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Introduction to the representation theory of quivers

A quiver Q = (Q0, Q1) is a directed graph. It is given by a set Q0 of vertices and some pairs (i, j) ∈ Q2
0 of

vertices are linked by arrows a ∈ Q1. Examples of quivers include the following three quivers:

1 2
1

2
1

Dynkin quiver of type A2 Kronecker quiver Jordan quiver

Let k be a field. A representation M of Q is a collection M = ((Vi)i∈Q0 , (φa)a∈Q1) of k-vector spaces Vi for
every vertex i and k-linear maps φa : Vi → Vj for every arrow a : i→ j in Q1. A morphism F : M → N
from M to another representation N =
((Wi)i∈Q0 , (ψa)a∈Q1) is a collection of k-linear maps
Fi : Vi → Wi such that the diagram on the right
commutes for every a : i → j in Q1. The finite-
dimensional representations ofQ together with their
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��
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morphisms form an abelian category repk(Q), for example there is a direct sum M ⊕N of two represen-
tations M,N and for every morphism φ there exists a kernel ker(φ). The category repk(Q) is equivalent to
the category mod(kQ), where kQ is the path algebra of the quiver, given as follows: as a vector space kQ
is generated by all paths in the quiver (including a path of length zero for every i ∈ Q0). The product of two
paths is the concatenation of paths if possible and zero otherwise. The vector dim(M) = (dimVi)i∈Q0

∈ N|Q0|

is called the dimension vector of M .
Denote by repk(Q, d) =

⊕
a : i→j Homk(k

di , kdj) the affine space of representations of Q of a fixed dimension
vector d. The group Gl(d) =

∏
i∈Q0

Gl(di) acts on repk(Q, d) by conjugation. Two representations are iso-
morphic if and only if they lie in the same Gl(d)-orbit.
One can ask the question: When is repk(Q) representation finite, i.e. when does it have only finitely
many isomorphism classes of indecomposable representations? In the above examples, the Dynkin quiver
of type A2 is representation finite: A representation is given by a linear map φ : kd1 → kd2 . By the Gaussian
elimination algorithm, it is isomorphic to its row reduced echelon form and this is a direct sum of represen-

tations of the form 0 → k, k → 0 or k
id−→ k. On the other hand, the Jordan quiver over the field k = C

is representation infinite because blocks in the Jordan canonical form are parametrized by their eigenvalues
λ ∈ C. The Kronecker quiver is also representation infinite, a result due to Kronecker after whom the quiver
is named.
Gabriel gave a complete answer to the above question. The answer depends neither on the field k nor the
orientation of the quiver. Furthermore, the answer is related to Lie theory. Assume that the quiver Q is
connected.

Theorem 1 (Gabriel) The category repk(Q) is representation finite if and only if the underlying undirec-
ted graph Γ of Q is Dynkin diagram of type A, D or E. In this case, the set of dimension vectors of the
indecomposable representations is in bijection with the set ∆+ of positive roots of Γ.

The diagrams of type A form a series. For every positive integer n there is a Dynkin diagram of type An; it
is given by:

1 2 3 ... n

The connection to Lie theory

The diagrams of type D also form a series. For every positive integer n ≥ 4 the Dynkin Dn is given by:

1

3 4 ... n

2

Beside these two series, there are three exceptional Dynkin diagrams E6, E7 and E8. Let us illustrate Ga-
briel’s theorem in the case Γ = A3. There are three simple roots α1, α2, α3 and the set of positive roots
is given by {α1, α2, α3, α1 + α2, α2 + α3, α1 + α2 + α3}. We choose an orientation such that Q is given by
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the orientation of Γ shown on the left side of the picture. The right side shows the six indecomposable objects
in repk(Q) (presented by their dimension vectors) together with the irreducible morphisms. The graph
on the right is called the Auslander-Reiten quiver of mod(kQ).
To each Dynkin diagram Γ we can associate a semisimple complex Lie algebra g = g(Γ). It is construc-
ted via the Cartan matrix A = (aij)1≤i,j≤n, where aij = 2 if i = j, aij = −1 if i 6= j are linked by an
edge in Γ and aij = 0 otherwise. The Lie algebra g admits a triangular decomposition g = n− ⊕ h ⊕ n.
The representation theory of Q is particularly linked to the universal enveloping algebra U(n) and the
quantized universal enveloping algebra Uq(n) of the nilpotent part n of g. These algebras come with a
bialgebra structure. Both are in general non-commutative algebras; U(n) is a cocommutative Hopf algebra,
but Uq(n) is in general non-cocommutative. Surprisingly, Uq(n) ∼= Uq(n)∗ is a self-dual Hopf algebra. The
universal enveloping algebra U(n) is obtained from Uq(n) by specializing q = 1. The following box indicates
some connections.

