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Abstract

We consider on arbitrary Riemannian manifolds the Leibenson equation dyu = Ajuf.
This equation is also known as doubly nonlinear evolution equation, and it comes from
hydrodynamics where it describes filtration of a turbulent compressible liquid in porous
medium. It was proved by the authors in [15] that if ¢(p — 1) > 1 then solutions to
this equation have finite propagation speed. In this paper obtain a sharp estimate of the
propagation rate of solutions, although under additional restrictions on p, q.
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1 Introduction
We are concerned here with a non-linear evolution equation
Oru = Apu? (1.1)

where p > 1, ¢ > 0, u = u(z,t) is an unknown non-negative function, and A, is the p-
Laplacian
Apv = div (|VolP72Vo).

For the physical meaning of (1.1) see [24, 25, 15].

The equation (1.1) is referred to as a Leibenson equation or a doubly non-linear parabolic
equation. In the case ¢ = 1, it becomes an evolutionary p-Laplace equation Oyu = A,u, and
if in addition p = 2 then it amounts to the classical heat equation dyu = Auw.

Barenblatt [3] constructed spherically symmetric self-similar solutions of (1.1) in R”, that
are nowadays called Barenblatt solutions. If

alp—1)>1 (1.2)
then the Barenblatt solution wu(z,t) has the property that
w(x,t) =0 whenever |z| > ct'/?

where
B=p+nlgp—1)-1] (1.3)

and c is a large enough constant (see also Proposition 5.1); thus, u(+,t) has a compact support
for any ¢t > 0. One says in this case that u has a finite propagation speed, and the propagation
rate is given by ct/P.

On the other hand, if ¢(p — 1) < 1, then the Barenblatt solution is positive for all x € R™
and ¢ > 0, which means an infinite propagation speed.

In [15] the authors proved that, under condition (1.2), solutions of (1.1) have finite prop-
agation speed also on an arbitrary Riemannian manifold (in the case ¢ = 1 this was also
proved in [7]). However, the estimate of the rate of propagation in [15] was not optimal.

The purpose of this paper is to obtain better estimates for propagation rate for solutions
of (1.1) on Riemannian manifolds although under the additional restrictions

1

>2, ——<qg<l1 1.4
p g T (1.4)

Moreover, if in addition

2

< —, 1.5
1< (1.5)
then our estimate of the propagation rate is sharp for a large class of manifolds (including

R™).

From now on let M be a geodesically complete Riemannian manifold. We understand
solutions of (1.1) in M x R, in a certain weak sense (see Section 2 for the definition). The
main result of the present paper is as follows (cf. Theorem 4.1).

Theorem 1.1. Assume that (1.4) is satisfied and let u be a bounded non-negative solution
to (1.1) in M x Ry with an initial function ug = u(-,0). Let o be a real such that

c>lando >q(p—1)—1 (1.6)



If ug vanishes in a geodesic ball By in M of radius R then
o1
u=0 in §Bo x [0, to],

where

(p—1)—1 — —1)—
to = nu(Bo) ™™ R|[uol 757 V7Y, (L7)

and the constant n > 0 depends on the intrinsic geometry of By.

Hence, the solution u has a finite propagation speed inside ball By, and the rate of
propagation is determined by %y that depends on the intrinsic geometry of By via the constant
n.

Let us mention for comparison that a similar result was obtain in [15] but with a different
value of tg:

to = anHuong((Z;\;)l)_”, (1.8)

(the same value of ty was obtained also in [7] in the case ¢ = 1). Clearly, (1.8) matches (1.7)
with 0 = oo, and (1.7) gives a larger value of ¢y for o < oo as it takes into account the volume
1(Bo).
The value of ¢y from (1.8) leads to the following estimate of the propagation rate: if
K = supp ug is compact, then
supp u(-,t) C K 1/p

while in R" the sharp estimate is
supp ’U,(',t) - Kctl/ﬁ (19)

where (3 > p is given by (1.3). The value of ¢y from (1.7) leads in R™ to the sharp result (1.9)
provided p and ¢ satisfy (1.4) and (1.5), which allows to choose o =1 in (1.7).

Of course, Theorem 1.1 allows us to obtain a sharp propagation rate also on a larger class
of Riemannian manifolds.

Corollary 1.2. Let M satisfy a relative Faber-Krahn inequality (see Section 3 for definition).
Assume that (1.4) is satisfied and let u be a bounded non-negative solution in M x Ry with
the initial condition u (-,0) = ug; set K = suppug. Assume that, for some xyp € K, a > 0
and all large enough T,

w(B(xo, 1)) > cr®, (1.10)

where ¢ > 0. Then, for all t > 0,

suppu(-,t) C Kgy/s,

where

ﬁ=p+aq

% (1.11)

with o as in (1.6) and the constant C' depends on ||uo ;0 , D, ¢, @, C.

For example, this result applies on all manifolds of non-negative Ricci curvature as the
relative Faber-Krahn inequality is satisfied on such manifolds (see [5, 12, 31]).

In R™ we have (1.10) with & = n. Comparing the values of 5 in (1.3) and (1.11) we see
that Corollary 1.2 gives a sharp propagation rate in R™ provided ¢ = 1. By (1.6), we can
take o = 1 if g¢(p — 1) — 1 < 1, which is equivalent to (1.5).

In Proposition 5.1 we show that the propagation rate of Corollary 1.2 is sharp also in a
class spherically symmetric (model) manifolds under the above restrictions on p and q.



Let us discuss the differences in methods of the proof of finite propagation speed in [15]
and the present paper and how they yield different rates of propagation. Even though, in both
papers, the finite propagation speed follows from a certain non-linear mean value inequality
for solutions, these mean value inequalities are different and their proofs are carried out in
entirely different ways.

