UPPER BOUNDS OF HEAT KERNELS ON DOUBLING SPACES

ALEXANDER GRIGOR’YAN AND JIAXIN HU

ABSTRACT. In this paper we give various equivalent characterizations of upper
estimates of heat kernels of regular, conservative and local Dirichlet forms on
doubling spaces, from both the analytic and probabilistic points of view. The first
part of this paper uses purely analytic arguemtn, while the second part focuses on
the probabilistic aspects where the exit time plays an important role.
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1. INTRODUCTION

Let (M, d) be a locally compact separable metric space and u be a Radon measure
on M with full support. Let (£,F) be a local regular Dirichlet form in L? (M, p),
A be its generator and P, = e!®, t > 0, be the associated heat semigroup. A family
{p+},~o of non-negative p x p-measurable functions on M x M is called the heat
kernel of the form (&€, F) if p; is the integral kernel of the operator P;, that is, for
any t > 0 and for any f € L*(M, u),

Pf(x) = /Mpt (z,y) f (y) du (y) (1.1)

for p-almost all x € M.

The purpose of this paper is to prove the existence of the heat kernel and to obtain
certain upper estimates for it under appropriate assumptions. For any = € M and
r > 0, set

B(z,r)={ye M :d(z,y) <r} and V(z,r)=p(B(z,1)).

We assume throughout that 0 < V' (z,7) < co. Fix a parameter 8 > 1 and consider
the following condition, which in general may be true or not.

(UEg) : The upper estimate: the heat kernel exists and satisfies the inequality

C & (z,y)\ 7T
pt(x,y)gmexp<—c< ty> )7

for some constants C,c > 0, for all £ > 0 and p-almost all z,y € M.

This form of (UEj) is motivated by the following two classes of examples.
1. Let M be a Riemannian manifold, d be the geodesic distance, p be the Rie-
mannian volume, and & be the canonical energy form given by

£(f) = /M V2 dg,

and F = W,* (M, i) (that is, F is the closure of C5° (M) in W2 (M, p)). In this
setting, the heat kernel p; (z,y) always exists and is a smooth function in (¢, x,y).
There is a vast literature devoted to upper and lower bounds of the heat kernel in
connection with the geometry of M. See, for example, [8], [11], [18], [19], [20], [32],
[34], [35], [36]. If M = R™ with the standard Euclidean structure then V' (z,7) = ¢,r™

and ,
1 d(x,y)
Dt (.’13, y) - (47Tt)n/2 exp < 4t ) 9

so that (UE,) obviously holds. Furthermore, if M is geodesically complete and the
Ricci curvature of M is non-negative then the heat kernel also satisfies (UE») (see
[30], [16], [33]).

2. Let M be one of the fractal spaces described, for example, in [1]. Typically,
d is an extrinsic distance from the ambient Euclidean space, and p is a Hausdorff
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measure. On most of the basic fractal spaces, one has V (z,r) ~ r® where a =
dimy M. The energy form (€, F) is constructed in a certain (highly non-trivial)
way using the self-similarity of the fractal. On large classes of fractals, it was proved
that the heat kernel exists and is a continuous function of (¢, z,y). Furthermore, on
such fractals the heat kernel admits the upper estimate (U E3) with some g > 2 (as
well as a matching lower estimate). See, for example, [1], [2], [3], [5], [25], [27], [29].
In the both cases, the Dirichlet form gives rise to the associated diffusion process
{Xi},5o on M, whose transition density with respect to measure p is exactly the
heat kernel p; (z,y). With some restrictions, such process exists also in the general
case and can be used to set up reasonable conditions for heat kernel estimates.
The main purpose of this paper is to prove new equivalent conditions for the
estimate (UEj3) (including the existence of the heat kernel) in various terms, both
analytic and probabilistic, which will be explained in details in the next Section.
In the case of a Riemannian manifold, the necessary and sufficient condition for
(UE,) in terms of a certain Faber-Krahn inequality was proved in [17]. In the
case of a general underlying space, Kigami [28] proved the necessary and sufficient
conditions for (U Ejg) in terms of a Nash type inequality and a mean exit time estimate
(which involves the associated diffusion {X;}), although under the additional a priori
assumptions that the heat kernel exists, is a continuous function of (¢, z,y), satisfies
the estimate sup, p; (z,z) < oo for all £ > 0, and inf, V (z,7) > 0 for some r > 0.
Let us briefly list our new results.
1. We prove that, under mild general assumptions, the upper bound (UEj) is
equivalent to the following estimate:

1 d(z,y)
pen) < g () (1.2

where ® (s) is a monotone decreasing function, that decays fast enough as s — oo.
The fact that (1.2) implies (UEj) can be regarded as a self-improvement phenome-
non.

2. We prove that (UEj) is equivalent to the conjunction of the Faber-Krahn
inequality and some tail estimate of the heat kernel or that of the exit time.

3. We prove that (UEjp) is equivalent to a certain isoperimetric inequality for the
mean exit time and the fact that this inequality is optimal for balls up to a constant
factor.

4. We develop new techniques for comparison heat semigroups and heat kernels
in different domains (cf. Theorem 4.6) that are used for obtaining heat kernel upper
bounds.

The analytic conditions for (UEj) are proved in Theorem 2.1, the probabilistic
conditions — in Theorem 2.2. Let us emphasize that the proofs are completely
analytic except for the cases where the probabilistic assumptions enter explicitly
the statement.

An important feature of this paper is the level of generality, which distinguishes
it from the previous ones and which is reflected in the following:

1. We make no a priori assumptions about the existence or regularity of the heat
kernel.

2. We make no specific assumption on the distance function d(z,y) (as being
geodesic or satisfying the chain condition).
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3. We do not assume that the metric balls are relatively compact (but do assume
the local compactness of (M, d) and finiteness of the volumes of balls).

We hope that this level of generality will facilitate the applications of the above
mentioned results!. At the same time, this setting poses certain technical challenges
and makes the proofs noticeably longer and more elaborate than one would desire.

The structure of the paper is as follows. In Section 2 we introduce the necessary
background material and state the main Theorems 2.1 and 2.2, providing also further
comments of technical and historical nature.

In Section 3 we state and prove some basic properties of the heat semigroup.

In Section 4 we introduce one of the main tools of this paper - comparison esti-
mates of heat semigroups in different domains (Theorem 4.6). The proofs here are
based on the weak parabolic maximum principle of [21].

In Section 5 we prove Theorem 2.1. The major ingredients of the proof are
Lemmas 5.5, 5.6 (based on Theorem 4.6) and Theorems 5.7, 5.8. In Section 6 we
prove Theorem 2.2.

We should mention that a first version of this paper under the title “Heat kernel
upper bounds on fractal spaces” was circulated in a preprint form by the first-named
author since 2003. The preprint contained part of the present results in a more
restricted setting. All references to that preprint should be replaced by references
to the present paper.

ACKNOWLEDGMENTS. The authors thank Martin Barlow, Thierry Coulhon, Jun
Kigami, Takashi Kumagai, Laurent Saloff-Coste, and Andras Telcs for useful dis-
cussions on the subject.

2. STATEMENT OF THE MAIN RESULTS

2.1. Metric measure space. Unless otherwise stated, here and in the rest of this
paper (M, d) is a locally compact separable metric space and pu is a Radon measure
on M with full support. As usual, the norm in the real Banach space L? := LP (M, )
is defined by

is1,= (. |f(w)|pdu(w))1/p, 1 <p<o,

and || flleo := esup,ens | f(2)|, where esup is the essential supremum. The inner
product of functions f, g € L? is denoted by (f, g).

As above, let B (z,r) denote the metric ballin (M, d) and set V' (z,r) = u (B (z,r)) .
The fact that p has a full support is equivalent to having V (z,r) > 0 for all x € M
and r > 0. We assume in addition that V' (z,r) < co. If a ball B (z,r) is precompact
then the finiteness of V' (z,r) follows from the hypothesis that u is Radon. However,
in general we do not assume that all balls are precompact, but instead we take a
much milder hypothesis of the finiteness of volumes of balls.

Consider the following conditions that in general may be true or not.

(VD) : Volume doubling property. there is a constant Cp > 1 such that
V(z,2r) < CpV (z,r). (2.1)

IFor example, without the requirement of the relative compactness of the balls, one can remove
from the space M a closed set of measure 0 without violating all other hypotheses.
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for all z € M and r > 0.
It is known that (V' D) implies the following: there exists o > 0 such that

V (z,R) d(z,y) + R\
Vi) =P ( r > 2

for all z,y € M and 0 < r < R (see Proposition 5.1 below).

(RV D) : Reverse volume doubling property: there exist positive constants o’ and ¢
such that

!

mzc E forallz € M and 0 < r < R.
V (z,r) r

It is known that (VD) implies (RV D) provided M is connected and unbounded
(see Corollary 5.3 below).

2.2. The Dirichlet forms. A Dirichlet form (€, F) in L? (M, p) is a bilinear form
€ : F xF — R defined on a dense subspace F of L? (M, p), which satisfies in
addition the following properties:

(1) Positivity: £ (f) =& (f, f) > 0.

(2) Closedness: F is a Hilbert space with respect to the following inner product:

(3) The Markov property: if f € F then also f = (f A1), belongs to F and

SR <E).

Here we use the notation a, := max {a,0}.

Recall some further definitions and results from the theory of Dirichlet forms
(cf. [15]). Any Dirichlet form has a generator A, which is a non-positive definite
self-adjoint operator on L? (M, u) with domain D C F such that

E(f,9) = (-Af,9)

for all f € D and g € F. The generator determines the heat semigroup {Pt}t20
defined by P, = 2.
It is known that the heat semigroup satisfies the following properties:

o {P,}1>0 is contractive in L?, that is ||P,f|l, < [|f]|, for all f € L* and ¢ > 0.
o {P,}>0 is strongly continuous, that is, for every f € L?,

P f L—2> fast—0+.
o { P }i>0 is symmetric, that is,
(Pif.g9) = (f,Pg) forall f,ge L
o {P}4>0 is Markovian, that is, for any ¢t > 0,
if f>0then P,f >0, and if f <1 then P f <1.

Here and below the identities and inequalities between L2-functions
are understood -almost everywhere in M.
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The form & (f) can be recovered from the heat semigroup as follows. For any
f e L*(M,u), the function

te (= BA)

is increasing as t is decreasing. In particular, it has a limit as ¢ — 0. It turns out
that the limit is finite if and only if f € F, and

o1
lm L (F-REH=£(). (23

The Markovian property of the heat semigroup implies that the operator P; pre-
serves the inequalities between functions, which allows to use monotone limits to
extend P, from L? to L and, in fact, to any L?, 1 < ¢ < co. Moreover, the extended
operator P, is a contraction on any L? and preserves positivity (cf. [15, p.33]).

The form (&, F) is called conservative if P,1 =1 for every ¢t > 0.

The form (€, F) is called local if £(f,g) = 0 for any couple f,g € F with disjoint
compact supports. The form (€, F) is called strongly local if E(f,g) = 0 for any cou-
ple f,g € F with compact supports, such that f = const in an open neighborhood
of suppg.

The Dirichlet form is called regular if F N Cy (M) is dense both in F and in
Co (M), where Cy(M) is the space of all continuous functions with compact support
in M, endowed with sup-norm.

For a non-empty open Q C M, let F(Q2) be the closure of F N Cy(£?) in the norm
of F. It is known that if (£, F) is regular, then (£, F(2)) is also a regular Dirichlet
form in L%(Q, ). Denote by Pf* the heat semigroup of (€, F(Q)). It is known that
if {€;};°, is an increasing sequence of open subsets of M and Q = [J;2, €; then, for
any t > 0 and any 0 < f € L*(Q), the sequence P f increases and converges to
P2 f as i — oo almost everywhere (see [15], [21, L.4.17]).

2.3. Analytic conditions (Theorem 2.1). For any set A C M, write A® for
M\ A. Fix a ball B = B(z,r) on M. In what follows we frequently consider
expressions like P;1p and Pi1g.. By definition, these functions are from L? (M, p)
so that they are defined almost everywhere rather than pointwise. In particular,
the values P,1p () and Pilp. (x) are not well-defined where z is the center of B.
However, in the presence of the heat kernel, one can give meaning to these functions
for almost all x as follows. Fix ¢ > 0, choose a pointwise version p; (x,y) of the heat
kernel and consider the integral

[ pew ), (24

Since the function y — p; (x,y) is measurable for almost all z, this integral is also
defined for almost all z € M. We claim that, for any other pointwise version p; (z, y)
of the heat kernel, the following identity holds for almost all z € M:

/ pr (2,9) dps (y) = / P (2,9) du (4). (2.5)
Be(z,r)

Be(z,r)
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That is, the expression (2.4) is well-defined for almost all x € M. Indeed, observe
that

/ pe(z,y) du(y) = / P (2, y) 1e (v) du (y) (2.6)
Be(z,r) M

and that the following identity

yg; (QJ, y) 1Bc(z,7’) (y) = @ (fL’, y) 1Bc(m,r) (y) (27)

holds for almost all (z,y) € M x M. Since the both functions in (2.7) are measurable
in (z,y) € M x M, we obtain by Fubini’s theorem that, for almost all z € M,

/M Pt (2,9) Lpe(an (y) du (y) = /M Pt (2,y) 1pequr (v) du (y)

whence (2.5) follows.
Fix a constant # > 1 and consider the following conditions.

