = AX is closely related (but not
identical) to the stability of the stationary point xg of the non-linear ODE 2’ = f (x). The hypotheses
that Re A < 0 for all the eigenvalues A of A yields by Theorem 4.2 that xg is asymptotically stable for the

non-linear system x’ = f (x), and by Theorem 4.1 that 0 is asymptotically stable for the linear system
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X' = AX. Similarly, under the hypothesis Re A > 0, ¢ is unstable for 2’ = f (x) and 0 is unstable for
X' = AX. However, in the case maxRe A = 0, the stability types for ODEs 2/ = f (z) and X’ = AX are

not necessarily identical.

Example. Consider the system

I
{ T =Yty (4.11)
Yy =—x—uxy.
Solving the equations
y+azy=0
r+zy=0

we obtain the two stationary points (0,0) and (—1,—1). Let us linearize the system at
the stationary point (—1,—1). Setting X =x + 1 and Y = y + 1, we obtain the system

{ X =Y -1)X=-X+XY=-X+o((X,Y)]) (4.12)

Y=—(X-1)Y=Y-XY=Y+o((X,Y)]

whose linearization is
X' =-X
Y'=Y.

~1 0
=(01)

and the eigenvalues are —1 and +1 so that the type of the stationary point is a saddle.
Hence, the system (4.11) is unstable at (—1, —1) because one of the eigenvalues is positive.
Consider now the stationary point (0,0). Near this point, the system (4.11) can be

written in the form /
{ o' =y+o(l(z,y))

Hence, the matrix is

y=—z+o(lyl)

v =y,
y = —x.

0 1
=(50)

and the eigenvalues are £:. Since they are purely imaginary, the type of the stationary
point (0, 0) for the linearized system is a center. Hence, the linearized system is stable at
(0,0) but not asymptotically stable. For the non-linear system (4.11), no conclusion can

be drawn from the eigenvalues.
In this case, one can use the fact that the phase trajectories for the system (4.11) can be explicitly
described by the equation:

so that the linearized system is

Hence, the matrix is

r—Injz+1+y—Injy+1=C.

(cf. (4.3)). It follows that the phase trajectories near (0,0) are closed curves (see the plot below) and,

hence, the stationary point (0,0) of the system (4.11) is Lyapunov stable but not asymptotically stable.
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The main tool for the proof of Theorem 4.2 is the second Lyapunov theorem, that is
of its own interest. Recall that for any vector © € R"™ and a differentiable function V' in
a domain in R”, the directional derivative 0,V can be determined by

Theorem 4.3 (Lyapunov’s second theorem) Consider the system x' = f (x) where f €
CY (Q) and let zy be a stationary point of it. Let U be an open subset of ) containing xq,
and V (x) be a C* function on U such that V (zo) = 0 and V (z) > 0 for any x € U\ {xo}.

(a) If, for all z € U,
@)V (z) <0, (4.13)

then the stationary point xq is stable.

(b) Let W (z) be a continuous function on U such that W (x) > 0 for x € U\ {zo}. If,
forallz e U,
@)V (x) < =W (x), (4.14)

then the stationary point xq is asymptotically stable.

(¢) If, for all x € U,
Op@)V (x) 2 W (x), (4.15)

where W 1s as above then the stationary point xq is unstable.

A function V' from the statement is called the Lyapunov function. Note that the vector
field f (x) in the expression O,V (¢) depends on x. By definition, we have

Z 8xk

In this context, 0V is also called the orbital derivative of V' with respect to the ODE
= f(x).

There are no general methods for constructing Lyapunov functions. Let us consider
some examples.

Example. Consider the system 2’ = Az where A € £(R"). In order to investigate the
stability of the stationary point 0, consider the function

V() = |lall; = chk

which is positive in R” \ {0} and vanishes at 0. Setting f (z) = Az and A = (A4y;), we
obtain for the components
Z’) = Z Akjl'j‘
j=1
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Since 37‘; = 21y, it follows that

3fV = Z a_l’kfk =2 Z Aijjl‘k.
k=1

j:k:]-

Recall that the matrix A is called a non-positive definite if

Z Aijjxk; < 0 for all x € R™.