Let us first discuss the mean value inequality of the present paper (cf. Lemma 3.2), which
says the following. Assume that (1.4) holds. Let u be a non-negative bounded subsolution of
(1.1) in a cylinder

Q = B x [0,1]

where B is a geodesic ball in M of radius R. Assume that « (-,0) = 0 in B. Then, for the
cylinder
1
Q/ = §B X [0, t]

Cp / U>1//\
Ul roo(on S| — | u , 1.12
Il < (g |, (112)

where A > 0,0 = A+ ¢q(p—1) — 1, and Cp depends on the intrinsic geometry of the ball B,
namely, on a Faber-Krahn inequality in B (see Section 5).
The mean value inequality (1.12) allows to get the recursive estimate

we have

1/
t
Jep1 < Cp2E/™ <ﬁ) J

LT

: (1.13)

g

for the integrals J, = ka u?, where @y is a certain sequence of shrinking cylinders in-
terpolating between @Q and Q'. Tterating (1.13) and using that ¢ > )\, we obtain then a
super-exponential decay of Ji provided t < ¢y (where ty given by (1.7)), which leads to the
proof of Theorem 1.1.

In contrast to (1.12), the mean value inequality of [15] says that, under the above as-

sumptions,

Cp q(p—1)—1 / A) 1/
Ul ooy < | ————1|ul||7 0 U , 1.14
I HL (@) (“(B)Rp” ||L (@) 0 ( )

where again A > 0. However, one obtains from (1.14) only the recursive estimate (1.13) for
Ji = ||u|| e (q,), Which in the end leads to (1.8) and hence, to the non-optimal propagation
rate.

Let us also make some comments on the differences in the proofs of the mean value
inequalities (1.12) and (1.14).

The mean value inequality (1.14) was proved by the authors in [15] using a modification
of the Moser iteration method [28]. In the present paper we use a different approach based
on the following observation, which is interesting in its own right: if u is a non-negative
subsolution of (1.1), then the function

(u® — )}/ (1.15)
is also a subsolution of (1.1), provided # > 0 and

glp—1) -1
=——¢€c (0,1 1.16
ai= T e (0,1 (1.16)
(cf. Lemma 2.6). In particular, the condition a € (0,1] in (1.16) is satisfied provided (1.4)
holds. The proof of (1.12) employs then a modification of the classical De Giorgi iteration



argument [6]. Namely, we consider a shrinking sequence of cylinders {Qy}r, interpolating
between Qo = @ and Q. = @Q’, and a sequence of truncated functions

up = (ua - (1 - 2"“) e)i/a, k>0,

for some fixed § > 0, where a is given by (1.16). Using a Caccioppoli type inequality (Lemma
2.8) and the Faber-Krahn inequality, we prove that, for J; = ka uy,

C AF
Jep1 < ———— 1, (1.17)
(M(B)%Rp)
where A, C' are some positive constants and the exponent v > 0 comes from the Faber-Krahn
inequality in B (see Lemma 3.1 for details). Iterating (1.17), we then show that if

0> (%)i : (1.18)

then Ji — 0 for k£ — oo, which implies

// [ —0)Y]" =0,

and hence u® < 0 in @’. Choosing ¢ minimal from (1.18), we conclude (1.12).

Note that if ¢ = 1 then a = 1 by (1.16). In this case, the fact that (u—@) is a subsolution,
was known before, and it was used to obtain similar mean value inequalities for subsolutions
of the p-Laplacian in [9, 11] in R” and in [7] on manifolds.

For mean value inequalities in various other settings see also [1, 14, 17]. Related results
from the theory of the p-Laplace equation can be found, for instance, in [8, 10, 20, 21]. See
also [2, 27, 30, 32] for other results about the asymptotic behaviour of solutions of (1.1).

The structure of the paper is as follows.

In Section 2, we define the notion of a weak solution of the Leibenson equation (1.1).
In this section we prove in Lemma 2.6 that the truncated function (u® — G)L/ * is again a
subsolution.

In Section 3 we prove the central technical result of this paper — the mean value inequality
for subsolutions (Lemma 3.2).

In Section 4 we prove our main results about finite propagation speed.

In Section 5 (Appendix) we construct the exact solutions of (1.1) on the model manifolds
(generalizing the Barenblatt solutions) that show sharpness of our estimates of propagation
rate.

2 Weak subsolutions

2.1 Definition and basic properties

We consider in what follows the following evolution equation on a Riemannian manifold M:
Oru = Apuf. (2.1)
By a subsolution of (2.1) we mean a non-negative function u satisfying

Oru < Apu? (2.2)



in a certain weak sense as explained below.
We assume throughout that
p>1 and ¢ > 0.

Set
d=p-1)g¢—1L

Let u denote the Riemannian measure on M. For simplicity of notation, we frequently
omit in integrations the notation of measure. All integration in M is done with respect to
dp, and in M x R — with respect to dudt, unless otherwise specified.

Let € be an open subset of M and I be an interval in [0, 00).

Definition 2.1. We say that a non-negative function u = u(z,t) is a weak subsolution of
(2.1) in Q x I, if
ue Ly (I; LY(Q)) and v € LY, (I; W'P(Q)) (2.3)

and (2.2) holds weakly in © x I, that is, for and all non-negative test functions

loc

b e W (LL=@) N I, (LWEP(Q), (2.4)

and for all ¢1,t9 € I with t; < tg, we have

to to
[ / wp] + / / —udpp + |Vul|P~2(Vul, Vip) <O0. (2.5)
Q t1 t1 Q

For different notions of weak solutions see also [10, 33]. Existence and uniqueness results
for the Cauchy problem with the above notion of weak solutions of (2.1) were obtained in the
euclidean case, for example, in [18, 19, 23, 29] and on manifolds in [16].

If w is of the class (2.3), we define

1,1—q q
g TV (u), u>0,
Vu.—{o, u=0.