(Texp) : (The exponential tail estimate) The heat kernel p, exists and satisfies the
estimate

fropmenascon(=e(Gm)7) ey

for some constants C,c > 0, all t > 0,7 > 0 and p-almost all z € M. It is
easy to show that (2.8) is equivalent to the following inequality: for any ball
B = B (zg,r) and t > 0,

8
r B—1 1
P1g:(z) < Cexp (—c (m) ) for p-almost all x € ZB

(see 21, Remark 3.3]).
(Ts) : (The tail estimate) There exist 0 < & < 2 and C' > 0 such that, for all ¢ > 0

and all balls B = B(xg,r) with r > Ct'/%,
1
Plpc(x) <e for p-almost all x € ZB. (2.9)

(Sp) : (The survival estimate) There exist 0 < ¢ < 1 and C' > 0 such that, for all
t > 0 and all balls B = B(zg, ) with r > Ct/5

1
1 — PP1g(z) <e for p-almost all z € ZB. (2.10)

(FKg) : (The Faber-Krahn inequality) There exist positive constants v, ¢ such that,
for all balls B C M of radius r and for all non-empty open sets {2 C B,

Amin (Q) > T% (%)V, (2.11)

where Ay, (©2) is the bottom of the spectrum of the (positive definite) gen-
erator of (£, F (1)) , that is,

: E(f)
Amin (2) = inf ) 2.12
() reF@\oy || f[I3 (212)

Note that since p (B) > p (£2), the value of v in (2.11) can be chosen to be arbitrarily
small. We will frequently assume that v < 1.
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(PUEg) : (Upper estimate with ®-term) The heat kernel p; (x, y) exists and admits the
following estimate

C d(z,y)
i (z,y) < V(x’tw)cb( tl/ﬂy ) , (2.13)

for some constant C, all ¢ > 0 and p-almost all x,y € M, where ® is a
decreasing positive function on [0, 400) such that

/ s*71® () ds < oo, (2.14)
0

and « is the same exponent as in (2.2).

Clearly, (UEj) is a particular case of (PU Ejg). Observe also that (®U Ej) implies
the following estimate (cf. Section 5.5):

(DUEj3) : (On-diagonal upper bound) The heat kernel p; exists and satisfies the estimate

C
\/v BV tl/ﬂ)’
for some constant C', all £ > 0 and u- almost all x,y € M.

P ( (2.15)

In the case of a continuous heat kernel, (2.15) is equivalent to the estimate
@0) S g
x7 x e )
pe V (z, 11/5)

which explains the term “on-diagonal”. Now we can state our first main result.

Theorem 2.1. Let (M,d, ) be a metric measure space and let v satisfy (VD) and
(RVD). Let (E,F) be a regular, local, conservative Dirichlet form in L*(M, ).
Then, the following conditions are equivalent:

(UEs) < (RUEp)
& (FKpg)+(5p) & (FKg) + (1)
& (DUEg) + (Sp) < (DUEg) + (Ts)
& (DUEg) + (Texp) -

Let us make some comments on the statement.
1. The following two equivalences

(UEs) < (PUE}p)
and
(UEs) < (FKp) +(Sp) < (FKjg) + (Tp)
are new and have not been previously known in any setting except for the case
when (M,d, p) is a Riemannian manifold and § = 2 (in the latter case, one has
(UE,) < (DUE,) < (FK5) so that the conditions (Sg) and (7j3) can be omitted —
cf. [17]).
2. The equivalences

(UEg) < (DUEg) + (Sp) & (DUEg) + (1) © (DUEg) + (Texp) (2.16)

were proved in [21, Theorems 3.1, 3.4, 310] under an additional hypothesis that
all metric balls in (M,d) are precompact. We have been able here to drop this
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hypothesis thanks to the comparison estimates of Section 4.3 (cf. Proposition 4.7
and Remark 4.8). Note also that the implication (73) = (S3) is the only place
where the conservativeness of (€, F) is used.

3. The implication (PUEg) = (UEj) in Theorem 2.1 may fail, if the Dirichlet
form (€, F) is not local. Indeed, let M = R™ and p be the Lebesgue measure. For
every 0 < 3 < 2, the heat kernel p; generated by (—A)ﬁ / % where A is the Laplace
operator, admits the estimate

1 d(z,y)\ "
pt(%‘,y)—m(“rw :

The corresponding Dirichlet form is non-local. It is clear that (®UEj3) holds with

@ (s) = (14 s)" " whereas (UEp) is not true.
4. In order to prove the implication

(FKﬂ) + (Sg) = (DUEB) , (2.17)

we use the locality of (£, F), although it is not clear whether the locality is really
essential or just technical. Note for comparison that if the volume doubling (V' D)
is replaced by a stronger condition

V(z,r)~r* forallz € M and all r > 0,
then one can easily prove the implication
(FKp) = (DUE}p)

without assuming the locality of (£, F) (see Lemma 5.5 as well as the argument in
[7], [17]).
5. The reverse volume doubling (RV D) is used only to prove the implication

Without (RV D) this implication does not hold in general. Indeed, let M be a
compact Riemannian manifolds, for example, S". Then (DU Es) holds while for the
ball B = M we have A\ (B) = 0 so that (FK5) fails. Note also that (RV D) follows
from (VD) provided M is connected and unbounded (see Corollary 5.3). Of course,
in this case (RV D) can be dropped from the hypotheses of Theorem 2.1.

6. We regard the following implication as a central and most interesting part of
Theorem 2.1:

(FKg) + (Ts) = (UEg) . (2.18)

The proof of (2.18) uses the following ingredients:

(i) Lemma 5.5: (FKj3) implies on-diagonal upper bound (5.48) for the heat
kernels in balls.
(¢7) Theorem 5.8: (T3) < (S5) < (Texp) -
(#77) Lemma 5.6: (5.48) and (Sg) imply (DUER).

(iv) (DUEg) + (Texp) = (UEp)

The proof of Lemma 5.5 follows [17]: one first obtains a Nash type inequality in
balls (Lemma 5.4) and then uses Nash’s argument to estimate the heat kernels in
balls.

The idea of Theorem 5.8 in the setting of fractals goes back to Barlow [1] using a
probabilistic approach. In the general setting but still assuming that the metric balls

~— —
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are precompact, Theorem 5.8 was proved by the authors in [21]. Here we have been
able to drop this assumption at the expense of using a quite involved Proposition
4.7. Also, we have simplified other parts of the proof by using the argument of
Hebisch and Saloff-Coste [26] (cf. Theorem 5.7).

The idea of Lemma 5.6 goes back to Kigami [28] who introduced the method called
now Kigami’s iterations. We had to overcome significant difficulties to adapt this
method to the present setting, due to the lack of a priori continuity and boundedness
of the heat kernel. For that we use a new comparison estimate for the heat kernels
in different domains (Theorem 4.6).

Finally, the proof of the implication (DU Eg)+(T¢.,) = (U Eg) uses a new compu-
tational argument. For the full proof of Theorem 2.1 we refer the reader to Section
5.5.

2.4. Probabilistic conditions (Theorem 2.2). For any regular Dirichlet form
(€, F), there is an associated Hunt process®. Denote by X;,t > 0, the trajectories of
a process and by P, x € M, the probability measure in the space of trajectories em-
anating from the point x. Denote by E, the expectation of the probability measure
P,. Then the relation between the Dirichlet form and the associated Hunt process
is given by the following identity:

which holds for any bounded Borel function f, for every ¢ > 0, and for p-almost
all x € M (note that P, f is a function from L* and, hence, is defined up to a
set of measure zero, whereas E, f(X;) is defined pointwise for all z € M). By [15,
Theorem 7.2.1, p.302], such a process always exists but, in general, is not unique.
Let us fix one of such processes once and for all. Note that if (£, F) is local, then
the Hunt process X; is a diffusion, that is, the sample path ¢ — X, is continuous
almost surely.
We say that the process {X,} is stochastically complete if

P, (X, e M)=1 forallt >0 and z € M.

If the process is not stochastically complete then the state space M is added an

ideal point oo, which is called a cemetery and which is assigned a complimentary

probability to ensure that P, has the total mass 1. Applying (2.19) with f =1, we

obtain that {X;} is stochastically complete if and only if (£, F) is conservative.
For any open set {0 C M, define the first exit time T as follows:

T =1inf{t > 0: X; ¢ Q}, (2.20)

where X; ¢ Q means that either X; € M \ Q, or X; = occ.
A Borel set N C M is called invisible if u (N) = 0 and

P,(X; € Nor X;_ € Nforsomet>0)=0 forallze M\N.

For a fixed parameter § > 1, consider the following conditions.

2Loosely speaking, a Hunt process is a strong Markov process whose sample paths are right
continuous and have left limit almost surely — see [6], [14], [15] for a detailed definition.
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(Pg) : The exit probability estimate. There exist an invisible set N C M and con-
stants € € (0,1), 0 > 0 such that, for all x € M \ N and r > 0,

P, (Tps < 0rf) <e. (2.21)
Some equivalent conditions to (Ps) are proved in Section 6.4. In particular, if
{X.} is stochastically complete, then (P3) < (S5) < (1p).
(Eg) : The mean exit time estimate. There exist an invisible set N C M and
positive constants C, ¢ such that, for all z € M \ N and r > 0,
e <E, (TB(E’,-)) < CrP. (2.22)

For example, one has E, (TB(M)) = cr? in R", and so (E3) holds with 3 = 2.
The condition (F,) is satisfied also for any complete non-compact manifold of non-
negative Ricci curvature. For fractal spaces, one usually obtains (Eg) with 5 > 2.
It is true that

(Eg) = (Fp) and (P3) = (Ej =),
where (Ez >) stands for the lower bound in (2.22) (see Section 6.4).

(EQ2g) = Isoperimetric inequality for the mean exit time. There exist an invisible set
N C M and positive constants C', v such that, for any ball B in M of radius
r and for any non-empty open set 2 C B,

su T r? & ’

For example, it is known that for any bounded open set 2 C R",

supE, (tq) < sup E, (7q,)

€N €N,
where (2, is a ball of the same volume as €. If its radius is r, then

sup B, (1q.) = cur? = Cp ()%™ = Cpu ()Y,

TEN

whence (2.23) follows with § =2, v = 2/n, and N = (. Hence, (E€);) holds in R™.
It follows from a result in [16] that (E€2;) holds also on any complete non-compact
Riemannian manifold of non-negative Ricci curvature.

Theorem 2.2. Let (M,d, ) be a metric measure space, and let p satisfy (VD) and
(RVD). Let (€,F) be a regular, local, conservative Dirichlet form in L* (M, p).
Then the following equivalences hold:
(UEs) & (DUEp) +(P) < (DUEg) + (Ejs)
& (FKjs) + (Ps) < (FKp) + (Ep)
& (BQg) + (Ps) < (ESQp) + (Es).-
Theorem 2.2 will be proved in Section 6.4. Let us give some comments on the

statement.
1. We consider the equivalence

(UEg) ~ (EQg) + (Eg) (2.24)
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as the most interesting part of Theorem 2.2. Let a ball B = B (z,r) be centered at
a point x € M\ N. Taking in (2.23) Q2 = B, we obtain E,7p(g,) < Cr?, which gives
the upper bound in condition (Ejg) that is,

(EQg) = (Ep <). (2.25)
Hence, the equivalence (2.24) can be also stated as follows:
(UEg) & (EQg) + (Es >), (2.26)

where (E >) stands for the lower bound in (Es). Condition (E€g) can be consid-
ered as an isoperimetric inequality for the mean exit time E,7q. From this point of
view, the condition (Ez >) means that the upper bound for E,7q in (2.23) is sharp
(up to a constant multiple) and is attained when 2 is a ball and =z is its center.
Hence, we can shortly state (2.26) as follows:

The heat kernel upper estimate (UEjg) is equivalent to the fact that the isoperi-
metric inequality (ES2z) for the mean exit time holds, and it is sharp for balls (up
to a constant multiple).

2. The importance of the condition (Ej3) for heat kernel estimates was revealed
by Barlow [1, Theorem 3.11]. He proved, in particular, that

(DUEg) + (Eg) = (DUEg) + (Ps) = (UEp)

although in a more restricted setting of a regular volume growth and a continuous
heat kernel. In our proof of Theorem 2.2 we use the implication (Ez) = (P3) from
[1]. Barlow [1, Lemma 3.9] also showed that (Ejg) follows from two-sided estimates
of the heat kernel.

3. Kigami [28] was the first to prove that (UEz) = (Ejg) although in a more
restricted setting than ours. We give here a different proof that goes through a
sequence of implications:

(UEg) = (Sp) = (Ps) = (E5 =)
and (UEﬁ) = (Eﬂﬁ) = (Eﬁ S) .

4. Note that the hypothesis of conservativeness is used only in the proof of the
implication (P3) = (Eg >) via Theorem 5.8. Without the stochastic completeness,
the implication

(UEs) = (Eg 2)
is not true. Indeed, let M = R with the Euclidean distance, u be the Lebesgue
measure, and let {X;} be the diffusion process generated by the operator H =

—% + ¢ (z) where ¢ is a positive smooth function on R. The associated Dirichlet
form (€, F) is given by F = W (R) and

5(f,g)=/R(f’g’+qu) dj.

Since ¢ > 0, the heat kernel of this process satisfies the upper bound (U E,). Clearly,
the stochastic completeness fails because of the killing term. Let us verify that
(Ey >) also fails, for example, in the case ¢ (r) = x2. Indeed, in this case the heat
kernel of {X,} is given by the explicit expression

1 (x_y)Q 1, 1,
S — S TY) 2 tanht — ~y? tanht
pe(,y) (27 sinh 2t)? eXp( 9sinh2¢ o+ MRt oY Al
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. .. 1 .
(see for example [10]). In particular, noticing that —— +tanht > 1, we obtain
1

(0,2) < (-52)
V% y ) S —— s exXp | —=T
: (27 sinh 2t)*72 2

/ /pt (0,z) dx dt < oo.
o Jr

By (6.7), the function r — E, (T B(O,r)) is bounded, which makes the lower bound
Eo (TB(0s) = cr? impossible.

5. The reverse volume doubling property (RV D) is only used to prove the impli-
cation

whence

(UEp) = (Es <),
which is not true without (RV D); in this case, (UEg) = (E€g) is not true either.
Indeed, let M be any compact Riemannian manifold with non-negative Ricci curva-
ture (for example, just a sphere). Clearly, M satisfies all the hypotheses® of Theorem
2.2 with 8 = 2, except for (RV D), because u (M) < oo. However, condition (Eg <)
fails because the exit time from balls with large radii is oo.

3. BASICS OF HEAT SEMIGROUPS

In this section, we prove some basic facts about the heat semigroups and heat
kernels. One of the most important results is the existence of the heat kernel under
the assumption that the heat semigroup is ultracontractive (see Lemma 3.7). It is
traditionally deduced from the following abstract result.