7,k=1

Hence, if A is non-positive definite, then 0;V < 0; by Theorem 4.3(a), we conclude that
0 is Lyapunov stable. The matrix A is called negative definite if

Z Apjrjr, <0 for all x € R™\ {0} .

J,k=1

In this case, set W (z) = =237, _, Ay;x;74 so that 9;V = —W. Then we conclude by
Theorem 4.3(b), that 0 is asymptotically stable. Similarly, if the matrix A is positive
definite then 0 is unstable by Theorem 4.3(c).

For example, if A = diag (A1, ..., \,) where \; are real, then A is non-positive definite
if all Ay < 0, negative definite if all Ay < 0, and positive definite if all Ay > 0.

Example. Consider the second order scalar ODE 2" +ka’ = F' (x) that describes the one-
dimensional movement of a particle under the external potential force F' (x) and friction
with the coefficient k. This ODE can be written as a normal system

=y
Yy =—ky+ F(x).

Note that the phase space is R? (assuming that F is defined for all x € R) and a point
(x,y) in the phase space is a couple position-velocity.

Assume F'(0) = 0 so that (0,0) is a stationary point. We would like to decide if (0, 0)
is stable or not. The Lyapunov function can be constructed in this case as the full energy

2

V(ey) =% +U @),

where

U(m):—/F(x)dx

is the potential energy and y—; is the kinetic energy. More precisely, assume that k£ > 0

and
F(xz)<0 for x>0, F(x)>0forz<0, (4.16)

and set N
Ul(zx) = —/ F (s)ds,
0

so that U (0) = 0 and U (z) > 0 for  # 0. Then the function V (z,y) vanishes at (0, 0)
and is positive away from (0, 0).
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Setting
compute the orbital derivative 0;V:

oV = Vyy+Vy(—ky+ F(x))
= U'(x)y+y(—ky+F(r))
= —F(2)y—ky’ +yF (z)
= —ky* <.

Hence, V' is indeed the Lyapunov function, and by Theorem 4.3 the stationary point (0, 0)
is Lyapunov stable.
Physically the condition (4.16) means that the force always acts in the direction of
the origin thus forcing the displaced particle to the origin, which causes the stability.
For example, the following functions satisfy (4.16):

F(z)=—-z and F(z)=—2"
The corresponding Lyapunov functions are

22 P vd P
V(x,y)z;-l—; and V(x,y):vaE,
respectively.

Example. Consider a system

¥=y—=x
{ Y = —ab, (4.17)
The function V' (z,y) = %4 + % is positive everywhere except for the origin. The orbital
derivative of this function with respect to the given ODE is

oV = Vifi+V,fo
= 2% (y—x)—ya®
= —z*<o.

Hence, by Theorem 4.3(a), (0,0) is Lyapunov stable for the system (4.17).

Using a more subtle Lyapunov function V (z,y) = (x — y)2 + 32, one can show that (0,0) is, in
-1 1
0 0
(4.17) has the eigenvalues 0 and —1, the stability of (0,0) for the system (4.17) cannot be deduced from
Theorem 4.2. Observe that, by Theorem 4.1, the stationary point (0,0) is not asymptotically stable for

fact, asymptotically stable for the system (4.17). Since the matrix of the linearized system

the linearized system. However, it is still stable since the matrix is diagonalizable (cf. Section 4.2).

Example. Consider again the system (4.11), that is,

{ ¥=y+uay
/

y'=—x—ay

and the stationary point (0,0). As it was shown above, the phase trajectories of this
system satisfy the following equation:

r—Injlz+1+y—Inly+1=C.
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This motivates us to consider the function
V(z,y)=z—In|lz+1|4+y—In|y+1|

in a neighborhood of (0,0). It vanishes at (0,0) and is positive away from (0,0). Its
orbital derivative is

oV = Vui+V,fa
= (1 ! 1 !
= < —x—H>(y+$y)+< —m> (= —zy)

= ay—xy =0.
By Theorem 4.3(a), the point (0,0) is Lyapunov stable.
Proof of Theorem 4.3. (a) The main idea is that, as long as a solution z (t)
remains in the domain U of V', we have by the chain rule
d
oV @@) =V ()" (t) = V' (x) f (2) = 05y (2) < (4.18)

It follows that the function V is decreasing along any solution z (¢). Hence, if z (0) is
close to zp then V (2 (0)) must be small, whence it follows that V' (z (¢)) is also small for
all t > 0, so that x (¢) is close to xy.