Remark 2.2. Note that it follows from (2.3) and (2.4) that the integrals in (2.5) are finite.
Indeed, we have by Holder’s inequality

/ [ v @ vw\</ [ vt
<([ frowanr) ™ ([ frvor)

From now on in this section, let I = [0,T"), where 0 < T' < oc.

Definition 2.3. Let u = u(z,t) be a measurable function in  x [0,7) and u(-,0) = ug.
Then we define, for h € (0,7),

and

1 t
up (-, t) = e My + E/ =D/, 5)ds.
0

The properties of u” and wy, in the following Lemma are proved in Lemma 2.2 in [22] and
in Lemma B.1 and Lemma B.2 in [4].



Lemma 2.4. Let p > 1 and suppose that w € LP(Q2 x [0,T)). Then

[u™| o @xpo.r)) < Il Lo@x (o))

and
[unllLr@xjo,)) < [ullLe@x(o,r)) + hl/pHuO”LP(Q)a

Moreover, u — w and up — u in LP(Q x [0,T)) as h — 0 and
1
Opup, = E(u —up) € LP(2x[0,7)). (2.6)

Lemma 2.5. [15] Let Q2 be an open subset of M and u = u(z,t) be a non-negative bounded
weak subsolution of (2.1) in Q x [0,T). Then

/0 ' /Q (Bun)p + ([VutP2Tut]h, Vi) < 0, (2.7)

for all 7 € (0,T) and ¢ € LP ([O,T]; W&’%Q)).

Lemma 2.6. Let u be a non-negative bounded weak subsolution of (2.1) in Qx[0,T). Assume
that either

1 1
p>2 and —— <q¢<1 or 1<p<2 and 1<g<——. (2.8)
p—1 p—1

For any 0 > 0, define
I(s) = (s = )",

where

gp-1) -1 _ ¢
p—2 p—2

Then f(u) is also a weak subsolution of (2.1).

Figure 1: Function f(s)

Remark 2.7. For the p-Laplacian, that is when ¢ = 1, we have a = 1. In this case, it is
proved in [7] that f(u) = (u — 6)+ is a subsolution of (2.1).

f'(s) = <®> H- (2.10)

Proof. On {s® > 0} we have

S

Noticing that the condition (2.8) is equivalent to 0 < a < 1, we obtain that f is locally
Lipschitz in [0, 00) and in particular, f is continuously differentiable when 0 < a < 1. Consider



a q/a
in [0, 00) also the function ®(s) = <3f1 — 6>+ . By (2.8),¢—a= ;%g > 0, so that using the

same arguments as for f, ® is also a locally Lipschitz function. Because ®(0) = 0, it follows
that f(u)i(-,t) = ®(ud)(-,t) € WHP(Q) for all t € [0,T), which proves that f(u) is in the
class (2.3).

Hence, it remains to show that f(u) satisfies (2.5), that is,

[/ﬂ f(u)w} Zj * /: /Q — [ + [V f(w)* P~V f(u)?, Vi) <0, (2.11)

for all ¢ in the class (2.4).
On {u® > 6} we have

Vfu)! =o' (u!)Vul = <M)q_“ Vui. (2.12)

u
and thus,
(g—a)(p—1)
929 = (1) wuprve

Since (¢ — a)(p — 1) = 1 — a the inequality (2.11) is therefore equivalent to
to to
[rwn] 7] e s reomar e v <0, @y
Q t1 t1 Q

Clearly, the fact that 0 < a < 1 implies on {s* > 6},

F'(s) = (1 a) (F(s)1~205%72 — g2 (s)10)
— (1 - a)f(s)! "2 ((W) 1)z

Let us consider, for v < 1(t2 — t1), the function

0, t <ty
Lt—t), ti<t<ti+v,
0,(t) = 1, ht+v<t<ty—v, (2.14)
Lty —t), to—v<t<ty,
0, t >ty

(cf. [26]). In order to prove (2.13), we want to apply (2.7) with test function

{Z}k = fl/é(u)wellv

where v is a bounded function of the class (2.4) and fj, is a sequence of C2([0, o0)) functions
such that
fr — fand fi, —» f as k — oo

and, for all k,
7 >0and f;(s)=0on {f(s) =0} = {s* <6}

For that, let us first show that for all k, ¥, (-,t) € VVO1 P(Q) for all fixed t. Indeed, we have
Y-, t) € LP(Q) since (-, t) € LP(€2) and on the other hand,

Vi, = fL(w)8, VY + fi (u)hb, Vu.



Using Vi € LP(€2) and
(W Vu = ¢~ fil ()b, ul "Vl € LP(Q),

where the latter holds because f; is bounded on bounded subsets of [0,00), f/(u) = 0 on
{u=0} C{f =0} and Vu? € LP, we get 1), € Wol’p(Q).
Hence, applying (2.7) with ¢ = f} (u)18,, we deduce

/Q (Brun) [ (W) + ([[Vu?P~2Vud)", V(fi,(w)1))8, <0,
where Q = [t1,t2] x Q. Let us write
[ onsituwt, = [ ounsiun)vo, + [ Oun(silw) = iwn)) vt
Q Q Q

By (2.6), we see that
/ / 1 / /
[ ovn w0~ fitan)vo =5 [ (= un)(Filw) — Filan)) ot >0,
Q Q

because s — f;(s) is non-decreasing.
Whence, we obtain

/Q Dy FL(un) 6, + ([ VuT [P 2TtV (f4(u)))8, < 0. (2.15)

By using

to
/Q Drun fi(un Yo, — /Q Oul folun) )0, = [ /Q fk<uh>way]tl— /Q Feun)Orip— /Q Fuolun 00,
we get, since 0,(t1) = 6,(t2) =0,