Proposition 3.1. If K : L' (M) — L* (M) is a bounded linear operator then it
has a measurable integral kernel k (x,vy), that is,

Kf @)= [ b9 1) duty @.1)
M
for all f € L' (M) and almost all z € M. Moreover,
esup |k (z,y)| = K], - (3.2)
m’y

A short proof of this result can be found in [12, T.2.2.7] although under an addi-
tional hypothesis that requires the existence of a certain partition of the space M
into disjoint subsets similar to the partition of R™ into dyadic cubes. It is not clear
whether such a partition exists in our setting.

A more general setting, that requires only the separability of L* (M), was consid-
ered in [13, Ch.VI, Sect.8, Th.6 and Cor.7]. However, the latter states the existence
of a so called vector-valued kernel, that is, of a mapping k& : M — L (M) that
associates with any y € M a function k, € L, such that, for all f,g € L*,

(Kf,9)= /M(kyag)f(y) dp (y)

and esup, ||k,||,, = ||K|]. If the function k, () has a jointly measurable in =,y
version k (z,y) then one obtains (3.1) and (3.2). However, the existence of a jointly

3For example, (UE,) holds by [30].
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measurable realization of k, (z) requires an additional argument and is not at all
automatic. Since the question of a joint measurability of the heat kernel has been
invariably neglected in the literature, we have decided to include a complete proof
of the existence and the measurability of the heat kernel for ultracontractive semi-
groups. A key ingredient of the proof is Lemma 3.3 that is an L?-version of Propo-
sition 3.1. Proposition 3.1 can be then deduced from Lemma 3.3, but we skip the
details of that because we need only Lemma 3.3.

3.1. Bounded operators L?> — L*. We say that a couple (X, u) is a measure
space if X is an arbitrary set and u is a complete o-finite measure on X. Let (X, u)
and (Y,v) be two measure spaces. In this section, we assume in addition that the
space L?(Y) is separable.

Let any € X be associated with a function k, € L? (Y). Define the following
operator K for all f € L*(Y):

Kf(z)= (ks f) = / k. fdv (3.3)
Y
so that K f is a function on X.

Lemma 3.2. If, for any non-negative f € L*(Y), Kf (z) > 0 for almost allz € X
then, for almost all x € X, we have k, > 0 almost everywhere on Y.

Proof. For any non-negative function f € L? (Y), there is a null set N} C X such
that

Kf(z) >0 forallze X \N;.

Let S be a countable family of non-negative functions on L? (V') that is dense in the
cone of all non-negative functions in L? (Y), and set

N=UN
fes

so that A/ is a null set in X. Then, for any f € S and all x € X \ NV, we have
K f (z) > 0. If f is any other non-negative function in L? (Y'), then f is an L*-limit
of a sequence {fi} C S, whence, for any z € X \ NV,

(ky, f) = lim (ky, fr) = lim K fi (z) > 0.
k—oo k—o0
Therefore, for any € X \ NV, we have that k, (y) > 0 for almost all y € Y, which
finishes the proof. O

Lemma 3.3. Let K : L? (Y) — L> (X) be a bounded linear operator, with the norm
bounded by c, that is, for any f € L?(Y),

es;(llefl <c|lfll,- (3.4)
Then there exists a mapping k, : X — L?(Y) (that is, k, € L*(Y) for any v € X)
such that, for all f € L* (Y),
Kf(z)= (kg, f) for almost all x € X.

Moreover, for all x € X,
||k‘m||L2(Y) <c
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Furthermore, there is a function k (x,y) that is jointly measurable in (x,y) € M x M
such that, for almost all x € X, k(x,-) = k, almost everywhere on'Y .

Consequently, we see that, for any f € L?(Y) and almost all z € X,
K7 @)= [ b @ ).
M

Proof. For any f € L*(Y), Kf is an element of L (X) and, hence, is defined for
p-almost all z € X. We would like to choose a pointwise realization of K f(x) while
keeping the linearity of the mapping f — K f (x). Denote by £ (X) the set of all
bounded measurable functions on X defined pointwise. Then £ (X) is a Banach
space with the sup-norm (in contrast to L (X) where the norm is the essential
supremum).
We claim that there exists a linear operator K : L? (Y)) — £ (X) such that, for
any f € L*(Y),
Kf(x)=Kf(z) foralmostall ze€ X, (3.5)

and
sup |[Cf| < | fll,- (3.6)

For any measurable function ¢ on X, which is defined pointwise, consider the fol-
lowing set

N (¢) :={x € X : |p(x)| > esup|pl},

which has p-measure 0 by the definition of the essential supremum. Modifying ¢ by
setting it to be 0 on A () (or on any null set containing N (¢)), one achieves that
sup |¢| = esup |¢|. We use this idea to construct an operator K : L? (Y) — L (X)
as follows. Let {v;}°°; be an orthonormal basis in L? (), and let V' be the set of
all finite linear combinations of functions v; with rational coefficients. First define
Kv; to be any pointwise realization of Kv;, then extend K to the whole space V by
linearity. Hence, (3.5) holds for all f € V. Since the set V is countable and each
set N(Kf) has measure 0, the union Nj of all sets N (K f) over all f € V has also
measure 0. Now we modify the definition of K f for every f € V by setting K f to be
zero on Ny (and not changing it outside ANj). Clearly, the linearity of X and (3.5)
are preserved, but we acquire in addition that

sup |Kf| =esup |K f| for all f €V,
which together with (3.4) implies
sup [Kf| < c|fllz2 forall feV.

Hence, K is a bounded linear mapping from (V, || - ||2) to £ (X). Since V is dense
in L? (Y), K uniquely extends to a bounded linear mapping from L? (Y') to £> (X),
which then satisfies (3.5) and (3.6).

Now fix © € M and observe that by (3.6)

IKf (@) <cllflly, (3.7)

that is, the mapping f — K f(z) is a bounded linear functional in L? (V). By the
Riesz representation theorem, there exists a function k, € L? (Y') such that, for any
feLl*(Y),

Kf(x) = (ks, [)- (3.8)
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It follows from (3.7) and (3.8) that
|kz|l2 < ¢ forall z € X. (3.9)

We are left to prove the existence of a jointly measurable in x,y version of k, (y).
Note that the mapping = — k, is weakly measurable as a mapping from X to
L?(Y) because for any f € L*(Y), the function (k,, f) = Kf (z) is measurable
in z. Since L?(Y) is separable, by Pettis’s measurability theorem (see [37, Ch.V,
Sect.4]) the mapping = +— k, is strongly measurable. Since the norms |[/k,||, are
uniformly bounded by (3.9), by a Bochner theorem (see [37, Ch.V, Sect.5]) the
mapping x — k, is Bochner integrable on subsets of X of finite measure. Finally,
by [13, Ch.III, Sect.11, Th.17], any Bochner integrable mapping admits a jointly
measurable version. O

3.2. A norm estimate of a bilinear functional. Let (X, ) and (Y, v) be two
measure spaces and ¢ : X X Y — R be a measurable function on X X Y (the
measure on X X Y is p X v). By a rectangle in X X Y we mean any set R of
the form R = A x B where A C X and B C Y are measurable sets with finite
measures. We write ¢ € L! (X xY) if ¢ is integrable on any rectangle. For

Tec

example, L},. (X X Y) contains all LF (X xY), 1 < p < oo.

rec
Let us use the notation

3 (f,g) = /X o) f @) g d(ux ), (3.10)

for those functions f and ¢ for which the integral makes sense. Also, we use notation
a- =max{—a,0}.

Lemma 3.4. Assume that ¢ is a measurable function on X XY and

o €L (XxY) (3.11)
Then
sup P (f,g) =esupy (3.12)
F€Tx,9€Ty XXY

where Tx is the set of test functions of the form ﬁl A for an arbitrary measurable

subset A of X with 0 < p(A) < oo, and Ty is defined similarly.

The proof of this lemma can be found in Appendix at the end of the paper. If
@ € L™ (X xY) then (3.12) is well known. However, it is important for us that
¢ is not assumed a priori bounded because Lemma 3.4 can be used to prove the
boundedness (and upper bounds) of ¢ using upper bounds of the functional ®.

Note that, for any function f € Tx, we have || f]|, = 1. Observe also that, due to
the hypothesis (3.11), the integral (3.10) is well defined for all f € Tx and g € Ty
and takes values in (—oo, +00]. It is obvious that if

£,9>0, |fll; =llgll; =1, and ®(f, g) is well defined, (3.13)

then @ (f, g) < esup . Therefore, for any class of test functions f and g, satisfying
(3.13), we have

sup @ (f, g) < esup .
f.9

Hence, the main point of Lemma 3.4 is to ensure the opposite inequality. Once it
is established for some classes of test functions f, g, these classes can be enlarged
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arbitrarily with the only restrictions that they satisfy (3.13). For example, if ¢ > 0
then (3.12) holds provided Ty is a class of non-negative functions f with || f||, = 1,
and Ty is defined similarly.

Let us restate Lemma 3.4 in terms of the operator ® that is defined by

<I>g(w)=/ys0(w,y)g(y)dV(y),

for all g € Ty.

Corollary 3.5. Let ¢ be a measurable function on X X Y that satisfies (3.11).
Assume that, for some a € R and for all g € Ty,

®g (z) < a for almost all x € X.
Then ¢ (z,y) < a for almost all (z,y) € X x Y.

Proof. Indeed, for any f € Tx, we have ® (f,g) < a whence esup¢ < a by (3.12).
0

3.3. The notion of a heat kernel. We are back in the setting of a locally compact
separable metric space M with a Radon measure p with full support. Note that
L? (M) is separable so that the results of Section 3.1 apply.
Let p: (z,y) be a function of (¢t,z,y) € Ry x M x M. We say that p; (z,y) is a
heat kernel if it satisfies the following properties:
(1) Measurability: for any ¢t > 0, p;(z,y) is p X p-measurable in (z,y) € M x M.
(1) The Markovian properties: for any ¢ > 0, p;(z,y) > 0 for p-almost all
x,y € M, and

| pedutn) < 1. (3.14)

for p-almost all x € M.
(137) Symmetry: for any ¢ > 0, pi(x,y) = pi(y, x) for p-almost all z,y € M.
(iv) The semigroup property: for all t,s > 0,

Prea(z,y) = /M pi(2, 2)pa(2,y)dp(2) (3.15)

for p-almost all z,y € M.
(v) The approximation of identity: for any f € L?

/M P (@) £ () du(y) 5 f(2) ast =0+ (3.16)

Note that a heat kernel is effectively defined for any ¢ > 0 and for almost all

x,y € M since changing it at a null-set in M x M does not affect the properties
(i)-(v).
Let {P;},., be the heat semigroup in L? associated with a Dirichlet form (€, F).
A a function p; (x,7) on Ry x M x M is called the integral kernel of P, if p, (x,%)
is non-negative, measurable in (x,y) € M x M for any ¢t > 0, and the following
identity holds

RA@) = [ plan) £ ) dn () (3.17)
for all f € L? ¢t > 0, and p-a.a. z € M.
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Lemma 3.6. (a) If p; (z,y) and ¢ (z,t) are two integral kernels of Py then, for any
t>0,

Dbt (l‘, y) = ('I? y) (318>

for almost all (x,y) € M x M.
(b) If pi (x,y) is the integral kernel of P, then p; (x,y) is a heat kernel.

Hence, the integral kernel of P, will be referred to as the heat kernel of P,.

Proof. (a) Note that p; € L, (M x M) because for any measurable set A C M of
finite measure,

/Apt (z,y)dp(y) = Pla(z) <1 (3.19)

for almost all z € M. For all non-negative f,g € L?, we have by Fubini’s theorem?,

(P.f,g) = /M o) £ 0) 9 ) du(o)in (@) (3.20)

Using a similar identity for ¢; (x,y), we obtain that

/M N (@ (z,9) — pe (2,9)) [ (y) g (z) du(y)dp () = 0.

By Lemma 3.4 we conclude that

esup (g¢ (z,y) — pe (2,y)) = 0
Y
that is ¢; < p; almost everywhere. In the same way, we have p; < ¢; whence the
identity p; = ¢; follows.
(b) Applying (3.19) to A = A,, where {A,} is an exhaustive sequence of subsets
of M with finite measures, we obtain (3.14). Let f, g be two non-negative functions
from L2. Using the symmetry of P,, we obtain

(Bf.9) = (f, Pog) = / Py (y) f (v) du ()

M

- /M 5 (09) £ )9 (0) o)) (3.21)

Comparing (3.20) and (3.21) and arguing as in part (a), we obtain p; (z,y) = p; (y, z)
for almost all z, y.

4For the future applications, observe that the identity (3.20) holds not only for non-negative
f,g € L? but for all f,g € L% Indeed, if f,g are signed functions from L? then applying (3.20) to
|f] and |g|, we obtain that the function p; (z,y) f (y) g (x) is integrable on M x M, which allows
to use Fubini’s theorem and to conclude that

/Mprt (,y) f(y) g (z)du(y) du(z) = /M (/Mpt (z,y) f (y) dp (y)) g (z)dp ()

= (Ptfvg)
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Using the semigroup identity P, , = P, (P;s) and Fubini’s theorem, we obtain that,
for any non-negative f € L? and for p-a.a. x € M,

Piiof (x) = P (P f) (x)

= /Mpt (z,2) (/Mps (z,y) f (y) du (y)) du (=)
:/M (@pt(x,z)ps(z,y)dﬂ(z)) f(y)du(y).

Hence, for any non-negative g € L2,

(Piysfs9) =/ </Mpt(fv72)ps(z,y)du(»2)> f () g () du(y)du().

MxM
Comparing with

(Prsf,g) = /M e (@) ()9 @) Al o),

and using again Lemma 3.4, we obtain (3.15).
Finally, (3.16) follows immediately from (3.17) and P, f it fast—0. O

3.4. Ultracontractivity and the existence of the heat kernel. Fix some p, g
such that 1 < p < ¢ < +oo. A semigroup {F} in L? is said to be L? — L4
ultracontractive if there exists a positive decreasing function v on (0, +00), called
the rate function, such that, for each ¢ > 0 and for all f € LP N L2,

1P fllg < v (&) [1f[lp- (3.22)

Note that if P, is LP — L? ultracontractive, then P, is also L — LP" ultracontrac-
tive with the same rate function, where p* and ¢* are the Holder conjugates to p
and ¢, respectively. This is because for any ¢ > 0, the operator T' := P, is symmetric
and ||[T*|| = ||T|| . In particular, we see that P; is L' — L? ultracontractive if and
only if it is L? — L* ultracontractive. In this case, we simply say that {P} is
ultracontractive.