To implement this idea, we first shrink U so that U is bounded and V' (x) is defined
on the closure U. Set

B. = B (zg,e) ={z € R": ||z — xo|| < €} .
Let € > 0 be so small that B, C U. For any such e, set
m(e)= inf V(x).

z€U\B:
Since V is continuous and U \ B, is a compact set (bounded and closed), by the minimal
value theorem, the infimum of V' is taken at some point. Since V' is positive away from
0, we obtain m (g) > 0.

U\ B(o.)
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It follows from the definition of m (¢) that
V(r)>m(e) forall 2z €U\ B.. (4.19)
Since V' (z9) = 0, for any given & > 0 there is § > 0 so small that
V(x) <m(e) forall z € Bs. (4.20)

Let x (t) be a maximal solution to the ODE 2’ = f (x) in the domain R x U, such that
x(0) € Bs. We prove that x (t) is defined for all £ > 0 and that z (t) € B. for all ¢ > 0,
which will prove the Lyapunov stability of the stationary point z,. Since x (0) € Bs, we
have by (4.20) that

V(xz(0)) <m(e).

Since the function V' (x (¢)) decreases in ¢, we obtain
Vi(xz(t) <m(e) forallt>D0,

as long as x (t) is defined®. It follows from (4.19) that x (t) € B..

We are left to verify that x (¢) is defined for all ¢ > 0. Indeed, assume that x (t) is
defined only for ¢ < T" where T is finite. By Theorem 3.3, when ¢ — T'—, then the graph of
the solution z (t) must leave any compact subset of R x U, whereas the graph is contained
in the compact set [0, 7] x B.. This contradiction shows that T = -+oc, which finishes
the proof.

(b) It follows from (4.14) and (4.18) that

d
5V @) = -W(z().
It suffices to show that

Vi(x(t) —0ast— o0

since this will imply that z (t) — zo (recall that z, is the only point where V' vanishes).

Since V' (x (t)) is decreasing in ¢, the limit

c= lim V(x(t))

t—-+o0

exists. Assume from the contrary that ¢ > 0. By the continuity of V, there is > 0 such
that
V (z) < cforall x € B,.

Since V' (x (t)) > ¢ for t > 0, it follows that z (t) ¢ B, for all t > 0. Set

m= 1inf W (z) >0.

2€U\B;
It follows that W (x (¢)) > m for all £ > 0 whence

%V@@DS—W@@DS—W

61Since x (t) has been defined as the maximal solution in the domain R x U, the point z (¢) is always
contained in U as long as it is defined.
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for all £ > 0. However, this implies upon integration in ¢ that
V() <V (x(0) —mt,

whence it follows that V (x (t)) < 0 for large enough ¢. This contradiction finishes the
proof.

(¢) Assume from the contrary that the stationary point xq is stable, that is, for any
e > 0 there is § > 0 such that x (0) € By implies that z (¢) is defined for all ¢ > 0 and
7 (t) € B.. Let € be so small that B. C U. Chose z (0) to be any point in Bs \ {x¢}.
Since z (t) € B. for all t > 0, we have also z (t) € U for all t > 0. It follows from the
hypothesis (4.15) that

%V(JE () =W (z(t)) =0

so that the function V (z (¢)) is monotone increasing. Then, for all ¢ > 0,

Vi(z(t) >V (x(0)) =:c>0.

Let r > 0 be so small that V (x) < ¢ for all = € B,.