—/ fre(up)oe8, +/ (IVu?P~2Vul) N (f1.(u))) 0, — fr(un)0s8, < 0. (2.16)
Q Q

We now want to let h — 0 in (2.16) and apply Lemma 2.4 and then let v — 0. Note that
p
|VuiP~t € L»=1(Q), so that by Lemma 2.4, for h — 0,

[|qu|p72qu]h — |qu\p72qu n Lp%l(Q)

Together with |V (f}(u)y)|0, € LP(Q), we obtain

o <HVU‘1!”_2Wq]h,V(fé(ﬂ)w»@v:/<[\qu!p‘2qu],V(fé(ﬂ)w)wu-
-0 Jg Q

For the convergence of the remaining terms in (2.16), we will use the boundedness of u. Note
that by assumption u € L'(Q) whence Lemma 2.4 implies that u, — u in L'(Q). Since the
function s — fi(s) is Lipschitz on any bounded subset of [0, 00), we get fi(up) — fr(u) in
L'(Q) and thus,

lim /Q Fulun) D, = /Q Fu(w)dh,.



The convergence
i [ (w000, = | fw)vas,
h—0 Q Q

follows by the same arguments. Hence,

- / felw)bdn, + / (VP2 ut), T (F(w)))6, — fi(w)Orih, < 0.
Q Q

Sending now v — 0, we deduce

[ / fk<u>w] + /Q (IVuP2Vut), (L)) - fe(w)ay < 0.

Using that
V(fi(wy) = fr(w)Vy + ¢ fil (w)ypu! =TV,
we get

/Q VUt P2 (T, V(i (u))) = /Q VUt P2 (T, fL () V) + g~ (T, ff ()b~ 05))

= | ST T 90 7 T
Noticing that
ot [ [Pt 20,
we obtain \ ’
[ /Q fk(u)w] I /Q F1(0) [Tud[P=2 (Yt V) — fio(w)dyep < 0.
Using that f;, — f’ € C([0,00)) implies f;, — f’ in L> on bounded sets, we get that

lim/f,;(u)\quP2<qu,v¢>:/f/(u)]qu|p2<qu,v¢>.
k—oo Q Q

Since f(u) <u € L' and f, € C?, there is a function g so that |fi(u)| < g(u) € L', whence

jim | [ me -1/ f(U)ij

Tim /Q Fe(w)du = /Q F ()

by the dominated convergence theorem. This proves (2.13) and finishes the proof. m

and

Lemma 2.8. [15] Let v = v (z,t) be a non-negative bounded subsolution to (2.1) in a cylinder
Qx[0,T). Let n(z,t) be a locally Lipschitz non-negative bounded function in Q x [0,T) such
that n (-, t) has compact support in Q for all t € [0,T). Fix some real o such that

o > max (p,pq) (2.17)

and set o
A=0c—-0 and oa=-—. (2.18)

p

Choose 0 < t1 < ta < T and set Q = Q x [t1,t2]. Then
to
{/ fu)‘np] + cl/ IV (v*n)F < / [vanpfl(?m + cov? |VnPl, (2.19)
Q t1 Q Q

where c1,co are positive constants depending on p, q, A.

10



In particular, if  does not depend on ¢, then

to
[/ v)‘np] +cl/ |V (v*n)P < 02/ v VP (2.20)
Q t1 Q Q

Let us recall for later that

loc

vy € L ([O,T]; Wol’p(Q)> . (2.21)
Indeed, using a > ¢, we get that the function ®(s) = 59 is Lipschitz on any bounded interval
in [0,00). Thus, v® = ®(v?) € WP(Q) and
Vo] = ‘CIJ’(vq)Vvq| < |V,

whence
/Q IV (o) < /Q Y e /Q VI 4 o7 [P,

which is finite since

/v"|V77]p < const HUHZ;M/ VP
Q Q

and proves (2.21).

2.2 Norm decay of subsolutions
Lemma 2.9. Let M be geodesically complete and v = v (z,t) be a bounded non-negative
subsolution to (2.1) in M x [0,T). If A > 1, including \ = oo, then the function
t= oG Ol
is monotone decreasing in [0,T).

Proof. Let fi be a sequence of non-negative locally Lipschitz functions in [0, 00) such that
for all k > 0, £4(0) = 0 and f] > 0.

We want to apply (2.7) with test function v, = fi(v%)0,, where 0, (t) is defined by (2.14).
Indeed, since fj is Lipschitz on bounded subsets of [0, 00), fx(0) =0 and v € LP(M x [0, 7]),
we have

fr(w?)0, € LP(M x [0, 7]).

Therefore, using that
vi(-,t) € WHP(M) = Wy (M)

by the completeness of M, we see that
Jr(v?) € (1) € WP (M)

and
V(fe(v?)) = fr(v?)Vor. (2.22)
Hence, applying (2.7) with this test function, we get

/Q Oron fx (010, + ([[VUI P2V, V( fi (7)), <0,

11



where Q = M X [t1,t2]. Let us write

/ Opvp fr(v1)0, = / dvon fr(v})0, +/ Oron(fe(v?) — fr(v)))0,.

Q Q Q
By (2.6), we deduce
| o) = At = 5 [ (0= ) (le?) = St = 0

Q Q

since s — fi(s?) is non-decreasing. Whence, we obtain
/ Oon fr (V)0 + ([[VoI P2V, V ( f(v7)))0, < 0.
Q

Setting
on(u) = /0 fu(s9)ds,

we get
t2

/Q Deon i (v1)0, = /Q Due(vn)b, = [ /Mgokwh)e,,]h— /Q o (1),

Since 0, (t1) = 0,(t2) = 0, we obtain
= [ enonon, + [ (V2T V(s w6, <0
Q Q
We now want to let h — 0 in (2.25) and apply Lemma 2.4. Note that
Vot € L (Q),
so that by Lemma 2.4, for h — 0,
IV P2V — |Vl |P-2Ve?  in L5-1(Q).