The next lemma relates the ultracontractivity of { P;} with the existence of a heat
kernel satisfying a uniform upper bound. This fact is well known but there hardly
exists a reference with a detailed proof matching our setting (see [1], [4], [7], [11],
[20], [23], [36] for the proofs in various settings).

Lemma 3.7. The heat semigroup {P;} is L' — L? wultracontractive with a rate
function vy, if and only if {P,} has the heat kernel p; satisfying the estimate
esup p (2,y) <7 (t/2)", (3.23)
RIS

for allt > 0.

Proof. If the heat kernel exists and satisfies (3.23), then we have, by (3.20) and
(3.23),

(Paf,9) < esup po (2, 9) Il llgllx < v (@) 11l lglls,
Y

for all f,g € L' N L?. Taking f = g and noticing that (Pyf, f) = || P.f]|3, we obtain
[Pfll2 < v @) (| £l
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that is, the semigroup {P;} is L' — L? ultracontractive with the rate function ~ (¢).
Conversely, if P, is L' — L? ultracontractive, then P, is also L? — L* ultracon-
tractive, that is, for any f € L? and t > 0,

[Pflloe < v (@)[]f]]2- (3.24)

By Lemma 3.3, the operator P, has the integral kernel p; (z,y) (it is non-negative
by Lemma 3.2) that satisfies the estimate

esup ||p; (z,-)[l, < v (1).

By Lemma 3.6, p; (x,y) is the heat kernel of P,. Using the semigroup identity (3.15)
and the symmetry of the heat kernel, we obtain that, for almost all z,y € M,

Par (,9) = (P (2, ) i (95 ) < e (2, )l 1P (9, )2 s (3.25)

whence (3.23) follows. O

For the sake of completeness, let us prove also a similar result for L' — L*®
ultracontractivity, although we will not use it.

Corollary 3.8. The heat semigroup {P;} is L' — L* ultracontractive with a rate
function ~y, if and only if {P,} has the heat kernel p; satisfying the estimate

esup p; (z,9) <y (1), (3.26)
z,yeM

for all t > 0.

Proof. If the heat kernel exists and satisfies (3.26) then we have, for any f € L'NL?,

1Pef oo —esup‘/ pe(z,y) f (y) dp(y)| < esup py (z,9) [ flly <y @I f]; -

z,yeM

Conversely, if the semigroup {P;} is L' — L ultracontractive then we have, for
any f € L? that f2 € L! and, hence

12 (F) [l < v @ 121, =7 @) 11l

Since (P,f)* < P, (f?), we obtain

1Pl < VY @) 1f]ly

so that P, is L? — L ultracontractive. By Lemma 3.7, we conclude that the
heat kernel exists. Finally, by the L' — L* ultracontractivity, we have, for all
non-negative f,g € L' N L2,

/M /M pe(2,9) £ (2) g () dpe () dpe () = (Pfog) <7 @) 11, ol

whence (3.26) follows by Lemma 3.4. O
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3.5. Decay of esup;; p;. For any subset U C M, set

esup p; 1= esup p, (z,y).
z,ycU

Lemma 3.9. If the heat kernel p, exists, then for any set U C M, the function
t — esupy py is non-increasing on (0,4+00). Also, for any two sets U,V C M,

1/2
esup p;(z,y) < (esuppt . esuppt) . (3.27)
eEViyeU v U

Proof. For an open set U, define the class of test functions 7 (U) by
={feLllU)nL*(U):|fl=1}.
By Lemma 3.4, we have
esup py; (z,y) = sup / / pe(,y) f(2) g (y) dp () dpa (y)

zeVyyelU feT V)
geT (U

= sup (Bf,9). (3.28)
FeT(V)
geT(U)

The symmetry of P; and the semigroup property imply
(Pif9) = (Pyjaf, Piyag) < 1Py 2| Popaglle = (Pof, )2 (Pug, )™,

whence

1/2
sup (Ptf7g) S ( sup (Ptf7f) sup (Ptg7g)> . (329)
feT(V) feT(V) geT (U)
geT(U)

Applying this to the case U = V', we obtain

sup (Pif,g9) < sup (Bf,f).
F,9€T(U) FET(V)

Since the opposite inequality is trivial, we have in fact the identity
sup (Ptfag): sup (*Ptfaf)a

f,9€T(U) feTU)
which implies
esup p; (z,y) = sup (Pf, f). (3.30)
z,yelU feT(U)

Combining (3.28), (3.29), and (3.30), we obtain (3.27 ).
Finally, let us show that (P, f, f) = || P2 f||3 is non-increasing in ¢ > 0, which will
finish the proof. It follows from (2.3) that, for all f, g € F,

d
dt (Ptf7 )‘t:O = _g(fvg) .
Since P,f € F for any t > 0 and f € L?, it follows that
d
dt (Ptf, ) = _E(Ptfvg)
for all ¢t > 0. Therefore we obtam

H Pfll3 = (Hf, Bf) =28 (Rf, Bf) <0, (3.31)
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which was to be proved. [l

4. COMPARISON OF HEAT SEMIGROUPS IN DIFFERENT DOMAINS

In this section we prove comparison inequalities for heat semigroups and heat
kernels in different domains (Corollaries 4.4, 4.5 and Theorem 4.6). The main tool
in the proofs is the parabolic maximum principle of [21, Proposition 4.11].

4.1. A maximum principle and its applications. Let [ be an interval in R, and
let €2 be an open subset of M. A function u : I — F is said to be a weak subsolution
(resp. a weak supersolution) of the heat equation in I x ) if the derivative % of u

exists in I in the norm topology of L?*(2) and, for any ¢ € I and any non-negative
function ¢ € F (),

0
If the inequality in (4.1) is replaced by equality, then u is called a weak solution of

the heat equation in I x Q. It is known that P, f is a weak solution in (0, 00) x Q
for any open Q C M (cf. [21, Example 4.10]).

Proposition 4.1 (parabolic maximum principle [21]). Let u be a weak subsolution
of the heat equation in (0,T) x 2, where T € (0, +00] and Q is an open subset of M.
Assume in addition that u satisfies the following boundary and initial conditions:

o u,(t,-) € F(Q) for anyt € (0,T);
o uy(t,-) R0 st 0.
Then u(t,z) <0 for any t € (0,T) and p-almost all z € Q.
Remark 4.2. It was shown in [21, Lemma 4.4] that, for a regular Dirichlet form
(€, F),ifu e Fandifu < wvforsomewv € F(Q), then u, € F(2). We will frequently
use this result later on.

We use the maximum principle to prove the following lemma.

Lemma 4.3. Assume that (£, F) is reqular and local. Let u (t,z) be a weak subso-
lution of the heat equation in (0,00) x U, where U is an open subset of M. Assume
further, for any t > 0, u(t,-) is bounded in M and is non-negative in U. If

2
w(t,) 2D 0ast -0 (4.2)

then the following inequality hold for all t > 0 and almost all x € U:
u(t,a) < (1= P/u(a)) sup s, )=o) (43)
<s<

Proof. We first assume that U is precompact. Choose an open set W such that
W e U. Fix areal T > 0 and set

mi= sup (s, )l (.4
0<s<T

We show that, for all 0 <t <T and p-almost all x € W,
u(t,z) <m(1— P 1y(z)). (4.5)



HEAT KERNEL 23

Let ¢ and 1 be cut-off functions® of the couples (W,U) and (U, M), respectively.
Consider the function
w:=C_(u—m [n - thlw] ) (4.6)

Then (4.5) will follow if we prove that w < 0 in (0,7] x W.

Claim 1. The function w is a weak subsolution of the heat equation in (0, co) x .

Clearly, PV 1y, is a weak solution of the heat equation in (0,00) x W. Let us
show that so is Cu. Indeed, the product (u belongs to F because both ( and u are
in L N F. For any test function ¢ € F(W), we have, using (i) = 1,

d (Cu 0 0
(Farte) = (o) = (aer)
==& (u,9) = =€ (Cu,¥) + £((¢ — Du, ¥)
==& (Cu, ),
where we have used also that (¢ — 1)u = 0 in W and, hence,
E((C—1)u,9) =0,
by the locality of (£,F). Thus, Cu is a weak solution in (0, 00) x W.

Finally, the function n () considered as a function of (¢, z), is a weak supersolution
of the heat equation in (0, 00) x W, since for any non-negative » € F(W)

RTINS B il (1
E(m, ) =lim ¢ (n — Fin,¢) = lim ¢ (1 = P, ) > 0,

whence it follows that w is a weak subsolution.
Claim 2. For every t € (0,T], we have (w (t,-)), € F(W).
By Remark 4.2, it suffices to prove that in (0,7 x M

because mP¥ 1y, € F (W). In M \ U, inequality (4.7) holds trivially because
(=0=P"1y in M\U

and, hence, w = —mn < 0. To prove (4.7) in U, observe that n = 1 in U and
0<u<min (0,7] x U, whence

w=Cu—m+mPYly <u—m+mP" 1y <mP 1y,

which was to be proved.
Claim 3. The function w satisfies the initial condition
2
w(t,) "™ 0 ast — 0. (4.8)
Noticing that n = 1 in W, we see that

2
n— PtW].W = 1W — PtW].W Lﬂ)
Combining with (4.2), we obtain (4.8).
By the parabolic maximum principle (cf. Prop. 4.1), we obtain from Claims 1-3
that w < 0 in (0,7] x W, thus proving (4.5).

Oast — 0.

°A cut-off function of the couple (W, U) is a function ¢ € FNCy(M) such that 0 < ¢ < 1in M,
¢ = 1 on an open neighborhood of W, and supp¢ C U. If (£,F) is a regular Dirichlet form then

a cut-off function exists for any couple (W,U) provided U is open and W is a compact subset of
U (cf. [15, p.27]).
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Finally, let U be an arbitrary open subset of M. Let {W;}:2, and {U;};°, be two
increasing sequences of precompact open sets, both of which exhaust U, and such
that W; € U; for all i. For each i, we have by (4.5) with ¢t = T that in W}

u < [1= B¥] sup (s, )l gy (19)
0<s<t

Replacing by the monotonicity in the right hand side U; by U, and noticing that
PYi1y, 2% PU1y as i — oo,
we obtain (4.3) by letting ¢ — oo in (4.9). O

Corollary 4.4. Assume that (€,F) is reqular and local. Let U C Q be two open
subsets of M. Then, for any non-negative function f € L*(Q), for all t > 0 and
p-almost all x € U,

PPf(@) - P f(@) < [1- PP1(@)] sup [POf ey (400
Proof. Tt suffices to prove (4.10) for non-negative functions f € LN L* () because
for a general non-negative f € L? (), one first applies (4.10) to bounded functions
fn=f Anforany n =1,2,... and then let n — oc.

Fix such a function f, set

u(t,x) = B f(z) — P f(x)
and observe that u is a non-negative bounded weak solution of the heat equation in

(0,00) x U satisfying the initial condition (4.2). By Lemma 4.3, we conclude that u
satisfies (4.3), whence (4.10) follows. O

Corollary 4.5. Assume that (€, F) is regular and strongly local. Let U C Q be two
open subsets of M. Then the following inequality holds for all t > 0 and p-almost

all x € U:
1— P1g(z) < (1 - PV1y(2)) sup 1 - P§1Q}|LW(U). (4.11)
<s<t
Proof. Approximating U by precompact open subsets, it suffices to prove the claim

in the case when U € Q. Let ¢ be a cut-off function of the couple (U, 2). Then we
can replace the term 1 — P21 (z) in the both sides of (4.11) by the function

u(t,z) = ¢ (z) — Pg(x).

Clearly, for any ¢ > 0, the function u (¢,-) is bounded in M, non-negative in U, and
satisfies the initial condition (4.2). Let us verify that u (¢,x) is a weak solution of
the heat equation in (0,00) x U. It suffices to show that the function ¢ (z) as a
function of (¢,z) is a weak solution in (0,00) x U. Indeed, since ¢ is constant in
a neighborhood of U, the strong locality of (&€, F) yields that £(¢,v) = 0 for any
¢ € F(U), which finishes the proof. O

4.2. Comparison of heat kernels. We now give a comparison inequality of two
Dirichlet heat kernels in distinct domains that will be used in Section 5 for obtaining
on-diagonal upper estimate of the global heat kernel. For simplicity, write

esup p;’ := esup p’(2,y).
U z,ycU
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Theorem 4.6. Assume that (€, F) is regular and local. Let U C § be two open

subsets of M. If the Dirichlet heat kernels p¥, pi exist, then the following inequality
holds

esuppl (2, y) < esupp! (z,y) + [1 — PV 1y(2)] esupp! (4.12)
yeU yeU U

for any t,s > 0 and p-almost every x € U.

If the indeterminate form 0-0c0 occurs in the last term in (4.12) then we understand
it as 0.

Let V' be an open subset of U. Taking in (4.12) esup in z € V, we obtain that,
for all t,s > 0,

esup py., < esupp! + esup [1- PtUl(J;ﬂ esup p'l. (4.13)
v U zeV U

This inequality will be used in Section 5.