V(x(D)=c

It follows that z (t) ¢ B, for all ¢ > 0. Setting as before

m= inf W (2) >0,

we obtain that W (z (t)) > m whence

d
%V(I (t)) > m for all t > 0.
It follows that V' (z (t)) > mt — +oc as t — o0, which is impossible since V' is bounded
inU. =

Proof of Theorem 4.2. Without loss of generality, set o = 0 so that f(0) = 0.
By the differentiability of f (x), we have

f(x)=Az+ h(z) (4.21)
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where h (z) = o (||z||) as © — oo. Using that f € C?, let us prove that, in fact,
I (@)l < C fla]|? (4.22)

provided ||z|| is small enough. Applying the Taylor formula to any component fj of f,
we write

The first term on the right hand side is the k-th component of Az, whereas the rest is
the k-th component of h (z), that is,

1 n
h () = 5 > 0 fi (0) wiws + o (J|x)?) -
ij=1
Setting B = max; j, |0;; fx (0)|, we obtain
i ()] < B Y || +o (l2)*) = Bl + o (||=]%) -
ij=1

Replacing ||z||; by |||l at expense of an additional constant factor and passing from the
components hy, to the vector-function h, we obtain (4.22).
Consider the following function

Vi(x) = /00 HeSAtzds, (4.23)
0

and prove that V' (z) is the Lyapunov function. Firstly, let us first verify that V (x) is
finite for any € R", that is, the integral in (4.23) converges. Indeed, in the proof of
Theorem 4.1 we have established the inequality

|ez]| < Ce* (£V +1) ||z, (4.24)
where C, N are some positive numbers (depending on A) and
a = max Re ),

where max is taken over all eigenvalues A of A. Since by hypothesis aw < 0, (4.24) implies
that Hes"‘xH decays exponentially as s — +00, whence the convergence of the integral in
(4.23) follows.

Secondly, let us show that V (z) is of the class C* (R") (in fact, C*° (R")). For that,
represent x in the canonical basis vy, ..., v, of R™ as

n
T = Z T,
i=1
and notice that

n
lefl3 =Y laif = -
=1
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Therefore,

HesAxH; = ¢° ,1’ e’ l’— <ZI’Z e’ Uz) <Z$J e’ UJ)
= inxj es Ui-eSAvj).
12

Integrating in s, we obtain

ZL’): E bz‘jl'il’j,
,J

where b;; = [° (e*4v; - e4v;) ds are constants. This means that V' (z) is a quadratic form
that is obviously infinitely many times differentiable in x.

Remark. Usually we work with any norm in R”. In the definition (4.23) of V (z), we
have specifically chosen the 2-norm to ensure the smoothness of V' (z).

Function V' (z) is obviously non-negative and V' (x) = 0 if and only if x = 0. In order
to complete the proof of the fact that V' (z) is the Lyapunov function, we need to estimate
OtV (x). Noticing that by (4.21)

@)V (x) = 042V (2) + )V (), (4.25)

let us first evaluate 04,V (x) for any z € R™. We claim that

04,V () = ZV (ez)| . (4.26)
=0

Indeed, using the chain rule, we obtain

d tA ) _ tA i tA
dtV(e x) =V, (e x) p (e x)
whence by Theorem 2.16
CZV (etAx) V. (etAaj) Aetlr.

Setting here ¢t = 0 and using that ¢4 = id, we obtain

d

tA
7 —V (e x)

=V, (z) Az = 04,V (),

t=0

which proves (4.26).
To evaluate the right hand side of (4.26), observe first that

Vietn) = [ et @) s = [ et tels = [ ertear
J0 J0 t

where we have made the change 7 = s +t. Therefore, differentiating this identity in ¢, we
obtain p

dtv( ) _HetAtz'
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Setting t = 0 and combining with (4.26), we obtain
OacV (x) = — |5
The second term in (4.25) can be estimated as follows:
Onw)V (x) = Vo () h(2) < |[Va () [ ][ ()]

(where ||V, (x)]| is the operator norm of the linear operator V,, (z) : R™ — R; the latter is,
in fact, an 1 X n matrix that can also be identified with a vector in R"). It follows that

OtV (1) = 01V (@) + On)V (@) < = |l + Ve ()] 172 ()] -

Using (4.22) and switching there to the 2-norm of z, we obtain that, in a small neighbor-
hood of 0,
2
Or@)V (x) < = [lzlly + Cl[Va (@) 2]l -