Quiver Q Lie algebra g

Gabriel indecomposable representations ∆+

Ringel Hall algebra Uq(n)
Lusztig constructible sheaves on rep(Q, d) Uq(n)
Lusztig constructible functions on rep(Λ, d) U(n)

Here, Λ denotes the preprojective algebra. The quantized universal enveloping algebra is generated by
elements Ei for i ∈ Q0 subject to the q-Serre relations, i.e. for every pair (i, j) ∈ Q2

0 with i 6= j we have a
defining relation given by the equation

PBW bases and canonical bases

∑
k+l=1−aij

(−1)k E
(k)
i EjE

(l)
i = 0

where E
(k)
i = Ek

i /[k]! with [k]! = [k][k − 1] · · · [1] and [k] =
qk − q−k

q − q−1
.

Note that Uq(n) is Q+-graded (where Q is the root lattice) if we set deg(Ei) = αi. The Weyl group W of g

is generated by the reflections si ∈ Aut(h∗) given by si(α) = α − α(α∨i )αi for 1 ≤ i ≤ r. Note that s2
i = 1

for all i. Let w0 be the longest element in the Weyl group and let w0 = si1 . . . sir be a reduced expression.
Lusztig considers

β1 = αi1 , β2 = si1(αi2) , . . . , βr = si1si2 · · · sir−1(αir).

Then ∆+ = {β1, . . . , βr} and β1 < β2 < · · · < βr is a convex order on ∆+, i.e. if α, β ∈ ∆+ such that
γ = α+ β ∈ ∆+ then α < γ < β or β < γ < α. He also constructs automorphisms

Ti = T ′
i,−1 : Uq(g) → Uq(g)

for every 1 ≤ i ≤ n. We set

E(βk)
(m) = Ti1Ti2 · · ·Tik(E

(m)
ik

).

Theorem 2 (Lusztig) The elements

E(m) = E(β1)
(m1) · · ·E(βr)

(mr) ∈ Uq(n),

where m = (m1,m2, . . . ,mr) ∈ Nr runs over all sequences of non-negative integers of length r form a basis
of Uq(n).

This basis is called the Poincaré-Birkhoff-Witt or PBW basis of Uq(n). Note that the PBW basis de-
pends on the choice of the reduced expression of the longest element of the Weyl group. Lusztig constructed
another basis, the canonical basis, which does not depend on the choice. To define the canonical basis we
consider the bar-automorphism, the unique Q-algebra automorphism satisfying

q = q−1, Ei = Ei.

We also consider the lattice
L =

⊕
m∈Nr

Z
[
q−1

]
E(m) ⊂ Uq(n).

Theorem 3 (Lusztig) There is a unique basis Bq of Uq(n) with the following properties:

• Every element b ∈ Bq is bar-invariant, i.e. b = b.

• For every m ∈ Nr there exists a unique element b = b(m) ∈ Bq such that

b ≡ E(m) mod q−1L.

This basis is known as the canonical basis.

Dual bases, multiplicative subsets and cluster algebras

For every reduced expression of the longest element w0 of the Weyl group we get a different bijection M → Bq.
These are known as Lusztig parametrizations. Unfortunately it is diffcult to calculate canonical bases vectors
explicitely. Leclerc gave an algorithm to compute them using the quantum shuffle product and the convex
order on the set of positive roots. Lusztig and Kashiwara constructed a symmetric bilinear form (·, ·) on
Uq(n). Let E(m)∗ resp. b(m)∗ be the elements adjoint to E(m) resp. b(m) with respect to the scalar pro-
duct. The union of all E(m)∗’s is called the dual PBW basis and the union of all b(m)∗’s is called the
dual canonical basis, denoted by B∗

q .
Two elements b1, b2 ∈ Uq(n) are said to be equivalent (b1 ' b2) if there is n ∈ Z such that b1 = qnb2. They
are called q-commuting if b1b2 ' b2b1. Two elements b1, b2 ∈ B∗

q are called multiplicative if b1b2 ' b
for some b ∈ B∗

q . Berenstein and Zelevinsky conjectured that b1, b2 ∈ B∗
q q-commute if and only if they

are multiplicative. The conjecture turned out to be wrong, but it is interesting to study the multiplicative
behavior of dual canonical basis vectors.
In my thesis I want to study the dual canonical basis for Dynkin and non-Dynkin quivers. (For non-Dynkin
quivers one can construct also a canonical basis satisfying the properties of Theorem 3.) I want to calculate
dual canonical bases (using computer programs) explicitly. One can study their multiplicative behavior. It is
conjectured that the dual canonical bases are related to cluster algebras. Cluster algebras are constructed
by a successive procedure called mutation. In the representation theory cluster algebras provide a combina-
torial description of quiver mutations. It is conjectured that the dual canonical bases are a q-deformation
of the cluster monomials. The quantized enveloping algebra Uq(n) therefore might carry the structure of a
quantum cluster algebra.
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• G. Lusztig, Semicanonical bases arising from enveloping algebras, Adv. Math. 151 (2000), 129-139

Mathematisches Institut
lampe@math.uni-bonn.de