Proof. Fix t,s > 0. Assume first that esup; p! < oco. Choose a non-negative
function f € L' N L*(U). Using the inequality (4.10) of Corollary 4.4 with PSf
instead of f, we obtain that, for p-almost all x € U,

PSS < PY(PRS) @)+ 1= B10()] s [P0f] gy (419)
Note that
BV (P2f) (z) = / PV (2, 2) PAF(2) dpu(z) = / 0@, 9) f () d (),
where
¢(z,y) = / pY (2,2) 52 (21) dis (2) (4.15)

By Lemma 3.9, we have
esup p§l < esup p?’
U U

for any s < A, and so

Sup (| POf]| ey < IF1 sup  esupp < I|flls esupp?
s<A<t+s s<A<t+s U U

Therefore, it follows from (4.14) that, for almost all x € U,
/piis (@,y) f (y) dp(y) < / q(z,y) f (v)du(y) + K [1 = P/1y(x)] | f]1, (4.16)
U

U
where K = esupy, p!. Next, we will apply Corollary 3.5 with function

14 (.T, y) - p?+s (CC, y) —q (-'L',y) - K [1 - PtU]'U(x)] :
Observe that ¢p_ € L}, (U x U) (cf. Lemma 3.4), which follows from

q(z,y) < /pi2 (z,2) pY (2,y) dp (2) = py, (2, Y)
Q
and pft, € L!

e (2 x Q) (cf. the proof of Lemma 3.6). Hence, by Corollary 3.5,
(4.16) implies that, for almost all z,y € U,

s (2,9) < q(2,y) + K [1 - PP 1y(2)] . (4.17)
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Taking the essential supremum in y € U and noticing that by (4.15)

esupq (z,y) < esupp; (z,2), (4.18)
yeU zeU

we obtain (4.12).
Assume now that esupy pf! = co. Fix some pointwise version of PY1; and con-
sider the set

W={zeU:P'1y(z)=1}.
If x € U\ W then the last term in (4.12) is co and (4.12) is trivially satisfied. In
order to prove (4.12) in W, it suffices to show that, for almost all x € W,

esup pi’,(z,y) < esupp} (z,y). (4.19)
yelU yeU

Indeed, for any measurable set A C §2, we have that, in W,
P14 < P, =P’lg — Plg\a
<1-P1pna=P 1y — P14 = P14,

which implies that P14, = PU1, in W. It follows by an approximation argument
that, for any h € L? (),

P%h=PYh inW. (4.20)
Choosing h = P! f where f is as above, we obtain that, for y-almost all x € W,
P2 = PUPRF ) = [ alo) £ W) dn (o),

U
where ¢ is given by (4.15). Applying Corollary 3.5 and (4.18), we obtain (4.19). O

4.3. Comparison estimate with localization in space.

Proposition 4.7. Assume that (£, F) is a regular Dirichlet form. Let U, be two
open subsets of M, and let K be a closed subset of M with K C U. Then, for any
non-negative function f € L?> N L>®(Q), for all t > 0 and u-almost all z € Q,

Remark 4.8. For the case when K is compact, this statement was proved in [21,
Lemma 4.18]. The extension to an arbitrary closed set K is rather non-trivial as
one can see from the proof below.

Before we proceed to the proof of Proposition 4.7, we prove two auxiliary state-
ments. We use a sign ‘—’ to denote the weak convergence in a Hilbert space.

2
Proposition 4.9. Let {u} be a sequence of functions from F such that uy, NueF
as k — oo. If in addition the numerical sequence {&(uy)} is bounded then uy A U
as k — oo.

Proof. Renaming u, — u to ug, we can assume that v = 0. We need to prove that
ug converges to 0 weakly in F, that is, for any ¢ € F,

& (ug, ) = 0as k — oo. (4.22)
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Let A be the generator of the form (£, F) and D be its domain. It is easy to verify

that (4.22) holds for any ¢ € D. Indeed, since ¢, Ap € L? and uy = 0, it follows
that

gl(uk> QP) = g(uk’ 90) + (uk’ 90) == (ukv ASD) + (uk” 90) — 0.
Since D is dense in F, for any function ¢ € F, there exists a sequence {¢;} C D(A)
such that ¢, — ¢ in F as j — oo. Let C be a constant that bounds all £ (uz). By
the Cauchy-Schwarz inequality, we have

&1 (ue, 0 — ;)| < \/51 (ur) &1 (= w;) < Cy/E (0 —¢)),

whence
€1 (ur, 0)| = |51 (“k’%') + & (ur, ¢ — 903-)}
< &1 (ur, ;)| + C/E& (0 = ;)
Letting k — oo and then letting j — oo, we obtain (4.22). O

Proposition 4.10. Let 2 be a precompact open subset of M, U be an open subset
of M, and K be a closed subset of U. If g € F(Q) NL>® and g < ¢ in Q\ K for
some 0 < ¢ € FNCy(M), then

(g—v), e F@Q@nU).

Proof. Assume first that g € F N Cy(£2). Since p > 0 and g < ¢ in Q \ K, we see
that
supp(g — %)+ C (suppg) N K € QN U.

Noting that (g — ¢)+ € F N Co(M), we obtain that
(g—v)+ e F(QNU). (4.23)
For a general function g € F(2) N L, choose a sequence {gi} from F N Cy(2) such

that gx = g as k — oo. Since g is bounded, say by a constant ', we can assume all
g are also bounded by C'; otherwise, we can replace gi by (—C) V gi A C, using the
fact that

(—C) Vg AC T g
(cf. [15, Theorem 1.4.2 (v)]). Choose a cut-off function ¢ of the couple (K N Q,U)
and set
Since g, € F N C(M), and supp gx, C supp gr € 2, we see that g, € F N Co(Q).
Define the set

K := KUsuppy
(see Fig. 1).
Clearly K is a closed subset of U. Observe that gk < ¢ in Q\ K. Applying the
above argument to the closed set K , we obtain that

(e —v), € F(QANU). (4.25)
By the weak closedness of F (2N U) in F, it remains to show that

G =), 29— ), .
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FIGURE 1. Set Q,U, K and K=KU supp ¢

By Proposition 4.9, it suffices to verify that

@ —v), 5 (9—v), ask oo, (4.26)

E((Gr —v),) <C for some constant C and for all k. (4.27)

To prove (4.26), it is enough to show that
~ L?
g — g as k — oo.
. L?
Since g — g, we see that

G = (g A) (1= 0) + 00~ (g AY) (1 — @) + g9 = G

Let us verify that ¢ = ¢g. Indeed, on K we have ¢ = 1 in K and hence g = g; in
2\ K we have g <1 and hence

g=9(1—¢)+gp=g;

finally, outside €2, we have g = 0 whence also g = 0. Therefore, (4.26) is proved.
To prove (4.27), note that (gr — ), is obtained from gi,% by using a finite
number of the following operations on functions from F N L*:
(1) addition and subtraction;
(2) taking a positive part;
(3) taking minimum of two functions;
(4) multiplication by ¢ € F N Cj.

In each of these operations, the energy of the outcome is controlled by the energy
of the input entries as follows.

(1) If u,v € F then
E(utv) <2E (u)+ 2€ (v)
(2) If u € F, then & (uy) < & (u).
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(3) If u,v € F then

1
E(unv) = ZE(u—I—U—|u—v|)

IN

5 (Et ) +E(u—v))
2(&(u)+ € (v)).

VAN

(4) If w € F N L™ then

E(up)? < |lelloE (W) + ||ufl o€ ().

It follows that € (@k — ¢)+) is bounded in terms of £ (gx) , € (¥), € (¢) , |9k || 00, [|@ |l 0o,

which implies that & ((ﬁk — 1) +) is uniformly bounded for all k£, which proves
(4.27). O

We are now in a position to prove Proposition 4.7.

Proof of Proposition 4.7. We can assume that €2 is precompact, because in the gen-
eral case one can exhaust {2 by a sequence of precompact open subsets {€}, apply
(4.21) to each € and then pass to the limit as £ — oo.

In Q\ U the inequality (4.21) is trivially satisfied so that it suffices to verify it in
QNU. Fix T > 0, set

m:= sup ||P9f .. , 4.28
0<S£T I f”L (Q\K) (4.28)

and prove that
Pef—PVf<min (0,T] x (QNU), (4.29)

which will imply (4.21). Let us first state the idea of the proof assuming that M
is a Riemannian manifold and functions P{f and PYf are continuous up to the
boundaries of Q and U, respectively. Then the function v = P{*f — PV f satisfies in
QNU the heat equation, the initial condition v (¢,-) — 0 as ¢ — 0 and the boundary
condition

v<mon (0,7]x0(Q2NU),

because v < 0 on Jf2 and v < m on U N Q) by (4.28). By the classical parabolic
maximum principle, we obtain v < m in (0,7] x (2N U).
In the general case, let 1 be a cut-off function of the couple (€2, M). Set

w=P2f — PUf —mn

and show that w is non-positive in (0,7 x (2N U), which will settle (4.29). It is
easy to see that u is a weak subsolution of the heat equation in (0,00) x (2NU)
(cf. the proof of Lemma 4.3) and that

2
LﬂU)Oast%O.

u (t7 ')+
We are left to verify that

u(t,-), € F(QNU) for all t € (0, 7] (4.30)
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because then the parabolic maximum principle yields u < 0. First observe that, for
t e (0,77,

Plf € FQ)NL™,
0 < mnpeFnCy(M),
Pef < mnp inQ\K,

where the latter holds by the definition of m. Applying Proposition 4.10 with
g = P f and v = mn, we conclude that

(P2 f—mn), € F(QNU).

Since u < (P f — mfr])+, we see that (4.30) follows by Remark 4.2. O

5. ANALYTIC CHARACTERIZATION OF (UEjp)
In this section we present the proof of the main Theorem 2.1, which is preceded

by a number of auxiliary results.

5.1. Volume doubling. Let (M, d) be a metric space, and let u be a Borel measure
on M. The following lemmas are well-known in the setting of complete manifolds,
see for example [24], [16], [33].

Proposition 5.1. If (VD) holds on M, then there exists o > 0 depending only on
the doubling constant Cp, such that for all x,y € M and 0 <r < R,

V (z,R) R+d(z,y)\“

Proof. If x =y, then R < 2"r where

n= [log2 E—‘ < log, £ +1,
r r
whence, it follows from (V' D) that
V(z,R) < V (z,2™r)
Viz,r) = Vizr)

If © # y, then B(z,R) C B(y, R+ ry) where o = d(z,y). It follows from (5.2)
that

R log, Cp
) (52

< (Op)" < (Cp)*= " = Cp (?

log, Cp
V(:U,R)SV(y,R+7’0)§CD(R+TO) ,
V(y,r) V(y,r) r
which finishes the proof. U

Proposition 5.2. If (M,d) is connected and p satisfies (V D), then there exist
positive constants o' and ¢ such that

V (z,R)

>c (E> forallz € M and 0 <r < R, (RVD)

(x,r) — \r

V
provided B (z, R)® is non-empty.
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Proof. The condition B (z, R) # () implies that
B (z,0)\ B(z,p) #0 (5.3)

for all 0 < p < R and p’ > p. Indeed, otherwise M splits into disjoint union of two

open sets: B (z,p) and B (z,p) . Since M is connected, the set B (z, p) must be
empty, which contradicts the non-emptiness of B (z, R).
If 0 < p < R/2, then we have by (5.3)

5 (30) 15 (o) 40

Let y be a point in this annulus. It follows from (5.1) that
V (x,p) < CV (y,p/3)
for some constant C' > 0, whence
Vi(z,2p) 2V (z,p)+V(y,p/3) = (1+e)V(z,p), (5.4)

where e = C~ 1.
For any 0 < r < R, we have that 2"r < R where

n = [log2 §-‘ > log2§ — 1.
For any 0 < k < n — 1, we have 2*r < R/2, and whence by (5.4),
V (z,25'r) > (1 +¢) V(x, 2%r).
Iterating this inequality, we obtain

V(z,R) S V (z,2"r)
V(z,r) = V(zx,r)

R logy (1+¢)
> (14e)® " =1+e)" <—) ;

> (1+e)"

”
thus proving (RVD). O

Corollary 5.3. Assume that (M,d) is connected and p satisfies (VD). Then
p(M)=o00 < diam(M) =00 < (RVD).

Proof. If (M) = oo, then diam(M) = oo; indeed, otherwise M would be a ball of

a finite radius and its measure would be finite by (VD). If diam(M) = oo, then

B¢ (z,R) # () for any ball B (z, R), and (RV D) holds by Proposition 5.2. Finally,
(RV D) implies u (M) = oo by letting R — oo in (RVD). O

In the case when all balls in M are precompact, the statement of Corollary 5.3
can be complemented as follows®:
(M) = 0o < M is non-compact < (RV D).

Indeed, if diam M < oo then M is a ball and, hence, M is compact. If diam M = oo
then M is non-compact as an unbounded set. Let us emphasize that we never
assume in this paper that balls are precompact.

6As the referee pointed it out, this equivalence is due to Martell.
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5.2. An estimate of the Dirichlet heat kernel. The results of this Subsection
are used in the proof of the implication (F'Kj3) + (Sg) = (DUE) of Theorem 2.1.
The arguments are known in the setting of manifolds, see for example [24], [17], [18],
[9]. Here we have modified them to adjust to the present setting.

Lemma 5.4. Let (€, F) be a reqular Dirichlet form in L* (M, p). Let U C M be an
open set with 1 (U) < oo. Assume that there exist positive constants a and v such
that, for all non-empty open sets 2 C U,

Amin () > ap (). (5.5)
Then there exists a constant ¢, > 0 depending only on v such that
€ (u) = ¢ allull5|ullT”, (5.6)

for any function u € F (U) \ {0}.

Proof. Assume first that u € F N Cy (U) and v > 0. By the Markov property, we
have that, for any t > 0,

Ew)>E((u—t),). (5.7)
The set
Us:={xeU:u(zx)> s}
is open for every s > 0. For any t > s, we have that U; € U,. Since (u—1),
vanishes outside Uy, we see that (u —t), € F (Uy). It follows from (2.12) that

E((u—1),) > \ain (UL) / (u—1)° dp. (5.8)

S

For simplicity, let A = |lu||; and B = ||u||3. Since u > 0, we have
2 2 :
(u—1t), >u”—2tu in M,
which implies that
/ (u—t)2du = / (u—t)2du > B — 2tA. (5.9)
, M

On the other hand, we have

1 A
TUAES Y IRTTESS
S ; S

which combines with (5.5) to yield that

Aain (Us) > ap (U) ™ > a (%) (5.10)
Combining (5.7), (5.8), (5.9), and (5.10), we obtain
£ () > Amin (US) /U (w—1)%du>a <Z> (B — 2tA).

Letting t — s+ and then choosing s = ﬁ, we obtain that (5.6) holds for any
non-negative u € F N Cy (V).