Observe next that the function V' (z) has minimum at 0, which implies that V, (0) = 0.
Hence, for any € > 0,
Ve (@)} <&

provided ||z|| is small enough. Choosing ¢ = $C' and combining together the above two
lines, we obtain that, in a small neighborhood U of 0,

1 1
gV (x) < = llall; + 5 llall; = =5 ll=ll5-

Setting W () = 5||«||3, we conclude by Theorem 4.3, that the ODE 2/ = f (z) is asymp-
totically stable at 0. =
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4.4 Zeros of solutions

In this section, we consider a scalar linear second order ODE
2 +pt)a +q(t)x=0, (4.27)

where p (t) and ¢ (t) are continuous functions on some interval I C R. We will be con-
cerned with the structure of zeros of a solution x (t).

For example, the ODE x” + 2 = 0 has solutions sint and cost that have infinitely
many zeros, while a similar ODE x” —x = 0 has solutions sinh ¢ and cosh ¢ with at most 1
zero. One of the questions to be discussed is how to determine or to estimate the number
of zeros of solutions of (4.27).

Let us start with the following simple observation.

Lemma 4.4 If z (t) is a solution to (4.27) on I that is not identical zero then, on any
bounded closed interval J C I, the function x (t) has at most finitely many distinct zeros.
Moreover, every zero of x (t) is simple.

A zero to of x (t) is called simple if 2’ (ty) # 0 and multiple if 2’ (ty) = 0. This definition
matches the notion of simple and multiple roots of polynomials. Note that if ¢y is a simple
zero then x (t) changes signed at .

Proof. If ¢, is a multiple zero then then x () solves the IVP

' +pr’+qr=0
'I(t())zo )
x (to) =0

whence, by the uniqueness theorem, we conclude that z (t) = 0.

Let x (t) have infinitely many distinct zeros on J, say x (t;) = 0 where {t;},-, is
a sequence of distinct reals in J. Then, by the Weierstrass theorem, the sequence {t}
contains a convergent subsequence. Without loss of generality, we can assume that ¢, —
to € J. Then z (tp) = 0 but also 2’ (tp) = 0, which follows from

2’ (tg) = lim T\) = Tto) () — (o)

=0.

Hence, the zero t, is multiple, whence x (t) =0. =
Theorem 4.5 (Theorem of Sturm) Consider two ODEs on an interval I C R
' +pt)r’+q(t)r=0and y' +p(t)y +q )y =0,
where p € C*(I), q1,q2 € C(I), and, for allt € I,
() <qa(t).

If x (t) is a non-zero solution of the first ODE and y (t) is a solution of the second ODE
then between any two distinct zeros of x (t) there is a zero of y (t) (that is, if a < b are
zeros of x (t) then there is a zero of y (t) in [a,b]).
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A mnemonic rule: the larger ¢ (¢) the more likely that a solution has zeros.

Example. Let ¢; and ¢» be positive constants and p = 0. Then the solutions are

x(t) = Cisin (\/qit + 1) and y () = Cosin (Vgat + @) .

T
Var’

y (t) for an arithmetic sequence with the difference \/% < %. Clearly, between any two

terms of the first sequence there is a term of the second sequence.

Zeros of function z (t) form an arithmetic sequence with the difference and zeros of

Example. Let ¢; (t) = g2 (t) = ¢ (t) and let = and y be linearly independent solution to
the same ODE 2" +p (t) 2’ + ¢ (t) x = 0. Then we claim that if a < b are two consecutive
zeros of x (t) then there is exactly one zero of y in [a,b] and this zero belongs to (a,b).
Indeed, by Theorem 4.5, y has a zero in [a, ], say y (¢) = 0. Let us verify that ¢ # a, b.
Assuming that ¢ = a and, hence, y (a) = 0, we obtain that y solves the IVP

v +py +qy=0

y(a) =0
Y (a) = Ca' (a)
where C' = Z:EZ% (note that 2’ (a) # 0 by Lemma 4.4). Since Cx (t) solves the same IVP,

we conclude by the uniqueness theorem that y (t) = Cz (t). However, this contradicts to
the hypothesis that = and y are linearly independent. Finally, let us show that y (¢) has
a unique root in [a, b]. Indeed, if ¢ < d are two zeros of y in [a, b] then switching = and
y in the previous argument, we conclude that x has a zero in (¢,d) C (a,b), which is not
possible.