Together with |V (fx(v?))|0, € LP(Q), we obtain

h—0

For the convergence of the remaining term in (2.25) we have, since v € L'(Q),

/Q (a(on) — 9x(0)] = /Q / " fe(sn)ds

and thus,

lim gpk(vh)&ﬁy:/ 0 (0)0:0,,.
h—0 Q Q

Hence, we obtain from (2.25),
- [ u@as, + [ (VoI T(sen)e, <o
Q Q
By (2.22), we have

/ (VP20 V(fi(09)))8, = / TP L (08, > 0,
Q Q

12

lim <[|Vvq|p_2Vvq]h,V(fk(vq))>9u=/ (VP2 V(fi,(v9)))0,.
Q Q

§C/]vh—v|—>0 for h — 0
Q

(2.23)

(2.24)

(2.25)



so that by sending v — 0 we get

[l <o

A—1

Choosing fi such that for all s > 0, fx(s) — s ¢« for k — oo, we obtain from (2.24),
¢ (v) — v* as k — co. Also noticing that o, (v) < Cv, we conclude

t2
] e
M t1

which finishes the proof. m

3 Mean value inequality

Let M be a connected Riemannian manifold of dimension n. Let d be the geodesic distance
on M. For any z € M and r > 0, denote by B(x,r) the geodesic ball of radius r centered at
T, that is,

B(z,r)={y € M : d(z,y) <r}.

3.1 Faber-Krahn inequality

Let the geodesic ball B be precompact. Then the following Faber-Krahn inequality in B of
order p > 1 holds: if w € T/VO1 P(B) is non-negative and

D ={w > 0}

[ier= % (i) [, (3.20

where v > 0 and «(B) is a positive constant that depends on the geometry of B. In fact, the
value of v is independent of B and can be chosen as follows:

p .

= f

v=_ n Hn=p (3.27)
any number € (0,1), if n <p.

then

Choosing «(B) to be an optimal constant in (3.26) and denoting by r(B) the radius of a
ball B, we obtain that the function

. WBu(B)"
B (B (3.28)

is monotone decreasing with respect to the partial order C on balls.

We say that M satisfies a relative Faber-Krahn inequality of order p if (3.26) holds with
t(B) > const > 0 for all geodesic balls B C M. This holds for example, if M is a complete
manifold with non-negative Ricci curvature (see [5, 12, 31]).

3.2 Comparison in two cylinders

We assume here that

1 1
p>2 and —1<q§1 or 1<p<2 and 1§q<—1. (3.29)
p—= p—=

13



Let a be defined by (2.9), that is,

~1)-1
a:m’p_; :pr. (3.30)

Observe that under condition (3.29) we have a € (0, 1].

Lemma 3.1. Consider two balls By = B (xg,r9) and By = B (x¢,71) with 0 < r1 < 19, and
two cylinders

Assume that By is precompact. Let vy be non-negative bounded subsolution in Qg such that

vo (-,0) = 0. (3.31)
Set, for some 6 > 0,
v = (vl — )M,

where a as in (3.30). Let A\ and o be reals satisfying (2.17) and (2.18). Set also

Ji:/ vy dpdt.

Crb
(BB (o = 1)) (0 = 71)”

where v is the Faber-Krahn exponent, 1(By) is the Faber-Krahn constant in By and C' depends
on p, q and .

Then

Jy < Jgt. (3.32)

Proof. From Lemma 2.6 we know that v; is also a subsolution. Let n(x,t) = n(x) be a
bump function of By in By, = B (xg r°+”) Recall that by (2.21),

v e L (0, 7] Wy "(B))

where « is defined by (2.18), that is a =
(3.26) in ball By for any ¢ € [0,T] we get that

[or< [ o< (enes) [ v e, (3.9

where we used that ap = ¢ and n =1 on B; and

Hence, applying the Faber-Krahn inequality

QJ"SIQ

Dy = {v9n (1) > 0} = {v; > 0} N {n > 0} = {UO (1) > el/a} N By .

We have n, = 0 and |Vn| <

T
c ”<// vl < —2 . 3.34
/0 /BO| 0| VAl < Sy (3.34)

where c3 = 2P and we used that v; < vg.
Let us now apply Lemma 2.8 to function vy in By X [0, ¢] where ¢ € [0,7T]. This time we
take 7(x,t) = n () as a bump function of By s = B (xo, 2™ ) in By. From (2.20) we obtain

t t
[/ vén”} <02// Ianpvb’f // < ————.
Bo 0 0 JBy 7’0—7“1 Bo 7’0—7’1)

14

(2.20) we therefore obtain




Hence, by (3.31),

Thus, we deduce
c3

1
Dy) < —— )< —3
,U’( t) = 9)\/11 /31/2 0( ) 9)\/(1(

Jo.
ro —1r1)"

Combining this with (3.33) and (3.34) we obtain

T v
P\P csdo cs
J = / / ,00' S = T.p J
S Ja (2> ’ (L(BO)M(BO)GA/G (ro — T1)p> c1(ro—r )P0

» 1+v
ToCs

=(3)
2 (L(BO)M(BO)H’\/“ (ro — rl)p)” e1 (ro — 11)P

14+v
JO

which implies (3.32) and finishes the proof. =

3.3 Iterations and the mean value theorem

Lemma 3.2. Suppose that (3.29) is satisfied. Let the ball B = B (xg,r) be precompact. Let
u be a non-negative bounded subsolution in

Q=DBx [Oat]
such that
u(-,0) =0 in B.
Let o and X\ be reals such that
c>0 and A=0—-06>0. (3.35)
Then, for the cylinder
1
QI = §B X [O,t],
we have
c 1/A
um/g—/u") , 3.36
Il < (g7 (3.30)

where 1(B) is the Faber-Krahn constant in B, and the constant C depends on p, q and X.