Since &€ (Ju]) < E(u) by the Markov property, we see that (5.6) holds also for any
signed u € F N Cy (U).
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Consider now a general function u € F (U). By the definition of (€, F (U)), there
exists a sequence {u,} € F N Cy (U) such that

|un —ullo — 0 and & (u, —u) — 0. (5.11)

Since p (U) < 0o, the Cauchy-Schwarz inequality yields

[un —ully < v/ p(U) [Jun — ulls = 0. (5.12)

By the first part of the proof, (5.6) holds for each function u,. Passing to the limit
as n — oo and using (5.11), (5.12), we obtain (5.6) for any u € F (U). O

The next lemma is a modification of the Nash argument [31], which allows to
obtain an upper bound of the Dirichlet heat kernel from the Nash type inequality
(5.6) (see also [7], [17, Theorem 2.1]).

Lemma 5.5. Under the hypotheses of Lemma 5.4, the heat kernel pV eists, and
satisfies the inequality

esup py’ (z,y) < C (at)~ /" (5.13)
z,yeU

for all t > 0, where C' = C (v).

Proof. Let f € L? (U, 1) be non-negative with | f|j; = 1. Set u; = PV f for t > 0 so
that u; € F (U). Denote J(t) = ||us/|3. Similarly to (3.31), we have that

dJ
e —2& (uy) . (5.14)

Because P is a contraction in L!, we have ||w|; < 1. Applying (5.6) for u; and
then using (5.14), we obtain the differential inequality

% < —caJ',

whence J (t) < C (at)"*/". That is,
1PV fII5 < € (at)™",

which means that the semigroup {P"},  is L'(U) — L*(U) ultracontractive. By
Lemma 3.7, we conclude that PU has a heat kernel p! satisfying (5.13). O

Note that the hypothesis p (U) < oo can be dropped in the context of Lemma 5.5
using an exhaustion of U by precompact open sets.

5.3. From heat kernels in balls to the global heat kernel. The following
lemma is used in the proof of the implication (FKj3) + (S3) = (DU Ejg) ,which is a
part of Theorem 2.1.

Lemma 5.6. Assume that (€, F) is regqular and local. Let Q;(B) be a positive
function defined for any t > 0 and any ball B C M such that, for some constant L,

Qs (AB) < LQ,(B) (5.15)
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for all balls B, % <s<t,and1l <X <4. Assume that the heat kernel pf exists for
any ball B and let p : [0,00) — [0,00) be an increasing function. Assume that, for
any ball B of radius v > p(t), the following conditions both are satisfied:

es;lppf <Q:(B), (5.16)
| PPl < & in 1B (5.17)
B =op 4T '

Then the global heat kernel p; exists and satisfies the following estimate, for any
t > 0 and any ball B of radius r = p (t):

esup p; < 2L°Q, (B).
B

The proof below is an elaborated version of Kigami’s iteration argument [28, proof
of Theorem 2.9]. Unlike [28], we use neither ultracontractivity nor continuity of the
heat kernel.

Proof. Choose some o € M, R > r > 0, and set
U=B(zo,r) and Q= B(zo,R).
It follows from (5.17) that if 0 < s < ¢ and
rzp(t—s)

then ,
1- P 1y) <e:=—.
ei?]p( Y ly) <e o7

By Theorem 4.6 (cf. (4.13)), we have

esup p? < esup pij_s + € esupp?, (5.18)
1y U U

which implies together with (5.16) that

esupp;’ < Qs (U) + 668{}11)19?- (5.19)
iy
4

Fix t > 0 and define for kK = 0,1, 2, ... the sequences
b — % (11278 ¢t, ro=4(t), By =B (zor).
(see Fig. 2). In particular, we have to =t and By = B (z0, p (t)).
Note that, for any k£ > 0,
e = 4 () = p (275) = p(ty, — trga).
Assuming that By, C Q and applying (5.19) with U = Bj1, we obtain
esélippii < Qy-tr2; (Biy1) +esuppj, . (5.20)

Byy1

On the other hand, we have by (5.15)

Qz—(k+2>t (Bk+1) < LQz—(k+1)t (Bk) < L2Q2*kt (Bk—l)
< S LMQun (By) < LFPQy (By)
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F1GURE 2. The sequences of times t; and balls Bj,

Hence, it follows from (5.20) that
esuppgi < LFP2Q, (By) + € esup piﬂ,
By, By

which gives by iteration that, for any positive integer n,

esupp;’ < L° (1 + Le + (Le)* + ) Qi (Bo) +&" esupp&
Bog Bn

= 2L°Q; (By) +¢&" e%uppgi, (5.21)

as long as B,, C . Set here Q = B,, and let n — oco. Observe that by (5.16) and
(5.15),

esuppPr < Q, (B,) < L"Q; (By),

Bn
and, hence,
lim ¢"esupp;" < lim (eL)" @Q; (Bo) = 0.
n—oo Bn n—oo
It follows from (5.21) that
lim esuppf" < 2L*Q; (By). (5.22)
n—oo By

On the other hand, the sequence { pPn }:11 increases as n — oo and converges almost

everywhere on M x M to a function p; . This function is finite almost everywhere
because of the uniform estimate

/ Py (z,y) du(y) < 1.

n

For any non-negative function f € L? (M), we have as n — oo

/ PP () F@)du(w) = [ p(oy) F@)du)

n Bn
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and

[ o @) F @) = Bf (@) - Pf (@),

n

Hence, p; (z,y) is the heat kernel of P,. It follows from (5.22) that
esupp, = lim esup p; < 2L°Q; (Bo),
BO n—oo BO

which was to be proved. ([l

5.4. Tail estimates. The main result of this Subsection is Theorem 5.8, which
implies the equivalences

(Teap) < (T5) < (Sp) -
The most non-trivial part of Theorem 5.8 is contained in the following statement.

Theorem 5.7. Let (€,F) be a regular, strongly local Dirichlet form in L*(M, ).
Let p : [0,00) — [0,00) be an increasing function. Assume that there exist € € (0,1)
and § > 0 such that, for any ball B of radius r > 0 and for any positive t such that
p(t) < or,

1
1-PPlg<e in ZB. (5.23)
Then, for any t > 0 and any ball B of radius r > 0,
1
Plge < Cexp (—c’t\I! (%)) in 5B, (5.24)

where C,c,d > 0 are constants depending on €,6, and function ¥ is defined by

W(s) =sup {pus/m - A} (529)

for all s > 0.

Before the proof, let us give some comments.

1. Letting A — 0 in (5.25), one sees that ¥ (s) > 0 for all s > 0. It is also obvious
from (5.25) that W (s) is increasing in s.

2. If p(t) = t/P for B8 > 1, then

U(s) = sup {s/\l/’g — )\} = Cﬂsﬁ/(ﬁ—l)
A>0

for all s > 0, where ¢z > 0 depends only on (§ (the supremum is attained for
A= (s/ﬂ)%). The estimate (5.24) becomes

B 71 1
Plg. <Cexp| —c <7) in §B.

3. Substituting (5.25) into (5.24), we can rewrite the latter in the form

, c'r !
Plp. < Cexp <c)\t p(l/)x)) in 2B, (5.26)
for any A > 0, which is sometimes more convenient than (5.24).

4. A similar Theorem was proved in [21, Theorem 3.4], using a more complicated
method. A relatively short proof presented below is an adaptation of the argument
of Hebisch and Saloff-Coste [26], although with two modifications: firstly, we do
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not assume the existence of the heat kernel, secondly, we do not use the associated
diffusion process.

Proof. Step 1. Assume that
p(t) <or (5.27)

and that B is a ball of radius r. For any positive integer k, set By, = kB. We will
prove that

1
1—PPr1p <efin B (5.28)

Since M is separable, there is a dense countable set of points in By. Let {b;} be
a sequence of balls of radii 7 centered at those points. Clearly, b; C By and the
family {1b;} covers By (see Fig. 3).

»
8-

FIGURE 3. Balls By, and b,

Due to (5.27), inequality (5.23) is valid for any ball b;, that is, for all 0 < s <,
1
pPPlp > PY1, >1—cin Y
It follows that

PPrilp  >1—¢ in By.

Applying the inequality (4.11) of Corollary 4.5 with Q@ = By, and U = By, we
obtain that the following inequality holds in Bj:

1= PP, < (1= PPg) sup 1= PP, ],

0<s<t
< ¢ (1 - RBlek> .

Iterating in k£ and using (5.23), we obtain (5.28).
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It follows from (5.28) that
1
Plp: <1—Plp, <1-P1p <e"in 1B (5.29)

Although (5.29) has been proved for any integer k > 1, it is trivially true also for
k =0, if we define By := (.
Step 2. Fix t > 0, x € M and consider the function

E,, =exp (c , 5.30
' p(t) (5:50)
where the constant ¢ > 0 is to be determined later on. Set
r=06"p(t),
and we will prove that
P,(Ei,) < Cin B (z,r/4), (5.31)

where C is a constant depending on &,§. Set as before By = B (x,kr), k > 1, and
By = (). Using (5.30) and (5.29), we obtain that in B (z,r/4),

P (Ey.) = Z P, (1p,, \5,Etz) < Z | Erall oo (Br) Pr (1B 1\By)
k=0 k=0

< kZ;eXp <C%> P, (1p:) < kz;exp (clk+1)07") e

p

Choosing ¢ < ¢ log% we obtain that this series converges, which proves (5.31).
Step 3. Let us prove that, for all ¢ > 0 and z € M,

BE . < CiE;,, (5.32)

for some constant C; = C (g,0). Observe first that, for all y, z € M, we have by the
triangle inequality
d(z, y))
E; . (y) = exp (c
v (0] p(t)

d(z, z d(z,

S e (5 — ()1l

p(t) p(t)

which can also be written in the form of a function inequality:
Et,ac S Et,cc (Z) Et,z-

< exp (c

It follows that

Pt (Et,cc) S Et,:r (Z) Pt (Et,z) . (533)
By the previous step, we have
P, (E:,) <Cin B(z,r), (5.34)

where r = 267" p (t). For all y € B (z,r), we have

E;. (y) < exp (%) = exp (c67'/4) = C,

whence
Ei2(2) < Epp (y) Bz (y) < C'Eyy (y)
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(see Fig. 4).
Xe

FIGURE 4. Points z,y, z

Letting y vary, we can write
Ei.(z) <C'E,in B (z,71).
Combining this with (5.33) and (5.34), we obtain
P,(E,,) <CC'E;, in B(z,r).

Since z is arbitrary, covering M by a countable sequence of balls like B (z,7), we
obtain that (5.32) holds on M with C}, = CC".
Step 4. Let us prove that, for all ¢ > 0, x € M , and for any positive integer k,

1
Pyt (E;,) < CF in 1B (5.35)

where B = (2,6 'p(t)). Indeed, by (5.32)
Pii (Etz) = P13t Py (Brz) < CiPi—1iEr g
which implies by iteration that
Py (Erp) < Cf_IPtEt,:n-
Combining with (5.31) and noticing that C' < C, we obtain (5.35).

Step 5. Fix a ball B = B (zo,7) and observe that (5.24) is equivalent to the
following: for all ¢, A > 0,
cr 1
Plg. <C '\t ———— ) in =B
1ge < exp<c /)(1/)\)) in 5B,
where C, ¢, > 0 are constants depending on ¢,d. In what follows, we fix also ¢t and
A
Observe first that, for any « € %B ,

P1pe < P /2.

(5.36)

Hence, it suffices to prove that, for any = € %B,

p(1/X)
in a (small) ball around x. Covering then %B by a countable family of such balls,
we then obtain (5.36).

Pprjae < Cexp <C')\t Ep— > (5.37)
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Changing ¢ to t/k in (5.35), we obtain that
P, (Et/k,x) < C’f in B(x,0y)
where o = 16 'p (t/k). Since
”
By > ") i B,
tJkz = €XP <cp (t/k)) in B (z,r1)

and, hence,
cr

]-B z,r)¢ < €xp (_—) E k,x»
o) pltfk))
we obtain that the following inequality holds in B (x,0y)

cr cr
Pl < ——— | P (Eipe) < 'k —
H Bl e"p( p(t/k>> t (Byjea) < exp < p(t/m)

where ¢ = log Cy. Given A > 0, choose an integer k£ > 1 such that

k—1 k
— <A< -
t t
Then we obtain the following inequality in B (z, o)

cr

which finishes the proof. 0

Theorem 5.8. Let (€, F) be a regular, local, conservative Dirichlet form in L*(M, ).
Let p : [0,00) — [0,00) be an increasing function and let U be defined as in (5.25).
Then, the following conditions are equivalent.
(7) : There exist ¢ € (0,1) and 6 > 0 such that, for any ball B of radius r and
any positive t such that p (t) < dr,

1
1-PPlg<cin ZB. (5.38)

(17) : There exist constants C,c,c > 0 such that, for any t > 0 and any ball B of
radius r > 0,

1
Plge < Cexp (—c’t\ll (%)) in 7 B. (5.39)
(¢61) : There exist € € (0,3) and & > 0 such that, for any ball B of radius r and
any positive t such that p (t) < or,

1
Pt]_Bc S €1m ZB (540)

Proof. Let us first show that the locality and the conservativeness imply the strong
locality. Indeed, by [15, Lemmas 4.5.2, 4.5.3], we have the following identity

1 ~
lim= [ (1-Plu*du= / u’dk
=0t Jus M

for any u € F where k is the killing measure of (£, F) and u is a quasi-continuous
version of u. Since P;1 = 1, it follows that k£ = 0. Therefore, by the Beurling-Deny
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formula [15, Theorem 3.2.1], (€, F) is strongly local. Hence, Theorem 5.7 applies
and gives the implication (¢) = (ii).

To prove (ii) = (ii7) observe first that the function ¥ defined by (5.25) satisfies
the following inequality: for all s > 0 and A > 1,

T(As) > AT(s), (5.41)

which follows from

¥(As) = sup {p(fﬂ) - A} z Aep {pas/A)

If r > 2¢ ' Ap(t) where a constant A will be specified below, then we have, using

(5.41),
v($)=zv (2,4@) > AU (2%75)>

B 2p(t) A
= Asup {tpu/A) B A} =

where the last inequality holds by letting A = 1/¢. Hence, we obtain from (5.39)
that in ;B

- )\} = AU(s).

Pi1g. < Cexp(—cdA) <,

provided A is sufficiently large.