It follows that if {az}r_, is an increasing sequence of consecutive zeros of z (t) then
in any interval (ay, agy1) there is exactly one root ¢; of y so that the roots of z and y
intertwine. An obvious example for this case is given by the couple z (¢) = sint and
y (t) = cost.

Proof of Theorem 4.5. Making in the ODE

" +pt)'+qt)z=0
the change of unknown function u (t) = z (t) exp (3 [ p (¢) dt), we transform it to the form
W +Qt)u=0

where
2 /

QW) =q—"-%

(here we use the hypothesis that p € C'). Obviously, the zeros of z (t) and u (t) are the
same. Also, if ¢; < g9 then also Q)1 < @)5. Therefore, it suffices to consider the case p = 0,
which will be assumed in the sequel.

Since the set of zeros of x (t) on any bounded closed interval is finite, it suffices to
show that function y (¢) has a zero between any two consecutive zeros of z (f). Let a <b
be two consecutive zeros of x (t) so that z (t) # 0 in (a,b). Without loss of generality, we
can assume that z (t) > 0 in (a,b). This implies that 2’ (a) > 0 and 2’ (b) < 0. Indeed,
x(t) > 0in (a,b) implies

7' (a) = lim z(t) —z(a) > 0.
t—a,t>a t—a
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It follows that 2’ (a) > 0 because if 2’ (a) = 0 then a is a multiple root, which is prohibited
by Lemma 4.4. In the same way, 2’ (b) < 0. If y (¢) does not vanish in [a, b] then we can
assume that y (£) > 0 on [a,b]. Let us show that these assumptions lead to a contradiction.

Multiplying the equation z” + ¢ux = 0 by y, the equation y” + ¢y = 0 by z, and
subtracting one from the other, we obtain

@+ z)y— W' +q@t)y)r=0,

"'y —y'r = (¢ — q1) vy,
whence
!
(2'y —y'z) = (g2 — qu) 2y.

Integrating the above identity from a to b and using = (a) = z (b) = 0, we obtain

YO0 -7 @) = Wy —v/all = [ @O -n @)@y @2

Since g2 > ¢; on [a,b] and z (t) and y (t) are non-negative on [a, b], the integral in (4.28)
is non-negative. On the other hand, the left hand side of (4.28) is negative because y (a)
and y (b) are positive whereas 2’ (b) and —z’ (a) are negative. This contradiction finishes
the proof. m

Corollary. Under the conditions of Theorem 4.5, let g1 (t) < qo (t) for all t € I. If
a,b € I are two distinct zeros of x (t) then there is a zero of y (t) in the open interval
(a,b).

Proof. Indeed, as in the proof of Theorem 4.5, we can assume that a, b are consecutive
zeros of x and x (t) > 0in (a,b). If y has no zeros in (a, b) then we can assume that y (t) > 0
on (a,b) whence y (a) > 0 and y (b) > 0. The integral in the right hand side of (4.28) is
positive because go (t) > ¢ (t) and z (t),y (t) are positive on (a,b), while the left hand
side is non-positive because 2’ (b) < 0 and 2’ (a) > 0. =

Consider the differential operator

d2

= )t al) (4.29)

L
dt

so that the ODE (4.27) can be shortly written as Lz = 0. Assume in the sequel that
p € CH(I) and q € C (I) for some interval I.

Definition. Any C? function y satisfying Ly < 0 is called a supersolution of the operator
L (or of the ODE Lz = 0).

Corollary. If L has a positive supersolution y (t) on an interval I then any non-zero
solution x (t) of Lx = 0 has at most one zero on I.

Proof. Indeed, define function ¢ (¢) by the equation

Y +pt)y +qt)y=0.