Figure 2: Cylinders @ and Q'
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Proof. Let us first prove (3.36) for o large enough as in Lemmas 2.8 and 3.1. Choose some
6 > 0 to be specified later and define a sequence of functions {uy} by

“ k 1/a
ug = u, UL = (uk_l -2 9)+ for k£ > 1.

The function fp (s) = (s* — H)i/ “ has the property that fg, o fa, = fg, 16, Hence, we obtain

up = <u“ — %9 — .= 2%9):/(1 = (ua _ (1 — 2—/€) e)i/a.

Consider a sequence 7 = (% + 2*’“*1) r, and set
By, = B (z0,71), Q= By x[0,1]

so that
Bo=B, Qo=Q and Qu := klim Qr=0qQ"

Figure 3: Cylinders Qg

Setting J, = ka ug we obtain by Lemma 3.1 that

p
Cry

X

a

Jk+1 < v
<L(Bk)M(Bk) (2= (E+D0) @ (ry — Tk+1)p) (T — rig1)?

1+v
T

Observe that, by monotonicity of the function (3.28), we have
rz rP

CBouB) = (BB

Since rj, — ey = 2~ 2y we obtain

)M

(k+1 =D
Jp+1 < : 2 — Tt
(L(B),u(B)HE (2*(’“*2)7“)1)) (2-(k+2)y)P
Av v
_ C2k+1) % +(k+2)(pv+p) iy _ A_kjliw,

(«B)u(B)oz )" e

where N

A= o) and © — o1 (L(B)M(B)%rp)u.

16



Now let us apply Lemma 5.2 with w = v: if
0> Ay, (3.37)

then, for all k > 0,
Jr < A_k/VJo.

In terms of # the condition (3.37) is equivalent

o (L(B)M(B)Q%rp)” > AlY gy

92(«5@%*7

where A is absorbed into a new constant C. Hence, we choose 6 as follows:

9:(@%)§’

and for this choice of # we have Jp — 0, which implies u* < 6 in (). Hence, we obtain

that is,

lull L @u) < \ Tmv s
UB)u(B)rp
- (s ) 3:3%)
which was to be proved.

Now we prove (3.36) for any o so that (3.35) is satisfied. Let g be such that (3.36) is
already known for ¢ = 0g and let o < ¢(. Denote

M=0cp—0 and A=0—9

so that A\ < Ag.
For simplicity of notation, for any set E C M, denote E! = E x [0,1].
By the first part of the proof, we have, for any precompact ball B of radius r,

Ao < ¢ oo
HuHLoo(%Bt) = X(B)T‘p /Btu ’

where x(B) = «(B)u(B). Consider for k > 0, a sequence

1
me=(1- 9k+1 T

so that rg = %7“ and r, T r as r — oo, and set By = B(x,r). Denoting also B = B(xq,7),
we see that

1
§BCBkCB and By T B

as k — o0o. Set also p, = rpy1 — 1 = Qk%r.

17



Figure 4: Balls By and B(x, p;,)

For any point = € By, applying Theorem 3.2 in the ball B (x, p;,), we obtain

ul[7° < #/ -
L=(B*(@5301) = x (B(z, py,)) ph Bt(x,py,)
C go—0 7
m HUHLOO(Bt ,Pk)) /Bf(z,pk)u ’

Since B (z, p,) C Br+1 C B, we have by the monotonicity of (3.28)

IN

pz/’/ rp/l’
whence
SN (07N G el
xX(B(z, py)) x(B) x(B)

Hence, we obtain

Ok +1)
< e g
||uHLoo(Bt(x ka)) = X( ) || ”LDO(BIH_I) /Btu .

Covering By, by a sequence of balls B(z, 3p;,) with z € By, we obtain

C2kp(v™ 141) i
Il 2oy < gy I [ (339

Setting Ji = Hu||;£j(°j;t);) , we rewrite (3.39) as follows:
k

Ak )\Ao Ak
< o 0 - 1+w
Jerr < 5 5k

C
R P
o= X(B)T”/Btu

and w = /\0’\—3 —1= ﬁ Applying Lemma 5.2, we obtain

A
(1+w)*
((Al/w@)l/w> (A @) ;

18
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that is, )
Jo > (A*l/we)l/w ((Alﬂu@l)l/w Jk> et

(Mo=A) _

Since Jj > Hu||£oo(Bt) =: const > 0, we see that

1
1/w Nk
lim inf ((Al/“’@_l) / Jk> e >1,

k—o0

whence

Jo > (A—l/we))l/w.

It follows that JO_1 < Al/“’QG_l/w, that is,

1/w
Ao—A < Al/w2 C / o
HUHLOO(B(t)) — <X(B) rP Btu )

o 1/A
Ul 7oord S —/ UU s
el pcio) (L(B)M(B)rp B0 )

which was to be proved. m

and thus,

4 Finite propagation speed
In this section we assume that M is geodesically complete and
1
p>2 and —— <¢g< 1.
p—1

In particular, this implies that
d=q(p—1)—1>0.

4.1 Propagation inside a ball

The next result contains Theorem 1.1 from the Introduction.

Theorem 4.1. Let u be a bounded non-negative subsolution in M x[0,T]. Let By = B (z9, R)
be a ball such that
ug = 0 wn By.

Let o be a real such that
c>1ando >). (4.40)

Set
)
to = m(Bo)u(Bo) = B |[uol |72 vy A T (4.41)

where n = n(p,q,v,0) > 0 is sufficiently small. Then
1
u=0 1 §B0 X [O,to] .