The implication (ii7) = (i) was proved in [21, Theorem 3.1] under the assumption
that all the balls are precompact (a probabilistic prototype of that proof can be
found in [1]). Here we repeat the same argument but now we do not need the
precompactness of balls due to Proposition 4.7. Indeed, applying estimate (4.21) of
Proposition 4.7 with Q = M, U = B = B (xg,r), K = ZE and f = lip, we obtain
that, for all t and almost everywhere in M,

PPl > Py, - s PsléBHLw((iB)c). (5.42)
For any = € 1B, we have that B(z,r/4) C ;B (see Fig. 5).
Using the identity P;1 = 1 we obtain, for any x € iB,

PAys=1-Pl(ypr 21— Blpgur.
Applying (5.40) for the ball B (z,7/4), we obtain that
Plpg /e < e in B(x,7/16),
provided t is so small that
p(t) <67, (5.43)

It follows that, for any x € iB,
Plig>1—cin B (z,r/16),

whence
1
Plip>1—ein ZB. (5.44)
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FIGURE 5. Illustration to the proof of the implication (iii) = (i) of
Theorem 5.8

On the other hand, for any y € (%E)C, we have 1B C B(y,r/4)° (see Fig. 5),
whence

Ps]-%B < Ps]-B(y,r/4)c-

Applying (5.40) for the ball B (y,r/4) at time s, we obtain if (5.43) holds then, for
all 0 < s <'t,

Ppy,/ac < €in B(y,r/16).
It follows that, for any y € (%E)C,
Plip <ein B (y,r/16),

whence .
Plip<ein GE) : (5.45)
Combining (5.42), (5.44) and (5.45), we obtain that, under condition (5.43),
PPlp > PPlip>1—2in EB, (5.46)
which is equivalent to (5.38). O

Remark 5.9. Observe that for (i) = (it), the strong locality is needed but the
conservation property of (€, F) is not required. For (iii) = (i), the conservation
property is needed but the locality is not required. Finally, the implication (ii) =
(i47) requires no assumption on (&, F).

The same argument as in the proof of the implication (i7i) = (¢) shows that (Ttxp)
implies the following version of the survival estimate: for any ball B = B (xg,r) and
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any t > 0,
1 - PP1y<2C " VY wlp 5.47
— P71 <2Cexp _C(W) in - B, (5.47)
where C, ¢ are the same constants as in (Teyp)-

5.5. Proof of Theorem 2.1. We are now in position to prove Theorem 2.1. Ob-
serve that the implication
(UEg) = (PUEp)
is trivial by taking
®(s) = exp (—es?P7V).
Applying Theorem 5.8 with p(t) = t'/#, we obtain
(Tewp) A (Tﬁ) A (Sﬁ) :
We are left to verify the following four implications:
(FKg) + (S3) = (DUE})
(PUEp) = (DUEg) + (1)
(DUEg) + (Teap) = (UEp)
(DUEs) = (FKg).
Indeed, using the above implications, the proof of Theorem 2.1 can be presented in
the following flowchart:
(UEg) = (®UEs) = (DUEp)+ (1)
) \
(DUEg) + (Texp) < (FKp)+(Sp) < (DUEg) + (Sp)

Proof of (FK3) + (S3) = (DUEjp). Let B be a ball of radius 7 > 0 in M. Let us
restate (F'Kp) in the following form: for any non-empty open set Q C B,

Amin () > ap ()™

where c
a = r—ﬁﬂ, (B)V .
Therefore, by Lemma 5.5, the heat kernel p? exists, and satisfies that
C 8 ) v
B
esu < —— | — , 5.48
Bppt ~ p(B) < t (548)

for all t > 0. Hence, condition (5.16) is satisfied with the function

cmm:ilcqw.

t
On the other hand, it follows from (Ss) that condition (5.17) of Lemma 5.6 is
satisfied with

p(t)=Ct7,
where C' is a large enough constant. By Lemma 5.6, the global heat kernel p; exists
and satisfies for all ¢ > 0 the estimate

esup p; < ¢ < ¢
Baopt) |V (z0,p(t)) = V (o, t/5)
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Using (3.27), we obtain that, for all zq,yo € M and t > 0,

C
esup p(z,y) < )
2€B(wo,p(t)) \/V (2o, tY/B) V (yo, t1/7)
y€B(yo,p(t))

Using (V D), we see that, for any « € B (zo, p (t)),
V (2,tV%) < OV (20, t"7),
whence it follows that, for p-almost all z € B (z¢,p(t)) and y € B (yo, p (t)),
C
z,y) < .
\/v 18) V (y, 11/5)

Since M can be covered by a countable family of balls of radius p (t), we conclude
that (5.49) holds for p-almost all x,y € M. O

Proof of (PUEg) = (DUER) + (1p). It follows from (®U Ej) that, for all ¢ > 0 and
p-almost all x € M,

i ( (5.49)

C
esuppt(x,z) S W, (550)

zeM
which implies that

/Mpt(:v,z)2 du(z) < ezselzl\;pt (z,2) /Mpt(l’»z) dp(z) < W

Using the semigroup property, the Cauchy-Schwarz inequality, and the symmetry,
we obtain

P, y) = /M pile, 2z, y) dp(z)

([ pt<x,z>2du<z>)1/2 ([ pt<y,z>2du<z>)l/2

c
<
TV (2, 1)V (y, t1/F)
for all ¢ > 0 and p-almost all xz,y € M. Replacing 2¢ by ¢ and then using the
doubling property of V', we obtain (DU Ej).
In order to verify the implication (®UEjg) = (1), set rj, = 2%r for some r > 0 and
k=0,1,2,.... It follows from (PUE3) and (2.2) that, for any ¢ > 0 and p-almost

all x € M,
/ pe (2, ) dpt ()
B(z,r)¢

o0

= Z/ pe(z,y) du (y) (5.51)
k=0 Y B(@me+1)\B(2,7%)
<3y C g (I

>~ Z (1'7 Tk—i—l) v (33, tl/ﬁ) (tl/ﬁ)

<> ()"0 (i)

< C’/ s*1® (s) ds. (5.52)
Lg—1/8
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Due to (2.14), the integral in (5.52) can be made arbitrarily small provided rt~'/#
is sufficiently large. Hence, for any ball B = B (xg,r), for any € > 0, and for almost
all x € }lB, we have

Py (z) < / P (2,y) dyu(y) <
(x,r/2)°

provided 7¢~1/# is large enough, which proves (T}). O

Proof of (DUEg) + (Texp) = (UEg). By the semigroup property, we have that, for
all £ > 0 and p-almost all z,y € M,

p2t(xay):/Mpt<x7z)pt(z7y) d:UJ(Z)

< /B(Lr)cpt(.%Z)pt(Z,y) du(z) +/B(y7r)cpt(m,z)pt(z,y) du(z),  (5.53)

where r = 2d (z,y). Let us estimate the first term in (5.53) (and the second term
can be estimated similarly). By (2.2) we have, for every z € M,

V (z,t1/9) SC(d(m,z)—l—tl/ﬁ)a:C(l_i_d(x,z))a.

V(z, tl/ﬁ) t1/8 t1/8

It follows from (DUEjp) that, for p-a.a. z € B(z, 2"r),

p(z,y) < <

= VGV (5. 00)

B C V (z, 81/8) V (x,t1/5)

- V(2 )\ V (2, 8) V (y, t1/7)

< C ) ok \ */? . 2r \*/?

% (;c £1/8) + s s

w (1+2"R) (5.54)
where
r
R = W

On the other hand, we have by (Teyp)

/ pe(z, 2) dp(z) < C @ (2"R), (5.55)

B(z,2kr)c

where

®(s) := exp (—cs”/PF7V).
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Combining (5.54) and (5.55), we obtain

/ P, 2)pl2, ) dp(2)
B(z,2kr)\B(z,2k—1r)
1+2FR)"
d
o / o g P 2)8HC)
( +2°R)" ok
< V(z tl/ﬁ) (2 R)
whence it follows that
C - k E—1
/B (I’T)Cpt(w,z)pt(%y) dp(z) < WZ (1+2"R)" @ (2"'R)

k=1

8

C

< -

=V (a, £179)
k=1

i ([ 0o} )
P

(1+2"°R)"® (2" *R) @ (%R)

<y (28) )

where we have the following obvious inequality

® (aR) < ® (%aR) o (%R) ,

which is true for all @ > 1 and R > 0. Hence, it follows from (5.53) and (5.56) that

C 1
<—— __&(=R).
putend) < 7y (57)

Replacing 2t by t and using the doubling property of V', we obtain (UEjy). 0

Proof of (DUEg) = (FKjg). Let us first show that (DUEjp) implies the following
estimate: for any ball B = B (xg,r) on M and for all ¢ > 0,

C o\
B — _(— :

where « is the same as in (2.2). Observe the following property of the function
t — esupp pP: if the inequality

K T\
B —_— —
holds for ¢t = s, then (5.58) holds also for ¢ = 2s provided
s> T :=2KP/ P (5.59)

where K > 1 is a constant to be specified below. Indeed, by the semigroup property,
we have, for py-a.a. z,y € B,

o (2, y) = /Bpf (z,2) p (2,9) dp (2) < (esgppffu(B),
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whence by (5.58) and (5.59),

esuppB < ﬁ (L>2a < K " ) " )
s T uB) \sV5) = u(B) (17277 )\ (25)"7

K r ¢
~ u(B) (25)° )

which was claimed.

Assume for a moment that we have proved (5.58) for ¢ = T'. Then, by induction,
we see that (5.58) holds for all ¢ = 2"T', where n is a non-negative integer. Since
by Lemma 3.9 the function ¢ — esupgp? is non-increasing, we obtain that, for
2N <t < 2nFLT

B B K r a<K2a/ﬂ(r)a
esu esup Pon — == -
Bppt - Bpp2 7 u(B) (2rT)P ] T u(B) \tV/P
Therefore, if we prove that there exists K such that (5.58) holds for 0 < ¢ < T then
we can conclude that (5.57) holds for all £ > 0.

Consider first the case 0 < ¢t < r®. By (DUEjs) we have, for p-a.a. x,y € M and
t>0,

< Co

T VY (@ )V (y,11/7)
(the argument below is sensitive to constant factors, so we use individual notation
for different constants such as Cy, Ci, etc). Observe that, by (2.2), for any = € B

and 0 < t < rP,
V (zo,r) o\

Ve = O (77) - (5.61)
Since p? < p;, we see from (5.60) and (5.61) that, for p-a.a. z,y € Band 0 < t < P,

pe (z,y) (5.60)

CoC T\
B < 0“1 62
Py (xvy) — V(il’(),?") <t1/’8) ’ (5 6 )

which means that (5.58) holds for 0 < ¢ < rP provided K > CyC}.
Consider now the remaining case r® < t < T. We have, for any z € B,

1 v (20, TY?)  V (z0,7) 1
V(0% V(@ 009) V (20, TV V (@0,7)
Since t < T', we obtain that, using (2.2) and (5.59),
V (00, T/%) ™" r\e
e 7 - - a/B —
V@08 =9 (t) VK (575)
Since r < T'/#, the reverse volume doubling (RV D) yields
V (zo,7) ro\Y /o
V (2o, T7) = ©2 (7i75) =G

Hence, it follows from (5.60) that, for p-a.a. z,y € B,

’ K T «a
B (z,y) < CoCyCy2o/P K /o (575)
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whence (5.58) follows, provided K is chosen large enough to satisfy
CoCrLCy2°P =/ < 1.

Let © be an open subset of B. Using (5.57) and the Cauchy-Schwarz inequality,
we obtain, for any f € F(Q2) and t > 0,

(PP1.5) = / [ #0)1 @) 1)) o

< (tl/ﬁ) 1712
5y G e

Using the fact that the function ¢! ( f—Pef, f ) monotone increases and converges
to £ (f) when ¢t monotone decreases and goes to 0 (cf. Section 2.2), we obtain that

1 1
whence, for a non-zero f,
e(f) .1 Cu(2) (N
>—(1- — . .6
>+ (- S @) (565
Since t in (5.63) is arbitrary , we can choose ¢ to satisfy the identity

C% (5) =3

1 ¢ (p(B))"*
t o8 <m) ’
for some ¢ > 0. Substituting this ¢ into (5.63), we obtain
~ reF@\0) If13 = 2t 2rﬂ Q)
which proves (FKjg). O

that is,

6. THE EXIT TIME
Let ({X¢}1505 {Pe}penr) be a Hunt process of the regular Dirichlet form (€, F).

6.1. Quasi-continuous functions. For any set E C M, the capacity Cap (also
called 1-capacity) is defined by

Cap(E) = inf & (¢), (6.1)

where ¢ varies over all functions from F such that ¢ > 1 in an open neighborhood
of E (see [15, p.64]). Clearly, we have Cap(E) > p(E). Also, it is obvious from the
definition that Cap(F) is monotone function of E.

A function u : M — R is said to be quasi-continuous if it is continuous in M \ E
for some set E of capacity 0.
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Proposition 6.1. Let u be a quasi-continuous function on M such that u > 0 p-a.e.
Then there is an invisible set N such that u (z) > 0 for allx € M\ N.

Proof. By [15, Theorem 2.1.2, p.67-68], the inequality u > 0 holds quasi-everywhere,
that is, outside some set E of capacity 0. We are left to show that E is contained
in an invisible set N. Since (€, F) is regular, any compact set has finite capacity.
As Cap(FE) = 0, it follows from [15, Theorem 4.2.1, p.142] that set E is exceptional.
By [15, Theorem 4.1.1, p.137], every exceptional set is contained a Borel, properly
exceptional set, which is also an invisible set. O

6.2. Exit times and transition functions. For any bounded Borel function f on
M, set

Pif(x) :=E,f(z), t>0, x € M. (6.2)

It follows from (2.19) that P,f = P.f almost everywhere. By [15, Theorem 4.2.3,
p.144], the function P;f is a quasi-continuous realization of a measurable function

B f.
For any open set {2 C M, the Hunt process <{Xt}t20 , {Pg}xeM) associated with

the Dirichlet form (&€, F (£2)) is obtained from X; by imposing the killing condition
outside 2. The transition function P of this process is given by

PL(2,B) =P (X, € A) =P, (t <Tg and X, € B),

where 7¢ is the first exit time of the process X; from 2 defined by (2.20) (see [15,
p.135, eq. (4.1.2)]). Consequently, we have

for every x € M, t > 0, and for every bounded (or non-negative) Borel function f.
For the heat semigroup P{! of the form (€, F (Q2)), we have then

PP f () =By (Ljpargy £ (Xy))  for praca. x € M. (6.4)

Let ¢ (t) be a non-negative continuous function on [0, +00). Multiplying (6.3) by
¢ (t) and integrating in t, we obtain, for any open set 2 C M and all x € M,

[e’¢) TQ
[Tewrtr@a—s ([Tewicoa), (65
0 0
In particular, for ¢ = 1, we obtain

/O h PRf (z) dt = E, < /0 m f(Xy) dt> : (6.6)

whence it follows, for f = 1, that

E,Tq = / Plg (z) dt. (6.7)
0
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6.3. Mean exit time and the spectral gap. Here we prove an inequality between
the spectral gap and the mean exit time. For any open set {2 C M, set

E(Q) = esup E,7q. (6.8)

z€Q

Lemma 6.2. For any non-empty open set Q C M, we have

1
)\min (Q) 2 = S\ (69)
()
where Amin (Q) is defined by (2.12).