Comparing with
Ly=y"+pt)y +q(t)y <0,
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we conclude that ¢ (t) > ¢ (t). Since z” + pz’ 4+ gz = 0, we obtain by Theorem 4.5 that
between any two distinct zeros of x (¢) there must be a zero of y (¢). Since y () has no
zeros, x (t) cannot have two distinct zeros. m

Example. If ¢ () < 0 on some interval I then function y (t) = 1 is obviously a positive
supersolution. Hence, any non-zero solution of 2" + ¢ (¢t) x = 0 has at most one zero on I.
It follows that, for any solution of the IVP,

2 +q(t)x
x() 0
2’ (t) = a

with ¢ (¢) < 0 and a # 0, we have z (t) # 0 for all t # to. In particular, if @ > 0 then
x (t) > 0 for all t > t.

Corollary. (The comparison principle) Assume that the operator L has a positive su-
persolution y on an interval [a,b]. If z1 (t) and z3 (t) are two C? functions on [a,b] such
that Lxy = Lxoy and z1 (t) < 25 (t) fort = a and t = b then z1 (t) < x5 (t) holds for all
t € [a,b].

Proof. Setting © = x5 — 1, we obtain that Lx =0 and z (t) > 0 at t = a and t = b.
That is, x (t) is a solution that has non-negative values at the endpoints a and b. We need
to prove that x (¢) > 0 inside [a,b] as well. Indeed, assume that z (¢) < 0 at some point

€ (a,b). Then, by the intermediate value theorem, x (¢) has zeros on each interval [a, ¢)
and (c,b]. However, since L has a positive supersolution on [a, b], = () cannot have two
zeros on |a, b| by the previous corollary. =

Consider the following boundary value problem (BVP) for the operator (4.29):

Lo = f (1)
z(a) =«
r(b) =3

where f (t) is a given function on I, a,b are two given distinct points in I and «, 3 are
given reals. It follows from the comparison principle that if L has a positive supersolution
on [a, b] then solution to the BVP is unique. Indeed, if 27 and 5 are two solutions then
the comparison principle yields xy < x5 and xy < x1 whence z; = x».

The hypothesis that L has a positive supersolution is essential since in general there is
no uniqueness: the BVP 2" +x = 0 with  (0) = z (7) = 0 has a whole family of solutions
x (t) = Csint for any real C.

Let us return to the study of the cases with “many” zeros.

Theorem 4.6 Consider ODE z" + q(t)x = 0 where q(t) > a > 0 on [tg, +00). Then
zeros of any non-zero solution x (t) on [ty,+00) form a sequence {ty};-, that can be
numbered so that ti 1 > t, and t, — +oo. Furthermore, if

then

kll_)I{.lo (tk—i—l — tk> = (430)

Eh
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Proof. By Lemma 4.4, the number of zeros of z (t) on any bounded interval [ty, T
is finite, which implies that the set of zeros in [tg, +00) is at most countable and that all
zeros can be numbered in the increasing order.

Consider the ODE 3" +ay = 0 that has solution y (t) = sin y/at. By Theorem 4.5, z (¢)

has a zero between any two zeros of y (¢), that is, in any interval [%, ”(k—\/gl)} C [to, +0).

This implies that x (t) has in [to, +00) infinitely many zeros. Hence, the set of zeros of
z (t) is countable and forms an increasing sequence {t},.,. The fact that any bounded
interval contains finitely many terms of this sequence implies that t;, — +o0.
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To prove the second claim, fix some T" > t; and set

m=m(®)= il a0

Consider the ODE 3" + my = 0. Since m < ¢ (t) in [T, 4+00), between any two zeros of
y (t) in [T, +00) there is a zero of x (t). Consider a zero t; of z (t) that is contained in

[T, +00) and prove that
7r
lpp1 — tp < ——.

Jm

Assume from the contrary that that ¢, — tx > ﬁ Consider a solution

y (t) = sin <;—%+<p),

whose zeros form an arithmetic sequence {s;} with difference %, that is, for all 7,

T
Sjr1 — 8§ = ——= < g1 — -
vym

Choosing the phase ¢ appropriately, we can achieve so that, for some j,

[s75 8541) C (ts Thtr) -

(4.31)

However, this means that between zeros s;, s;41 of y there is no zero of x. This contra-

diction proves (4.31).