Remark 4.2. Although o = oo is formally not included in this statement, (4.41) is true also
for 0 = oo, that is, with
to = ne(Bo) R?|Juol| ;% ppy A T

where n = n(p,q,v) > 0 (see [15]).
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Proof. Set r = %R and fix for a while a point x € %Bo so that B := B (x,r) C By. Fix also
some ¢ € (0,7] and set

Qr=2"Bx|[0,t] and J, :/ u’.
Qk

Figure 5: Cylinders Qy

Since o > §, we have A = 0 — § > 0. By Theorem 3.2, we obtain

. 1/
o0 < i .
HUHL (Qr4+1) = (L(Q_kB)M (Q_kB) (2_k7ﬂ)p /k ! )

It follows that

1 = / u S p (27(“1)3) HlelZe e
Qr+1

<000 (e ) 5y A “U>U/A |

Since by the monotonicity of the function (3.28)

{2 M B)u (275B) _ (Bo)u(By)
(Q—kr)l’/” - Rp/v

and r = %R, we obtain

- o/
CQkp(V 1+1) Ak )
J; < u(By)t| ——— -7 +w,
ki1 < u(Bo) (L(BO)M(BO)R” g o “k
where
w0 120 Ao g @ = (u(Bo)RP)"™ p(Bo)”
By Lemma 5.2 we obtain
Y (1+w)k
A WJ("]U “ 1w 1/w
< | 2“0
Tk < ( 5 (A 9) : (4.42)
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We have "
Allw o CAY<t (fBX[O,t} “0)
o ((Bo)RP)™ u(Bo)e

Since ¢ > 1, we have by Lemma 2.9

/ u? < t/ ug
Bx[0,t] M

and "
AVegy _ CAV (], )
© 7 ((Bo)RP)'H pu(Bo)¥
We would like to have g
ATy 1
< — .
5 <3 (4.43)

For that it suffices to have

t1+w < CflAfl/w (L(BQ)RP)1+w ,UI(BO)W </ ug) ,
M

N |

that is,

¢ < (B s ( uo) (1.44)

1
where n = (1C71A71/%) T+ Sincew = $ = UL_E and 1% = 2 we see that (4.44) is satisfied
for t = to where ¢ is given by (4.41).
Hence, it follows from (4.42) and (4.43) that

CEL

JkSQ « Ka

where K = (A_l/‘”@) e depends on By, R and t but does not depend on z or k; that is, for
any x € %Bo, for t = tg and, for any k£ > 0, we have

e

/ w <2 K. (4.45)
B(z,2=kr)x[0,t]

Let D = D(By) be such that any ball in By of any radius p < %R can be covered by D balls

of radii p/2. Let us cover the ball %Bo by a finite sequence of balls {B (xl-, 2*’“7’) }Z]\Ll with
z; € 1By. Then the number N is estimated as follows: N < D*. It follows from (4.45) that

N k
/ u? < Z/ w < DP UK (4.46)
1By x[0,t] im1 /B(zi,27%r)x[0,4]

Since the right hand side here — 0 as &k — oo, we conclude that

/ u? =0
%Bo x[0,¢]

that is, v = 0 in %Bo x [0,t] ,which finishes the proof. =
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4.2 Propagation of support

Let u(z,t) be a non-negative bounded subsolution in M x R; with the initial function
uo = u(+,0). Assume that the support

K = suppug
of ug is compact. For any r > 0, denote by K, a closed r-neighborhood of K.

Corollary 4.3. Suppose that there exists a point o € K and a continuous monotone in-
creasing function ¢(r) converging to +oo such that for all large enough r,

s
o

(B, (B0 ([ ) 7= o) (4.47)

Then there exists a continuous monotone increasing function p : (0,00) — Ry such that
suppu (+,t) C Kpy) for all t € (0,00).

Figure 6: The support of u(-, )

Here p (t) may depend on u. The function p(t) is called a propagation rate or propagation
function of u.

Proof. As a continuous monotone increasing function converging to +o00, ¢ has an inverse
function p = ¢! defined on (0, 00) that is also continuous and monotone increasing.
Let us show that r = p(t) implies

suppu (-,t) C K,

that is,
u(,t) =0 in M\ K,.

Let us fix a point 2 € Ky, \ K,. We have d(z, K) > r and thus B(z,r) N K = (). By (4.47),
r = p(t) implies that for all large enough r,

_s
< o) < mBle Bt ([ )
M
Since u(+,0) = 0 in B(x,r), we conclude by Theorem 4.1 that
u(-,t) =0 in B(z,r/2).
Since this is true for any x € Ky, \ K, we obtain that

u(-t) = 0 in Koy \ K. (4.48)
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Let us show that in this case also
u(,t) =0 in M\ K,. (4.49)

Fix some s >> 2r and let 1 (z) be a bump function of K, \ Ky, in Ko, \ K;; that is, n is the
following function of |z| := d (z, K):

|
(7 _ 1)+, 2| < 2r,
n(z)=< 1, |z|€2rs],
2 (1 %) |z > s
1 (X))
r 2r S 2s x|

Figure 7: Function n

Applying the inequality (2.20) of Lemma 2.8 with large enough o, we obtain

t t
[/ u’\np} < 62/ / u’ |Vn|P. (4.50)
M 0 0 JMm

Since u (-,0) = 0 on suppn and n = 1 on Ky \ Ky,, the left hand side here is bounded below

by
/ ur(-,t).
Ks\KZr

Since n =0 in K, u(-,7) = 0 in Ko, \ K, for all 7 <t (by (4.48)), and Vi =0 in K \ Koy,
the right hand side in (4.50) is equal to

t
02/ / u? |[Vnl?.
0 JM\K,

Since |Vn| < % in M \ K, we obtain that

t t
/ ur(,t) < 02/ / u’ |Vl < 2/ / u’.
Ko\ Ko, 0o JM\K, sP Jo Jm\k,

The right hand side goes to 0 as s — oo, which implies that u (-,¢) = 0 in M \ K, thus
proving (4.49). =

4.3 Curvature and propagation rate

Corollary 4.4. Let M satisfy the relative Faber-Krahn inequality. Fixz a reference point
xo € K and assume that, for some a > 0 and all large enough r,

(B (zo,7)) = cr®. (4.51)
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Then u has a propagation function
p(t) = Ct'/P

for large t, where
0
B=p+a-
o
with o as in (4.40) and C depends on ||u0HL(,(M) , D, q,n, o and c.