Inequality (6.9) is well known in the setting of random walks on graphs and
diffusions on manifolds (see for example [22]). Here we give a proof in the full
generality.

Proof. Let H = Hg be the generator of the form (£, F (Q)) in L?(Q, u). For any
T > 0 and consider the following operator

T
Gr= [t = pp (1),
0

where
T 1 — T
or (A) = / et = ————.
0 A

Since the function ¢ is bounded and continuous on [0, 4+00), the operator G is a
bounded self-adjoint operator in L2. Since the function ;. is decreasing, we obtain
by the spectral mapping theorem

o Ovmin (9)) = o7 (inf spec (H)) = supspec (Gr)
Note that
supspec (Gr) = [|Gr[2-52,
where || - ||,—, stands for the norm of an operator in L” (2, ). It remains to prove
that, for all T' > 0, o
|Grllae < B (). (6.10)
Indeed, if (6.10) holds then we obtain from the above three lines that
er (Amin (€2)) < E(Q).
Letting 7" — oo and observing that ¢, (A) — 1/A, we obtain (6.9).
To verify (6.10), recall that the operator e/ = P can be extended to a bounded
operator in L*°. Therefore, the operator G also extends to a bounded operator in

L>®. Since P and P{* coincide as operators in L™, we see that, for any bounded
Borel function f,

T
Grf = / (P2f) dt  p-ae..
0
Therefore, for p-a.a. x € €2, we obtain
Grf @< [ PRI\ @) dt =B, [ 17](X)dt < Eara)sup ],
0 0

that is, using (6.8), _
esgl;p |Grf| < E(Q)sup|f].
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This implies, for any g € L' N L? (Q, p),

G g7f g,G f ERl
IGrgli=  swp G190 o @GN gy,
feCo()\{0} Hf||oo FeCo(Q)\{0} Hf||oo
that is,
|Grll1-1 SF(Q) (6.11)

Since P is a positivity preserving operator, so is G, that is f > 0 implies G¢f > 0,
for any Borel function f. In particular, for any s € R we have Gr (f + 8)2 > 0, that
is

Grf* +2sGrf + s*Grl > 0,
whence
(Grf)* < GrlGrf® < E(Q) Grf*.
Integrating this inequality, we obtain
G fll; < E@)IGrf*h < E@) I h = E(©Q)*If15,
whence (6.10) follows. O

6.4. Proof of Theorem 2.2. Here we prove Theorem 2.2. Recall that by Theorem
5.8 we have

(S) < (Ts), (6.12)
by Theorem 2.1
(UEg) < (DUEg) + (53) & (FKg) 4 (5s), (6.13)
and, by a remark after Theorem 2.2,
(EQg) = (B <). (6.14)
Besides, we have by [1, Lemma 3.16]
(Eg) = (Fp) - (6.15)

We will prove below the following implications:

(DUEs) = (EQp), (6.16)
(EQ) = (FKj), (6.17)
(Ss) = (Ps) = (Tp), (6.18)
(Ps) = (Es2) (6.19)

Together all the above implications settle Theorem 2.2. Indeed, it follows from
(6.12) and (6.18) that

(Ss) < (Ps)
which together with (6.13) yields
(UEp) < (DUEp) + (Ps) < (FKj3) + (Pp) -
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Using these implications and (6.16), (6.19), (6.14), (6.17), (6.15), we obtain

(UEp)

%
(DUEg) + (Pg) = (ESQp) + (Ez >)

(EQ/B)Jr (Es) = (FKﬁ)J (Ep)
(EQp) + (Ps) = (FK;;)J (Ps)
(UEp)

whence also
(UEs) = (DUEg) + (Eg) = (DUEg) + (Ps) = (UEj) .
Clearly, the above implications contain all the equivalences of Theorem 2.2.

Proof of (DUEg) = (ESg). Let B be a ball of radius r in M and (2 be a non-empty
open subset of B. We use the fact that (DU Ej) implies the estimate (5.57) (see the
proof of Theorem 2.1). It follows from (5.57) that, for every ¢ > 0 and p-almost all
x e M,

PMg(z) = /QP?(a?,y) dp(y) < /thB(w,y) du(y) < el (tl%)a

Since the function P{’1q is a quasi-continuous realization of Pf*1g, it follows from
Proposition 6.1 that there is an invisible set N C M such that the following inequal-
ity holds for all z € M \ N:

Cu(Q)( r )a'

Q
Pilo (x) < PV

(6.20)

Choose a dense countable subset D of M and let S be the set of all balls of rational
radii centered at the points of D. Let S’ be the set of all finite unions of balls from S.
Since countable unions of invisible sets are invisible, we obtain that there exists an
invisible set N such that (6.20) holds forall B € S, Q€ S, t € Q. ,and z € M\ N.
For an arbitrary ball B C M of radius r and any open subset 2 C B, choose a
ball By € S of radius < 2r such that By D B, and an increasing sequence {2} of
the sets from S’ such that Q 1 2. It follows that, for all t € Q, and =z € M \ N,

o= S () <SR

Letting k¥ — 0o, we obtain that the same inequality holds for P{*1q (z), that is,
(6.20). Finally, using the fact that P{’1o(z) is monotone decreasing in ¢, we obtain
the same inequality for all real ¢ > 0.
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It follows from (6.7) and (6.20) that, for all 7" > 0,
T o)
Bira= | Pllata)dt+ [ PP
0 T
CCu()) r r\©
<T — ) dt
- +/T p(B) (tl/ﬁ)
Cu ()

1 (B)

where we have assumed that a > [ (it is clear from (2.2) that a can be taken
arbitrarily large). Finally, setting

- (u(ﬂ))ﬁ/a 5
1 (B) ’
we obtain (EQg). O

<T+ T

Proof of (ES)3) = (F'Kg). Hypothesis (E€g) implies that, for any ball B of radius
r and for any open set 2 C B, we have

2@ eprrn <0 (1)

which together with (6.9) yields

O

Proof of (P3) = (Tp). Fix t > 0 and let B be a ball of radius r > 2 (6~ 't) Ve Then,
for p-a.a. = € 1B, we have by (2.19)

Pt].Bc('T) - Ez

IA A
= B =
8
N
CU
i'i
=
l\')

AN
N

IN

p (TB(QJ r/2) < 5(T/2) ) S &,
where we have used that B¢ C B(x,r/2)¢ and the hypothesis (Pg). O

Proof of (Sg) = (Pg). It follows from (6.3) that the following identity holds for all
open sets Q C M, allt >0 and x € M:

]P’x(TQSt):l—Ptﬂlg(ﬂf)

Hence, it suffices to prove that there exist constants ¢ € (0,1), C,0 > 0 and an
invisible set N C M such that, for any ¢ > 0 and any ball B = B (z,r) with
€ M\ N and r > Ct'/?, the following inequality holds:

PB1g(z) > 1—c¢. (6.21)
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Since the function P13z is a quasi-continuous realization of PP1p, it follows from
(2.10) and Proposition 6.1 that, for any ¢ > 0 and ball B as above, there is an
invisible set N such that

1
PPlp>1—¢ in BN (6.22)

Choose a dense countable subset D of M, and let S be the set of all balls of rational
radii centered at the points of D. Since countable unions of invisible sets is invisible,
there exists an invisible set N such that (6.22) holds for all B € S and t € Q4
provided r > CtY/#.

For any real ¢ > 0 and an arbitrary ball B = B (z,r) of radius r > C't'/# (where
C' = 2'1/8C) choose a ball By € S of radius ry > %7“ such that = € iBo, By C B,
and select s € Q1 such that § <t < s. Since ry > C’sl/ﬂ, we obtain from the
previous paragraph that the following inequalities hold in }lBO \ N:

’PtB]_BZPSB]_lepfolBO 21—8.
If z ¢ N then z € 1B, \ N whence we obtain (6.21). O

Proof of (P3) = (Es >). Fix a ball B = B (z,r) centered at x € M \ N, where N
is an invisible set from condition (Ps). Writing 7 = 75 and using (2.21), we obtain

E.m > E, (1{T>(w}7’) >P, (1> 0")6r > (1—¢)ér’,

which finishes the proof. O

7. APPENDIX: PROOF OF LEMMA 3.4

It suffices to prove that

sup D (f,g) > esupp. (7.1)
f€Tx 9€Ty XXY

Having proved (7.1) in the case of finite measures p and v, one obtains (7.1) for
o-finite measures in an obvious way. In what follows we assume that u(X) < oo
and v (Y) < co and, hence, p_ € L' (X xY).

Set Z =X xY and 0 = pxv. Let S C Z be a measurable set with ¢ (S) > 0. By
construction of the product measure, for any ¢ > 0, there exists a sequence {R;};-,
of the rectangles R; = A; x B; such that S C |, R; and

Za(Ri) <o(S)+e.
Using the fact that the difference of two rectangles is a finite disjoint union of
rectangles, one can make {R;} into a disjoint sequence while keeping all the above

properties. Define a new set S = J, R;. It follows that

Z/ pdo = /~g0da:/g0d0+/~ wdo
i R; S S S\S
> /goda—/ p_do.
S S\S
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Restricting the above summation to those ¢ with o (R;) > 0, we obtain

2 Ga((%) (a & /R “)d(’) - % 2 /R we

> L,v/goda—;/ p_do
o(S) Js o(S) Ja\s

Since ), oU%) _ 1 there exists an index i such that

o(S)
1 1 1
Tl R Y Ry .

Fix a real number ¢ < esup ¢ and consider the set S = {z € Z: ¢ (z) > t}. Then

o (S) > 0 and
1
/gpda > t.
a(S) /s

Note that ¢(S) can be made arbitrarily close to o (S) by taking ¢ to be sufficiently
small. Also, since a(g\ S) < eand ¢_ € L'(Z), the integral f§\s ¢_do can be
made arbitrarily small provided ¢ is small enough. Hence, we see that the right
hand side of (7.2) can be made arbitrarily close to ¢. Since ¢ < esup ¢ is arbitrary,
we conclude that

su do > esup o, 7.3
RpJ(R)/Rso > esup (7.3)

where sup is taken over all rectangles R = A x B of positive measure. Setting
_ 1 _ 1 :
f = mlA and g = mlB, we obtain (71)
8. APPENDIX: LIST OF CONDITIONS

(VD) : Volume doubling property. There exists a positive constant C' such that, for
all x € M and r > 0,

Viz,2r) <CV (z,r).

Equivalently, there exist positive constants o and C' such that, for all z,y €
M and 0 <r < R,

V (z,R) d(z,y) + R\“
V(y,r) SC( r > ' (84)

(RV D) : Reverse volume doubling property. There exist positive constants o and ¢
such that, for all z € M and 0 < r < R,

V (z,R) R\“

—>c| — .
V(z,r) — r

(UEg) : Upper estimate. The heat kernel exists and satisfies the inequality

C & (z,y)\ 7T
pi (z,y) < Wexp (—C (%) ) ;

for some constants C,c > 0, all £ > 0 and p-almost all z,y € M.
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(PUEp)

(DUE;) :

(TeXp) :
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Upper estimate with ®-term. The heat kernel p, (z,y) exists and admits the
following estimate

¢ d(z,y)
P(@y) < Vi, 08" ( £1/8 ) ’

for some constant C, all t > 0 and p-almost all x,y € M, where ® satisfies
(2.14).

On-diagonal upper estimate. The heat kernel p; exists and satisfies the esti-
mate

C
< Y
TV (@, )V (y, 1177)
for some constant C'; all £ > 0 and p-almost all z,y € M.

Dt (.Ti,y)

. The survival estimate. There exist 0 < ¢ < 1 and C > 0 such that, for all

t > 0 and all balls B = B(x,r) with r > Ct'/?,

1
PP1g(z) > 1 —¢ for p-almost all z € ZB.

: The tail estimate. There exist 0 < € < % and C' > 0 such that, for all £ > 0

and all balls B = B(x,r) with r > Ct'/%,
1
Plpc(x) <e for u-almost all x € ZB'

The exponential tail estimate. The heat kernel p; exists and satisfies estimate

(@,9) duy) < Cexp (¢ (o)™
B(m,r)cpt r,y)auly) =~ L exp c W )

for some constants C,c > 0, all t > 0,7 > 0 and p-almost all z € M.

. The exit probability estimate. There exist an invisible set N C M and con-

stants € € (0,1), 0 > 0 such that, for all z € M \ N and r > 0,
]P)ac (TB(x,r) < 57'/6) <e.

: The mean exit time estimate. There exist an invisible set N C M and

positive constants C, ¢ such that, for all z € M \ N and r > 0,
er® <R, (TB(M)) < CrP.

. Isoperimetric inequality for the mean exit time. There exist an invisible set

N C M and positive constants C', v such that, for any ball B in M of radius
r > 0 and for any non-empty open set ) C B,

s E o <ot (B

: The Faber-Krahn inequality. There exist positive constants v,c such that,

for all balls B C M of radius » > 0 and for any non-empty open sets {2 C B,
c (r(B)\"
)\min Q Z S\ T AN )
@25 (5
where Ay, (©2) is defined by (2.12).
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