If b = 400 then by letting T" — oo we obtain m — oo and, hence, tx11 — tx — 0 as

k — oo, which proves (4.30) in this case.
Consider the case when b is finite. Then setting

M=M(T)= sup q(t),

te[T,+00)

we obtain in the same way that

T
lpr1 — tp 2 ——.

VM

When T' — oo, both m (T') and M (T') tend to b, which implies that

T
g1 — te — —=.

Vb

4.5 The Bessel equation
The Bessel equation is the ODE

22" + ta + (t2 — a2) z=0
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where t > 0 is an independent variable, z = x (¢) is the unknown function, @ € R is a given
parameter®2. The Bessel functions® are certain particular solutions of this equation. The
value of « is called the order of the Bessel equation.

Theorem 4.7 Let x (t) be a non-zero solution to the Bessel equation on (0,+00). Then
the zeros of x (t) form an infinite sequence {ty},o, such that ty < ty+1 for all k € N and
gyl — g — T as k — oo.

Proof. Write the Bessel equation in the form

Oé2

1
2+ ;x' - (1 — t_2> =0, (4.33)

set p(t) = ¢ and ¢ (t) = <1 - ‘;‘—;) Then the change

w(t) = 2 (f)exp <% / p(t)dt>
— 2 (f)exp <%lnt> NG

brings the ODE to the form
W+ Qt)u=0

where
Q)=q¢- -2 =1-"+ (4.34)

Note the roots of z (t) are the same as those of u (t). Observe also that @ (t) — last — oo
and, in particular, @ (¢) > % for t > T for large enough 7. Theorem 4.6 yields that the
roots of z (¢) in [T, +00) form an increasing sequence {t},-, such that ;.1 —t; — 7 as
k — oo.

Now we need to prove that the number of zeros of z (¢) in (0,77 is finite. Lemma 4.4
says that the number of zeros is finite in any interval [7, 7] where 7 > 0, but cannot be
applied to the interval (0,7] because the ODE in question is not defined at 0. Let us
show that, for small enough 7 > 0, the interval (0, 7) contains no zeros of x (t). Consider
the following function on (0, 7)

1
z (t) :lng —sint

62Tn general, one can let a to be a complex number as well but here we restrict ourselves to the real
case.
63The Bessel function of the first kind is defined by

) o (_l)m ¢ 2m+a
Jo(t) = Z m!I'(m+a+1) <§> .

m=0

It is possible to prove that J, (t) solves (4.32). If a is non-integer then .J, and J_,, are linearly independent
solutions to (4.32). If @ = n is an integer then the independent solutions are J,, and Y,, where

Y, () = lim Jo (t) cosam — J_q (1)

a—n sin am

is the Bessel function of the second kind.
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which is positive in (0, 7) provided 7 is small enough (clearly, z () — +o0 as t — 0). For
this function we have

1
z’:—g—cost and z”:—2+sint
whence
z"+lz'+z—lnl—&8t
t ot t

Since %St ~ % and ln% =0 (%) as t — 0, we see that the right hand side here is negative

in (0,7) provided 7 is small enough. It follows that

1 a?
" /

z +¥z+<1—t—2>z<0, (4.35)
so that z (t) is a positive supersolution of the Bessel equation in (0, 7). By Corollary of
Theorem 4.5, z (t) has at most one zero in (0, 7). By further reducing 7, we obtain that
x (t) has no zeros on (0, 7), which finishes the proof. m

Example. In the case a = 3 we obtain from (4.34) Q (t) = 1 and the ODE for u (t)
becomes u” + u = 0. Using the solutions u () = cost and u (t) = sint and the relation
x(t) = tY2u(t), we obtain the independent solutions of the Bessel equation: z (t) =
t~1/2sint and x (t) = t~*/?cost. Clearly, in this case we have exactly ¢, — t = .

The functions t~/?sint and ¢~/? cost show the typical behavior of solutions to the
Bessel equation: oscillations with decaying amplitude as t — oc:

y 27

1.57

057

-0.57

Remark. In (4.35) we have used that o > 0 which is the case for real . For imaginary
« one may have a? < 0 and the above argument does not work. In this case a solution to

the Bessel equation can actually have a sequence of zeros accumulating at 0 (see Exercise
64).
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