Proof. Let compute the function p(t) from Corollary 4.3. By assumption we have that the
Faber-Krahn constant ¢(B) has a uniform positive lower bound for all geodesic balls B C M.
5

Using (4.51) and treating ([;,u§) ° as constant, we see that the function ¢ from (4.47) can
be taken in this case as follows:

o(r)= P — o,
Finally, we conclude that
p(t) =7 () = Ct?
for large enough ¢, which was to be proved. m
Remark 4.5. Under the hypothesis « € (0, n] the model manifold constructed in Proposition

5.1 satisfies the volume doubling property and the Poincaré inequality, and in particular, also
the relative Faber-Krahn inequality (see Proposition 4.10 in [13]).

Remark 4.6. In R” we have (4.51) with a = n. If 0 = 1, we obtain the sharp propagation
rate 1/, where § = p + né. By (4.40), we can take o = 1 provided 6 < 1, that is, when
q < p%l. Hence, in the range

1 2
>2 ——<¢g<min|——,1 4.52
p = q_mln<p_1 > (4.52)
(see Fig. 8), we get a sharp propagation rate. In this range of p,q we not only get a sharp
propagation rate in R”, but by Proposition 5.1 also in the class of model manifolds satisfying
the relative Faber-Krahn inequality and (4.51) with any a € (0, n].

=N

Figure 8: Range of p, q

Corollary 4.7. Suppose that M satisfies the following isoperimetric inequality: for any pre-
compact open set  C M with smooth boundary,

a—1

1 (0) > eu(Q) =, (4.53)

for some ¢ > 0 and where o > n and o > p. Also, assume that for some xg € K and all large
enough r,

(B (zo,7)) < Cr?, (4.54)
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where C > 0. Then u has a propagation function
p(t) = C'tY/P
for large t, where
8= ag +p (4.55)
with o as in (4.40) and C" depends on |[uo|| Lo (pry P @ ¢, ¢ and C.
Note that the inequality (4.53) implies that for all z € M and r > 0,
w(B(z,7)) > const re. (4.56)

Proof. The isoperimetric inequality (4.53) implies the following Sobolev inequality: for all
geodesic balls B C M and all non-negative w € I/VO1 ?(B),

a—p

Lap \ o
(/ wﬂ—P> Sconst/ IVw|P.
B B
From that we obtain ,
B)v
u(B) > "B)
n(B)

where v = £ (see Section 3 in [15]). Hence, applying condition (4.54), we deduce for all large

enough r,
W(B(zg,7)) > crv—® =c.

Substituting this into (4.47) we obtain from (4.56) that ¢ can be taken as follows:

p(r) = croe P,

Thus, we conclude p(t) = C'tY/B where (3 is given by (4.55). This completes the proof. m

5 Appendix

5.1 Radial solution on polynomial models

Let M be a model manifold, that is M = (0,+00) x S*~! as topological spaces and M is
equipped with the Riemannian metric ds? given by

ds?® = dr? +?(r)df?,

where 1(r) is a smooth positive function on (0,+oc) and df? is the standard Riemannian
metric on S*'. We define S(r) = 4" !(r), which is called the profile of the model manifold.
We search for solutions u of (1.1) on M with finite propagation speed. We always assume
that
p>1 andg(p—1)> 1.

Let u(x,t) = u(r,t), that is, function u depends only on the polar radius r and time ¢. Assume
also that d,u < 0, then

Ay = —%ar (5 (=)

so that (1.1) becomes
1
= __ —9.ud)P1
O = Sﬁr (S( Orud) ) . (5.1)
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Proposition 5.1. Assume that, for some o € (0,n] and all r > rg,
S(r)=cCro L.

Then the following function is a non-negative solution of (1.1) in M \ By, x R,
1 N

where C' > 0 and

p—1

—
pqpr-1

1
B=p+talglp-1)-1], V=a- o R
Note that the volume of the central balls on this manifold is of the order r%, and the
propagation rate of the above solution is Ct'/#, which matches our main results in the case
when we can take o = 1.
Proof. By (5.1) the equation (1.1) for u becomes for r > ro,

_ 1 a—1 q\p—1
Ort = ———0; (7« (=) ) : (5.3)

We search for a solution of the form
u(x,t) =t f(rt®) for large r,

where f is a decreasing function. Let us require in addition that the solution w (-,¢) has
bounded L'-norm. One can show that for that we need to require that a = ab. Using the
variable s = rt®, we obtain that (5.3) is equivalent to

pra—1 qp—lt(aq—i-b)(p—l)

T (7 () = 0, (7 (< ()"

SO[
We also require that

(ag+b)(p—1)+b=a—-1,
which together with a = ba yields

1
ST i

Under the above choice of a and b, the powers of ¢ and s in the above equation cancel out,
and we obtain since b < 0,

1
D
PR
Note that v :=q — p%l > 0. Integration of (5.4) yields

R (5.4)

f(s)= (C — ﬁs%)l/v

where ) )
p—1p»~T  q(p—1)—1[p»1

p q p q

and C is a positive constant. m
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5.2 An auxiliary lemma

Lemma 5.2. [15] Let a sequence {Jy},—, of non-negative reals satisfy

k

A
Je+1 < §J,§+w for all k > 0.

where A,0,w > 0. Then, for all k > 0,

Jp < <<A1/w®1>1/w J0>(1+w)k (A,kfl/w@)l/w.

In particular, if © > AI/WJ(‘]", then J, < A~k Jy for all k > 0.
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